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Introduction

It is well-known that geometric structures on a topological
space can be defined mostly through the notion of (B, [")-structure,
where I” is a pseudogroup of local homeomorphisms of a topologi-
cal space B. Particularly for a differentiable manifold, when we
take the euclidean space R” as B and some pseudogroup /', of local
differentiable transformations of R” as [, (R”, [';)-structures are
objects of differential geometry. On the other hand, there are also
structures defined by cross-sections of differentiable bundles over
a differentiable manifold such as Riemannian metric structures. But
they are not considered generally as (R”*, I';)-structures. However
if we take the space of germs of cross-sections of the product
bundle over R" as B and a suitable pseudogroup on it as /', we
can regard the structures by cross-sections of the differentiable
fibre bundle as (B, [")-structures. (§5.)

D. C. Spencer ([10]) has pointed out without proof that the set
of germs of m-parameter deformations of a (B, I')-structure may
be identified with a 1-cohomology set with coefficients on some
sheaf, from the theory of A. Haefliger ([8]). Hence, we can apply
this theory to deformations of a cross-section and we have a theorem
on deformations of a Riemannian manifold as an example.

We give a direct formulation and proof of Spencer’s proposi-
tion without such a objectionable condition for our application,
that B is paracompact. Though our result (Theorem 3) can be
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proved more directly, we treat it from a view point of a general
theory of deformations of (B, /")-structures, (§§ 1-4) and its applica-
tion. (8§§5-7)

§1. Differentiable (B, I')-structures

Let B be a topological space with a differentiable structure, i.e.
there exists a neighborhood U of each point of B and a homeo-
morphism @, from U to an open set of xn-dimensional euclidean
space R” such that ¢, .}’ is a bidifferentiable transformation on
py(UNnV) for UnV==®d. (B is not necessarily separable or para-
compact.)

Let I” be some pseudogroup of local bidifferentiable transforma-
tions of B and let M be a differentiable manifold. For each open
set U of M, we set

B(U) = {p; a diffeomorphism, in the sense of differentiable
structures of M and B, from U onto the domain
of an element of /°}.

We define that ¢, v € B(U) are equivalent if and only if @«-'el’
and we denote the set of the equivalence classes of B(U) by B/I"(U).
For U DU, the restriction induces a correspondence 7Y, : B(U)—B(U’)
such that rZ,.r¥,=rY, for UDU DU’ and (Le)(rid) el if
\Jrep~'€ ['. Therefore, there exists a correspondence 'Y, : B/I'(U)
— B/I'(U’) such that »'§,-r’'§=7'Y, for UDSU DU”. and then
{B/I'(U)} is a presheaf over M and induces a sheaf [B//"],, over
M.

Definition. A differentiable (B, I')- structure on M is an element
s of H'(M, [ B/ \y), which is a section of [ B/l ], over M.

For a differentiable (B, [')-structure s, there exist a suitable
open neighborhood U of each point x of M and sy € B//'(U) such
that the germ of s, at x is s(x), and we have @y € B(U) such
that py(py)=sy where p, is the projection B(U)—B/['(U). U and
@y are called a coordinate neighborhood of s and coordinate map of
s, respectively. For an open covering {U;, j€ J} of M by coordinate
neighborhoods of s and coordinate maps ¢; € B(U;), {U;, »;, j€ J}
is called a coordinate system of s. This definition ensures that
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each element of H°(M, [ B/{"],) has necessarily a coordinate system.
If {U,, k€ K} is a refinement of {U;, j€ J} (with the index injec-
tion of the refinement «; K—J), then {Uj, @ur|Us} is also a
coordinate system of s. If {U;, ¢;, j€J} and {U,, 9%, k€ K} are
coordinate systems of the same element of H°(M, [ B/l ].), there
exists a refinement {U;’, /€ L} of {U;} and {U;} (with the index
injections of the refinement ¢: L—J, «: L—K) such that ¢,,| U}’
and @/, | U;’ are equivalent in B(U;’).

Lemma 1. Let B'(U) be a subset of B(U) for each open set U
of M such that r%(B' (U)X B (U) if UDU, and let I” be a sub-
pseudogroup of I" such that p-\r'€l” if @,V € B'(U) and @Y€
Then [B'|I" )y is a sub-sheaf of [ B/ ]y and so H*(M, [B’'/I" 1)
can be identified with a subset of H°(M, [ B/I"])).

Proof. 1f @, +r€ B'(U) are equivalent in B(U), they are equi-
valent in B’(U), and then B’/I"(U)CB/I'(U). Since rZY(B'(U))_
B(U), »'Y,: B/I'(U)—B/I'(U) maps B'/I"(U) into B'/I"(U).
Therefore, {B’/[’(U)} is a sub-presheaf of {B/I'(U)} and so
[B'/I" ]y is a sub-sheaf of [ B/ ]y-.

When W is an open set of M, we define similarly a coordinate
system of a section s|W of [ B/l ], over W.

Lemma 2. Let v be a diffeomorphism of W onto an open set
of M. Then n induces a map % of sections over n(W) into sections
over W.

Proof. 1If {U;, ;} is a coordinate system of a section s|7(W)
over n(W), @;en:n(U;)—>B is an element of B(» '(U;)) and
(Pin)+(pyn)"' = p;-p5' € " for U;n Uy(=®). Therefore {p,-n, (U}
is a coordinate system of a section over W which is denoted by
7(s| W).

Remark. If 7 is a diffeomorphism of W into M such that
@-n € B'(U)B(U) for any @€ B'(»(U))B(»(U)) and any open
set U included in W, then Lemma 2 ensures that » induces a map
7 of sections of [B’/I"], over n(W) into sections of [B’/I"],,
over W.
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§ 2. Differentiable deformations of (B, I')-structiures

Let 7 be the open interval (—1,1) of real numbers. The
product space Bx I is naturally a topological space with a differen-
tiable structure. Let I'xI denote the pseudogroup of local bidif-
ferentiable transformations y of BXxI such that

1°. ¢t =v9,(x, 1),
2°. For every fixed ¢, the local bidifferentiable transformation

v.(x, t) of B is an element of the given pseudogroup [/’
of B.

where (x, £)=(7.(%, ), v/, 1)), x€ B, t€(—1, 1).
For each open set U of MxI, we set

BxI(U) = {p; diffeomorphisms of U onto domains of elements
of I"xI such that o,(x, ) are independent of x
where p(x, t)=(p.(x, t), P, t)) and (x, ¢) € U}.

@, ¥ € BXxI(U) are said to be equivalent if and only if p\r'e€l X1,
We set BxI/I" x I(U)= {equivalence classes of BxI(U)}. Similarly
as in §1, {BxI/I'xI(U)} is a presheaf over M x I, and induces a
sheaf [BxI/I" xI],. over MxI.

Let {U;, ;, j€J} be a coordinate system of s€ H°(MxI,
[BxI|/I"xI]y.). By the properties of BxI(U) and I"XI, t' of
(¥, ¥)=p;(x,0) is a constant for any j€ J and moreover depends
only on s. We call ¢’ the parameter of s. We set

D= {seH(MxI, [BxI|I’xI],.;) whose parameter is zero}

Let {U;, p;, j€ J} denote a coordinate system of an element
s of D. Setting V;,=U;n(Mx0) and identifying Mx0 with M,
we have p;|V;€ B(V;) and ;.97 p;(VinV;(s=®)) €I’ since
P;(V;yCBx0. Therefore {V;, @,;, j€ J} is a coordinate system of
an element s, of H°(M, [ B/I"],,) i.e. a differentiable (B, I")-structure.
Obviously s, depends only on the element s of D and so we have
a map i: D—H°(M, [B/I" ).

Lemma 3. The map i maps D onto H°(M, [B/! [u).

Proof. Let {V,, ., «€ A} be a coordinate system of an
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element s, of H°(M, [B/I"]y) and @, denote a map of V,xI into
Bx1I defined by

¢m(x» t) = ("P\m(x)’ t) ’ (xe Van tEI) .
Hence,

(Pal (Vax )N (Ve X D) (Ps| (Va X I)N(Vex D) €' X1

where V,nVy==®, and thus {p,, V,xI, @€ A} is a coordinate
system of an element of H°*(M I, [BxI/I" xI];.;) and determines
d of D. Since ¢,|V,=1,, then i(d)=s.

Definition. Differentiable deformations of a given differen-
tiable (B, I')-structure s, are elements d of D such as i(d)=s,.
We denote their set by D(s,), i.e. D(s,)=1i"'(s,)-

Let d. be a section of [BXI/I'XI]y.; over Mx (—&, &) where
¢ is an arbitrary positive number (<(1). d. also determines an
element of H°(M, [B/I ).

Lemma 4. When d, determines an element s,, d, can be ex-
tended to a section of [BXI|T'XI]y.; over MXI which is an
element of D(s,).

Proof. It is well-known that there exists a diffeomorphism
n of MxI on Mx(—§&, €) such that 5| Mx(—¢, €)=identity, ».(x, t)
is independent of ¢ and #,(x, t) is independent of x, where
n(x, £)=(n,(x, t), n,(x, t)). If we apply Lemma 2 and Remark of
81, to MxI and I"xI, then » induces a map 7 of sections over
M x (-6, €) into sections over MXx I, since @.n€ BXI(U) for each
open set U of Mx I and for ¢ € BxI(n(U)). Then 5(d,) € H*(MxI,
[BXI|I'xI]sy.;) and moreover 7(d,) € D(s,) since 7(d,)| M x(—¢, &)
=d,.

Henceforth, we suppose that M is compact.

A diffeomorphism @ from an open set V of M to an open set
of B is said a regular map on V for a differentiable (B, I")-structure
s, if (@;| V;nV)(@|V;nV) el for a coordinate system {V;, ¢;}
of s, and for any j such as V;nV==®. This definition is inde-
pendent of a coordinate system of s,.

For each open set V of M (identified with M ><O), we set
(V)= {(r, ¥)} where 4 is a regular map on V for the given s,
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and 7 is the germ of y€I'xI on (V) where the domain of v
includes (V). For ', 7)), (F, ¥)e€Ill(V), let the product
(% 7 «(', ') be defined if and only if the regular map (v [y/(V)) -y’
on V is equal to v? in this case %*<y' can be combined in the
sense of the pseudogroup /" x I by a suitable restricution of domain,
and we set

% 7, 7) = (', germ of v*+" on Y(V)) e 1(V),
where germs of ¢ on (V) is ¥i(i=1, 2). By this product =(V)
is a groupoid. For V>V, the restriction of 4, ¥ defines a map
1I(V)—1I(V’) and {II(V)} is a presheaf over M and it induces a
sheaf [II] of groupoid over M.

For an open covering = {V,, ae A} of M, let C'(*G, 11) denote
the set of systems {Jr,s€ (VN Vp), (V,N Va==®)} such that
FasVipy = Ty for VonVan V0.
{Vus}, {Frist € C(B, 1) are said to be cohomologous if there exists
¥, € II(V,) for each @ such as Vr,*Yrap="Voapp for V,N Vg(=s=®) and
we denote by 9'(L, 1I) the set of cohomologous classes of C'(B, II).

For a refinement B’ = {V,,, a’€ A’} of B, (with the index injection
of the refinement a: A’— A),

{‘T’a(u’;a(ﬂ’)| V;'/'\ Vé' (:i: (I))} € Gl (SB/) J-J)

and if {Jr, s}, {Joe} are cohomologous, then {Yracsrrace’| Vi Vir},
{Vracwraer | Vir N\ Vi}  are cohomologous in C(¥, 11). Therefore we
have a correspondence
& OB, 1) - H'(W, 1)

such that 7§78 =78, for 8>V >V” (>; refinement of coverings)
and the system {9'(ZL, II), L€ the systems of open coverings of M}
forms a direct system. We denote its inductive limit by H'(M, [11]).
(The Cech cohomology set of 1-dim with coefficients in the sheaf
[I1]). An element {Jg} of C(DB, 1) is called a cocycle of v for
Y if  is the element of H'(M, [11]) determined by the inductive
limit of cohomologous class of {yr,s}.

Lemma 5. There exists a map & from D(s,) onto H'(M, [11]).

Proof. If {U;, p;, j€J} is a coordinate system of d€ D(s,),
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then ¢;|V;: V;— Bx0 (identified with B) are regular maps for s,
where V; denote U; (M x0) (:|-®), and (p;-p;") € I'x I(U;nU;:i-®).
Therefore if we denote by #;;

(p;1V;, germ of @7 on @;(V,nV)))
then P, €I(V:NV,) and @;;+P;p = Pi on V,inV,nV, 0.
Since {V,;=U,n(Mx0)} is a covering of M, {p;;} is a cocycle of
an element @ of H'(M, [IT]). If we take other coordinate system
{Uk, Pk, k€ K} of d, there exists a refinement covering {U,’, /€ L}
of the coverings {U;, j€ J} and {U;, k€ K} (with index injections
of refinement ¢: L—J, «: L— K), then

P\ UY) (P | UY ) €D )T

and
(Pun | U WU S(@rcry | UYL NUL) (P | Ut N UL S (Prcoy | Ut N UL
= (Pucws | UL N UL (Pucons | UL N UR) " (P | UL N UR) (Pl | U N UR)
on U/'nU)34=®. If we set

¥, = (Pun| Vi, germ of @, «(Pun)™ on  @u(Vi))

where V' =U;"n(Mx0) (s=®), then ¥, €II(V}’) and
Wl VN VD (Pt | Vi N VD = (Pucorien | VII N VR« (rl ViIN V).
Since {V}’} is a refinement of the coverings {V;=U;N(Mx0)} and
{(Vi=U,n(Mx0)} of Mx0(=M), then {p,,} is a cocycle of the
same element @ and the correspondence d— @ defines a map
&: D(s,) — H'(M, [11]).

Next, if {Jae} = {(Yus, Tap)} is a cocycle of an element
Jr € H'(M, [11]) for an open finite covering {V,, ® € A} of M, there
exists a finite covering {U;, j€ J} of Mx0 by open sets of MxI
satisfying following conditions :

1) {U;n(Mx0)} considered as a covering of M, is a refine-
of {V,} (with the index injection of the refinement a: J— A)

2) there exist o;;€ BXI(U;nU;(==®)) and v,€I"xI such
that (domain of Yqcisacsy) DPi; (Ui Uy), 9;;(V5)C Bx0 and

Vavapn| Vin Vi = @y | Vin Vi,
where Vj=U,N(Mx0) and
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'70<£>a(j)|7’ij(V;f\ Vlf) = (germ of Vi; on (/’ij(V:f\ Vﬁ)) .
Since VruaPay="4 on V,nVynV,(=k®) and by the definition of
the product in II(V), we can choose these objects such that
fi)iﬂ?;jl:'yij el'xI for Uif\ UJ:*‘—‘(I) and YiiVie=Yjk for U,-f\ an Uk(:*“q)).
Since {U,} is a finite covering, we can take a positive number
&E(<C1) such that Mx(—§, 8)(\/, U;. If we set p;=p;;|U;n
j€-
(M x(—¢,¢), {p;, Uyn(Mx(—¢,€&),j€]J} is a coordinate system
of a section d, of [MXI/I"XI ]px; over M x(—&, €). By Lemma 4
there is a d € D(s,) such that d|Mx(—¢&, §)=d,. Since v;;=p.p;"
for (Un M X (=&, &))Nn(U;n(Mx (&, &)==d and so
P{(p:;1 VinV;, germ of v;; on @ (VINnVIN} = Vraacp| Vin V5,

then we have &(d)=1.

§3. Classes of locally equivalent deformations

Elements d of D(s,) being sections of the sheaf [BXI/I" X I]a.s,
let d|W denote their restrictions on an open set W of Mx/I and
set D(s,)|W={d|W;deD(s)}. If  is a diffeomorphism from an
open set W of MxI into M xI such that

[1] 7,(x, t) is independent of x

where 7 (x, t) = (9.(x, t), 7:x, 1)), (x, )e W, xe M, t€l), then 7
induce a map 7% from D(s,)| (W) into D(s,)| W.

Definition. Two differentiabl edeformation d' and d? of s, are
locally equivalent if there exist a positive number € >1 and a dif-

feomophism n from Mx(—¢&, &) into MxI such that 7 satisfies [1]
and also the following two conditions,

[2] 5 (x, 0) is identity,

[31 7@ n(Mx(=¢ &) = d'|Mx(=¢,¢).

The local equivalence of deformations satisfies the equivalence
relation and their equivalence classes are called classes of locally
equivalent deformations and the set of these classes is denoted by
D(s,).

Proposition 1. The map 6: D(s,)— H'(M, [11]) induces a bijec-
tion &: D(s,)— H'(M, [I1]).
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Proof. Let {U;, 9}, j€J}, {U;, 9, j€]J} denote coordinate
systems of deformations d’, d°, respectively, for a suitable common
covering {U;, j€ J} of MxI. If d', d*are locally equivalent, there
exists a covering {W,, /€ L} of MxO0 (identified with M) by open
sets of M x I, such that

(1) {W)} is a refinement of {U;; U,N(Mx0)=-®d} as a cover-

ing of Mx0 by open sets of MxI (with the index injec-
tion of the refinement x: L— J'CJ),

(2) W,CMx(—E€,¢&) for each /€L,

(3) "7(W1)< Uur
where 7 is the diffeomorphism from Mx(—¢&, &) into M xI which
gives the local equivalence of d', d°. Since {n(W)), 9| n(W,)} is
a coordinate system of dzln(l\e{ W) d* | n(Mx (=&, &)), we see that

{W,, pi,+n| W,} is a coordinate system of 7(d*|n(\J W,)). On the
IEL
other hand, {W,, @.,| W,} is a coordinate system of a"l\e{ W, and
/
ned*|\J W,=d'|\/ W,. Therefore, for each /€L, the local diffeo-
IEL 1EL

morphism @2, +n+(Pr) " Pan(W,) of BxI is an element of I'x 1,
and is denoted by v,. The image ., (W,) is the domain of v,
and Pun(W) DPpu(V,) where V,=W,N(Mx0). Then (pup,lV,,
germ of v, on @.,(V,))€1L(V,). Since

Pucty Prico>) | Prac Wn W, )€ X,
p(Win W)= (Prcr) Ve Puco | Win W o, = (Pike)) ™ Y Prscos | Wi W,

and the range of v, is ®Z,,, then

Vi Prctr* Pucw) " = Pty (Phc) Ve ON Py (W, N V,,)

and so V,*Pi,,, PomV. are defined on V,NV, ==® and are equal,
where

Vi = (Pun| Vi, germ of v, on @uu(V)),

Pim= Phcos| Veu»  germM of  PLepy*(Phca) ™ 0N Plcy( V),

Prmn= (Picwr*n| V., germ of  @ip(Picn)™ 0N Piu(V,))
Therefore, {#;,} and {®},,} are cohomologous in C'({V;}, IT), where

the former determines 6(d') and the latter determines 8(d*) because
» is identity on M xO0, that is 8(d")=28(d?).
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Conversely, we suppose 6(d')=6(d®). Since M is compact,
there exists a finite covering {V,, k€ K} =9 of M by open sets
of M which is a refinement of {U;n M x0(==®)} as an open cover-
ing of M (with the index injection of the refinement A: K—J),
such that

{Pr} = {( @ | Ve Vi (4= @), germ of @yeps(Prcry)™" on @ypn(Ven V))}
and

{Pi} =A@k | VeV, germ of @i+ (Prn)™ on @i (Ven V)))}

are cohomologous in C'({V,}, #). Then we have a element ¥, of
1I(V,) for each k€ K such as

Ve Prr = Pir*Ti for VenV,==d.

From the definition of =(V,) and the product in it,
Ve = (Prwl Vi, germ of v, on @in(Ve)
where v,€ 1" x I, (the domain of v,)N(Bx0)=pi.(V,), (the range
of )N (BX0)=p%x(Vy), and v Picw| Ve=Pkw| Vi. If we set
W, = (Pxw) '-(the domain of v,)N(pk,) '-(the range of v,)
CMxI,

then W,n(Mx0)=V,, {W,, k€ K} is a finite covering of Mx0

by open sets of Mx I, and (Pk) '*ve-PLs can be defined on W,.
Since

T Prconcy = Prcencr* Vi
then
(PXew) Ve Prcw = (Piw)  *YioPrcy on W,nNW, (== D).
Therefore, there exist a positive number & and a homeomorphism
n from Mx(—¢, &) into MxI such that Mx(—¢&, &)\ J W,,
kER

NI Mx(—E E)NW, = (Picw) ' Vi Prcr | (M X (&, ENNW,,
Ve Picw | MX (=& ENW, = @ipn | MX (&, ENW,

and 7,(x, ¢t) is independent of x where %(x, t)=(n,(x, t), n.(x, 1)).
Here, {ve+Pcry, (M X (=8, ENNW )} and {Piw-n, (MX(—E, E)N W)}
are coordinate systems of d'|Mx(—¢&, & and #d*|Mx(-—§, €),
respectively, i.e. d'|Mx(—¢, &)=7d*. Since @i 7 Prp=identity -
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on V,, then | Mx0O=identity. Therefore, » gives the local equi-
valence of d' and d>

§4. Germs of local automorphisms depending differentiably on
1-parameter for the differentiable (B, I')-structure

A diffeomorphism & of an open set V of M to an open set of
M is called a local automorphism for the differentiable (B, I’)-
structure s, if E-s,=s, on V, i.e. for a regular map @ of s, on a
neighborhood of each’ point x€&(V), @-.£& is a regular map on a
neighborhood of & '(x).

A diffeomorphism & of Vx(—¢, €) into Mx(—¢&,¢) is said a
local automorphism of V depening differentiably on 1-parameter for
s,, if

¢(x, 0) = identity (x€ V), ¢, (x, t) = ¢
and if &, (x, #) is local automorphism of M for each fixed { where
Elx, 8) = (ax, 1), Sz, 1)), xeV, 2e(=6€6).
For each open set V of M, we set
A(V) = {germ of ¢ on VxO0}.

which is a group. By the restriction A(V)— A(V") for VDOV,
{A(V)} is a presheaf of group over M and induces a sheaf [A]
over M.

Definition. The sheaf [A] is the sheaf of germs of local auto-
morphisms depending differentiably on 1-parameter for (B, [')-
structure s,.

Lemma 6. For each open set V of M where V has a regular
map ¥ of s,, there exists an onto-map = : II(V)— A(V).

Proof. For yr=(y, germ of v on (V) ell(V), (vel'xI), if
we set P(x, )= (x), ), (x€V, tel) and (y, t)=(v(y, 0), ?),
(yeY(V), t31), then y€ BXI(VxI), ¥eI'xI and (§) 'syel xI.
Hence, there exists an open set W of M x I such that Wn(Mx0)=V,
(W) (domain of ) and y»~'+# '+y-vr can be defined on W. Since
g tey|yr(V)=identity and since J'+F '+ is a local automorphism
of V depending differentiably 1-parameter for s,, we see that (germ
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of "'« 'ey+i on V) is an element = of A(V) and the corres-
pondence r— 7+ gives a map = : II(V)— A(V).

Conversely, let (germ of ¢ on V) be an element & of A(V)
where ¢ is a local diffeomorphism of an open set of Mx /[ including
V such that ¢ gives a local automorphism of V depending 1-para-
meter. For a regular map @ of s, on V,

(p, germ of @tp~' on p(V)) where @(x, t) = (p(x), t)
is an element  of A(V) such as = =¢, that is, = is onto.

We define H'(M, [ A]) from the presheaf {A(V)} in the same
manner as we did for H'(M, [11]), and we have

Proposition 2. The map = induces a bijection =* . H'(M, [11])
— HY(M, [ A]).

Proof. For an element {J,} = {¥,s, germ of v, on
Vag(Van Ve))} € C'(8, 1) where ¥={V,} and v,.€1'x], we have

Va3, 1) = Yra¥r'(3, t) where y€g(Vp), tel
and
\7;'0,8 = ‘7;'13| an VB) X [ Where {];w:(,l[,\wm(x)» t) (x € Vm)

because Vuu+Vap="VassVPas. Since

(‘T’;;’(7a8)_l"7mﬂ"pm6)'(‘7"§vl ‘("757)_1"767"1;57) = ‘T’Jl")'aﬁ")’ﬁv"r"v

= ‘F‘J“‘T’v“r";l "wi"T’v = ‘F‘ZJ'(")"wﬂ)_l"wi"!;w
then {7Vr,s} is an element of C'(¥, A) and moreover this corres-
pondence {{r,s} — {75} gives a map from C'(B, IT) onto C'(B, A)

by Lemma 5. If two elements {Jris} and {Jr2s} of C'(L, II) are
cohomologous, then there exists an element J,=({.,, germ of v,
on YL (V,) of I(V,) for each V,, such that Vr,Pls=72s-7P, and
Yu*Yis=72s*Ys On a suitable domain including Vs (V,n Vg). Then
(P27 ars) s (F) "+ (Tag) Vi Vp) = (P2) Vo Yas Vb
= (P) " vaseVevrh = (FB) "= (Fan) "+ VasVB) « (F3) '+ vap)
on a suitable open set of Mx [ including V,N Vz(5=®). Therefore,
if we set

£, = (germ of (P2)~'+q,+P, on V,)e A(V,),

we have é:w(”‘l—’iﬁ)z(”‘l_fbﬁ)fe on V,nVg, ie. {myrze}, {mJip} are
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cohomologous.

Conversely, if {#{s} and {#={2} are cohomologous in C(B, A),
then there exists, for each «, a local diffeomorphism ¢, on an
open set W, of MxI including V, such that &,(=¥Ls)=(zV¥2,)Es
where &, is the germ of ¢, on V,, and such that &,((J»)"" <(F) T eyleevrh)
and ((J8) '+ (2 '+v2s-¥*) ¢ can be defined and are equal on
W,NWe(==®). If we set v,=V2,({rl)" on W,, then

YaVor = YaVa(Th) " (Tap)vas = Val¥d) ' (Tae) 'Yas¥s = Yapve -
Therefore, (yr,, germ of v, on Y (V,)*Yraa=V2-(\yrs, germ of 5 on

Yo(Va(Vy)), that is, {Jris} and {JrZs} are cohomologous in C(%, ).
From Proposition 1 and Proposition 2, we have

Theorem 1. There exists a bijection D(s,)— H'(M, [A]).

§5. Cross-sections of a differentiable bundle

Let F be a differentiable manifold and G be an effective dif-
ferentiable transformation group on F and let /°, be the pseudo-
group of all local diffeomorphisms of R”. For each element «, of
I', whose domain is U, we define a diffeomorphism 7(y,): Fx U—
Fx g (U) such that 7(y,) (%, f)=(y,(x), 7r(x, f)) and for each fixed
x, T is a transformation of F by G. Differentiable cross-sections
of F'x R” over U can be transformed to differentiable cross-sections
over 4(U) by 7(y,). If we denote by B the space of germs of
differentiable cross-sections of Fx R” over R”, then B is a topologi-
cal space with a differentiable structure and 7(y,) induces a local
diffeomorphism of B. Then I, defines a pseudogroup I° of local
diffeomorphisms of B associated to 7. Hence we can consider
differentiable (B, I')-structures.

On the other hand, let {U;, »;} be a coordinate system of the
differentiable structure of M, then {U;, ¢;}, F, G, and = define a
differentiable fibre bundle 8 with the fibre F, the structure group
G, the base space M, the bundle space X and the projection p.
We say B an F-bundle T-associated to the differentiable structure of
M (or a differentiable F-bundle) and {U;, p;} a coordinate system
of 8. The diffeomorphism @;: U;— R” induces a fibre-preserving
diffeomorphism ¢f : p~'(U;) = ¢(U;) X F and
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PP N (UinUy) X F = v(p;pi |p(U;nUy)) for UinU; == @.
If ¢ is a differentiable cross-section of B over M, the map @F-c|U;
can be regarded as a diffeomorphism ¢; of U; into B and
cjccit|e(Uin Uj)Eﬁ, then {U;, ¢} is a coordinate system of a
differentiable (B, ﬁ)—structure s and s is independent of the
coordinate system {p;, U} of $B. Therefor we have a map
C: {¢} = H(M, [B/I"]y) where {c} is the set of all differentiable
cross-sections of B over M.

Lemma 7. The map C is a bijection.

Proof. We can take a coordinate system {U;, #;} for
s€ H*(M, [B/I"]y) such that {U;, ®} is a coordinate system of %
where @;=p,+P;, p, is the projection of sheaf B-—>R* and
oF: p'(U)—>p (U)X F is a coordinate function induced from ;.
Then (p¥)'®(U) is a cross-section s; over U; for B and

PN (PN P:(UinU,)) = 7(p;-p7) 1 P:(UinUy) = ;07 | P: (U Uj)
for U;nU;==® and so
silUinUy) = (@F) '@ | (Ui U;) = (@) 'pf(p¥) 907 'P; | U;NU;
= () 'P;|U;nU; = 5;|U;nU;,
hence {s;} is a cross-section ¢ over M. The correspondence s—c
defines a correspondence S: H(M, [B/{],)— {c} and S-C=identity,
C-S=identity.
Then we have

Theorem 2. Differentiable cross-sections of the differentiable
F-bundle are differentiable (B, I')-structures.

Remark. The proof of Lemma 7 ensures that C gives a bijec-
tion of the set of differentiable cross-sections over an open set U
of M onto the set of sections of [B/I"], over U.

§6. Deformations of differentiable cross-sections of the differen-
tiable bundle
From the differentiable F-bundle 8(X, M, F, G), a differentiable
F-bundle BxI(XxI, MxI, F, G) is naturally defined. As for the
coordinate system {U;, ¢;} of 8xI, ¢; can be taken to be diffeo-
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morphisms of U; into R"XI such as o;,(x,¢) =1 where
P = (@i . (%, 1), P .(x, 1)), (x, t)€ U. Differentiable cross-sections d
of BxI define cross-sections ¢ of B by the restriction on M X0,
and d is called a (differentiable) deformation of c.

Definition. A deformation d of a given cross-section ¢, of B
is locally trivial if there exist an open neighborhood U relative to
MxI for each point of M and a diffeomorphism & from U into
Mx1I such as

E(x, t) =t, E(x,0) = identity and d = E*c,,

where £* is a local bundle-automorphism induced by &, ¢,(x, t) = (c,(x), t)
and E(x, t)=(E.(x, 1), E(x, 1)), ((x, t) € U).

Now, we take B, I' as B, I' in §§2-3, then BxI, FxlI,
[BXI/I %I yxr> D) (5, € HM, [B/ I 1), [11], D(s,) and [A] take
the place of BxI, I'xI, [BXI/T'xIlyx;, D(s,), [II], D(s,) and
[A], respectively. If we apply Theorem 1 to this case, we have

Proposition 3. We have a bijection D(s,)— H'(M, [ A]).
Let ,B:J be the space of germs of differentiable cross-sections of
the product bundle Fx(R*xI) over R*xI and let I'xI be the
pseudogroup of local diffeomorphisms of BxI induced by local
diffeomorphisms of R*xI as in §5. Then

Lemma 8. H°(MxI, [BXI/I'xIlyx;) is a sub-set of
HMxI, [BXI]T'XIsxy)

Proof. BxI is a sub-space of BxI and /" x1I is a sub-pseudo-
proup of I"xI. The set BXI(U) is a sub-set of BxI(U) for each
open set U of MxI. If

P, v€BxI(U) and @' =yel'xI,

then y€/°xI and therefore BXI/I:XI(U)C/B\x-i/I/"?I/(U) by
Lemma 1. Therefore, [BxI/IxI]yxi < [ﬁ/l:?l/]Mx, since
8 (BxI(U)YTCBxIU) for UDU.

If we apply Lemma 7 to the set {¢} of differentiable cross‘-
sections of Bx I and H*(M x I, [&7/ I'<I Jux1), we have a bijection
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C —_—
{} S H MxI, [BXI|I"'XIyx1) -
S
Definition. Locally trivial deformations d° and d* of ¢, are
locally equivalent if there exist a positive number number €< 1 and
a diffeomorphism & from Mx(—§&, €) into MxI such that

1. &(x, t) is independent of x for (x,t)€ Mx(—§, &),
2. &(x, 0) = identity,
3. d'|&(x, t) = EX(d¥x, 1)),

where E(x, t)=(E.(x,1), Ex, 1)) and E¥ is a bundle map induced by &.

If we set §,=C/(c,) where ¢, is a given cross-section of 3,
then S maps bijectively D(3,) onto a sub-set E(c,) of the set of
locally trivial deformations of c¢,.

Lemma 9. For each locally trivial deformation d of c,, there

exists an element d' of E(c,) such that d and d are locally equi-
valent.

Proof. Let {U;, ¢;, j€J} be a coordinate system of 3. Since
d is a locally trivial deformation of ¢, and since M is compact,
there are a finite covering {Uj, k€ K} of Mx0 by open sets of
MxI and diffeomorphisms &, of U, into MxI for each k€K,
such that the covering {U,} is a refinement of the covering
{U;; Uin(Mx0)==®, j€ J'} of MxO0 (with the index injection of
the refinement «: K— J), &z¢,=d on U, and &,(U,)CU,. Then
’Pjikd(xy t) = (/);k(k)(ZkEn) (%, t) = Pkt (5ulx, 1)) = 7).?<(k)50(§k,x(x! 1), t)

= PEaCoEr (%, 1), 1) C GumlErox, £)) XTI T BxI

where (x, t) € U’ and £,(x, t) =(§, .(x, 1), t), hence C(d| Uy) is a section

of [BxI/['xI)y«; over U, by Lemark in §5. If we take a

positive number & such as M x (—¢&, &)\ J U, then C(d| M x (&, &))
kER

is a section of [BXI/I'XI]yx; over Mx(—&, ). By Lemma 4,
this section can be extended over M xI which is an element d of
D(s,). Then S-de€ E(c,) and

S-d|Mx(—¢&,8) =8-Cd|Mx(—8,8) =d|Mx(—&,8&)

i.e. S-d and d are equal on Mx(—§, &).
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By definitions, the local equivalence of locally trivial deforma-
tions of ¢, applied to E(c,) and local equivalence of D(3,) are
compatible with the bijection E(c,)— D(3,). Then, by Lemma 9
we have

Proposition 4. The set of local equivalence clases of all locally
trivial deformations of c, can be identified with the set D(3,) of
local equivalence classes of D(S,).

A local diffeomorphism &, of an open set V of M into M is
said to be a local automorphism of V for the cross-section c,, if
¢, |Ey(x)=E%-c|x where &% is a local bundle map induced by &,.

Definition. A local diffeomorphism ¢ of an open set VX (—E€, &)
of MXxI into MxI is a local automorphism on V depending dif-
ferentiably on 1-parameter for the cross-section c,if ¢.(x, t)=t, and
for each fixed t, & (x, t) is a local automorphism of V for c,, where
§(x, £)=(Cx, 1), Culx, 1)).

From the definition of the map C(§5.), local automorphisms
on V depending differentiably on 1-parameter for ¢, are local
automorohisms on V depending differentiably on 1-parameter for
the (B, I')-structure §,=C(c,). Then, the sheaf [M] of germs of
local automorphisms depending differentiably for the given cross-
section ¢, of B is isomorphic to the sheaf [A] for C(c,).

Therefore, from Proposition 3 and Proposition 4, we have

Theorem 3. There is a one-to-one correspondence between the
set of local equivalence classes of locally trivial deformations of
the cross-section ¢, of B and the cohomology set H'(M, [W]).

8§ 7. Remarks

1. The fibre bundle of positive definite symmetric tensors of
the differentiable manifold M is a fibre bundle associated to the
differentiable structure of M and its cross-sections are Riemannian
metrices on M. In this case, our sheaf ["%] is the sheaf of germs
of motions depending differentiably on 1-parameter for the given
Riemannian metric g,.

2. Though we have discussed “l-parameter” to simplify the
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exposition, our theory is valid for “m-parameter” by taking I”
as the parameter space.
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