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Introduction. I n  t h e  s tu d y  o f  harm onic  functions o n  a n  o p e n
Riem ann surface it is  o f te n  u se fu l to  c o n s id e r  a com pactification of
the R iem ann surface, as one can define th e  boundary values and gene-
ra lized  n o rm a l d e riv a tiv e s  a t t h e  ideal boundary.

It is known that every canonical potential, especially every harmonic
measure assum es constant values quasi-everywhere o n  each component
of K uram ochi boundary . S uch  a  property fo r  boundary behavior was
first shown in K usunoki [5] by using the generalized norm al derivatives,
a n d  fu r th e r  in v e s tig a te d  b y  K u su n o k i-M o r i [7 ]  Ik e g a m i [4 ]  and
W atanabe [11] i n  various m ethods. A t th e  sam e tim e it was investi-
gated by Kusunoki [5], [6] and Watanabe [12] that whether this boundary
behavior w ould characterize those functions, b u t  th e  problem  is still
not settled.

I n  th is paper w e shall deal w ith  th is problem  from  th e  viewpoint
o f generalized normal derivatives and show  several equivalent statements
w ith applications and examples concerning t h e  boundary  values and
generalized no rm al derivatives.

H ere  I w ish  to  express my hearty thanks to Professor Y. Kusunoki
f o r  h is  va luab le  suggestions and encouragement.

1. L e t R  b e  a  hyperbolic R iem ann surface and R *  b e  a resolu-
tive compactification of R .  W e denote  by 4  the ideal boundary o f  R*
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and b y  coa th e  harmonic measure on 4  w i t h  respect t o  a point aE R .
Particularly w e fix ci o E  R  and w rite  coaa a s  co. W e deno te  by  L 2 =
L 2 (4 )  a ll func tions on 4  square integrable w ith respect t o  dco and
b y  F =F(R) the space of all square integrable differentials on R .  L 2

and F  are Hilbert spaces w ith the scalar products

(f , g )=(f , g ),=S p d a)  ,

<Cf, t>  =GO . ,  T>R.A ze t ,

respectively. L et F  b e  a n y  su b sp a c e  o f  F  w hose each elem ent is
a  harm onic differential. W e say that R *  is F i - n o r m a l  if  a n d  only if
fo r any  harm onic  func tion  u  w ith du E F ,  th e re  ex is ts  a  resolutive
function f ,  such  tha t

u (a )=  A  f „dco„ = H f u (a) ,

h o ld s  fo r a n y  a E R .  S uch  a  function f a is  u n iq u e ly  d e te rm in ed  as
an L '- fu n c tio n  and w e shall ca ll f u th e  boundary  f unction of u  and
w rite  it  û  fro m  n o w . H e rea fte r  w e  sh a ll use sam e terminologies and
notations in Constantinescu-Cornea [2] and Ahlfors-Sario [1] without
repetitions.

2. W e  sh a ll use la te r  the follow ing fact (c f. D oob  [3 ], Maeda

Lemma 1. L e t R *  b e  Fe n o rm a l an d  u  b e  a  harm onic function
w ith  d u E F , ,  t h e n  û  i s  i n  L 2 . E specially  i f  u(a0 ) = 0 , w e  have

= 1 6 12 dCO MIldid1 2 ,

h e re  th e  c o n s tan t M  is in d e p e n d e n t o f  u.

P ro o f . I t  is  s u f f ic ie n t  to  show  the inequality fo r  r e a l  u  with
u(a0 ) = 0 .  Let g,, b e  the Green function on R  w ith pole a t  b  and we
set
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P(b)=  I g bd*d(u 2 ),2 n  R

th en  w e  k n o w  P(b)(%c>o) i s  a  p o te n t ia l .  N o w  w e  ta k e  a  constan t
N b > 0  s o  th a t  V ,={ pER ; g b (p)>N b }  becom es a  param etric disk i.e.
e - ( 9 b+i*9 b) g ives a  conform al m apping from  V , t o  {z; We
c a n  w r ite  d*d(u 2 ) =2{u .,i + 4 1 d x d y  on W e  have

2{ tq +u y
2 } K < co o n  Vb,

and

g
b 
d*d(u 2 ) + gbd*d(u2)

27t 27r R-vb

2n gbdx dy + 
N

b 1411112 v ,

im  ( e - N b ( 2 7 '(—  1 log-1-)rdrd0+ ! 'N <00.Ltr r

W e  ta k e  a  Ce-function f  o n  R  su c h  th a t f = 0  o n  R—Vb , f 1 o n
V, ={pER; gb (p )> l i ( >N b )}. S ince  fu 2  i s  a  Cc6°-function, by w ell
know n form ula (cf. [2 ] ,  p  3 4 )  we get

u 2 (a)=f u 2 (a) -= — 2
1
7r i t g a d*d(fu 2 )

for aE V ,.  W e  set

h(c)=— I C 
 27r

g c d*d{(1 — f)u 2 }
 R

fo r  c E R , then  h(c) is harm onic o n  I/1 . This shows th a t  — P=f u 2 +h
i s  a  Cx'-function o n  V , a n d  Laplacian /1(—P)=4(fu 2 ) =-4(u 2 )  o n  V1 ,
therefore P+u 2 i s  h a r m o n ic  o n  V,. S ince  b  a n d  V , a r e  arbitrary,
P+u 2  i s  a  harmonic m ajorant of u2 . A lso Ç D 2 dwa  i s  th e  least har-

e
monic m ajoran t o f u2 fo r  v a r ia b le  a  and

M û I 2 = 1  If il2 d (o _P (a 0 )+ u 2 (a 0 )= P (a o )
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1  ( I C
= ga d*d(u 2 ) + g  d*d(u 2 )

y . .  0 L7r ao"o

e - Na 0 1
(log —

r
)k (r, 0)rdrd0+

2 i r
g a  d * d ( u 2 )

n  E -0  E 0 R -v aa °

2 it
where k (r, 0)=tt +u y

2 . Since k (r, 0) is subharmonic, K (r)=
o  

k(r, 0) dB
i s  a  m o n o to n e  increasing function, a n d  f o r  oc=e - Nao

15a/2 al a ( t /2
K ( r ) d r = r)K (r)dr 

• 

(a— r)K (r)dr +1 
o
rK (r)d4

Œ 0 a /2

f W / 2
— (a — r)K(a — r)dr + r K (r)dr +1 rK (r)dr}
Œ 0 a/2 0

rK (r)dr.
Œ o

N o w  w e  m a y  assum e r l o g -
1

a  o
e- Nao, hence it follows that

3Nao  ( e - N a ° ( 2 n k ( r ,  0)rdrd0 + gaod*d(u2)R-va o
HOF Jo Jo

3N N
a° ilduil 2  ° .11/11!dui12.71i t

3. W e denote  by  H  =H (R ) th e  H ilbert space o f  all HD-functions
o n  R  w ith th e  scalar product

((u, v)) = <du, dv> + u(a o )v(a0 ),

a n d  by H 0 ( F )  a  H ilb e r t  subspace o f  H  such  tha t u E H o (Tx) vanishes
a t  a o a n d  d u  i s  in F .  S in c e  ((u, v)) =  < d u , d v >  in  H o ( F ,) ,  w e  use
th e  sc a la r  p ro d u c t < d u , d o >  in s te a d  o f  ((u, v )) in  H o(Fx).

W e  assume th a t  R *  is  T i -norm al from  now  o n  t o  the section 5.
Let L o = { f  L2 (d); f d w  = 0 } .  N ow  w e define Fi -generaliz ed normal
deriv ativ e o f  u e H D  b y  th e  function f  in  L o f o r  w hich <dv, du >  =

b id w  holds f o r  a n y  v EH o (F x). N ( F  x)  denotes the all HD-functions
hav ing  r i -generalized norm al derivatives. L e t  N 0 (F x) = H o (F x )n N (F),
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and L 0 ( F )  b e  th e  closure o f  { f  E L o ; H f  H o (Fx) }  i n  L 2 (d ), which
is a  H ilb e r t  subspace o f  L 2 (d ) .  H e re  w e  have

Lemma 2 .  F o r a n y  f  Lo th e re  e x is ts  a  u n iq u e  u e N o (Fz)  such
t h a t  f  i s  a  F  f generaliz ed norm al deriv ativ e  o f  u .

P ro o f . C onsider a  m apping v—>1 V ida), v Eli o ( r z ), th e n  th is  is

a  bounded  linear func tiona l, because  by  S chw arz 's  inequa lity  and
Lemma 1

2
5 j A 10 12 dC° • ,A 1/12 dW _itikCIVII 2 11112 *

H e n c e  b y  Riesz theorem  there  ex ists a  u n iq u e  u e l l o ( r z)  such that

<dv, du > =1 bfizico f o r  a n y  v H  0(F z ), w h ic h  is  to  b e  p ro v e d .

F o r  given f  w e w rite  above u  a s  uf . By this Lem m a w e can define
a  mapping A z  f r o m  Lo t o  H o (Fx) ; A ( f ) = u î ,  a n d  a  mapping Bz from
110 (F z )  t o  L2 (d ); B (u )=û .
L e t  Axx . denotes th e  re s tr ic tio n  o f  A z  t o  L 0 (17.), w hen  R *  is also
Fx .-normal. W e set

F„. =A z z .B z .: H o (Fz , ) - - > H o ( l x ),

G .  B z .A zz .: L o ( F )  — p  L o (Fz ).

W e shall treat these m appings fo r  any fixed Fx a n d  Fx . =F z ,  so from
n o w  o n  w e  s h a ll o m it  th e  in d e x  a n d  write A ( = A ) ,  F(= F xx )  and
so  o n .  From definitions directly we have

Lem m a 3.

<du, d(Af ) > jaco = B(u)f  dco =(B(u), f ) ,

<dv, d(Fu)> =1 b -ficico= B(v)B(u)dco =(B(v), B(u)) ,

<d(A f ), d(A g)> =1 B oA (f ) -gdco= G (f )jdco=(G (f ), g) .
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Lemma 4. ( 1 )  A ,B ,F  and G  are bounded linear operators, and
a l l  are injective.
(2 )  F  and G  are positive definite self-adjoint operators.

P ro o f .  It i s  c l e a r  t h a t  A  and B  are linear, and b y  L e m m a  _I
B  is  con tinuous. A lso  A  is continuous, because by Lem m a 1, 3  and
Schwarz's inequality

Ild(Ani12 = <d(Alf), d(A f)> 13.11(f)f do)

1B-A(f)1 2 da) • 1/12 dw 
}  1 /2

= IB-A(f) I. Hf .,//T411d(Ai)11. Hf

It f o l lo w s  Ild(Af)11-,/k11.f11. And F =A .B  G =B 0 A  are linear and
continuous. Let A ( f )=0 , then

0=  <du, d(A f )> =1  CI f  dco,

f o r  a n y  u E 1/0(Fx ). Since B[H o (Fx )] i s  dense in L o (F,), f = 0 .  This

shows A  is  injective. Also B  is  injective. Hence F  and G  are injective.

This completes the proof of (I). Next F  and  G  are self-adjoint, because

<du, d(Fv)> =5 ado) Hidu)

= <dv, d(Fu)> = <d(Fu), du>

and (Gf , g)= G(f )#dco= <d(A f ), d(A g)> = <d(A g), d(A f )>
A

=1 G(g)fdco =(Gg , f )=(f , G g).

If  w e  set u = v or f  = g ,  w e know  tha t F  and G  are positive definite.
(q. e.d)

For generalized norm al derivatives we state next
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Proposition 1. Fn [li o (F),)] is d e n s e  in  H 0 (F7 ), w here F" m eans
n-tim es iterates o f  F.

P ro o f . I f  y  is  in  1/ 0 (F7 ) ,  a n d  <dv , d(Fu)> = 0  fo r  a n y  u  Ho (Fx),
th e n  b y  L e m m a  3 Ofido) = <du, d(Fu)> = 0 .  Particularly we choose

L I  = V , t h e n  0 = 2 d w , hence 'is) = 0  a n d  y =0. T h is  s h o w s  that
J

F EH 0 ]  is d e n s e  in  H o (r,). Similarly F" -" [H o ( F , ) ]  is dense in
Fk [H o ( r y ) ],  a n d  P [H 0 (F7 ) ]  i s  d e n s e  in  Ho ( r i ) which com pletes the
proof.

S in ce  H0 (F7 )D No (rx ) = Az (Lo ) D A ,[L 0 (r,)] D FUldrA , w e have

Corollary 1 . 1  T h e  s e t  o f  a l l  H o (F7 )-f unctions w hich hav e 1',-
generaliz ed n o rm al deriv ativ es  is  d e n s e  in  HU(T).

4. Next we shall use the  following basic theorem fo r  Banach space
(cf. [9], p 61).

Theorem. L e t B  an d  E  be B anach spaces, T  he a bounded linear
o p e rato r f ro m  B  to  E , th e n  th e  im ag e  T (B ) is e i t h e r  o f  the  f irst
category  in  E  o r E  itse lf . M o re o v e r i f  T  is injectiv e and surjectiv e,
th e n  th e  inv erse o f  T  is w ell def ined and continuous.

This show s th a t  F[f l o (Fx ) ]  a n d  GEL0 (r 7 ) ] a re  e ith e r  o f  th e  first
category i n  HJF x ) and L 0 (F7 ) o r  identical with  H 0 ( r )  a n d  W I - 0
respectively. If B[11 0 ( F ,) ] i s  o f  th e  se c o n d  category i n  L o ( r z ), then
B[-1 0 ( r 7 ) ]  i s  Lo (F ,)  a n d  B- 1  is  c o n tin u o u s  i.e . f o r  a  suitable K > 0,

du U=  Id(B-
1 CO _51(1 oil.

H ere w e have

Lemma 5 .  T h e  f o llo w in g  (1 ) , (2), ( 3 )  are equiv alent;

(1) B[H 0(1",)] = L o (T x )

(2) A [L 0 (1 1 )]=1 -10 ( r x )

( 3 )  F[H0(17)]=110(1-7)
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P roo f. (1) (2) a n d  (3): If B[H o (Fx )] =L o (r , ) ,  t h e n  f o r  any
f  Lo (Ex)  there  exists a  u  H o(Fx)  su c h  th a t  B(u) = .11 B y  the conti-
n u ity  o f  B- 1 ,  Schw arz's inequality and Lem m a 3

If  =  B04) dco= <du, d(A f

Ildu Ic(ilf )1 K1113(u)110(A.T) •

I t  fo llo w s  th a t Ilf II .51‹ Ild(4011. F o r  a n y  v Ho(Fx) b y  Proposition 1
there exists a  sequence {LI in  Lo(Fx)  su ch  th a t {d(Af„)} converges to
dv i n  H o(Fx). T h e n  td(Af„)} is a  C a u c h y  sequence a n d  a lso  {L I
i s  a  C a u c h y  seq u en ce  in  L o (T x ), b e c a u se  If, —— Kld(A(f, —1,„))11.
S o  le t  f„ converge t o  f  e  L o ( r) ,  t h e n  A( f ) =  y. H e n c e  A[Lo(F x )] =
110(F x). Moreover since B[H0 (r0] =L o(Fx) ,  F[H 0 (1' z )] B [ H  0( F z )] —

A [L o (F = H  2 c ) .
(2) (1): If A [L o (Fx )] = H o (F x ), by above Theorem I f II -5 K  Ild(Af)11

f o r  a n y  f  e L 0(F x ) a n d  f o r  any u e H 0 (E x )  th e re  ex is ts  a  f  E L0(F7 )
such  tha t A( T) = u . Thus

ildu112  = <du, d(A f)> -= A O ,

11B(011. 1if 1B(011. Icl(An

I t  fo llo w s  th a t  Ildull<K1}B(u)11. Since 13[110(F z ) ]  is d e n s e  i n  I, o (F x )
w e  g e t  the  conclusion  b y  th e  sim ila r a rgum en t as above  ((1) (2)).

(3) (2): Since B[H 0 (F)] c L o (F x ), if 0(F ) = F[H o (T x )] =
A. B[H o (F x ) ] ,  t h e n  H 0(.1-

 y) c A [L o (F x )]. T h is  completes t h e  p ro o f  of
Lemma 5.

R e m a rk  L et u  b e  in 11 0 (11 e )  a n d  Ix  b e  the orthogonal projection
o f  u  o n to  Ho (Fx ). Suppose t h a t  u z h a s  a 1,-generalized  no rm al
derivative f ,  th en  fo r  an y  V E  H o(F x )

<dv, du > = <du, du,>  =5 O a) =1 Y i d  ,
A

f ,  b e in g  the  orthogonal pro jection  o f  f  o n to  Lo (Fx ). T h is  implies
th a t  i f  a ll functions in  11 0(F ).) have Ex -generalized norm al derivatives
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then all functions in  H D  have F r -generalized norm al derivatives, which
belong to Lo(Fr ).

Proposition 2. A n y  H D -f u n c tio n  h as  a  T i -generaliz ed  normal
deriv ativ e i f  a n d  o n ly  i f  th e re  e x is ts  a  c o n s t a n t  K > 0  such  that
Ildul!<Kiltll! f o r an y  u E H o (Fx ).

P ro o f . I f  any HD -function has a  F r -generalized norm al derivative,
f ro m  a b o v e  re m a rk  w e  h a v e  A [L 0 (Fx )]=H 0 (Fx ) a n d  by L em m a 5
B[110 (Fx )]=L o ( f x ). I t  f o l lo w s  th a t  Ildu 11 5K O H  f o r  a n y  u EH o (Fr ).
Conversely i f  th is inequality  is satisfied , w e know  that B  i s  surjective
b y  th e  sim ilar a rgum en t as p roo f o f  Lemma 5 ,  hence every function
i n  H o (Fr )  h a s  F r -generalized norm al derivative a n d  w e  g e t  th e  con-
clusion by above remark.

Remark 1. This inequality  is independent o f  th e  compactification
R * a s  fa r  a s  R *  is F r -n o rm a l. In  fa c t 116112 i s  the value a t  czo  o f  th e
least harmonic m a jo ran t o f  1412 .

Remark 2. I f  R EOh D , R *  b e  f i e -normal, then all HD-functions
have T he-generalized no rm al derivatives. Because H o ( F „)  is o f  finite

dimension and FEHo(rhe)] is dense in  Ho(F ,) ,  it follow s that FEHarhe)]
= Ho(rhe).

L e t C(zl)  b e  a  Banach space w ith supremum norm which consists
o f  all finite  continuous functions o n  d . T h e  compactification R *  is
ca lled  regular i f  a n d  o n ly  if B [H D ] n C (4 )  i s  d e n s e  in  C(4), here
f  EB[TID] n C(z l) m eans that f  i s  i n  C(A ) a n d  H f  E H D . N ote th a t if
R * is regular, Lo( r he) =Lo . In  fact since C(A ) is  dense in L 2 ,  B[HD] n
C(A) is dense in L2 . F o r  any f  E Lo ( C L2 ) there exist f u c B [HD] n C(A)
w hich converge t o  f  i n  L2 . A nd fh — lif„(no)c Lo(Th e)  converge t o  f
in  Lo . By definition o f  L o (Fh e )  Lo(F ,)= L o .

Corollary 2.1 (H . T an ak a [1 O ])  L et R  E 071D—  - oy,B

( 1 )  L e t  u  b e lo n g  to  t h e  c las s  H B (R )  b u t  n o t  t o  t h e  class
H D (R ). If  c o m p a c t i f i c a t i o n  R *  o f  R  is regular,
then  u  can  no t be  represen ted  by  harm on ic  m easure  of  R *.
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( 2 )  M art in 's  com pactif ication ni  o f  R  is  n o t  re g u lar.

P ro o f .  ( 1 )  S u p p o se  w e  c a n  r e p r e s e n t  u—u(a o ) by harm onic
m easure : u(a)—u(a o ) = f d w a . Since u—u(ao ) is b o u n d e d , f  belongs
to  L o  = Lo(r he) = BEH ar hen • On the other hand u—u(a0 ) does not belong
to  H o (The). T h is  i s  a  c o n tra d ic tio n . (2 )  In  Martin's compactification
all H B-functions a re  represented by harmonic measure.

5. W e consider here in  what case all HD-functions have Tx -gener-
a lized  norm al derivatives. A t  f ir s t  w e  sh o w  a  s im p le  exam ple. Let
R *  b e  r he or F h,„-normal and e  b e  a  boundary  poin t of KerékArtii-
Stoilow's compactification R :  o f R  and zl e =  n (u n R) (U ; neighborhood
o f  e  in  R :  and closure is taken in  R*).

E xam ple  1 . If the K erékA rt6-Sto'flow 's boundary consists o f  a n
infinite  num ber (countable) o f  components, then harmonic measures
(hence HD-functions) have not always T„,„-generalized normal derivatives
hence T he-generalized normal derivatives.

T o  show this example consider a  rectangle

D(a, b)={ (x, y ); 0<x <a, 0<y <b} ,

a n d  a  family o f  curves C= {y}  such that each y  is parallel to x-axis
a n d  connects tw o vertical s id e s . T h en  the extrem al length )(C )=a/b .
L e t h  b e  a  harmonic function in  D(a, b) such that

h = 0  o n  x = 0 ,  0 < y < b ,  h = 1  o n  x = a ,  0 < y < b .

then  V q + q ,  i s  an admissible function, for

y Jo
h, +14 ds + h  d x  1

°
= 1

and b  a = 11).(C) [12,i + q ]c lx d y  = 1 4 4 2 .
D(a,b)

N ow  let f  b e  th e  extended complex plane, and

x=a,, O y_b„}
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w here { a„}  i s  a  m o n o to n e  sequence converging to 0  a n d  { b„}  i s  a
se q u e n c e  su c h  th a t  b2 _ 1 b  >=  2 bn=  2 n + 1  = b2n+2 •

W e set R = e  u E„ a n d  R *  b e  the  closure o f  R  in Ô . L e t  W2 „_ 1 b e
the  harmonic function in  R  such that

_ 1  on E 2 _1 , 0  o n  Ei ( j*  2n — 1)

The Dirichlet norm  of W2  - 1:

d " 72n- 1 H R Hd " 72n- 1HD' b2n/(a2n- 1 — a2,,)

w h e r e  D' = {-X iy; (x —(12 ) + iy E D(a2n- 1 —  azn, 17201. W h ile  t h e  L 2 -

norm  o f  a 7 2n -  1: I I rv2„ —i I I I. N o w  w e  c h o o s e  a„, b„ su c h  th a t b2 „/

(a2„ - 1  — (for instance b2„ =1/n, a„ =1/n2 , then b 2 „/(a 2 „_ ., — a2n)
4n(2n —

--+ 00). Then by Proposition 2  harmonic measures have4n — 1
n o t a lw a y s  F„,„-generalized no rm al derivatives.
N ext w e shall show th a t  i f  R  satisfies th e  condition :
(C )  A  G reen  function g (b )  co n v erg es  to  0 as b converges to  the  ideal
boundary  o f  R , (this condition is independent o f  th e  choice of Green
function)
then any u E H o ( F )  h a s  a F x -generaliz ed norm al deriv ativ e if  and  only
i f  the dim ension of  11 0 (F5 ) is f inite.
F irs t w e  n o te  th a t  u n d e r  th e  condition (C ) B  is  a  com pact operator
(cf. [3 ]).  In  fact let u„ converge to  0 weakly in  1 0 ( r ) ,  th e n  u„ converge
t o  0  uniformly o n  a n y  com pact set K ,  and

Ilan112 )Rga0d*d(uD

1 
2 7 r icgaod*d(uD +

1
g

a 0
 d*d(u) .

R - K  

F o r  a n y  c > 0 there  ex ists a  c o m p a c t se t K  scuh that g o ( b ) < s  for

b E R — K , and u r n  iûii 2 l im  - - I k lu , 2112 . S in ce  Ildu,, a r e  uniformly
n-oco n-4co

bounded a n d  s  is  a rb itra ry , B  i s  a  co m p ac t opera to r. S ince  B  i s  a
compact operator, F=11.13, G=B oA  a r e  s o .  Now le t  {s„} be  the  eigen-
values of F ,  T h e n  b y  Hilbert-Schmidt expansion theorem there exists
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a  complete orthonorm al base lu nl  which consists of eigenvectors for
{s„} including multiplicity. Now F(u„)=s„u„, hence B.A .B(u„)=s„B(u„)
i.e. G ( û ) =s û .

{ 0 if  i # j
6 i((ci /si )dco = <du e, du s>

if =1.

Since boundary functions o f  H o (Fx )  is dense  in  L o (Fz ), {û,,/J} forms
a n  o r th o n o rm a l b a se  in  Lo (r  x).
B y t h e  fact that {s„} accumulates at most o n e  p o in t  0 ,  a n d  th e
eigenspace for each s„ is o f  finite dim ension, and by Proposition 2, we
know our asse rtio n . N o te  that t h e  above conclusion is valid under
the  cond ition  that F  is  a  c o m p a c t operator.

6 .  We know that i f  harmonic function u  satisfies du E T I,„, then

6  is constant co a .e . o n  each de ( c f .  [5 ] , [7 ] ) . While according to M.
Watanabe a n  HD-function which is constant co  a .e .  o n  each de is
not always a  harmonic measure. Here we shall give another such an
example.

Example 2. L e t  R =rt z ; 1/4< I zl < I}, K  a  generalized Cantor

s e t  o n  [ —

I 1

3 , 2 whose linear measure is positive, and E={ (r, 0); rG K,

0 <0 <n} . Set R' =R— E .  R*, R '* are Royden's compactifications of R,
R ' respectively. It is clear that d( — log lz1) E F„,„(R), *d(rcos O)E * rhse(14
Since we have the orthogonal decomposition Fh =F„„,+

0 = <d(— loglz1), *d(r cos 0)> R

= sin Odrd0< I  sin Odrd0
R '

= <d(— loglz1), *d(r cos 0 )>ie  •

While *d(r cos 0 ) e * r h s e ( R ) ,
 so above inequality implies d( — log IzI)0'  

F„„,(R'), but — log z i  is a n  HD-function i n  R ' a n d  c o n s ta n t o n  each

connected component o f  t h e  boundary.

* F  hse
,
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7. I n  t h i s  s e c t io n  le t  R *  b e  T h e -n o rm a l and A = A „ .  From
Proposition 1  w e know  N o ( r o  is  dense  in  Ho ( T „ ) .  Here we consider
th e  next problem:

W hether Ho (Tx )n  No (r ho  i s  dense  in  Ho (Tx )  o r  n o t ?  A t  first

Lemma 6. Function f EL °  i s  a  T h e -generalized norm al derivative
o f  som e y  i n  H i f  a n d  o n ly  i f  f  b e lo n g s  to  L o (T x )± ,  where
L o (Tx )±  (resp .T D  i s  th e  o rth o g o n al com plem ent o f  L o (T x ) i n  Lo
(resp. o f  T x  i n  Eh ).

P ro o f .  F o r  a n y  u  H o (Fx ) 6  b e lo n g s  to  L o (Tx ).
H e n c e  i f  f  belongs to  Lo (Fx) i ,

0 =1fdco = <du, d(Af)>.
A

It fo llo w s th a t d (A f) b e lo n g s  to  .1-±  a n d  A (f)e H o (T )t).
Conversely if  f  i s  a  Th e -generalized norm al derivative o f  y  in  Ho (T 2t),
th en  for a n y  u E x),

0= <du, dy> =1 6 jdo)
A

Since B[H o (T , ) ]  i s  d en se  in  Lo (Fx ) ,  it fo llow s that f  Lo (Fx) 1 .
(q. e. d.)

Proposition 3. The follow ing (1 ), (2 ) are  equivalent;

(1) H o ( T )  n N ar h e )  i s  dense in  H 0( T ) .

(2) B[H0 (F -
x )] n Low  ={0} .

P ro o f . (1) ( 2 ) :  Suppose there  exists a  f  ( * 0 )  i n  B[H o (r-±)]n
L o(F) a n d  l e t  u  b e  in  H0 (F1-) su ch  th a t B (u )=f, th e n  f o r  a n y  g E
L o (Fx ) ± ,

0 f gdo)= <du, d(Ag)> .
A

S ince  by  L em m a 6  A [L ar = H 0(rD n h o ,  1 4 (  0 )  belongs to
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[H0 (r )-0 n N o ( r a ±  n How-D.
(2) ( 1 ) :  S uppose  H0 (F-1-) n N o (F e) is n o t  d e n s e  i n  H 0 (T ) 1-.

T h e n  th e r e  e x is t s  a  u E [1-10 (1-±) n N o n e» ,  n u  O. S in c e
A (g)e H o (F,t) n N o (Fne)  fo r  any  g e L o (T x )±,

0 = <du, d(A g)> =1 f igdo),

a n d  w e  g e t û  E  L o ( r )  n B[1-10(T0]. (q. e. d.)

W e w rite  th e  class o f  harmonic Schottky differentials by F .

Let Fes= F, n T h e ,  rka=* F hse n T h e .

W e  k n o w  t h e  n e x t  orthogonal decompositions,

T h e  = Taea e + re ,=T„, n J ' Fes= Fn.+ F kd •

H ere w e have,

Corollary 3 . 1  (M . W atan ab e  [1 2 ])  Ho(Fh ) n No(The) is dense in
I/ohm).

P ro o f .  L e t  {u„} b e  a  sequence o f  KD-functions such that {D O
converges to  B (u ) i n  t h e  sense o f  L 2  w h e r e  u  i s  a n  HD-function.
T hen  un converges t o  u  uniformly o n  a n y  com pact subset, hence

1 *du =lim 1 du„=0
Y 0  y

fo r any dividing cycle y. This shows u  is a  KD-function and B[H o (F„.)]

n Lo(Fu).= {0}. B y  Proposition 3  w e  g e t H o (Fh.) n N o ( r h o  i s  dense in
H o (Fh„).

Corollary 3 . 2  H o (Fes) n N o ( r „0 , Ho(Fes + Foe) n No(Fhe) an d  H are s+

n N o(Fhe) are  d e n s e  in  H o (F es), H o ( r es +F ae) an d  H o (Fes+f o e )
respectively.

P ro o f .  W e can prove these by th e  similar a rgum en t as in  Corol-
lary 3.1.
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Corollary 3 .3  S uppose  T h e -n o rm al c o m p ac tif ic atio n  R *  h as  the
ideal boundary  z1=z1 1 (1.%12 , /1 1 n A2  =0  su c h  th at d  , c o n s is ts  o f  c o n -
nected components {d e }  each of  w hich has a positiv e harm onic m easure,
an d  d ,  is  o f  harm onic m easure z ero, then every  HD-function u w hich
i s  constant a)  a .e .  o n  e ac h  zl e  i s  a  harm onic m easure i f  a n d  only
if  H o (T„)n N  O(T h e )  is  dense  in  H o (F„,i).

P ro o f . It is  su ffic ien t th at w e show th is  fo r re a l u. W e  have
a  decomposition u= uv0+ uA  O. Since boundary function o f  u E HD
i s  constant co a .e .  o n  each d e , boundary function o f  HD-function
u V 0 (resp. u A 0 )  is  a lso  constant co a .e . on each d e . Now we con-
sider a  harmonic function D e  w h ich  takes a positive constant co a.e.
on only one zl e a n d  vanishes co a .e . on the other components. D e i s
obviously a  harmonic measure if  zl e is  iso la ted . In general ve can  be
approximated in  th e  sense o f  L2  by decreasing harmonic measures.
Since the number of {Ll e } each of whose element has a positive harmonic
measure is countable, by monotone convergence theorem we know that
u V 0(resp. u A 0 )  can be approximated in  the sense o f  L 2 b y  a  linear
combination of those harmonic functions {ve } and so û — u(a0 ) belongs to
L o (Th .) . M oreover by orthogonal decomposition we may assume that
d u  belongs to 1

"
 kd, From Proposition 3  w e  g e t the conclusion.

A t last w e note th at th e  s e t  o f  all K D -f unctions each o f  whose
f unc tion  has a  Th e -generaliz ed norm al deriv ativ e  is  no t alw ay s dense
i n  t h e  sp ac e  o f  all K D -f unc tions. Because in  Example 2  we know
easily — log 1z1 E Lo (Th„,), s o  b y  Proposition 3  Example 2  gives this
exam ple. In  fac t fo r arb itrary  sm all e > 0 there a r e  real numbers
{ri } such that r 1 K  ( K :  the generalized Cantor set in Example

1 12) a n d  -T  —6 = r i <r 2 <r„= +1 5 , ô > O, log ri + , — log ri < c .  L et Ei =

{ (r, 0)EE; ri<r<r1+1}
1 5 1 5 n - 1 1  E 0 =  { Z  1 Z 1 = -

1
47 } ,  f i  b e  a harmonic

m easure such that f 1 = — log r, o n  E i , = 0  o n  th e  other connected
n-1

components o f boundary. W e set f  =E  f i E H o (T h h ,).
1--

— fl 2 dco <c2 , and —log 1z1 L  (Then it is clearly I — log 1Z
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