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§ 1 .  Introduction

Let us consider a  linear partial differential equation

(1.1) a(x, 0) u(x)=---- E a (x )0 ' u (x)=  f (x ), x E R ". * )
1, 1<m

Let S  b e  a  hypersurface in R " defined in  a  neighborhood o f xo E S

by

(1.2 ) 40(x)-= 0 ;  40x(x)=- (6140(x), 6240(x), • • 6540 ( x ) ) / O.

W e  s a y  t h a t  S  i s  a double charac teristic  hypersurface of the

operator a(x, 0), if satisfies the following conditions :

h(x, 40x)=- 0, x E S,

(1.3)J  h(x, 40 ) = 0 , x E S , i =1, 2, • • •, n,
06i

02
h(x7 42 x)

1,1J
* 0 , x E S,

w here h(x, e) — a (x ) c .

     

* )  In th is  article w e  use the following notations:
aa a3  a stan d s fo r ax  a n d  a„ a,., a„ stand f o r  a x ,  ,  ax  a n d  a y  r e s p e c t iv e ly .  In

the case w here a; ;  u (y ), we often  rep resen t it s im p ly by aau(Y).
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I n  th is case  the  in itia l-va lue  problem o f  (1.1) w ith d a ta  o n  S  can
be reduced to t h e  following initial-value problem o f  (1.4) w ith  data on

x  0(x E R I ) , b y  a  suitable change of variables

(1.4) x a m ,o (x , y )  ' u  E y O x "-ln u  + am- i,o(x, u
1, 1=1

+ E a i ,,(x, y )O i
x 0̀ ; =  f  (x ,  y),

where x  E 1?1 , yE E  am _2 (0, 0)1    O.
la1= 2

N ow , our problem  is the  in itia l-va lue  problem o f  (1.4) with data

o n  th e  hypersurface x = O. I n  th is  a r tic le  we treat our problem  only

w ith in  t h e  class o f  real analytic functions, m o re  precisely w e assume

that th e  co e ffic ien ts , in itia l d a ta  an d  so lu tio ns a re  a ll re a l an a ly tic  in
th e  neighborhood of the origin.

A t  first le t u s  o b se rve  th e  following fact :

I f  there a re  given the  in itia l data

(1.5) = /if ( y), j.= 0, 1, m — 3,

there exists a  so lu tio n  u o f  (1.4), a n d  such a  so lu tion  is  no t unique.

In  fa c t , there exists a  re a l non-zero vector v= (v i , v„_ i )  such
that

,(0, o):ya  /  0,
1.21=2

an d  we consider th e  following Goursat problem to (1.4) :

jR (//  — ço„, ) (0, y) = 0( j 0 ,  1 ,  2, ..., m — 3)

< > i (u — 60 .-3)<y.n>=0= 0 ( j 0 ,  1 )

m -3 0  . 6  where yom _3 = E  up (y )x P/p !; <0 , v > — VI r.,, 't • • • + V n - 1  n This
P=0 o y i u  Y n - 1

u (x , y )  gives surely a  desired so lu tion  o f the  problem (1.4)-(1.5).

Concerning th e  G o u r s a t  p ro b lem , w e  re fe r  to  Flôrmander [2],



On the initial-v alue problems with data on a double characteristic 359

p. 116-119")

Let us consider further the following initial data

(1.6) y)=u i(y ), j=  0, 1, 2, . , m — 2

or

(1.7) a• u(0, = 0, 1, 2, ..., m — 1.

In  these cases, the solution does not exist always without some

additional conditions.

A t first, let us consider the problem (1 .4 )-(1 .6 ) in the case where

(1.8) am,o(0, y)=
-
am-i,o(0, =4).

The necessary condition for the existence is easily obtained as follows :

Let

u(x, y )= o up(y )xP/p!

be a solution, then putting this in  (1 .4 ), and comparing the coefficients

o f x
°
, we have

(1.9) E  a (0, y)010";,q)(0, y)= f  (0, y)
i<m-2

i+ la N m

where

ço(x , y)= j o u p ( y )  /p!.

Let us show that this condition is also sufficient. For this purpose,

** ) W e note that Theorem  5.1.1' still ho lds w hen  defin ing A  as the set of
multi-indices in the sum  on the right-hand side of (5.1.1) such that a"(0) * 0 .

In fact, when A  is thus defined, instead of
Do U(z)= E a"(z ')e) ( , )- , (

0 ))D" U(z)-F F (z),
ce E .4

we consider the following equation:
Do U(z)=- a " ( z ') e " f  " ) - , ( 8 )) D" U(z)

E a"(z ')e ' ( , ( ') - , ( 8 )).D" U (z)+ F(z),

W here a ll the coefficients a " ( z ')  appearing in  the second sum m ation vanish at the
orig in . T hus w e can  claim  the same existance theorem under this assumption.
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le t uo (x , y )  be the solution of the following Goursat problem to (1.4)

with data

18(uo —  0(0, y ) 0( j =  0, 1, 2, ..., m-3)
(1.10)

v> l(uo— g9).(y.,> = 0= 0 ( j = 0 ,

Now we can show that 07 - 2 /4(0, .y)=--  um_2(y). In fact, let

m-3
uo= E up(y)x 1'/p !+ ist.-2(y) x m -  2  /(m — 2 )!+ E  up(y)xP/p!

P=0 P>m=1

=  Om- 2  +  E  up(y)xP/p!,

then the same relation as (1.9) holds for

This implies, denoting

L (y ,8) =la;am _2,,(0, y)az,.

L(y, Tim-2(y)=- L(y, 8) um - 2(y ).

On the other hand,

< 0 , V>i (uo —  40= < 8 , V>1 (a.-2 —  um-2) x m - 2 /(m — 2)!

E <a, v > i u p (y )x P / p !» m - ,

implies

(1.12) < 6 ,  >Vim- 2  -  Um - 2)<Y, />= 0 = 0) j= 0 ,  1.

This shows, together with (1.11), - 2 ( y ) = . u m - 2 ( y ) ,  which completes

the proof. Finally, let us note that the solution is not unique.

The purpose o f  this article is to investigate the situations when

we remove the condition (1.8).

§ 2 .  Statements of Theorems

Let us recall the condition (1.8). T h e  following theorem shows

that, i f  w e  assume an i3 O (0, y )  0 , then the condition am-i,o(0, = 0 is
a  reasonable assumption.
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Theorem 1.

In the case where ani,o(0, y O, i f  am-i,o(0, yYt  0 ,  the p lo b lem

(1.4)-(1.6) has not alw ay s a  solution; more precisely , there ex ists
an initial data (1.6), such that the initial value problem  (1.4)-(1.6)

has no analy tic solution in  any neighborhood of the origin.

However, if w e  a ssu m e  a„1,0 (0, 0) ± 0 ,  w e  h a v e  t h e  following
analogue of fuchsian theorems.

Theorem 2.

In  the  case  w here a„,, o (0, 0) * . 0  and moreover f o r  all non-
negative integers p ,  we have p a m ,o (0 ,0 ) - kam_1,0(0, 0) /  0, then there
ex ists alw ays a unique solution for the initial value problem  (1.4)-
(1.6).

Theorem 3.

In the case where am ,0 (0, 0) *0 and moreover if  fo r  some non-
negative integer p o w e  have ponm ,o ( 0 ,  y ) d - am -i,o (0 , th en  a
necessary and sufficient condition concerning the initial data for the

existence of the solution of  the problem  (1.4)-(1.6) i s  the following
compatibility condition:

8`»ts(y)
a ) ° ( Y )

(2.1)   E E m + 1 ) !
k+ s=-

E
.hs+m –l )(4' —  in)! la 1 = 1h + s=Ps+m -2

k 31

+ E  agel ( y )  
u s ( y )

k +s-Po+m -1 (s —in+ 1) I.
k.31

+ a a t t  CY)E (k ) 1 •   Y u s (y)E — (y )
( s — i ) !

,

where a i ,R (x ,  y )=  E CL(iVii(y)
x k ,  f  ( x f ( k ) ( y )  x  k  

and . . . ,
k 30 k 30

u m , p0 _2 a re  uniquely  determined by the initial data Iu o ,  u l, • • • , um-21.
In  th is  case the solution is  no t unique.
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Remark.

W e note that in the case of (1.8), the problem (1.4)-(1.7) can be

also reduced to the Goursat problem. In fact, in this case we choose
m- 1

(0—E up( y )xP/p!, and in addition to (1.9), we have only to impose the
P= 0

following second compatibility condition :

y ) a a l in i - i ( y )+ 8 -1,0(0 , y) um - i ( y )
I 1=1

+ 0 x (  E y)oln g x ,  y ) ) ,  =60'0, y).
i‹771-2

But Theorem 2 could not be reduced to the Goursat problem. In  fact,

in  this case w e  d o  not have a  similar relation as (1.9) concerning

so the similar reasoning could not be applied to this case.

§ 3 .  Proof o f Theorem 1

A t first we consider the case where

(3.1) am_1,0(0, 0) = 0, a nz _ 1 ,0 (0, y) /  O.

In  this case we can find easily the initial data which we assert. In

fact, let

(3.2) u (x , y )= E u p (y)xP/p!
p>1.4 - 2

be the solution of (1.4). Then, in view  of the coefficients of x 0 , we

should have

(3.3) a 1, 0 (O, y) u ni _1( 2, a (0, y) Oa  um - z (Y )= f ( 0 , y ) .

I f  we put y = 0 ,  then

(3.4) E am _ 2  a (0, 0)8" u,n _ 2 (0 )  f  (0 ,  0).
l a1<2

Since by the assumption E a, 2 , a  (0, 0)1 *0, u n i _2 (y ) is not arbitrary,
l a1=2

which proves the Theorem.

Next we consider the case where

(3.5) am-i,o(0, 0)* O.
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For the sa k e  o f  sy s te m a tic  tre a tm e n t, b y  c h a n g in g  the notation, we

w rite  (1 .4 )  in the following form :

(3.6) E  a i,(x , y )0 1 0 ;u +  f(x , y )=0 .
j4-1, 1<ni

B y expanding each coefficient a i ( x ,  y),

and taking account

generalify that

a i,(x , y) = k o cc ,) ( y) x k ,

o f th e  assum ption , w e can  assume without

1) aZ 10(y) —= (4,1- o (y )

(3.7)

(3.8)

Now we

2) ag )
 1 „ (y )---= -: 0 for Iv I =1,

3) ag ) 1.0(y) —= —1, ag'1 1 ,0 (y )

consider the form al solution of (3.6),

u (x , 12Lp(y)x1'/p!.

for k > 1 .

W e  w a n t to  show that w e can choose an initial data um _ 2 (y )  in such  a

w a y  th a t the form al solution (3 .8 ) never converge in any neighborhood

of the orig in . A t first, let us rem ark  th a t the coefficient of x q  of

ai„(x, y)O ( i4n - i2cp(y)xP/p!)

is

EaVV(y)a'u,,i-k(y)/(q—k)!
k>0

w h ere , in  the sum m ation, the term s corresponding to q — k < O , should

be replaced by O.

T hus, tak ing  account o f (3 .7), w e  have the following relations :

a g +m_i/q!= E age,)„,(y)u q , m _k /(q—k)!
k>2

+ E  E na+m-i-k/(q—k)!
1.1=1 it >1

E  E  an":12 ,„(y)0 u q +.-2-k/(q — 0 !
1.1‹2 le30

(3.9)
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+ E
k>0 

ct ( y )0' u„ i _k / (q — k)!+f q (y )/q!,
i<2n-3

(q = 0, 1 , 2 , ...) ; where f (x , y) = p o f p ( y) P / p!.

M ore precisely,

u 1 ( y ) 7  < 20 ? (y )a'z im -2 (y )+.f o (y ) ,

um (y )= E a' um- i(y) E (1,1 1„( y ) a 'U n e - 1 ( Y )
1, 1‹2

+ 4 1 ) (y ,  0 )  t t „1 -2 (y )+ f1 (Y )

Lig+m_1(y) = (H; 2(.4P,,,(y) + (4,1-11,,(y)

q(q — 1)a;, ), 0 ) u q+ m-2

4+2
Ly)( y ,  a) uq + „,_; +f,,

= 3

(q = 0, 1 , 2 , ...) , w h e re  Ei g ) ( y ,  0 )  is  d iffe ren tia l o p e ra to r o f  order < j .
N ow  w e can  show , b y  induction on q , th e  following ralations:

(3.11) u q + .-1 (y )= 1 (2 4 1 2 ,.(0 )0 .)-" u ,,2 (y )

o r (.2:1q)+2(y 5 0 ) 1,1111- 2 ( Y ) + 1‘;-(2q4) (Y 3  a)1 f 0 ) "  5  f i r ,

(q = 0 , 1, 2, ...),

where Y (2q,) + 2  is  d iffe ren tia l o p e ra to r  o f  o rd e r 2q+ 2 , w h o se  coefficients

corresponding to  t h e  homogeneous p a r t  o f  o rd e r  2 + 2 q  a r e  a l l  zero at

the origin, an d  i s is also differential operator o f  o rder <2q .

B y  t h e  assum ption o f  t h e  d o u b le  ch a rac te ris tic , th e re  ex is ts  an

E C ' s u c h  t h a t

(3.12) E 41 2 ,„(0) =  1 .
1, 1=2

Now we define

(3.10)

(3.13) U m _ 2 ( y ) = p 0 a 2 P C i e 2 P <  y,
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w here a ( 0 < a <  1 )  i s  a  fixed c o n s ta n t, a n d  th e  a rg u m e n ts  0 (p =0 ,
1, 2, )  a re  defined recurrently in  th e  following manner:
A t first,

(3.14) (E  (-4 ) ) ( 0 )  , ) q  + 1 ( a 2q+ 2 e q  < >  2  f

1, 1=2

_ e ioz zce 2q42(2q2 ) ! .

N ote  th at, s in ce  t h e  coefficient's o f  order 2 q + 2  of (2q
q

)+  (  y ,  0 )  vanish

a t  th e  o r ig in , w e  s e e  th a t  YVq'+2 (0, 0) u„,_ 2( 0 )  depends only o n  th e

terms E... in  ( 3 .1 3 ) .  So we define 0 2 q + 2  by (assuming that 00, 02, •-,
p=o

02 q  a r e  already defined):

(3.15) 0 4 + 2 =  arg  (2 ) 4 ) +2(0, ( a 2 e "  < y , V> 2 P )i Y= 0
p=0

- iP (2q
q
)
 { f o ,  f i ,  • •  •  f q }  I y = 0 ) .

Thus w e have

(3.16) 1u,,_ 1 (0)1 >1OE a;,?_) 2 „ ( 0 ) 0 T-1-1(co q+2 e io„,„ < 77 >  2(1+2) I y =  I
I 01

1v1=2

a 2q 2(2 9, + 2 ) ! .

O n  th e  other hand,

(3.17) u(x , 0 )= E  U p (0 )  X P/p!.
p m -  2

Thus,

(3.18) lap(0)/P! I >  a 2 """(2p — 2m + p!.

T h is  im plies, by Stirling,

(3.19) PV  P( 0 )/P! (2p )V p !-+  oo, when p.--*+ 00 •

T h u s, (3 .1 7 )  is  n o t co n vergen t i n  any neighborhood o f  th e  o r ig in ,

which proves th e  Theorem.

§ 4. Proof o f Theorem 2

At first we consider the following fairly simple equation ;
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(4.1) x aT u -k ar1 u =c x 2 0 1 x n u +x  E a i , ( y ) ala;u
i +1.1<ni

+ E  bi ,(y )8 1 1 9 ;a+ (y ) ,
i+1.1<nt

where c  is  a constant and m > 2 ; a ll the coefficients are assumed to
be analytic, more precisely,

(4.2) O acti.,(y )1 , loa b i , ( y ) i <  ( 3
a

)
1
11 1-  111 for yl < a .

Let us consider the following initial-value problem

(4.3) &u (O, y) = 0, i = 0, 1, 2, ..., in — 2.

We shall show

Lem m a. T he problem (4.1)-(4.3) h as  a unique solution a(x , y ) in
a  neighborhood of  the origin.

P ro o f. Let

(4.4) u(x, y)u p ( y ) x / p l

be the formal solution of (4.1)-(4.3). Then we have

(4.5) ( 0 - 1)uq+m - i = q (q  — 1) cu q + m - -2 +  E a i p ( y ) u q + i_i

+ E bi , ( y ) a 'u , + i ,i<nz-2
i+Inl<rn

(4.5)' (y).
We assume that

la"f(y)l<  19
1'7,1d ! A ,

and we claim that the following estimates

(2p-I- lap! .., 3p+IalA(4.6) I ru p ( y ) i  < (-P•
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hold fo r  any a  and fo r any p (> m - 1 ) ,  i f  we choose the constant C

sufficiently large. W e  show this by induction on p .  A t first we see

that (4 .6 ) is  tru e  fo r  p=m — 1 i f  we choose C >  max (1, 1/p) ; we

assume that (4.6) is true for p =  — 1, in, . , q+  m — 2, and we show

that (4.6) is true for p-=q+m —l. F o r  this purpose, we use the fol-

lowing lemma due to Mizohata ([41, p. 275) : L e t a (x ) and b (x ) be

analytic functions satisfying

10' (r + )  ARol ,

10 ' 1)(x)1< ( s  H I ) !  Bp l  v i

(k> 1)

where r  and s are non-negative integers, then

10 '{a (x )b (x )}1 <  (1- +8+ 11v1)1 (0 - 1) AB/G+s
P "

Let us remark that, in  the actual case, we shall use this lemma only

for r = 0 and k = 3, so the last estimates become :

O '{ a(x )  b (x ) }  <  ( 8 +  v  DI 3   AB
2

This remarked, under the assumption C > max (1, 1/p), we have

(2q+ 2i —2+ HI+ la l)! I Oa  { (y) 0; a g +i-- II I < (q+  i-1 )!

x  c3 q+3i-3-1-1,1+1,0  3   A m .
2

Since i +  l < the right hand side is estimated by

(2 q +  — 2+ m lap! 6.3,1+2i-3-1m !al  3

(q —1)! 2
A M.

On the other hand,

(2 0 -m -2 + i+  lai)! ( 2 q +  2m— 2+ lai)! 
( q + i - 1 ) ! (q + m -1 )!
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( q +  m -1 ) ................... (q+ i) 
(2q+ 2m  — 2 + ........ (2 q + m -1 - k ........ a l )

1 (2q - 1-  2m -2+  al)! 
( q + m - 1 ) !

Since i m  — 1 , we obtain finally,

(4.7) 1 -ria i,(Y )8 'uq+ i- I.}

(2 0 - 2m— 2+ lap!  6.30 -km- 1)+1 ,1 ( 3 "   ) A.
((I m — 1)! 2 C

In  the sim ilar w ay, w e get

c 4 + 3 i4 .1 0 + 1 a lxl o a lb i ( y ) o . 'u a + 1 1 1 ‹   (2q+2i+ + l ai)!3
(q+ i)! 2

MA

(2q  m + i 4 - lap! 6 .3q .+2i+m+lai x   3   A M .
(q +  i) ! 2 

Since i <m — 2, th is  la s t  expression i s  majorized again by

(2q+ 2m — 2 ai)!  c 3 q+m- 0,1al c - 1
3   NIA .

2(q+ m — 2) !

T hus w e get

1 (20 -2m  — 2 lal)!(4 .8 )  ac' ibi,(Y) uq+itq +1 ( q + m - 1 ) !

x  Mm )A .
2 C

Finally,

c 3 ( q  nt -1)+ 1 a I

—1)( 2 q +  2 m — 4+ lai)!  c3(q+m-2)+1a1A
q +1 (q+ m —  2 )!

( 2 q  2m —2+ lap! 
C 3 ( q+m- 1 ) +Far(1/2C) A.

( q + m - 1 ) !

T he above estim ates (4.7), (4.8), (4.9) show th a t  (4.6) is  t ru e  for
p =  q  m  — 1 , i f  w e  c h o o se  C  la rg e , n a m e ly  fo r  e x a m p le , if C> n m

x rnax(1 , 1/p, 3 m M , c).

(4.9)
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From (4 .6 ), we see easily that the formal solution u (x , y )  defined

by (4 .4 ) has the estimates of the form

a  ya u(x , y >l<(q + lap! C'g+IalAi,

fo r Ix I <6, Iyl < a  if we choose small, and C', A ' large.

The proof is thus complete.

Proof o f Theorem 2.

Without loss o f generality, we can assume that the initial data

are all zero. For the proof we consider the following equation, equi-

valent to (1.4) :

(4.10) x0'xnu a (y)0T - 1  u = x E  a i n _i ,„ (x , y)0T -
1 0)̀fu

lai<1

+  E  ai ,,,(x, y)01.0`; u+ f(x, y).
i<m-2

Then the assumption in the Theorem means

a(0) {0, — 1, — 2, ...I.

Let us consider the formal solution

(4.11) u(x ,

Since the uniqueness is obvious, we have only to show the convergence

and the analyticity o f (4.11).
In  v iew  o f th e  recurrence formulas between u n ,_ i, um , •••, we

choose a majorant A (y )  such that

1 1
<  A ( y ) ,n — 1 + a(y) n

for all positive integers. Such a function exists, because i f  we choose
sm all, then in  t h e  com plex  domain Ivil < (i=1, • • •, n —1),

sup  remains bounded (with respect to n).
n n—l+a(v)

Now le t M/(1 ) ( 1  +  +  Yn - 1  )  be a  common majorant of
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arn _i ,„(x , y ) , ai ,a (x , y )  and f ( x ,  y ) ,  then th e  formal solution

U(x , y )=p ; ,  l Up(y)xP/p!

o f  th e  equation

(4.12) xaTU - FOT - 1 U =A (Y ) ' x1— X1 yi+y2-1--••+y,1)( 
0

x(x E oav u+ E  apav u+i)
1.1‹i - i‹m-2

is a  m a jo ran t o f  (4 .1 1 ) . M ore precisely,

up(y )<Up(y ) (p=m - 1, m, ...).

O n  th e  other h an d , (4 .1 2 )  is a  special c a se  o f  ( 4 . 1 ) .  In  fa c t, this

equation can be written in  th e  form

(1—  x  )(x anxz -FOT- ') U= B (y )(x E o'xn - loc;u+ E  810u + i).
lal‘.1 i<nt-2

i +lal<nt

Owing to t h e  Lemma, we see that U(x , y )  represents a convergent
series i n  a  neighborhood o f  t h e  origin, this proves that u(x , y )  is an

analytic solution of (4 .1 0 )  in  th e  neighborhood of the origin.

§ 5. Proof of Theorem 3

We consider th e  following formal solution of (1 .4),

(5.1) u(x , y)= pi o up(y)xP/p!

Using (1.4), ( 5 .1 )  we see easily that ( 2 .1 )  is  a  necessary condi-

tion.

Taking account o f  t h e  assumption o f  theorem we see that

Um , • • •, un i ± p0 _2 a re  determined by th e  in it ia l d a ta  ( 1 . 6 ) .  I f  U m +po_ i  is

given, u m + p o ,  u m + p o .  .  a r e  determined. We will show  that th e  con-

vergence o f  ( 5 .1 ) ,  i f  in i t i a l  d a t a  ( 1 .6 )  satisfy ( 2 .1 )  a n d  um  p o _ i  i s

given.
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F o r  th e  proof we u se  th e  following equation (5 .2 )  instead o f  (1.4).

(5.2) x a T u — p o n - lu =  x a m _i , a (X, y ) a 11
 y

a  U
lal<1

+ at a(x, y) u + f (x ,  r).
i < m -2

T he in itia l da ta  a re

(5.3) u (0 , y )=  u i ( y ) i =  0 , 1 , ..., m -2 .

T h e  formal solution is

-
(5.4) u(x , y )= j o u p (y )xP/p!

Using (5 .2 ) , (5 .4 )  we obtain

E adli,a(y) (p_m1+1)! 6YauP(Y)(5.5) ( q  m  P  o +  1) ( v,

(q —  m  +1)! 11'° ' )  L - 1
 + j = 9 - 1

1 +  E E a a(y ) 
( p —  i ) !

ay( '  up (y ) +f(0 -m +1.)(y )

q > m -1

x kwhere ai 9 (x , y)= kE a (
i

k,Wy) x k , f  (x, y )_ E f(k ) ( y )

We account o f  th e  following in itia l value  problem (5 .6 )-(5 .7).

(5.6) AI?'"  u + (po + 1) a'x"+Pou—porx " "  u

= 0 1P+ l ix , y) ' u

+ y )0 1 8 ; u  f  (x , y )]
i<rn-2i+lal<m

(5.7) 61 u(0, y )= u i (y) i = 0 , 1 , . . . ,  m  p o - 1

when i = 0, 1, •, m —  2, u i ( y )  is  th e  same a s  (5.3),

when i = m —1, • • •, m + po— 2 , u i ( y )  is that we obtain
b y  (5 .5 ), a n d  um ÷ p0_ 1 (y ) is  arbitraly.

T h e  formal solution o f  th e  in it ia l v a lu e  problem (5 .6 )- (5 .7 )  con-
verges by theorem 2 . a n d  this formal solution coincides with th e  formal
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solution corresponding to the initial value problem (5.2)—(5.3). q.e.d.

At the end, the au th o r w ish es  to  th an k  P ro f. Mizohata, fo r  his

valuable suggestions.
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