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Introduction

It is well-known that geometric structures on a topological
space can be defined mostly through the notion of (B, F)-structure,
where F  is a pseudogroup of local homeomorphisms of a topologi-
cal space B .  Particularly for a differentiable manifold, when we
take the euclidean space R" as B and some pseudogroup F, of local
differentiable transformations o f R " as F, (R", TO-structures are
objects o f differential geometry. On the other hand, there are also
structures defined by cross-sections of differentiable bundles over
a differentiable manifold such as Riemannian metric structures. But
they are not considered generally as (R", TO-structures. However
i f  we take the space o f  germs of cross-sections of the product
bundle over R " as B  and a suitable pseudogroup on it as F , we
can regard the structures b y  cross-sections of the differentiable
fibre bundle as (B, F)-structures. (§ 5.)

D. C. Spencer ([1O]) has pointed out without proof that the set
of germs of m-parameter deformations o f a  (B, 0-structure may
be identified with a 1-cohomology set with coefficients on some
sheaf, from the theory of A. Haefliger (PR Hence, we can apply
this theory to deformations of a cross-section and we have a theorem
on deformations of a Riemannian manifold as an example.

We give a direct formulation and proof of Spencer's proposi-
tion without such a  objectionable condition for our application,
that B  is paracompact. Though our result (Theorem 3) can be
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proved more directly, we treat it from a view point of a general
theory of deformations of (B, 1)-structures, (§§ 1-4) and its applica-
tion. (§§ 5-7)

§  1 .  Differentiable (B, f l - structures

Let B  be a topological space with a differentiable structure, i.e.
there exists a  neighborhood U of each point of B  and a homeo-
morphism (pu  from  U to an open set of n-dimensional euclidean
space R " such that p u i s  a bidifferentiable transformation on
(p ,(U n  V ) fo r U r\V  I cD. (B is not necessarily separable or para-
compact.)

Let I ' be some pseudogroup of local bidifferentiable transforma-
tions of B and let M  be a differentiable manifold. For each open
set U o f M , we set

B(U) = {q); a diffeomorphism, in the sense o f  differentiable
structures of M  and B , from U onto the domain
of an element of /1..

We define that cp, Jr E B(U) are equivalent if and only if (p•Ii'c- ' E
and we denote the set of the equivalence classes of B(U) by B ir(u).
For U U ',  the restriction induces a correspondence rg,:B (U) , B(U')
such that r g'„•rg,=r g„ for U/ U "  and (rg,cp)(rg,*) - ' E F  if
qr•p - 1  E  F .  Therefore, there exists a correspondence r'g,: B /F(U)

T (U ') such  th at r'r,• rig ,=e g „ for U " .  and then
{ B /T(U)}  is  a presheaf over M  and induces a sheaf [1311]m  over
M.

Definition. A differentiable (B , [')-structure on M is an element
s  o f H°(M ,EB I f l m ) , w hich is a section of [B / T I M  over M.

For a differentiable (B, 1)-structure s ,  there exist a  suitable
open neighborhood U  o f each point x  o f M  and su e B IT (U) such
that the germ  o f s u  a t  x  is  s(x ), and w e have rpu E B (U ) such
that P u ( P u ) 5 u  where p u  is the projection B (U )-4 3 /T (U ). U  and
(pu  are called a coordinate neighborhood of s  and coordinate map of
s, respectively. For an open covering {U .f , jE j }  of M  by coordinate
neighborhoods o f s  and coordinate maps (p i  E B(U; ), { U 1 , p ,  E  J}
is called  a  coordinate system  o f  s. Th is definition ensures that
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each element of H°(M,[13111 m ) has necessarily a coordinate system.
I f  {U/k , k E K }  is a refinement of j E  J I  (with the index injec-
tion o f th e refinement K ; K , J ) ,  then {U'k , P.(k)11.4} is also a
coordinate system of s. I f  {Up  p i , j E j }  and {U'k , q ,  k E  I f }  are
coordinate systems of the same element o f H°(M , [B IE L ) , there
exists a refinement {(/', / E L} o f {U 1 } and {I.P, } (w ith  the index
injections of the refinement : L , K )  such that P, ( / ) 1U'i'
and p: ( , ) 1 U ;' are equivalent in B (W ).

Lemma 1 .  Let B '(U ) be a subset o f B (U) fo r each open set U
o f M  such that rg,(13/(U)) if (U ')  i f  U U ' ,  and let I"  b e  a sub-
pseudogroup of I' such that cp, i1P-1  E I '  if  q), ijr E B '(U) and p-kfr- i E F.
T hen EB '111,4  i s  a sub-sheaf of [B /V i m  and so H ° (M ,EB '
can be identif ied w ith a subset of  H ° (M , [JO - 1m).

P ro o f . If p, E B /(U ) are equivalent in B (U ), they are equi-
valent in B '(U ), and then B' Ify(U) B IT ( U ) . Since r(13/(U))
B '(U '), r'FF : B IT (U) , B IT (U ')  m aps B ' IF '(U )  in to  B' 11"'(U').
Therefore, {B' I V (U)} i s  a sub-presheaf of IB IT (U )}  and so
P '1 1 -1 , 4  is  a sub-sheaf o f [B / [ l m .

When W is an open set of M , we define similarly a coordinate
system of a section s W of U 3 /I l m  over W.

Lemma 2 .  Let y  be a dif feomorphism  o f  W  onto an open set
o f  M .  Then y  induces a m a p  of sections over n(W ) into sections
over W.

P ro o f . I f  {U5 , p i }  is a coordinate system of a section s  97(W)
o v e r  y (W ), p ,.:  27- 1 (U; ) - * B  i s  an  element o f  B(77- '( U1 ) )  and
ep i y)•((p.0 ) - 1 =p i .p .V  G r for Ui n  U; (4-43). Therefore fp ; •y, y - 1 (U3 )}
is a coordinate system of a section over W which is denoted by
7(s1 W).

R em ark . If is  a diffeomorphism of W into M  such that
(p.,/ B '( U ) C B ( U )  fo r  any cp EB'(1)(U)) B (n(U)) and any open
set U  included in W , then Lemma 2 ensures that y induces a map
7y of sections of [B 1 [" ] m  over 9)(W )  into sections of [./3// r i m
over W.



212 Toshimasa V agyu

§  2 .  Differentiable deformations o f (B, F) - structures

Let I  be the open interval ( - 1 ,  1 )  o f  real num bers. The
product space B x i is naturally a topological space with a differen-
tiable structure. Let I' x I  denote the pseudogroup of local bidif-
ferentiable transformations 7  of B x  I  such that

10 . t = 7 , (x , t)  ,
2 ° .  For every fixed t, the local bidifferentiable transformation

7x (x , t) o f  B  i s  an element of the given pseudogroup
of B.

where y(x, t)=(7x(x, t), 7t(x, t)), x  E B , t E ( — 1, 1).
For each open set U o f Mx / ,  we set

Bx I(U) = { (7) ; diffeomorphisms of U onto domains of elements
of T  x I  such that p t (x , t) are independent o f x
where p(x , t)=(p x (x , t), Pt(x , t)) and (x, t) E U}.

f  I ( U )  are said to be equivalent if and only i f  p E  x  / .
We set B x  I I  x I(U) = {equivalence classes of B  x  I(U)}  . Similarly
as in §  1 , { BxI IT x I(U )}  is  a presheaf over M x / ,  and induces a
sheaf E/3 x / / / ' x /1,/ , /  over Mx /.

L e t  {U5 , (pp  j  E D  be a  coordinate system o f  s E H°(M x I,
[B x i i rx i ] , , , , , , ) .  B y  the properties o f B x I(U )  and I' x I ,  t ' of
(y', t')— p i (x, 0 )  is  a constant for any :1 E ]  and moreover depends
only on s. W e call t ' the parameter o f s. We set

D = { s E H ° (M x I , [B x I ll 'x i] m , i )  whose parameter is zero}

Let {U1 , p 5 , jE j }  denote a coordinate system of an element
s  o f D .  Setting Vi = (fi r\ (M x 0) and identifying M x 0  w ith M,
w e  have E B(V 1 ) a n d  p i  .p .71 1 (  ( d =  (I))) E T' s in c e
p i ( Vi ) C  B x O. T herefo re {17

1 , p i , jE  J } is a coordinate system of
an element so of H° (M, [13 I P] m ) i.e. a differentiable (B, T)-structure.
Obviously so depends only on the element s  o f D  and so we have
a map 1: ( M ,  [ B 1 1 - 1 ,) .

Lemma 3. The map i  maps D onto H° (M, TU .
Pro o f . L e t  {V ,„  Ifr„, a E b e  a  coordinate system of an
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element s0 o f  H °(M , [B /T ]M )  and q  denote a map o f V 6 x I  into
B x I  defined by

q ( x ,  t) = (Jr,(x ), t ), ( X E  V i» , t E l ) .

Hence,

(q (V, X  l ) r '( V  x I ) ) ( q ( V ,  x l ) r( V  x I ) ) ' E V  x i

where V r \  V-J-cT, a n d  th u s  {q ,  V » x I ,  a E  A }  i s  a  coordinate
system of an element of H° (M xI, [B  x  I/f ' x I ] M <  ) and determines
d  o f  D . Since q =  t h e n  i(d) = s.

Definition. Differentiable deformations of a given differen-
tiable (B, fl-structure s, are elements d of D such as  i ( d ) =s 0 .

We denote their set by  D(s 0 ), i.e. D (s 0 )= i '( s 0 ).
Let d0 be a section of [B x I / f 'x I ] M X J  over M x  ( -6 , 6 )  where

& is  an  a rb itra ry  positive number (< 1 ) . d ,  also determines an
element of H °(M , [B /['] M ).

Lemma 4. When de determines an element s 0 , de can be ex-
tended to a section of [B x 1/f' x

 l ] M <
 o v e r  M x l  which is an

element of D(s 0 ).

P ro o f. It is well-known that there exists a diffeomorphism
of M x i  on M x  ( -8 , 6 )  such that o  M  x  (-6 , 8 ) = identity, o ( x ,  t)

is independent o f t a n d  o t ( x ,  t )  i s  independent of x, w here
i(x, t)=(oi(x , t), o j(X , t)). If w e apply Lem m a 2 and Remark of
§ 1, to M x  I  and P xi, then o induces a  m ap  j of sections over
M x ( - 8 ,  6 )  into sections over M x J,  since cp.o1EBX I(U)  fo r each
open set U o f M x I  and for p E B x l( ( U ) ) .  T h en  îj(d 8 )EH °(M x I,
[B x I / [ 'x l ] M >J ) and moreover j ( d 0 )E D(s0 ) since j ( d 0 )JM x ( -6 , 6 )
= d,

Henceforth, we suppose that M  is compact.
A diffeomorphism q- from an open set V of M  to an open set

of B is said a regular map on V for a differentiable (B, fl-structure
s0 i f  (p» V 5 n V )(q V 1 r' V ) 'E  V  for a  coordinate system {V1 , q }
of s. and fo r  any j  such as  V r \  V = = t .  This definition is inde-
pendent of a coordinate system o f s .

For each open set V o f M  (identified w ith M x  O ), we set
iÏ (V )=  { (I ,  ) }  where  i J  i s  a regular map on V for the given s0
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and 5-, is  the germ o f  7 E F  x I  on Air(V) where the domain o f 7
includes 1/r(V). For (i/tI, T1), (5 2, 2) E I I (V ) ,  le t  t h e  product
(vir2  Fy- 2 ) • (* 1 , 1 ) be defined if and only if the regular map (7 ' V(V))..kk'
on  V  is equal to AP, in  this case 72 .7 ' can be combined in the
sense of the pseudogroup F x I by a suitable restricution of domain,
and we set

( ip ,  5,-2) --1 ) (if?
,  germ of 7 2 71 on */(v)) E 11(V),

where germs of yi on Nrri( V) is (i =1, 2). By this product z(V )
is a groupoid. For V  V', the restriction of defines a map
II(V)—.11( V') and {11( V )} is  a presheaf over M  and it induces a
sheaf [II] of groupoid over M.

For an open covering Z= { Va„ a E AI of M, let C ( 13, H) denote
the set of systems f+.0,0 E 11(Vc„r■ Vo ), 170+4))1 such that

Iffa,0 •4-rty, = ijf o r  V „ , n  V pr\ V„ .

fik,„p } {Co } E II) are said to be cohomologous i f  there exists
E II(V,,) for each a such as ii-Pc,•11-f  = 1 1 -r iolTro fo r  V n  V0 ( (13) and

we denote by ,t ,1 (5Z3, II) the set of cohomologous classes of C 1( , II).
For a refinement V= { E A l  of (with the index injection
of the refinement a:A ) ,

{‘Itac.',a(K) VL'n 17 (+ (1))). E  (V, 11)

and if flTr a},01, {1Tr'„,01 are cohomologous, then {1Tra (
,
) ,( ') 1 r e n

Vp
, }  are cohomologous in Ci(V, 11). Therefore we

have a correspondence

: ( , 11) —> V (V ,  I )

such that 7141 , , = 71 ,   for V3 >Q3' >V' (> ; refinement of coverings)
and the system  {V M , H ), G the systems of open coverings o f MI
forms a direct system. We denote its inductive limit by IP(M,
(The tech cohomology set of 1-dim with coefficients in the sheaf
[ I I ] ) .  An elem ent {Ifr} o f C(3, 11) is called a  cocycle o f IT,' for
13 if is the element o f 111 (M, [11]) determined by the inductive
limit of cohomologous class o f  { + } .

Lemma 5. There exists a map 8  from D(so) onto 111 (M, P O .
P roo f. I f  11/1 , q ,  j E J I is  a  coordinate system o f d E D(s0),
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then cp.i V 5 : V5 -)./3x0 (identified with B ) are regular maps for so

where 1/5 denote U. ; n (Mx 0) (, -  (0), and (p i •p -
i

 1 )E (U 1 = -(D)
Therefore if we denote by (P i ;

(P5 117
5 , germ of 99,(p.V on (p 5 ( Vi n Vi ))

then -q5ii E H(V i n V5 ) and (Pii•(Pik = (Pik on  V i n y i n  Vk ( J ) •

Since 11/5 = U5 n (M x  0)1 is a covering of M, frp u l  is a cocycle of
an element qi of H l(M , [H ]) .  If we take other coordinate system
{U/k , p'k , k E K }  of d , there exists a refinement covering /E
of the coverings {U5 , j  e J} and {U„ k E K }  (with index injections
of refinement t: : L—> K), then

(P:(1)I U n - ' E r x i
and

(93 ‘(1 ) U ;' n U ).(q )1 )IU 7  n U ) - 1  •(P:on)IU7 nU'.9•(P:(.)1 1 1 7 nU /•,:) - 1

= (q (n ) lV ' (4 ) . (P  . )1 n (g0 - 1 • ( P : ( . ) I n V , )- '

on M' n (I). I f  we set

= (p '" ) 1 rz, germ o f  p, ( 1 ) •(p'" ) ) - ' on  p : ( ,) ( V'i '))

where .17 ' = U'i ' n (Mx 0) (+ (13), then IT,/ EH( V', ') and

(Iffi I 17;' n r . : ) . 0 5 :(1).(m)1 V 7  n r )= ( -0,(1),(n)l V 7  n r )• ( * . IV 7  n r . i ) •
Since {ri '} is a refinement of the coverings {17

5 -=--- U 5 n (M x  0)} and
U'k n (M x  0)1 of Mx 0(_=.M), then {(TYk „ } is  a cocycle of the

same element (p,  and  the correspondence d-->rp defines a  map
8: D(so )->  M I .

Next, if tkP.„131 = {(Afro,p , To )} i s  a  cocyc le  o f an  element
fr E H i (M , [11]) for an open finite covering {V„, c E A }  of M , there
exists a finite covering {U5 , jE J } of M x° by  open sets of Mx/
satisfying following conditions :

1) { U5 n (M x0 )} considered as a covering of M , is a  refine-
of {V a } (w ith the index injection of the refinement a: J --). A)

2) there exist p i 5 E B x/ (U i n U5 (*(10)) and 70 E . r x I  such
that (domain of rya ( i ) , ( ; ) ) p i ; ( U i r\U; ), p 15 (17) x 0 and

'qi'a(i)aci)1 V r  r i  = r
where V'i = U5 n(M x 0) and
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Fic k i ,„( ; ) lp i ; ( r n r i ) =  (germ of 7 i ;  on  (flu ( V', n  VS)).

Since Iff,0 4, = + ,  on 17„r\Vg r\ and b y  the definition of
the product in  11(V ), we can choose these objects such that
Pii93 ; =  7 i ; x / f  or Ui r\U; +c1) and 7 La j k = 7 j k  for U inU ir\U k(4 4 3 ).
Since {U5 }  is  a  finite covering, we can take a positive number
6 (<J 1 ) s u c h  th a t  M x ( - 6, 6) \JUJ . I f  w e  se t (pi = p i ;  l /fi r\

( M  x ( -6 ,6 )),  {p ; , (Ii r\ (M x(-6 ,6 ), j E j }  is  a  coordinate system
of a section d, o f [Mx ilrx i]m x , ove r M x (-6 ,  6). By Lemma 4
there is a d E D(s 0 )  such that dl M x ( -6, 6)— d0 . Since yi ; = p i p .T1

for ( Ui n M x  ( -6 , &)) r\ ((fi r\ (M  x (-6 , 6 )) (13  and so

P{(Pii I V n V , g e rm  of 'y p i ;  ( r r\ TIM  = I V r\ r ,

then we have 8(d)=1Tr.

§  3 .  Classes of locally equivalent deformations

Elements d of D(s 0) being sections of the sheaf [B x n m ,I ,
let d l W  denote their restrictions on an open set W  o f Mx /  and
set D(s 0 )1 W= {d IW ; d e  D(so)}. I f  n  i s  a diffeomorphism from an
open set W  o f Mx / into Mx /  such that

[1] 97,(x, t )  is  in d ep en d en t of x

where n  (x , t) = (o x (x, t), n t (x, t)), ((x, t) E W, x e M, t E I ) ,  then  y

induce a map Ti from D(4)1 9)(W) into D(s o )I W.

Definition. T wo differentiabl edeformation cl 1 and cl 2 o f  s o are
lo ca lly  eq u iva len t i f  th e r e  ex is t  a positive num ber 6 > 1  and a dif-
feomophism 97 f r o m  M x (-6 , 6 ) in to  M x I  su ch  th a t  7/ sa t is fie s  [1 ]
and a lso  the fo l lo w in g  tw o  conditions,

[2] 'i ,  0 ) is  id en tity ,
[3 ] 7)(d2 1 (M X ( - 6, 6)) = 6, .

The local equivalence of deformations satisfies the equivalence
relation and their equivalence classes are called classes of lo ca lly
eq u iva len t d e fo rm a tion s and the set of these classes is denoted by
D(s 0).

Proposition 1. The map 8 : D(s0 ) —.11I(M, [11]) indu ces a bijec-
tion 8 : D (s o) IP (M , [11]).



On deformations of cross-sections of a dif ferentiable f ibre bundle 217

P ro o f . L e t {U 1 , jE J}, (p-j, j  ED denote coordinate
systems of deformations d ', d2, respectively, for a suitable common
covering {I / 3 , j E J} o f M x  I. I f  d', d 2 are locally equivalent, there
exists a covering {W„ 1 E L} o f  M x 0  (identified with M ) by open
sets of Mx /, such that

(1) { W ,} is a  refinement of {U3 ; U3 n (M x 0 ) -1-0  as a cover-
ing o f M x ° b y  open sets of M x/ (w ith the index injec-
tion of the refinement I": L .-›J/ J),

(2) W, M x  ( -6, 6) for each le  L,

(3 ) 97 (  Wt) Ur(r)

where 7 ,  is the diffeomorphism from Mx (--6, 8) into Mx/ which
gives the local equivalence o f d ', d 2 . Since {97( W,), A )In(W  I)}  is
a coordinate system o f d 2 (V  W ,) c/ 2 1 7 7(M x (— 6 , 8)), we see that

reL

{W,, W ,}  is  a coordinate system o f Ti(d2 1 97( U  W,)). On the
lE i -

other hand, { W I , P ip . ( 1 ) 1 W  1 } is  a coordinate system of
IEL

- cP I V  Wi =d 1 V  W,. Therefore, fo r each l L ,  the local diffeo-
1EL /EL

morphism 95,2,( „•,, • ( p li g n ) - 1  I (74,( 1 ,( W ,) o f B x  I  is an element of Ex /,
and is denoted by 7 1 . The image q)-„,,,( W ,) is the domain of 'y,
and 9;0,-

( „( W ,)  p ', ( 1 ) ( V 1 ) where V,= W i n (M x 0). T h en  1,1 V , ,
germ of 7 1 on  94.,( , ) (V ,)) E 11(171). Since

Plig7)((Pilh(.)) - 1  I Pil,.(.)( W InW ,,,) Er x i ,
17(Wi n W . )  ( P 2p ( i ) ) - 1 *71 •P lw(1)1 Win Wm = (q 'cno) - 1•7”7•P,L .)1 W , r\

and the range of 71 is  p il l ) ,  then

71 • Prig1)•( (& . ) ) - 1 =  Prl(r)-(94(.)) - 1 • 7 .  O f l r Ig.)(W  in  V.)

and so ITL.,.(plm , .cM,,•IT,„, are defined on V ,n V„, (1) and are equal,
where

krf, =  ( p 1 ) 11/ , germ o f  7 ,  o n  p ( „( V  ,

(77 1.= (93 ,1g .) IV „,,  germ o f p ',-„,-(p 1,-
( „ ) ) '  o n  (P „, ) (V,„)) ,

(A m = (p i7,,,„„•27! V„,, germ o f  p i7,,( „(qi,l( „) ) '  o n  q,,( „) (V „)).

Therefore, 11510 and {(p7,n } are cohomologous in C({17 ,}, II), where
the former determines a(di) and the latter determines 8(d 2 )  because
n is identity on Mx 0, that is 8(d')=a(d2).

W , and
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Conversely, we suppose 8 (d1) =  ( c P ) .  Since M  is  compact,
there exists a  finite covering {Vk ,  k E K} of M  by open sets
o f M  which is a  refinement o f  {U i n M x  0(*43)} as an open cover-
ing o f M  (with the index injection of the refinement X: K -4 ) ,

such that

{<74,/} — {(P lx(r)I Vkn (-I- (1?), germ of P11( k) . (q) 1X(1)) on P(1)(V kr\ VI)»

and

frp211 =  M 1 )1  Vkn V „  germ o f  q3 ,(k).(q4,(1)) - 1 o n q4/)(Vkn V1))}

are cohomologous in C1({V,}, 7r). Then we have a element k  of

H(V k )  for each k E K  such as

=  q5 2kr f o r  V k n V1   (1-3

From the definition o f 7r(Vk )  and the product in it,

= (93 )1,(k)1 V k , germ of 7 k  o n  9q,(k)(Vh))

where 7k E r  x i ,  (the domain of 7k) r (B x0)— Pl(k)(T7  k), (the range
of 7 k ) x 0) — 9 (  k)( VO, and 7 k P k ) V k = (P. ( k) V  k  I f  we set

Wk = k ) )  1 •( th e  domain of 7k)n('74.(k)) 1 - ( th e  range of 7k)
( M x / ,

then W k n (M x 0) V  k , { W k , k E K }  i s  a  finite covering o f Mx 0
by open sets of Mx / ,  and (ro. 1 •y  c a o„(k), •, k • can be defined on W k .

Since
k • (P 1X. k)),C I )  =  (13 ( k)X( 1) • 1

then
(q4( k)) -  I  • 7 lz • P1( k) (PZ( k)) •  71 • P 1X'( 1) o n  Wk r \ WI (= = •

Therefore, there exist a positive number 6  and a homeomorphism
9) from M x  ( - 6  , 6 )  into Mx /  such that Mx ( - 6 , 6 ) V Wk ,

kEK

?i I M  (  - 6 , Or\ W k  =  (q ) ;:Clz)r  . 7 k • P,Ck)1 (M  X  ( - 6  & )) r\  W k

k• P l(k )I M  X  ( - 6 , 6 ) n  W k = MX ( W h

and nt (x , t ) is independent o f x  where y(x, t )— (9 (x ,  t ) ,  t (x, t)).

Here, {7k•P(k), (Mx (-6 , 6 ))f -N W k )} and {P,;(k)•?7, (M X ( - 6 , Or\ Wk )}
are  coordinate systems o f  d i  M  x( - 6 ,  6 )  and 17d2 M  x ( - 6 ,  6),

respectively, i.e. d i M x  ( -6 ,  6) = qd 2 S in ce p 22,10•7 k•q3,,,,,= identity
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on V„, then ni M x0= iden tity . Therefore, 77 gives the local equi-
valence of d ' and d2 .

§ 4. Germs of local automorphisms depending differentiably on
1-parameter for the differentiable (B, fl-structure

A  diffeomorphism of an open set V  of M  to an open set of
M  is  ca lled  a  local automorphism  fo r th e  dif ferentiable (B , F)-
structure s o if o n  V ,  i.e. for a regular map o f s ,  on a
neighborhood o f each point x E  (V ), (7 ). is  a regular map on a
neighborhood o f  - 1 (x).

A  diffeomorphism o f V x (-6, 6) into M x ( -6 , 6 ) is  sa id  a
local automorphism o f V  depening di fferentiably on 1- param eter for
so ,  if

(x, 0) identity (xE V ), ",(x , t) = t

and if **x (x , t) is  local automorphism of M  for each fixed t  where

"(x, t )  =  x (x, t), ",(x, t)) , x  E V, t E ( —6,

For each open set V of M , we set

A(V ) {germ of o n  V x  .

which is a group. B y  the restriction A(V)--> A( V ') for V T  V',
{A (V ) }  i s  a  presheaf o f group over M  and induces a sheaf [A]
over M.

Definition. The sheaf  [A ]  is  the sheaf  of germs of local auto-
m orphism s depending dif ferentiably  on  1-param eter f o r  (B, J')-
structure s o .

Lemma 6. For each open set V  o f M  w here V  has a regular
m ap  *  o f s „ there ex ists an onto-map :

P ro o f . F o r  —(1/P, germ of 7 on 1/r( V)) E 11(V), (7 G E x  I ) ,  if
w e  set Irr(x, ( * ( x ) ,  t ) ,  (x E V, t  / )  and '7(y, t) = ( y ,  0), t),
(y E ./f( V), t I ) ,  then ‘T, E B x I(V x  I) , 5 'E F x i  and (Fir  E ['x / .
Hence, there exists an open set W of Mx / such that Wn (Mx 0)--- V,

(W )  (domain of 7) and ITr- '.1 - - i•7-1-fr can be defined on W . Since
1- 1 -7 I 'tfr( V)— identity and since IV' -1- 1 .7-k-k is a local automorphism
of V depending differentiably 1-parameter for so , we see that (germ
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of Irr- 1 •r7- 1 •7•17p o n  V ) is an element n-k-fr of A (V ) and the corres-
pondence lfr— > • I f r  gives a  map 7r : A (V ).

Conversely, le t (germ of o n  V )  be an  element of A (V )
w h ere  is  a local diffeomorphism of an open set of Mx I  including
V such that g i v e s  a local automorphism of V depending 1-para-
m eter. For a regular map fp  of so on V,

(p , germ of rin'O  on cp (V )) w h ere  0(x, t) = (p(x ), t)

is  an element of A (V ) such as  7i- i-k =  that is , 7 r  is  onto.
We define IP(M , [A ] )  from the presheaf {A (V )} in the same

manner as we did for Hi(M , [ [ I]), and we have

Proposition 2. The map 7 r induces a bijection 7r* : IP(M, [ I Q
— >1-11(M , [A ]).

P roo f. F o r  a n  e lem en t {11-' 0 }  = flir„,, g e rm  o f  70  o n
'tfro (V „r\ Vp )) } E 1 1 ) where 'I; =  {V „ } and 7 E I x I ,  we have

t) N%-kTp0 y ,  t )  w here y E Afro ( V p ), t e /
and

ITP(.8 =V Vo) x  I  w h ere  AP,„=( J( x ) ,  t )  ( x  E Vo,)

because Ifr •ITr„p = ,. .k f r ep . Since

(ITPT.4•(fL8) - 1 •70o •+ (e ) • (IP4 • (113v) - 1 •7pv• 17-Pt37) = ITP; 1 •7 og •7137 • ? P i

ATAT, i  "P , -Tr; -701, 4 1  = ("1.0 - 1  ' 7 wy•IPoyy

then {7riTr }  is  an  element of C1( , A ) and  moreover this corres-
pondence g1---.{7rk }  gives a  map from , II) onto CW , A)

by Lemma 5. If two elements fvf 4  and o f CW , 11) are
cohomologous, then there exists an element ITfc, =(1/PL, germ of 7„
on In a,( V „)) of MVO for each 17 , such that +.c,•IT.10 =1-fr2

0 ,4 0 and
7,,•71,=7!,•7 p o n  a  suitable domain including 'kf (V ,,n V o). Then

VPD - 1 7.1PD • ((+ ) - 1 • ( 1 p)- 1  '71p*IN) = (%) - 1  • 7.* 71,»A;(13

=  g r D - 1 ' 703•7o• 11-1713 = O f 23)- 1  • (Vo) - i  •7.13 4A) • 
( ( 2 \ _ 1

•713 4 10)

on a suitable open set of Mx / including Vc„r\ Vo (  I 43). Therefore,
if  we set

=  (germ of (11-4,)'•7„,• ,(Tpl on Vc,) E A (V ),

w e  have (7-r ',no) = ( - )  p  o n  Va,r-N Vp , i.e. {7riTr2,0} ,  17r-kTr/01  are
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cohomologous.
Conversely, i f  {7-t:4-4 }  and In-lk:0 1 are cohomologous in C M  A),

then there exists, fo r  each  a , a local diffeomorphism o n  a n
open set Wo, o f Mx /  including Vo,  such  th at "„(7-t-vT,16 ) —(7r1Tr,„2 0 ) .

0

where a,  is the germ of a ,  on Va, ,  and such that '',„((11-P1) - 1 - •yLf,• Irr
(etTr123) - (5,1 0) - 7 20  +2 ,  c-F3and can  be defined  and  are  equal on

W .n W p (-4-01)). I f  we set 70,=1-1;1Xc„( ) - ' on W a,, then

7.71s 74,T, 1(0 - 1 (110)7113 = irrm2 (11P(20 - 1 (V03) - 1 72,07p 71,070

Therefore, (1/P„, germ of yw on Ak„(V))-in,=1Tr;`,•(+ 0 , germ of 7,3 on
Ifro ( VR(V,)), that is, {1% 8} an d  

{ - e} are cohomologous in C 1 ( , il).
From Proposition 1 and Proposition 2, we have

Theorem 1. There exists a bijection t i ( s 0) —. H1 (M , En -

§ 5 . Cross - sections of a differentiable bundle

Let F  be a differentiable manifold and G be an effective dif-
ferentiable transformation group on F  and let r o b e  the pseudo-
group o f a ll local diffeomorphisms of R n .  For each element 70 of
F o whose domain is U, we define a diffeomorphism T(7 0) : Fx
Fx y o (U ) such that .7- (70)(x, f )= (7 0 (x), F (X , f)) and for each fixed
x, TF i s  a transformation of F  by G .  Differentiable cross-sections
of F xR " over U can be transformed to differentiable cross-sections
over 7 0 (U ) b y  T(70). I f  we denote by B  the space o f germs of
differentiable cross-sections pf Fx R" over R", then B is a topologi-
cal space with a  differentiable structure and 7- (7 ) induces a local
diffeomorphism of B .  Then P o defines a pseudogroup J  of local
diffeomorphisms of B  associated to T .  Hence we can consider
differentiable (B, f)-structures.

On the other hand, let {U 1 , rp} be a coordinate system of the
differentiable structure of M , then lU i , F , G, and T  define a
differentiable fibre bundle 93 with the fibre F , the structure group
G , the base space M , the bundle space X  and the projection p.
We say 93 an F -bund le  'r-associated to the differentiable structure of
M  (or a  differentiable F -b u n d le )  and {Ui , p i }  a coordinate system
of 93. The diffeomorphism U1--.R" induces a  fibre-preserving
diffeomorphism : pi(U;) x F  and
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(4 ) - 1  cp i (U n U 5 ) x F = 7-(q, 5 a).7' i (U n U 5 )) f o r  Ui n U; ( -13 .

I f c  is a differentiable cross-section of 33 over M, the map q4 • c
can  be regarded a s  a  diffeomorphism ci o f  Ui in t o  B  and
c5 -c7' I ci (Ui  U 5 ) E f , th e n  {Ui , ci }  is  a  coordinate system of a
differentiable (B, f ) - s tru c tu re  s  and s  is independent of the
coordinate system {(pi , o f  33. Therefor w e h a ve  a  map
C : { c}  .11°(M, [B I i ] m )  where {c} is the set of all differentiable
cross-sections of 33 over M.

Lemma 7. The map C is a bijection.

P roo f. W e  c a n  ta k e  a  coordinate system {Ui , (pi } for
sE H°(M ,[B  I T ]m )  such that {U1 , (pi l  is a coordinate system of 33
where p i =p 0 , 75„ po i s  th e  p ro jection  o f shea f B- - . I? "  and
q4' : p i(U i)x F is  a coordinate function induced from (pi .
Then (rpt) - Vii (U ) is a cross-section si  over Ui  fo r  33 and

(PT) (p7) - 1  I (Pi (U ; )  =  (Tj . P7 1 )  ( Pi WinU /PT' I (P ((I
for Ui U  5 +01) and so

si  U i n U ;) = (PP) - 1 T) i I (U ;)  = (q4 ) - 1 4 (PI') - 1 T i(PV4 n U5

= (rpn - irrif i Ui n t  =  .3 5 1Ui n U 5 ,

hence {si }  is a cross-section c  over M .  The correspondence s---> c
defines a correspondence S: H°(M, [B 1 ] M ) —

 { c}  and S•C= identity,
C• S = identity.

Then we have

Theorem 2 .  Differentiable cross-sections of  the differentiable
F-bundle are  differentiable (B, h-structures.

Remark. The proof o f Lemma 7 ensures that C gives a bijec-
tion of the set of differentiable cross-sections over an open set U
o f M  onto the set of sections of [F311- 4 ],,,, over U.

§  6 .  Deformations of differentiable cross-sections of the differen-
tiable bundle

From the differentiable F-bundle 33(X, M , F, G), a differentiable
F-bundle 93 x / (X x /, Mx I, F, G) is naturally defined. As for the
coordinate system {Ui , p i }  of 33 x /, p i can be taken to be diffeo-
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m orphism s of Ui i n t o  R" x I  such a s  p i ,t ( x ,  t )  = t  where
(pi  = (p i ,x (x, t), (pi ,t (x, t)), (x, t)E U . Differentiable cross-sections ci
o f g3x I  define cross-sections c  o f 33 by the restriction on Mx 0,
and ci is called a  (d ifferen tiab le) d eform ation  of c.

Definition. A  d efo rm a tion  i f  of a  g iv en  cro ss -s e c t io n  c , o f  93
i s  lo c a l ly  tr iv ia l if  th er e  ex is t an open neighborhood U relative to
M x I fo r  ea ch  point o f  M  and a diffeomorphism e f r o m  U  into
M x I  su ch  as

f(x, t) = t ,  e ( x ,  0) = id en tity  and J =  c 0 ,

where e* is a local bundle-automorphism induced by e, -e,(x ,t)=(c o(x),t)
and e(x, t)=(e x (x, t), Mx, l)), ((x, t) E U).

N ow , w e take B, as  B, I '  in  §§ 2-3, then Bx I ,  P
D(s0)(10E1P(M,EPIPU), D(s0) and [A] take

the place of B x I , Fx I, [B  x  I 1 x x  1 , D (s,) , [11] ,  D(s„) and
[A ],  respectively. I f  we apply Theorem 1  to this case, we have

Proposition 3. W e have a bijection D(s0)-4. 111(M, EAR
Let B x I  be the space o f germs of differentiable cross-sections of
the product bundle F x x i )  over R " x I  and let I' x l  b e  the
pseudogroup of local diffeomorphisms o f  B x /  induced by local
diffeomorphisms of R " x I  as in § 5. Then

Lemma 8. H° (M x I, [B x  / /  x / ] , x ,)
 

is a  sub-set of
H°(Mx I, [B x / IF  x

P r o o f .  B- x l  is a sub-space o f B x I and 1' x I  is a sub-pseudo-
proup of I' x I. The set B x I(U) is a sub-set of B x I(U) for each
open set U o f Mx I. If

q), 1/r E B x / ( U )  an d  (pelf, '  = 7 E 1 ' X I ,

then ryE P X I  and therefore n x I lrx I ( U ) B x I l l 'x I ( U )  by
Lemma 1. Therefore, [B  x i/f x n m x  [ B  x  / /  x  /  since
rg , (13xI(U)) B x I(U ') fo r U U '.

I f  we apply Lemma 7  to the set {e} o f differentiable cross-
sections of 93 x / and H°(M x I, [B x I I we have a bijection
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tel (M x I , [B x I l r x n m x , )  •

D efin ition . L ocally  triv ial de f orm ations J an d  cl-2 o f  co are
locally equivalent if  there ex ist a positive number number 6 <1  and
a  diffeomorphism e f rom  M x ( —6, 6) into M x I  such that

1. et (x , t) is independent o f  x  for (x , t) E Mx ( -6 , 6 ),

2. 0) ---- identity,
3. c-t e(x , t) e*(cP(x, t)),

where e(x ,t)=(e x (x,t), e t (x, t)) and e* is  a  bundle map induced by e.
I f  w e set :so C ( c o )  where co i s  a  given cross-section of g3,

then :5 maps bijectively D (4) onto a sub-set E(co )  of the set of
locally trivial deformations o f co .

Lemma 9 .  For each locally triv ial deformation ct o f  co , there
ex ists an  elem ent d ' o f  E(c o )  such that i f  and d  are locally equi-
valent.

Pro o f . Let {U p  q ,  j G J } be  a coordinate system of L. Since
J  is  a  locally trivial deformation o f co and since M  is compact,
there are a finite covering {U'„, k E K} o f  M x 0  by open sets of
Mx I  and diffeomorphisms o f  U k into M x /  fo r  each k E K,
such that the covering {Pk } is  a  refinement o f th e  covering
{U; // i n (Mx 0)+(1), j E J'}  o f Mx 0 (with the index injection of
the refinement ic K — >f), neo—ci on U', and e k (U ; , ) c  U k .  Then

(4k)ii(x, t) 9 ( k e o )(x , t)  = Pk )e o (k (x , =  P,1:(k)ec(k,,,(x, t), t)
t)), t)) ( (g . , . ( , x (x ,  t ) ) )x i B x I

where (x, t) E U' and !,(.x, t), t), hence C(cil (Pk ) is a section
o f  P -5-3 x / /P x  n m x ,  over tY„ by Lem ark in  § 5 .  I f  we take a
positive number 6 such as Mx (-6, 6) U U'k , then C(d-1M x (— 6 , 6))

kEx
is  a section of EB x over M x ( -6, 6). By Lemma 4,
this section can be extended over Mx / which is an element d  of
D(so). Then S •cl E E(c o )  and

S-C(cIl M x ( - 8 , 6 ) )  = X ( - 6 ,  6 )

i.e. S -d and J  are equal on Mx (-6, 8).
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By definitions, the local equivalence of locally trivial deforma-
tions o f  co app lied  to  E(c o )  and local equivalence o f  D(g0) are
compatible with the bijection E(c 0)--> D (4 ).  Then, by Lemma 9
we have

Proposition 4. The set of local equivalence clases o f all locally
trivial deform ations of  c o can be identif ied w ith the set D(go )  of
local equivalence classes of D(.-go ).

A local diffeomorphism of an open set V o f  M  into M  is
said to be a  local automorphism o f V for the cross-section co ,  if
co I 1,(7c) = 4`•c x  where is a local bundle map induced by 4 •

Definition. A local diffeomorphism of an open set V x(— 6, 6)

o f  M x I  in to  M x I  i s  a local automorphism on V depending dif-
ferentiably on 1-param eter for the cross-section c o i f  t)= t, and
fo r  each fixed t, " x (x, t) is a local automorphism o f  V fo r  co , where

t ) =  x (x, t), t (x, t)).
From the definition of the map C(§ 5 .), local automorphisms

o n  V  depending differentiably on 1-parameter fo r  co are local
automorohisms on V depending differentiably on 1-parameter for
the (B, f)-stru c tu re  go = C(c0). Then, the sheaf [Ul ]  o f germs of
local automorphisms depending differentiably for the given cross-
section co of 33 is isomorphic to the sheaf [A ] for C(c o).

Therefore, from Proposition 3 and Proposition 4 , we have

Theorem 3. T here is a one-to-one correspondence between the
set of local equivalence classes of locally  trivial deform ations of
the cross-section c, o f g3 and the cohomology set Ili(M , ETU).

§  7 .  Remarks

1. The fibre bundle of positive definite symmetric tensors of
the differentiable manifold M  is a fibre bundle associated to the
differentiable structure of M  and its cross-sections are Riemannian
metrices on M .  In this case, our sheaf [JJt] is  the sheaf o f germs
of motions depending differentiably on 1-parameter for the given
Riemannian metric go .

2. Though we have discussed "1-parameter" to simplify the
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exposition, our theory is valid fo r  "m -param eter" by taking Pri
as the parameter space.
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