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1. Introduction. Let us denote as usual by a the class of
canonical semi-exact differentials on an open Riemann surface,
and by a, the class of exact differentials of class a . For an open
Riemann surface R  o f genus g  (<00 ), we shall call a point P  a
W eierstrass point on R  (for the integrals o f class a o)  i f  there
exists a non-constant function whose differential is o f class a o

and which has the only singularity of order at most g  at P .  In
my previous paper, we obtained that the set of points which are
not Weierstrass point is  dense in R  (Mori [5 ] ) .  Main assertion
to be proved in this paper is that if r h e n Fts e c rhIce holds on R,
the number of Weierstrass point is at most (g -1 )g (g + 1 ) as in
the classical case. Moreover we shall show some properties of
differentials of class a on Riemann surfaces of class OKD of finite
genus.

2. At first we recall the definition of the principal operators
Lc, and (P )L „  where P  denotes a  regular partition of the ideal
boundary (Ahlfors-Sario [1]).

Let R  be a compact bordered surface with boundary 0, and
W a boundary neighborhood of R  with relative boundary a which
consists of a finite number of analytic curves. For a given real-
valued function u  on a ,  L„u solves the boundary value problem
in W with a vanishing normal derivative on 0 , and (P) L i u solves
the boundary value problem in W with a constant value on each
part of the partition P  o f 8 , the constants being chosen so that
the flux along each part of P  vanishes.
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Now suppose that R  is  an arbitrary open Riemann surface.
Let W be a regularly imbeded subregion with compact complement
and with relative boundary a , and let (I, be a  generic notation
for a regular subregion which contains the complement o f W, P,
the partition of an, which constitutes a consistent system {P , }
such that it induces the partition P .  The operator L o , as applied
to SI n W and acting on function u on a  will be denoted by L o „,
and similarly the operator (P )L , applied to fl fl w will be denoted
by (P )L , , .  The limit of L o „u as f2  tends to  R  is  Lou  and the
limit o f (P )L ,,u  is (P )L i u on W.

Suppose that at a  finite number of points t' ; E R  there are
given singularities of the form

(1 ) s = Re E aP(z — + a(1) log I ,

where a(1)  are real and subject to the condition E d i)= 0 . Then,

there exist functions pos and pps ,  harmonic on R except for the
singularities (1), such that

L
O P O S  p 0 , P P s

in  W, if the complement o f  W contains all the in its interior.
These functions are uniquely determined save for additive con-
stants. We say that po s (Pp s )  has La-behavior ((P )L i -behavior) in
a boundary neighborhood of R.

Let A be a parametric disk on R and 7 a 1-simplex contained
in A. Consider a singularity

( 2 ) T  =  arg (z—t-
2)1(z—t',),

where 87 —  .  On the surface R - 7  we choose the normal
operator which is composed of (P )L , for a boundary neighborhood
o f  R  and of the Dirichlet operator for A — 7 . This Dirichlet
operator maps a continuous function on aA into the restriction to
A —7 of the harmonic function in A with these boundary values.
The direct sum o f these operators yields a function pp , harmonic
on R - 7 .  The differential dpp, can be extended harmonically to
all o f R — (t." 2 )  and we denote the extension by d p , ,  even
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though it is not exact. If y  is  a finite 1-chain, it is homologous
to  a  linear combination E  ni y ; ,  where each is  a  1-simplex

contained in  a  parametric disk and each n i  i s  an integer. W e
extend the definition o f  dpp, to  arb itrary  y  b y  le tt in g  dpp,

n1 cipp,2 . Sim ilarly we can define the differential dp„ cor-
responding to the singularity (2), using the normal operator which
is composed of L , for a boundary neighborhood of R  and of the
Dirichlet operator for A - 7 .  Let 8 be a  1-chain in R .  Then we
have

( 3 ) 8 
(dPp,r+ idPp„) = —27ri(8 x y)

where cr denotes the singularity log ( z - 2)1(z—t- ,)1 (Rodin [7]).
3. Let us denote by Q  the canonical partition of the ideal

boundary. To each harmonic semi-exact differential co with a finite
number of singularities and Periods, there corresponds a dif ferential
x(Q, (0) with the same singularities and periods as 0) and which, in a
boundary neighborhood of R, is the dif ferential o f  a function whose
real and imaginary parts hav e (Q)L ,-behav ior. Therefore we have

( 4 ) X(Q,w) ro

if  an d  only if (.0 is distinguished (Rodin [7]). Moreover, a mero-
morphic dif ferential cp is o f  class ST if  an d  only  if

( 5 ) x(Q , Re 9)) Re q>.

Hence we know that the real part of  a m erom orphic dif ferential is
distinguished if  an d  only  i f  i t  is  o f  class S t (Mori [6]).

Similarly, there corresponds a dif f erential A M  w ith the same
singularities an d  periods o f  w  an d  which, i n  a  boundary neigh-
borhood o f  R ,  i s  th e  dif f erential o f  a  f unction w hose real and
imaginary parts hav e 1,0-behav ior. We can easily see that

( 6 ) A(0))

if  an d  only  i f  co* is distinguished.
It is know n that a R iem ann surf ace is o f  class OK D  i f  an d

only i f  all the dif ferentials dp—C1P0 ,  vanish (Ahlfors-Sario [1]).
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Then, by the use of above results we can easily show

Theorem 1. The class ST is identical w ith S t* i f  and only  i f
the Riemann surface is  o f class OK D• Every  harm onic semi-exact
dif f erential w hich has at m ost a f inite num ber o f  non-vanishing
periods and i s  square integrable in  a  boundary neighborhood is
distinguished if and only if the Riemann surface belongs to OKI»

4. From now on we restrict the Riemann surface R  to be of
finite genus unless otherwise stated, and let g  be the genus of R.
Moreover if R  is of class OKD ,  there exists a compact continuation
R of R  which is conformally unique (A. Mori [4 ] ) .  We identify
R  with the subregion on R which is conformally equivalent to R.
Then, a restriction to R of any differential on R whose poles are
all in R  is  a  differential o f class ffe on R  by Theorem 1. Con-
versely, let b e  a  differential o f class St on R .  Then, there
exists a boundary neighborhood W  o f R  such that the integral
o f 99 on W  is  an AD-function on  W . Since R —  R is  an AD-

removable set (Royden [8]), can be extended analytically to R,
and differential of .7;, i s  an extension of 9, to R . Thus we get

Corollary 1. Suppose that a Riemann surface R  of finite genus
is  o f class OK D ,  and R is  a compact continuation of  R . T hen the
class St is identical w ith the class of restrictions to  R  o f  differ-
entials on ST whose poles are all in R.

By this Corollary we see

Corollary 2. If the genus of a Riemann surface of class OKD
is  g, the degree of divisor of any dif ferential o f class S t is at m ost
2 g - 2 .  M oreover, there does ex ist a  dif f erential o f class ST such
that the degree o f w hose div isor is strictly  less than 2 g -2 .

5. Take a point P on a Riemann surface of genus g .  Then,
there always exists a non-constant function whose differential is
of class STo and which has the only singularity o f order at most
g +1  at P , and hence there happens one of the following two cases :
1) there does not exist non-constant such function with the only
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singularity of order at most g  at P ,  or 2) there exists a  non-
constant such function with the only singularity of order at most
g  at P .  If the second case happens, we call the point P  a  Weier-
strass point on R  (for the integrals of class go) after the classical
case. The set of points at which the first case happens is dense
in R  (Mori [5]).

If R  is a Riemann surface of class OKD and R is a compact
continuation of R, the restriction to R  of a function on R whose
poles are all in R  is a function whose differential is of class St„
and any integral of class Sto can be extended analytically to all
of R  by Corollary 1. Therefore, a Weierstrass point on R  which
is in R  is a Weierstrass point on R  and conversely, any Weier-
strass point on R  is a Weierstrass point on R.

Corollary 3 .  If  a R iem ann surface R  is  o f  class OKD and of
genus g ,  t h e  num ber o f  W e ierstrass  po in ts  o n  R  is  at  m o s t
(g -1 )g (g + 1 ) .  Further, f o r any  integer n such that O n ( g - 1 )
g(g+1), there ex ists an  open R iem ann surface of  class OKD and of
genus g  w hich is exactly  w ith n  W eierstrass points.

By removing a suitable number of Weierstrass points from a
compact Riemann surface, we get the last assertion.

6 .  Let a  Riemann surface R  of genus g  b e  o f class OKD
and let R  b e  a compact continuation of R .  We denote by
{Ak Bk} a  homology basis of R  modulo dividing cycles.
Then {Ah , Bk }  forms a  homology basis o f R  as well. Let 99A k

and 9D,k  (k = 1, 2 g )  b e  the canonical semi-exact differentials

which are  uniquely determined by the conditions Re p A hBh

= —Re S co
A h

f  B k - 5 h k  and Re 9 9 A k =R e 99B k = O. T h e  space
Ah Bh

r  k s e  which is spanned by the q9A ,  and ço.k.k over the real number
field is identical with r a s e  if and only if R  belongs to OK , ,  and— 

the space P a s  n r a s e  which always contains r , e  is spanned by the
PAk  i f  th e  genus o f R  is finite and r h e n rt e c rt e holds (Mori
[6 ] ) .  Therefore the ( p A h

 span r a „  of dimension g  and hence they
are linearly independent even over the complex number field.
Then by Corollary 1 we can easily see that extensions (PAk  of 'Pith
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to P form a  basis of the space of analytic differentials on P.
We consider the following form of Jacobi inversion problem

on R .  For a 1-chain y  (finite or infinite) on R , we set

11(7) = 1 A 2 ,•••) v çoA g ) •

For arbitrary given complex numbers c„ c 2 ,•••,c g ,  we try to find
n  paths 7 5 starting from a  given point and satisfying

( 7  ) H (E  y i ) = (c„ c„•••,c g ) (mod periods).

On the compact surface P , if  we set

11(3)) A2A„

for a 1-chain 5%c R, we can always find n  paths 5'5 starting from
a  given point on P  and satisfying

,7, ) (c„ C. Cg )( m o d  p e r i o d s )

if Each 5,- -/ may not be contained in  R .  If 5-,
5 cR , we let

it be 7 5 . Suppose that Pi. ; is not contained in  R .  Then we take
a  planar boundary neighborhood W  so that it does not contain
the starting point of ,Y5 , and let P i  be the first point of aw,nry- ,
where one meets when one moves along r7,

5 from  th e  starting
po in t. We can choose a path ry'l connecting P i  and the end point
Qi  o f ,75 in  W5  except for Qi  i f  Qi E R .  By the assumption that
REOK D, any component of P — R is a point on .1? and it is acces-
sible from the interior of R .  L et u s denote by 5 ,-;  the part of
,Y;  which connects the starting point and P i ,  and let 75 =5%5+ 71

.1.
Because of planar character of W5 ,  we have

H(y 5 ) =  FIN  ,

and we get n  paths 71, , • • • ,  7 n which satisfy (7).

Corollary 4 .  (Jocobi inversion problem) W e can always f ind
n  paths starting f rom  an arbitrary  given point on R  which satisfy
(7) on a Riemann surface R  of genus g ,  i f  R  is  o f class O K D  and
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7 .  N ow  w e con s id er a Riemann surface R  o n  which
r h e n rts e c r t  holds (Mori [ 6 ] ) .  I f  R is o f class O K I , '  r h e n

crze holds, but we can not guarantee the converse. Let R  be
a compact continuation of R which is the same genus as R, and 1
a meromorphic function on R such that whose poles are all in R.
The differentials

P i(f) X (Q ,  Re dh+ iX(Q, Re d7)*
ço

2
(.7) = X(Q, /m dh+ iX (Q, /m df) <

are of class St on R, and

Re df—x(Q, Re d.f )

df  _x ( Q, 1m d-f )

belong to " h e n rh'se= r h e r I l l e .  Therefore 9( 7 ) and ,599 2(.7) are

single-valued on R .  Thus we conclude that i f  R  is  a Riemann
surface of genus g on which r h 8  n rts e c r hke is  v alid  and if R is  a
compact continuation of R, then a Weierstrass point on R which is
in the interior of  R  is  a Weierstrass point on R.

Conversely, let P  be a Weierstrass point on R and f  a func-
tion whose differential is o f class St, and which has th e only
singularity o f order at most g  at P .  We take an open Riemann
surface fe o f class O K D  on R so that it contains R, and consider
the differential X(Q, Re df) on E. W e have

Re df —X(Q, Re df)E r h e n rh, n rte
on R .  Moreover x(Q, Re df) and its conjugate X(Q, Re df)* have
no periods along any dividing cycle on E. Therefore the function

x(Q, Re df)+ iX(Q, Re df)*

which has the same singularity as f  is an integral o f class Sto on
E. This implies that P  is a Weierstrass point on E. Then, by
the same way as the proof o f Corollary 3 , we can show that P
is a Weierstrass point on R . Thus we have proved

Theorem 2 .  Suppose that R is  a Riemann surface of genus g
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on which r„ n F o c holds. T h e n  the number of Weierstrass
points on R  is at most (g-1.)g(g+1).
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