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I. Let K be a field of arbitrary characteristic p and D= {D,=id,
D,, D,, ---} be an irfirite higher derivation in K with the subfield
of D-constants %k over which K is finitely generated (for the definition,
see [3]). For D, define ring homomorphisms
D ~
K — k[[}]]1®:K=K][[t]]

€

by D(a) =a+t®D,(a)+ -+ tRD,(a) + -+, for ac K and by ¢(¢) =0,
e() =1, i€ K, where K[[t]] is the ring of formal power series of
one variable over K. Then, E'Ezidk. Conversely, if we have a
ring homomecrphism D: K—K|[[t]] such that e-D=idc and if we
defire a family of maps in K, {D.}; 01, by D(a)=D,(a)+tXD;(a)
+--+tQD;(a)+ -+, D={Dy=1id, D,, ---} forms an infinite higher
derivation in K. An infinite higher derivation D in K is called
iterative if D,.D,:(“;J)D,.H for all 7, j=0. This is equivalent to
say that if we define a ring homomorphism 4 : k[[¢]]—k[[¢] ®,,
k[[t]] by 4()=tR1+1X¢, D commutes a diagram,

~

D

K — RIRK
DI lA@zd
RN EK — k[11B:kL[11E, K
1d®D

* This work was partially supported by “the Sakkokai Foundation”.
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In the following, an infinite higher derivation D in K is always
assumed to be iterative.

Let R be a set of such elements a in K that D;(¢)=0 for all
j large enough. Then, since R=¢(D(K)NKI[¢]), R is a ring over
k. We shall prove

Theorem. The situation being as above, R is either isomorphic
to the polynomial ring of ome variable over k or reduced to k.

Proof. Our proof consists of several steps.

1) We can suppose K% Let R’ be a finitely generated sub-
ring of R, (a, -++, @,) be its generating basis, A=F%[(D;(@))1<i<..
j=0.1.2,..)] and X=Spec(A). Then D sends A into k[t]1X.A and the
equalities (A®id)5=(id®5)5, eD=id show that D defines an
operation ¢ : G,&,X —X of the additive group G, on X. We shall show
that X is a homogeneous space of G, defined over k2 Take a point
x of X which is algebraic over %2 and let W be the k-closure of the
orbit of x. If WX, consider the non-zero ideal a of A which
defines W in X. Since W is stable under the operation ¢ of G,, a
satisfies D(a) Ck[t]®,a. Take a non-zero element & ot a. Then
there exists a positive integer [ such that D,(b)=0 and D;(b)=0
for all j~>I. Using the iterativeness of D, we know that D,(b) €k,
hence a unit in A. This contradicts the above inclusion. Therefore

X is a homogeneous space of G, defined over %.

2) X is an affine curve defined over %, hence obtained from
the projective line P?, extracting some points. However, since X is
a homogeneous space of G, defined over k, hence has a k-rational
point (cf. [2] p. 425), X is of the form P*— (the point at infinity).
Thus X is considered as the affine line, i.e. A is isomorphic to the
polynomial ring of one variable over k.

3) Suppose A=R. Then, adding a new element @ of R (not
in A), we construct A’=A[(D;(@))j-01,.2.-]. The above argument
shows that A’ is isomorphic to the polynomial ring of one variable
over k. Suppose that we had an infinite series of such subrings in



An iterative infinite higher derivation 413

R, A,cA,c---. Consider the corresponding series of the quotient
fields Q(A,)c®Q(A,)C---. Note that this ascending chain of sub-
fields in K must stop because K is finitely generated over %k and
that if Q(A,)=Q(A,) for two members of the chain, then Ay=A4.
because A, and A, are isomorphic to the polynomial ring of one
variable over k. Therefore R is finitely generated over k. Applying
again the argument of 2) to R, we know that R is isomorphic to
the polynomial ring of one variable over k. q.e.d.

Corollary. If K is algebraic over R, K is then an algebraic
Sfunction field of one variable over k.

II. Remarks. 1) Suppose R#k. Then for any element b of R
not in %, we can find a non-negative integer % such that D,(b) <4,
D, (b)), -+, D,(b)€k and D;(b) =0 for all j=I, where [ is as in the
proof 1) of Theorem. Therefore there exists an element y in R of
the form

D(y)=y+at’ +-+yt', where a, -, rEk.

2) There is no element in K which is purely inseparable over
the quotient field Q(R) of R.

Proof. Suppose the contrary. Let y be an element not in
Q(R) such that y"'=g-f'€Q(R), f, g€ R. Then (fy)"=f""g=R
and  D((f3)")=(D(f)D(3))"€k[t]@:R. Hence D(/HD(y)
ek(tIR. K, ie. fyER, hence yeQ(R). q.e.d.

3) It occurs that R=k. For example, let K=Fk(x) a purely
transcendental extension of one variable over %, k& being algebraically
closed. Define an iterative infinite higher derivation D in K by
D(x)=x+t+t*+-+t"+--. Then R=F.

Proof. It is easy to see that %k is the field of D-constants.
Suppose R=xk. Then by Remark 1), there exists an element f in

k(x) such that 5(f)=f+t’+---+rts. Write f=a(f1(x—af)m‘)

i=1

v -1
X (H}(x—ﬁ,)"f) , where a;, 8; belong to £ and are mutually distinct.
i
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Applying 5, we have

aﬁ(x—a;+t+t’+ "')m‘ﬁ(x_ﬁi)"’
i=1 j=1

(=gt ) fall (r—a)™+ (=)t + o+ 2]
The coefficients of ¢ of both sides of the equality are
ol (x —a)™ 11 (x B;)"i(é m(x —m)“)
and
(e =) T (r—a) +8, T (2= )} (SnCx -,

where §,, is Kronecker’s delta. We can assume that some m; or #;
is not 0 modulo p. If so, we have only to replace (x;, a;, §;, 1)
by (x?, a?, %, t*) and so on. Then it is easy to draw out a contra-
diction by equating the above two terms. qg.e.d.

4) K is not necessarily algebraic over R. For example, let
ai,az, -+ be an infinite number of variables, 2 be an algebraic closure
of the field F,(ay, as, --+) which is generated by ay, as, -~ over the
prime field F, and L=£%((x)) be the quotient field of the formal
power series ring of one variable x over k. Define an iterative
infinite higher derivation D in L by D(x)=x+¢ Let y=x+ax’
+ar 2"+ +a; 2"+ and K=k(x, y). Consider the induced higher
derivation D in K. It is then easy to see that & is the field of D-
constants in K, R=k[x] and that K is not algebraic over k(x).

5) Finally, we shall note that a separably generated algebraic
function field K of one variable over %2 has an iterative infinite higher
derivation with the constant field 2. To see this fact, take a sepa-
rating variable x in K and define an iterative infinite higher derivation
D in k(x) by 5(x)=x+t. Then % is the field of D-constants and
D can be extended uniquely to K because K is algebraic and separ-
able over k(x) (cf. [1]). Moreover, we have R=~Fk[x].



An iterative infinite higher derivation 415

References

[1] H. Hasse and F. K. Schmidt, Noch eine Begriindung der Theorie der hsheren
Differentialquotienten in einem algebraischen Functionenkérper einer Unbe-
stimmten, J. Reine Angew. Math., 177, (1937), 215-237.

[2] M. Rosenlicht, Some basic theorems on algebraic groups, Amer. J. Math., 78
(1956), 401-443.

[3] M. Weisfeld, Purely inseparable extensions and higher derivations, Trans.
AM.S,, 116, (1965), 435-450.

Kyoro UNIVERSITY



