
J . Math. Kyoto Univ.
7-1 (1967) 65-69

Note on direct summands of modules
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Some years ago th e  following question was raised by H.
M atsum ura and solved affirmatively by H. Toda :

"Let N be a subgroup of a f initely  generated abelian group M.
Suppose that M  and NEDMIN are isomorphic, is N  a direct sum-
m and of M?"

A simple proof runs as follows. Let n be an arbitrary integer,
MInM is isomorphic to N InN e((M IN )In (M IN )). If we denote
the order of a finite group G by Card (G), then

Card (N In N )=  Card (M/nM)— Card ((M IN)In(MIN))
- Card (MInM)— Card (M I(N+nM))
- Card (nM I (N + nM))
- Card (NI(NnnM))

Therefore nN=NnnM  fo r an  arbitrary integer, that is , N  is a
pure subgroup of M .  B y a  well known theorem N  is  a direct
summand of M.

In  this note w e show that this property holds for more
general class of modules. The notion of pure subgroups may be
generalized to that of modules (Exercise 24, Chap. 1 , § 2  [1 ] ) .  We
will prove in  this context the analogy of the classical theorem
that a  pure subgroup N  of an abelian group M  is  a direct sum-
mand o f M  provided that M IN  is finitely generated.

First we list more or less well known lemmas without proofs.
Throughout this note R  is a  Noetherian commutative ring and A
an R -algebra which is o f finite typ e  as an  R -m o d u le . When R
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is local, Â  means lirn (A O R R /m ") where m  is  the maximal ideal<—9
of R .  Let M  be an A-module then M =lim  (M Ø R R /m ").<—9

Lemma 1 :  L et M  be an  right A -module of  f inite type and N
an  le f t A -module of  f inite ty p e .  I f  R is  local, there is a natural
isomorphism

(M O A N ) ^  ADA*
Lemma 2: L e t  M  and N be left (or right) A -modules of finite

ty pe . L e t R ' be a f lat commutative R-algebra, then there ex ists a
natural isomorphism

HomA (M, N)0 B R' 1 > HomAoR R (M ®  R  , NO R R') .

Lemma 3: L e t A  and  B be rings (not necessarily commutative).
Let E be a lef t A -module and F  a (A , B)-bimodule. L et G  be right
B-module then there is a  natural homomorphism;

Cr : }TOMB (F , G )0  A E  -> }TOMB (HOM A (E , F), G)

def ined by  0-(u0x)(v)=u(v(x)) w here xEE, uEHom B (F, G) and
vEHom A (E, F).
Moreover, when G  is  an injective B-module and E of finite present-
ation, Œ is  an isomorphism.

Theorem  1 :  L et R be a commutative noetherian ring and A
an R -alge bra w hich is o f  f inite ty pe as an  R-module. L et M  be
an  le f t (or right) A -module of  f inite type an d  N  a  submodule of
M .  I f  M  and N M  / N  a r e  isom orphic. T hen N  i s  a direct
summand of  M .

Proof : The problem is certainly local, so we may assume
that R is a local ring . Let m  be the maximal ideal of R .  Let L
be an arbitrary left A-module of finite type, Llm "L is viewed as
an R-module of finite length if  n_>_.1. Since M  and NEDM/N are
isomorphic, Hom A (M, LlmnL) and Hom A (N, LimnL)EDHomA (M/N,
LlmnL) are isomorphic. Since mn kills these three modules, they
are of finite length as R-m odules. Hence length y  (Hom A (M, Llin nL))
= lengthy  (HomA  (N,LImnL))+ length y  (Hom A  (M IN , LlmnL)). This
equality shows that the sequence
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0 -> Hom,(M/N, L  m n L ) Hom,(M, L I mn Hom,(N, L I nt" L) 0

obtained from the canonical exact sequence 0--).N--->M , MIN->0
is exact. By lemma 2 (note that f? is faithfully flat over R)

lim HomA  (M, L/mnL) - lim H o m A i n i n A  (M/m"M, LInfiL)

▪ Hom A(1121, L)
• R Hom A (M, L)

where every isomorphism is natural one. And the projective limit
of exact sequences of modules of finite length is again exact.
Therefore

R Hom (M  L )  ho RHom (M, L)-> RHom (N , 0

is exact. Since the completion k of R  is faithfully flat over R,

0-> HomA  (M I N, L)---Hom A (M, L)->Hom A (N , L )-;0

is exact. Setting L =N  we see that the identity map from N  to
N factors through the canonical injection from N  to M .  Hence
N is a direct summand of M. q.e.d.

In order to prove the corollary, we need :

Lemma 4: L e t  m  be one of maximal ideals o f  R  and A .
=A Ø R RflI. L e t  L ' be an A .-module which is of f inite length as an
R .-m odule. T hen there ex ists an A-module L  w hich is of finite
length as an R-module such that I.® R I ? ,  is isom orphic to L '.

Proof  : First of all there exists an A-module of finite type L,
such that (L ,).= 1.1 0  Since Ass,. (L ')= {mR.}, Ass R  (L 1)
contains m . By modifying the arguments of Prop. 4, 1, Chap. 4.
[2 ], we can show that there exists an A-submodule L  of L , such
that Ass, (L )= {m} and Ass, (L,IL)= A ss R (L ,)- {m }. Then obvi-
ously L .=(L i ).=:-L '

Corollary :  Let L , M  and N  be (left) A-modules of f inite type,
an exact sequence

0 ->L -* M -->N ->0

splits if and only  if the  canonical sequence obtained by applying
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HomA( ,P )

0 Hom A (N , P) H o m A (M, P) H o m A (L, P) 0

is exact f o r every A -m odule P which is of  f inite length as an R -
module.

The proof is clear.

Remark : I f M  is not of finite type, Theorem 1 is obviously
false.

Let M  be a left A-module and M ' a submodule of M .  Let j
be the natural injection from M ' to M .  According to Bourbaki,
we call M ' a pure submodule o f  M  if 10j : MDR  M'->NO R M  is
an injection for an arbitrary right A-module N . (cf. Exercise 24,
Chap. 1, §1. [1]). Tensor products and inductive limits commute,
so it is enough to check the injectivity for an A-module of finite
type. It is also clear that this notion coincides with classical one
for abelian groups.

Theorem 2: L e t  R  be a com m utative noetherian ring and A
an R -alge bra w hich is o f  f inite type as an  R -m o du le . Then an
Pure submodule of  an A -m odule M  of  f inite type is a direct sum-
mand of M .

Proof : Let F  be an arbitrary left A-module and G an injec-
tive R-module. We have an commutative diagram :

0 --->Hom R (F, G)0 A M' HomR(F, G)0 AM -->
icricr

0 -> HomR  (HomA F ) ,  G) -4- Hom R (Hom A (M, F), G) ->

-.H om R (F, G)(D A(MIAT) 0

Hom R (Hom A (M I M' , F), G) 0

where the upper horizontal sequence is exact by the definition of
pureness and three c's are isomorphisms by lemma 3. Therefore

(*) 0 -› Hom,(Hom A  (M' , F), G) -4- Hom R (Hom A (M, F), G) -4-
Hom ,(Hom ,(M  I M' , F), G) -4 0
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is exact. Let E be the cokernel of Hom A (M, F )-.H om A (M' , F).
Suppose E*0. Let G be the injective envelope o f E  as an R-
module. (*) implies that Hom R (E, G)= 0  but Hom,(E, G )  0
since this contains the injection from E  to G .  This is a contra-
diction. Hence

0 --> Hom A (M IM ', F ) , HomA (M, F) , HomA (M' , F) 0

is exact. Hence M ' is a direct summand of M. q.e.d.

Corollary 1: L e t  M ' be a submodule of a le f t  A-module M
of f inite  type M' i s  pure if and only  if 1® j : N:DM'-->NOM is
an injection for an arbitrary  A-module N w hich is of f inite length
as an R-module.

The Proof is clear by lemma 1 and theorem 2.

Corollary 2: L e t  R '  b e  a  f aith f u lly  f la t  commutative R-
algebra. Let A '= AO R R '.  Let M  be an A-module of finite type.
Then M ' is  a direct summand of M  if and only  i f  M '  R R ' is  a
direct summand of M ® R R'.
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