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1. Introduction

Let us consider the equation of the form:
Fu_d'u
ot*  0x*

Our problem is the so-called initial-boundary problem to this
equation. Namely, we want to show that, under some conditions
on f(u) and g(x) which will be given later, there exists always a
unique, genuine, global solution u(x, ¢), (x>0, £ =>0), for any couple
of the initial u(x, 0)€ C?, wu,(x, 0)€C' (x>0) and the boundary
u(0, )= (t) € C* (+>>0) data. Of course, we assume the compati-
bility conditions among these data up to order 2. Namely, #(0, 0)
=(0), u,(0, 0)=+(0) and

¥7(0) = %,,(0, 0)— f((0, 0)u,(0, 0) —g(x(0, 0)) .

Our first step is to obtain an a priori estimate of the solution
u and its first derivatives in the maximum norm. It is evident
that without any condition on the behaviors of f and g, we can-
not expect to have such an estimate. We tried to make this
condition less stringent. However, we remark here that from the
first we restricted the type of equation to the form (1.1). We
could extend our reasoning to another types of equations. How-
ever, we don’t insist on this matter.

Our second step is to show the local existence theorem with
respect to both the Cauchy data and the Goursat data, This

1. 1) +fu)=+gm) =0.

du
ot
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problem is already classical. However, to make this theorem im-
mediately available to the step-by-step continuation of the solution,
we discussed it in detail in section 4.
Now, we state our condition on f and g.
1°. Differentiability condition.
fw), gu)e C*  for —oo<u<+oo;
2°.  f(u) satisfies an inequality of the following form :
—L<fu)< CW+Fu))+C,, for —oo<u<+ oo,
where F (u)=gu flw)dv, L,, C, and C, are positive constants ;
(1-2)} 32, g(u) can be put in the form
&) = &(u)+gu),
where |g,(u)|< Clu| (C: constant),
sign u.g,(u) >0 for |u| large, and |ug,(«)| << CG,(u)
3 for |u| large.”
where Gz(u)zg g,(v)dv, C is a positive constant.
Now we state our ’

Main Theorem.

Let us assume the condition (1.2). Given any initial and boundary
data satisfying the differentiability condition and the compatibility
condition stated above, then there exists a unique solution u(x, t),
0<<x< o0, 0t o0, of class C.

2. A priori estimate of solution.

In this section, we assume that the solution wu(x, ) € C* exists
for 0<<¢t<h, we fix h. Since the equation has the wave operator
as its principal part, it suffices to assume the Cauchy data has its
support limited to the right, say, for x<{L. Then the solution, as
far as it exists, has its support in x<CL+¢. Next, let us recall
that u(x, t) takes the value r(¢) for x=0. We transform u into a
new unknown function » in such a way that it have the boundary
value 0:2(0,¢)=0. For this purpose, we take a function Jr(x, t) € C?,

1) If we assume, in addition to the condition 2°, lim F(u)=+c, we can relax
the condition 3°, by > +oo
3°) 0<sign u.g,(u) < C(#?+Gy(%)), for |u|large.
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defined in 0<¢<h, 0<Tx<_+ oo satisfying

1% (0, H)=(2),
2°. Y(x, t) has its support in x<L.

Now set

2.1) v(x, t) = u(x, H)—Y(x, 1),

then (1.1) becomes

(2.2)  vy—0n = —f+ V)@Y =@+ + (Vs — Vi)

Now, we want to derive an a priori estimate of .
Let us proceed in a heuristic way. In the case of wave operatar,

x
the energy E(t)=s vi+vidx is constant. Taking account of this
0

fact, we define an energy form E,(f) as follows:

2.3) E(f) = S” %(v% +02)+ G +v)+ C@w' +1)dx

where G()— Sug(u)du .

Here we take the above positive constant C in such a way that
Go+Vv)+Cv*+1) > —(2:—(2124- 1).

This is always possible by virtue of the condition 3° of (1.2).
Next, recalling that v (=u-++) has its support in x<L+h, this
upper limit is taken always L+h. Although we write the upper
limit of the integral as «. Let us remark, in fact, that (2. 3) would
have no sense in we take oo as upper limit.

Now

(@) = | o0u+ 0.0+ 8O0+ P) + 2000
0
Taking into account of
( V,0..dx = [v,,-v,]—g Vypo0,dx = —S v,00,,dx
.0 0 0

Ei(®) = | 00u—0.)+ 80+ ¥)(0r+ )+ 2Cow,

= [0l @+ D@+ g+ ) + @+, + )
+2Cvv,dx ,
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where "']’1:\!"xx —’\P‘“ ’

= S"" — f+), (v, +4) + g+ Y v, +2Cvv,dx

@9 = [ —forn oL ar | 0w b g o
+2Cvv,dx .

By the condition 2° of (1.2), i.e. by the lower boundedness of
f(u), it sufficeces to estimate the second integral of (2. 4).

By a rough observation, we see that, if the functions f and g are
all of order 2 namely if f(u), gu) are of O(#®), the last integral is
estimated by const. E,(f). However, this condition is relaxed con-
siderably as we shall show it.

Define the second energy form:

2.5) Eff)= S“% {01+ F(o-+)— FOJ)} + —;—vﬁ + G+ + C*+ 1)dx.

with the same convention on the upper limit, where F(u)=g S(w)du.
0
Now,

E3) = g:{vt‘i‘ F+4)— F)} v+ f@ )@+ 4re) — f(P)r}
+ 0,0, + WA ) 0, + )+ 2Cov,dx .

Since vy + O+ (0 +r) =0, — g0+ )+,
and since

[ @9 = Pt = = | oA f0 90t — 7O} dx
= = oo+ ars {0 - puipaax,
we see that
Ey) = | P+ 9)— FO}H— g+ +4n—feb dx
7 (v LY et o g0 ) = s}
+ 80+ )+ 20 de || oo - oy, dx

Now the third integral is

[/ 0= PP + g0+ 49+ 2Cov,dx
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Now consider, in the first integral, the term

[ P+ —Fu) g+ s
Let us consider the integrand :
{F@+Y(—FO)} g0 +¥) + g0 +¥)} = {Fo+v)— F(P)} g, +)
+{F@+¥)—F}g(x+y) .
Now the first term in the right-hand side is majorized by
{F+)—Fn)}2+cv?.

Next, consider the second term. If » is large, Flv++y)—F({r)>
—2L(v+Y), g,+4y)>0, and if v tend to —oo, Fo+yr)—F@{r)<
2L, gv+9)<0. We see that —{F@+v)—F@{)}g0+9)<
2L (v+)g(v+). for |v| large.

Let us remark that, if we can assume that lim F(u)=dco, we

U400

can deduce that
—{F@+Vy)—F()} - glo+4) < 0.

Summing up these estimates, we see that

2. 6) 4(¢) < const. S” (F(o+4p) — F@p)} 2+ 02+ 02 + 02
+ |v+4r| | g(v+r) | +const. dx .

where constants do not depend on .
Now, we consider

@.7) E@t) = E(t)+E(?).

Taking into account of

vi+ @+ Fo+v) = F())* > — i+ (F+4)—FO))},

1
4
and of the condition (1.2), we see that
(2.8) E'(¢) < cE(®),

where ¢ is a positive constant not depending on .
From this, we have

E(t) < E0)e" .
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Up to now, we assumed that u(x, ¢), therefore v(x, f) exists up
to t=h. However the reasoning shows the following: As far as
the solution is continued—supposing this upper limit of time less
than 4—E(¢) is majorized by E(0)e.

The Sobolev’s lemma implies that max |o(x, #)| is majorized

by const. sz+v§dx, we see finally the
Theorem 2.1. Assume the condition (1.2). Then, there exists a
positive constant ¢ such that

2.9) lu(x, )| <c, 0<t<h
as far as the solution is continued.

Remark 1. The above constant ¢ may depend on the boundary
and initial data and %. Here, its dependence is not the question.
What the theorem says is the existence of such a finite constant
for each data and A.

Remark 2. If we consider only the Cauchy problem, the above
estimate is much simplified. In fact, we need only to take the
energy form E,(¢) of (2.3). Of course, in this case we need not
change # to v. According to (2.4), (here 4, Jr,=0), denoting

E(t) = S:%(u%ruﬁ) +G(w)+Clu*+1)dx .

with the same convention with respect to the integration, namely,
the integration is taken over only the fixed interval in x contain-
ing the support of u(x, ).

We have

) = S: — AUy +2Cuudx < cE(?) .

Here we need only to assume that

1°. flw)>—L,
2°. gu)=g(w)+g(u), |&w)|<clul
sign u-g,(u)>0. for |u| large.

(2.10)

Under this condition, we can conclude (2.9).
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Remark 3. The equation (1.1) does not depend on x, ¢ explicitly.
One could extend our estimate to these cases under some conditions.
A trivial extension is to add the first order linear terms. How-
ever, we don’t try here these generalizations.

3. A priori estimate of first derivatives of u.

z t

Fig. 1

In- this section, we want to show that the first derivatives also
remain bounded as far as the solution exists. For this proof, we
use only the fact that u itself remain bounded. For this purpose
we divide the domain x>0, t>0, in two domains.

(I): the domain of (x, f) such that x>¢;
(II): the domain of (x,¢) such that t>x. (See Fig. 1).

In the domain (I), u#(x, ¢) is determined only by the Cauchy data.
Therefore, the boundedness of the first derivatives can be derived
by Haar’s Lemma. However, in the domain (II), the direct use of
Haar’s Lemma could not be expected.

Here, we want to obtain our results in both domains by the
same principle.

As usual, we take the new independent variables (£, ) by :

E=2x+t
n=1t—x
Then (1.1) takes the form

0*u

(3.1) oy

a(u ) +b(u) +c(u)
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A) Now we argue about the domain (I).

We change the unknown function # to » in such a way that
v have 0 Cauchy data.

For this purpose, let us remark that, from the Cauchy data
we can deduce the 0 data. In fact, from the Cauchy data we can
deduce the 0 data in the following form :

ou
PE

Then, the function

V& ) = uoy m)+ [, p@dE+ | by

au

=@ e, =Y(n)€C' along the x-axis.

satisfies the same Cauchy data on the x-axis and aa;g =
Recalling this fact, we set K
(3.2) v(&, n) = u(&, n)—VE, 7).
Then, (3.1) becomes
(3.3) v (u) +b(u) b +f

658

where f=a(u)ye+bu)yr,.
Now we put in a(u), b(u), c(u), f the solution (£, n) then these
functions of (£, ) remain bounded according to Theorem 2.1.

Namely
la(uE, 7)), 1b@(&, 7)), [c@E ))I<K,
IfI<M.
Now, let us consider the majorant equation of (3.3):
o*U oU  aU
(3.4) @%_K<U+£+_>4 M.

In fact, the Picard’s approximation process shows that the solution
U of (3.4), with 0 Cauchy data on the line &+%=0, majorize u
with its first derivatives:

<8U ov <0U

IU(S,"]NSU(&,’I]), _af %‘ __5;.
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Evidently, the solution U exists. This show that, the first deriva-
tives of # also remain bounded as far as u € C? is continued.

B) Now we pass to the domain (II). By virtue of (A), u(&, %)
and its first derivatives have an a priori estimate on the x-axis.
Hereafter we write (x,y) in the place of (&, 7).

Problem. Let us consider the solution u(x, y) of

—l—b(u) +c(u), with the boundary data u(x, 0)

—p(x), u(y, = %(y)

Obtain an a priori estimate of first y

derivatives of #, by means of that of

u itself and of o,(x) and @,(y). 1
We reduce this Goursat-type pro-

blem to zero boundary value. Name- P(Lfﬂ

ly, by defining,

Y(x, ) = Px) +P9)—P(D)

we set

Fig. 2
v=u—1, then (3.1) becomes

611
ax

where f=a(upr, +b(u)y,.

where o(x, 0)=uv(y, y)=0.

It suffices to prove the following lemma.
Let us consider the solution u(x, y) of

u_

(')xay

3.3 (u) +b(u) +c(u)+ f.

3.5 = a(x, y) +b(x y) +C(x Nu+f(%, )

defined in (IT), with zero Goursat data: u(x, 0)=u(y, y)=0
We assume

(3.6) la(x, )1, [6(x, )], lcx NI K, |fx,9)]I=M.

Now we consider the following auxiliary equation :

3.7) U _K<U+2.3U aU>+M
0x0y oy
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whose U(x, ») is considered in {x>0, y>0}
with zero boundary data:

Ulx, 0) = U, ») = 0.

Lemma 3.1. wu(x,y) is majorized by U(x, y) in the following form :

u(x, )| <Ux,y), || <00 |0 000U
ox ox ay ox 0y "
Proof. Picard’s successive approximation itself shows the above
inequality.
Set

8u0+ b 9y 1 Cuo)dfdn , e
ay

uie, ) = |[ & dtan, w5 = ([ (a2

where R denote the rectangle showed in Fig. 2.
Set

U = | My, U, = K| (042201 20

>d§d
It is evident that

ou oU, ou
<l] " ~0 < 0, 0
] < Us ox | — ox ay!- ay

In general we have

3.8 |u,|<K"U,,

ou, _K”&‘, %éK,,<aU 8U>
x 0x dy ox dy

This relation can be shown by induction on #. In fact, recalling
the relation

3.9 ) = ([ 7€ masan, = man,

R

ou

o= re e[ 15, man,

and supposing (3. 8) valid for n=n, we have

|u,,+1|§SH Ou dEdy < K™+ S S:(2%+3—Z+ U,,)
;

nq 52 D 1 cu,,
ox oy oy

x dEdn = K*"'U, 4,
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aun +1 aun

¥ oU, , oU,
< +b "-I— dyp <K'\ 2224+ "5 U d
ox *S “ox cutn so ax+3y+"y
— Kn+laUn+1
ox
| Howis| < ") () |dq;<K"“(a‘in+l+a§’yn+l)

(3. 8) shows that

oo u had au . .
, are majorized b
ax =, 6y 2y majori y
oy ou a-U respectively, where
ox  ox 33’

U= U+KU+K*U,+ -+ +K*"U,+ -

where existence theorem is already classical. (cf. E. Picard [2],
p. 106-113). Summing up the above results, we have

Theorem 3.1. Under the same assumption as in Theorem 2.1, the
first derivatives of w(x, t) have also an a priori estimate. Namely,
there exists a constant C such that

el 13

i, | <O oo

as far as the solution u of (1.1) is continued.

4. Local existence theorem.

In this section, we shall consider mainly Goursat’s problem.
Let us consider

4.1) o'u = f(x, Y, u,

223y or = f(x,5, u,p,q).

ou OJu

)

We assume that f€ C? for all arguments. Our problem is the

following : Find a solution #(x, ¥) of (4.1) in the domain (II):

0<y<x<a, which vanishes on the boundary : u(x, 0)=u(x, x)=0.
We use Picard’s method. (cf. Picard. [2])

Define
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ux,9) = (| £ ,0,0,0)dedy,

R

w(,9) = ([ (& m e 0 32 ), 2, )azdn,

..............................

i, 9) = ([ & 2, s, B 0.

R

At first we restrict the domain as follows: Define
4.2) D)= {x,3u,p,q; 0<y<x<a, |ul, [p], g <b}.
Denote
M = max | f(x, y, u, p, ¢)| .
We take p in such a way that
4.3 Mp<<b, Mp*<b, p<a.

We see that for x, y<p, u,, p,, ¢, (n=1,2, ---) are remaining in (D).
Now we want to prove

Proposition 4.1. Goursat’s problem to (4.1) of above type has a
unique solution u(x,y), 2 times continuously differentiable including
the boundary®, in the domain 0y<x<p, p satisfying (4. 3).

Proof. At first we remark that

ou 7
5—" - S f(x, 7, un_l(x> "/)» Du-i(%, ), Gu-i(%, 7/))dy
x 0
x y
é;u” B S SE Y thuss DPuss Qn—l)d‘g_s (3, tyeyy =)y
y 4 ’

There exists a positive constant K such that

lfx, 3, u,0,0)—f(x, 9,0, 0, )<< K(lu—u'| +1p—0'| + 1g—¢'|)

for any pair in (D).
DenOting vn(x’ y) = lun_un—1| + |pn_pn—1[ + IQn_qn—ll )
we have

2) This means the following: #(x, y) has continuous derivatives up to order 2 in
0< y<x, and each of these derivatives has a (unique) continuous extension up to the
boundary.
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(=10 < K ([ 0,8 )y

¥

|pn+1_pnl g K‘ U,,(x, ”)d”

v 0

x

y
(20— aal S K | 0, 905+ K [ 0,05, mdn .

y
As we have shown in the proof of lemma 2.1, we consider a
majorant equation :

*U
0x0y

with U(x, 0)=U(0, y)=0.
Then, the sequence of successive approximation (cf. section 2),

4.4)

o aU) M, for x,y >0,

- K<U+2_+_
oy

uU,, U,, --- majorize u,, u,, --- as follows:

Iun_un—ll SK”

| Do b 1|<K""g

ou,  oU,
n An-1 <K”< ="
8= @l S K (50 +3y>

where U=U,+KU,+K?*U,+ -+,
Now, we know that, the solution u(x, y, k) of

Ou_ _ k( +26u+au>+M, with 0 data on the x and y axes,
0x0y ox 0y

is holomorphic in k for all values of k& (complex), and continuous
in x, v, k, and this is also true for gu gu (cf. Picard [2], 112-113).
X oy

Now, take a positive @, which is less than 1. Then there exists a
constant ¢(«, p, K) such that

ou, aU”+6U"<

4.5) U,, U, ( )t p, K)  for 0<y<x<p.
ox O0x 0y

This implies that

(4 6) v,,(x, y) = |un_un—1|+|pn-pn—1l+|4n_qn—1|<can, n=1> 2» b
for 0<y<x<p, 0<a<(1, and c is a positive constant.
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(4. 6) shows that wu,+ (u,—u,)+ (#,—u,) + -+ is a normally convergent
sequence with its first derivatives. Namely {u,(x, y)} converges
uniformly with its first derivatives. This limit function «(x, y)€ C*
is a solution of (4.1).

Now, we want to show that u(x,y) is 2 times continuously
differentiable. At first, let us remark that each u,(x, y) is of class
C? including the boundary. In fact, recalling the formulae:

utx,) = |[ 16 wigan, T = [ Sk i, T = 1),

T ) = 270, )+ 16 = 13w,

we have

-

2. ¥y
@n S A g, e bass 00

ox?
+fu "‘+fp ’;'+fq "‘dn,
ox xoy
az
axay _f( y Yy Un- 1»17” 1) Gn- 1)
ou

o =2£(3, 3, #n-s(3,9), Da-s(3,9), 4n-r(3> 3))

e e g, S g, a’; d

B g, B Sy,

Tty Tu,
0x®’ dy
are uniformly bounded, let us consider a se-

At first, we shall show that are uniformly bounded.

Realling that aazz;
quence of functions A,(y) by A.( y)=cS {1+A,_.(9)}dy, for y>0,

with sufficiently large c¢. If we take
A(x)=N=> maxl Ly , take we shall have in general A,(y) >

kra
P
o, y)l

It is easy to see that A,(») are uniformly bounded for 0<y<Tp.
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2,
In the same way, we see that, %;‘2" are uniformly bounded.
az(un_ un—l) az<un —Un- 1)
Now, we want to show that 2"‘, | M T

are uniformly convergent. Denote by K, a common Lipschitz
constant, with respect to u, p, ¢, of the functions f, f,, f,, fu, fs»
fa, When (x, v, u, p, q¢) in (D). Denote by M, a positive constant
which majorizes 1° all these functions when (x, y, «, p, q) in (D),
2° all derivatives of u,(x,y) (n=0,1,2,---) up to order 2.

Then, taking into account of (4.6), (4.7) implies

_ ¥ _
Pltwes =) (3, 3)| < [ Koo+ M +-4M Kogarr M, | T et | g
ox? 0 ox?
. _ az(un—un—l)
Namely, if we denote @,(y)= max | —~=%_"n-U(x y)
y<r<e ox* )

we have
y

4.8) @,.(»)< S "+ Mo, (n)dy, where c, is a positive constant.
0

In the same way, we shall have

az(u"“"l_un) , n * n M 7 n
5y (x, 9) | < Kyea +Sycza + M, 5 d§+50 c
(u,—
¢, | Tatinc) 5, ) |y
X
O (tt

Denote by {,(x)= rgai(
o<y x

—a;zu"‘_—l)(x, y)l, then we have

<Kea+{ cor+ Map@)de+ || e+ Map,(r)in.
Taking into account of y< x, we shall have
9 Vanln) < Ko+ | (e c)am + M) + OV
Now, let us consider a series of functions ®,(x) defined by
@) = e+ [ e M, (©)d

where c¢,=max]|c,, K, ¢c,+¢,]
Then evidently, both ¢,(x) and ,(x) are majorized by ®,(x) if
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we define
®,(x) = N > max |p,(x)| +max [{,(y)] .

We see easily that >1®,(x)<+co. This shows a fortiori that

" (u,—u,_,
This shows that the solution, limit of u,(x,y), is 2 times conti-
nuously differentiable.

az(un_ un—l)
e

are uniformly convergent.

The uniqueness of solution is evident. In fact, let %, and u«,
be two solutions. Denoting v=u,—u,, v satisfies the following
linear equation :

v
0x0y

= =0v | =00
= f. .__+
fv"‘fpax fqay

Ju» F»» Fq denote the mean values. If » has boundary value 0, then
v=0. Our proof is thus complete.

Now, we return to non zero Goursat data. Namely, given two
functions ¢,(x) and @,(x) which are 2 times continuously differenti-
able for x>0, find a solution u#(x, y) of (4.1) in the domain (II):
0<y< x<a, such that u(x, 0)=@,(x), u(x, x)=p@,(x).

Then we have

Theorem 4.1. The above problem has a unique solution u(x,y), 2
times continuously diffeventiable including the boundary, for 0<y<<
x<p’. Here, a positive constant p’ may depend on the maximum
norm of p(x) and Pp,(x) up to their first derivatives, but it does not
depend on the maximum norm of their second derivatives.

Proof. This is an immediate consequence of the above proposition.
In fact, defining

Y(x, ¥) = Pu(x) +PLy) —P)
set v(x, y)=u(x, y)—Y(x, ), then (4.1) becomes

v
= X, 9,0+, v,+YV,, U,+ ’
%0y flx,y r v y ‘l’y)
where v vanishes on the boundary. c.q.e.d.

As regards to the Cauchy problem, the same proof can be carried
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out literally, even simpler®. We restict ourselves to state the
following.

Theorem 4.2. Let us consider the equation
o’u  u ( ou 8u>
4. 10 T T, & [} t» Yy A A~
( ) ot*  ox? s\x b u ox oyl
where feC* (for all arguments). Given the Cauchy data
u(x, 0) = p(x)€C*, and ulx,0) = p(x)eC,

then, there exists a unique solution u(x, t)€ C? in the domain de-
fined by |x—t|<p, |x+t|<p. p may depend on the maximum norm
of @,, Py, and @,, but it does not depend on that of p; and @i.

5. Final remarks.

a) Smooth continuation along a characteristic.

Let us consider the following situation: #, and u, are solutions
of
o'u

5.1
©.1) 0x0y

ou ou
= f(x, Y, u, ox’ @)
in the domain (I) and (II) respectively. (See Fig. 1) (We write
here x,y in place of & 7). We assume #, and wu, are two times
continuously differentiable including the boundary (cf. foot note 3)).
Let us assume that, at the origin, the two functions have the same
derivatives up to order 2, moreover u,=u, along the x-axis. Then,
u, and u, are continuously connected up to second derivatives along
the x-axis. In other words, the function #(x, y) defined in (I)4(II)
by joining #, and u, is of class C°. This is a well-known fact.
However, since this is a important fact, we give here the proof.

Denote by v the trace operator on the x-axis. We have evidently,
yl_ oy, o Pu_d (o

ox dx'" "oxoy dx\ody
functions of (5.1), we have

) . Hence, taking the trace of the
y=0

3) Here we use the transformation (3.2), and reduce the problem to the zero
Cauchy data.

4) Recently, R. Courant showed this fact for general semi-linear hyperbolic
systems ([1])
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1(%): 0, yus, Lovu, 3%-) )
dx\ay f(x, > Vlhis Vs (ay oo

Taking the difference, denoting

(7).~ (3%),, = v,

(—j’--wo = Fa(x) .
X

we have

Since, at =0, Y(x)=0, we have J(x)=0.
Starting from the derived equation

d <azu> ou ou u
a\72) + u_—+_ —t —_—
0x\oy* 7 fay f”axay fqayz
and using the above result, we have moreover <62u1> =<82“2>
0y* / y=o 0y /y=o+

b) Since our equation is semi-linear, to prove the Main Theorem
in the Introduction, it suffices to prove it supposing Cauchy data
has compact support. Then, under this assumption, an a priori
estimate of # and its first derivatives (Theorem 2.1, and 3.1),
connected with the local existence Theorems (Theorem 4. 1, and 4. 2),
enables us the step-by-step construction of the solution in any
finite interval of ¢.
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