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1. Introduction.

In  th is paper w e sha ll trea t th e  following system;

art "A(t, x)— -- = ( t ,  + c(t, x)a,at = 
. ,= • , ax •

w h e re  A(t, x), 1 3 ; (t, x ) (j =1,..., n )  a n d  C(t, x )  a r e  N  x  N  matrices
w hose  en tries a r e  a ll  a n a ly t ic  i n  a  neighborhood o f  (t, x)=(0, 0),
a n d  a = fi(t, x )  i s  t h e  unknow n o f  N -v e c to r  valued  function . W e
consider the C auchy problem for (1 .1) w ith initial d a ta  o n  th e  hyper-
plane t = 0 , and  are  concerned only with the  so lu tion  which is analytic
i n  a  neighborhood o f  (t, x)= (0 , 0 ), therefore w e u s e  th e  term "solu-
tio n "  o n ly  f o r  analytic so lu tion  in  what follows.

W e assume th a t  th e  initial plane 1 = 0  is  ch a rac te ris tic  for (1.1),
say , A (t, x ) is  s in g u la r  a t  1= 0. R oughly  speak ing , the  situa tion  will
be  d iv ided  in to  tw o  cases; one  is w here  de t A (t, x) van ishes on ly  a t
t = 0 ,  a n d  another where det A (t, x ) vanishes identically i n  a  neighbor-
hood of the origin.

A s fo r  th e  fo rm er ca se , Y . Hasegawa [4], defining the  no tion  o f
double characteristic, was mainly concerned with the existence of the
analytic  so lu tio n  fo r  s in g le  equations. A n d  M . M iyake [ 5 ]  showed
that her m ethod w as applicable to some first order systems.

O u r  in terest here  is concentra ted  to  th e  la tte r  c a se , a n d  w e  are
concerned only w ith th e  uniqueness o f  s o lu t io n . In  o u r  case  we can
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not classify, i n  general, th e  characteristic o f  th e  initial surface in the
m anner o f  [ 5 ] .  Therefore, w e introduce a  different classification of
th e  system , since  w e h a v e  n o  approach to com pletely general ones.

Definition 1 . 1 .  T h e  sy s te m  (1 .1 )  is  sa id  to  b e  o f  ty p e  (p , q ) in
a  neighborhood o f  th e  origin -V ,  if  a n d  on ly  if  th e  following condi-
tions are fulfiled;

(1 .2 )  th e  rank  o f  A (t, x ) is constantly p  in

(1 .3 )  t h e  degree of det (TA(t, x)— C(t, x ) ) ,  a s  a  p o ly n o m ia l in  T ,  is
constantly q  in

O f cource we see a n d  in  o u r  case p<N .
Section 2 is  d ev o ted  to  th e  preliminaries from ordinary differential

equations which will suggest why we give D efinition 1.1. In  th e  third
section, w e shall give a  necessary a n d  sufficient condition for the solu-
tion  o f the  system of type (p, p) with constant coefficients to be unique.
I n  t h e  fo u rth  and  fina l sec tions, w e  sh a ll t re a t  t h e  system  of type
( N - 1 ,  N - 1 )  w ith variable coefficients.

2. Preliminaries from ordinary differential equations.

In  this section we treat the following Cauchy's probelm for the sake
o f  preparation fo r  the succeeding sections;

(2.1) d-A — Bu-, u(0)= qT ,dt

w here A  a n d  B  a r e  N  x  N  c o n s ta n t m a tr ic e s  a n d  ii = i i ( t )  and
are N-vectors.

A s fo r the  un iquness o f the  so lu tion  o f (2 .1 ), we have

Theorem 2 . 1 .  A  necessary  a n d  suf f icient cond ition  f o r the  solu-
tio n  o f  (2.1) t o  b e  un ique  i s  t h a t  F(T)=-det(Til —B ) does not v anish
identically  as  a p o ly n o m ial in  T.

P ro o f . (i) Sufficiency; let F(T)0 0 ,  t h e n  a s  is w ell know n, each
component of u  m ust satisfy
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(2.2) F(dIdt)v =0, v(0)=0.

T h u s  w e  c a n  a p p ly  the Laplace transform ation t o  the solution, and
denoting its Laplace image b y  e ( t) , w e have

(2.3) (TA — B)U (r) = 0 ,

hence by th e  analyticity o f  C A T ) w e  o b ta in  U (r)0  a n d  consequently

(ii) N ecessity; if F(T) 0, by considering suitable linear com binations
o f  t h e  ro w  a n d  colum n vectors o f  (r A —  B), t h a t  is , by considering
P(TA—B)Q f o r  regular m atirces P  a n d  Q  (which a r e  independent of
T), our equation  is reduced  to

(2.4) dapldt=K-dp+La„ il q =0, M it p =0,

f o r  some non-negative integers p , q  a n d  r  w ith  p < N  a n d  p +q +r
=N , where Ilk deno tes the k-vector.

I f  t h e  colum n vectors { / i ,..., /,.} o f  L  a r e  linearly dependent,
then we m ay assume / r = 0 .  Thus we have a  nu ll solution = 0 ,  11q=0
a n d  ar =t(0,..., 0, a(t)) with oc(0)=0.

When V I , /,.} a re  linearly independent, we can see easily Ker M
{0} , a n d  th e n  f o r  a n  arb itrary  non-zero v e c to r  è  in  K er M , pu t

p = 13(t)e with /3(0) = P O ) = O . T h u s  w e  have  Lit, =(13'(t)— fl(t)K)e, and
by the assumption o n  L  there exists a  matrix L o  such  that L o L becomes
th e  r x r  u n it m atrix . H ence  w e  h a v e  a  n u ll solution il p =fi(t)e, 11q=0
a n d  fir =L o (r(t)— f3(t)K) -e.

Since F(t) 0 it follows r 0, hence the proof is completed. Q. E. D.
N ow  le t  u s  introduce th e  general solution of the equation Adfildt

=Bii.

Definition 2 . 1 .  L e t  t h e  deg ree  of F(T)=det (TA — B ) b e  m . A n
N -vector va lued  function  ii(t) satisfying t h e  equation A daldt=13a is
s a id  to  b e  a  general so lu tion  if and  only  i f  W O contains m arbitrary
parameters, namely ii(t)= fi(t; c1 ,. c
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Theorem 2 .2 . L e t F (T )# 0 , then  th e  general solution W O is given
by

1(2.5) i l( t)  —  2 7 r i
r

(TA— B) -  e n e c iT  ,

w here F  i s  a  Jo rd a n  curv e enclosing th e  a ll  ro o ts  o f  F (T ) = 0  and
is  a n  arbitrary  v ector in  CN .

Before proving above theorem, we prepare

Proposition 2 .1 .  L e t u s  def ine a  m atrix  P  by

(2.6) Pc —  271 (TA— B ) -  1  edT ,
ti

w here F  i s  a  Jo rd a n  curv e enclosing th e  a ll  ro o ts  o f  F (T )= 0  and
e i s  in  CN , then  th e  ran k  o f  P  equals  to  the  degree o f  F(T).

F o r  th e  proof o f  th is  proposition, we prepare some lemmas.

Lemma 2.1. L e t  T T k  be  arb itrary  com plex  num bers, then

(T - =  ,
J r  j

f o r  a n y  k-tu p ie s  o f  non-negativ e integers oc =(OE,,..., ak) w ith  lal 2 ,
w here r  is  a  Jordan curv e enclosing T Tk•

P ro o f . A s is well-known, we can write

k
f l  —  t i ) - "  =  E  E  A ( t  -

j= 1 PJ= 1

a n d  s in c e  'a l 2 , w e  have

k .E  = 0 .

T h u s  b y  th e  w ell-know n C auchy's theorem , w e can prove our asser-
tion. Q. E. D.

A s a n  immediate consequence o f  Lemma 2.1, we obtain



Cauchy  problem  f or f irst order systmes 323

Lemma 2.2. U nder the  sam e conditions of  Lemma. 2.1,

t a f l ( t  — r i ) - aidr = 0 ,
Jr j

f o r any  non-negativ e integer a  w ith o-—  2 .

T h e  p ro o f is  c a rr ied  o u t  by Lemma 2.2 a n d  th e  in d u c tio n  in  cr.
N ow  le t  rank A = p .  W hen p =0 o r  p = N ,  th e  m atrix  P  i n  (2.6)

is clearly  ze ro  m atrix  o r  EN , th e  u n it  m atrix  o f  degree N ,  therefore
w e assume 0 < p < N .  M oreover, we may assume

A =
B ,  K

a n d  B =
B , ) '

where E p  deno tes th e  p x p  un it matrix.

Lemma 2.3. I f  th e  (N  —  p)x  (N  p) prin icpal m inor B ,  is regular,
then  the assertion of  Proposition 2.1 is  valid.

P ro o f . Since det B , 0 , t h e  degree of F ( t )  i s  p  a n d  moreover
w e  m ay  assume 131 =E N _ ,  K =O a n d  L = O . T hus w e can  easily  see
P=E p  by L em m a 2.2. Q. E. D.

Lemma 2.4. L e t  p =N  — 1  an d  B , = 0 , th e n  th e  assertion o f  Pro-
position 2.1 is  valid.

P ro o f . L e t  L =(l /N _ 1 ). Since F ( t ) O, w e  m a y  assume
1N- 1. 0 0  w ith o u t lo ss  o f  generality . Then consider t h e  matrix inter-
changed th e  (N  — 1)-th a n d  th e  N-th vectors in  TA — B;

    

—

  

1
N -1

     

T hus, a fte r a  suitable linear com bination o f  row  vectors a n d  column
vectors, we may assum e the N-th row  vec to r is  o f  th e  form ; (0,..., 0,

_ i ). Proceeding this procedure in  t h e  (N —1) principal m ino r, we
m ay assume th a t (rA — B) is  as follows;
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— *

— *

0

b 1 Th (t)

fik(T)
bk + z .

for some integer k 1), where 1) (j =1, k+ 1) are
non-zero constants and f3(r)= t+ c 1 .T h e n , as is easily seen from
Lemma 2.2 , P  is given by

I E N - k - 1

\o o ,

a n d  since th e  degree o f  (TA — B) is  (N — k —1), our lemma is proven.
Q. E. D.

Lemma 2 .5 .  L e t p. N -2  a n d  13, =0, then  the assertion of  prop-
osition 2 .1  is valid.

P ro o f . W e prove th is by th e  in d u c tio n  in  N .  O f c o u rse , we

may assume N 2 ,  a n d  when N = 2 , by Lemma 2 .4  it  is  correct.
N ow , let B , be q x q zero matrix, then we may assume that TA — B

is a s  follows;

a n d  i f  B ' is regular, then by Lemma 2 .3  we accomplish th e  proof.

When B ' is singular, we may assume that B ' is given by



Cauchy  problem  f o r f irst order sy stem s 325

(  0 0  \

O  E„,

with some in , and thus, since it suffices to consider the  first (N — m — q)-
principal m inor, b y  the  assumption of induction we complete the  proof.

Q. E. D.

Lemma 2.6. L e t  p . . N - 2  a n d  det B, = 0 ,  th e n  the  assertion  o f
Proposition 2 .1  is v alid.

T h e  proof o f  th is  lem m a is  reduced  to  tha t o f  Lemma 2.5.
C om bining from  Lem m a 2.3 to Lem m a 2.6, w e can obtain Prop-

osition 2.1.
F o r  th e  p ro o f o f  Theorem 2.2, we prepare some lemmas further.

Lemma 2 .7 .  (R esolv ent equation) L et r  and  a be arbitrary complex
num bers w hich d o  not m ak e F ( r )  v anish, then it follow s
(2.7) (TA — B) - 1 B ) -  1 =(a —T)(TA— B) -

Lemma 2 .8 .  L e t  ri  b e  th e  ro o t o f  F (T )=0  an d  T i  b e  a Jordan
curv e encolsing only an d  then def ine P i  b y

(2.8) Pie =_

  

(rA—B) - Jech ,27ri r i

then it follow s

(2.9) P= E p p

(2.10) PiA Pk = jk l3 i,

w here Si k  s tan d s  f o r th e  Kronecker's delta.
Thus, i f  w e  se t Q = A P  a n d  Qi =AP i ,  w e have

(2.11) Im Q = E (4) Im Qj ( d i r e c t  s u m ) .
1

Proposition 2.2. W e have rank Q= rank P.

P ro o f . A t first w e show th a t A  is  one  t o  one on Im  P. L e t Ae,



326 A k ira Nakaoka

=0 f o r  some in  Im  P ,  say th e n  P A P =P  follows from
Lemma 2.8, so we have 0 —P)=1$ =PAPtri =Pt -1;

N ow  let rank P = p  and {6 1 ,..., (-bp }  be  a base of Im  P  a n d  E c i A6 i

= 0 ,  then  w e  havec A = 0  since A  i s  o n e  t o  o n e , a n d  h a v e  ci  =
fo r  each j ,  a n d  this proves rank Q = rank P. Q, E. D.

N ow , le t u s  consider

(2.12) sow —  2
1
7 ri  i , r en(TA— '

and

(2.13) sjoe —  e"(T A — ,
Z 7 I 1  r i

where F  and  F i  a r e  J o rd a n  curves enclosing th e  a ll ro o ts  o f  F(r) = 0
a n d  o n ly  th e  ro o t  r i  respec tive ly . L e t  th e  multiplicity o f  r i  b e  a i ,
a n d  th e  cofactor o f  TA —B b e  A ( t ) ,  a n d  expanding e n  in to  Taylor
series about T = T i ,  w e have by Lemma 2.2,

(2.14) S i(t)e = 2rci

where 0(T) is given by

. „ 1
E T j yt./K —t 1 )  , 0(r)ch.,

r j  K=0

(2.15) 0(T)= n T k )  œ k .0 T )  .
lc *  j

Proof  o f  Theorem 2.2 (I) (w hen each T  i s  simple root).
I t  su ff ic e s  to  show  th a t  th e  r a n k  o f  S ( t )  e q u a ls  to  th e  degree

o f  F(T ) f o r  a n y  t, equivalently to th e  ra n k  o f  P  b y  Proposition 2.1.
O bviously, S(t) = Es i (t) -- E eti , PJ , a n d  s in c e  PAPi =P i  b y  L e m m a

2 .8 , w e  se e  Im  S (t)c  Im P ,  a n d  consequently rank S(t) rank P. On
t h e  o th e r  h a n d , A S(t)=Eerii Q i , thus rank A S(t)= E rank Q J = rank Q
= rank P  by  (2 .11 ) and P roposition  2 .2 , hence rank S(t) rank A S(t)=
rank P. Q. E. D.

I n  order to  prove our theorem  w hen F (T ) =0  has multiple roots,
w e in troduce som e no ta tions. W e define following matrices;
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1(2.16) P j ,k  — (s — T  ) k (T A —  B ) —
i d t  ,

and

(2.17) Q j,k  =  A P j,k ,

where k  denotes a  non-negative integer.
T he  following lemma is easy.

Lemma 2.9. T he follow ing equations hold.

(2.18) P  j,k A P m ,n = 6  jm P  j,k+ n ,

(2.19) Q j,k Q m ,n  = 6  jmQ  j,k+n ,

(2.20) =

Œj - 1
N ow  denoting R i (t) tP0i, ,  ,  w e have

P= 0

(2.21) A S(t) = etifR i (t)Q i .

Lemma 2 .1 0 .  F o r an y  t , R i ( t )  i s  o n e  to  o n e  o n  Im Q i ,  and con-
sequently  rank AS(t) = rank Qi .

P ro o f . L e t R i (t)Q i  =  0  f o r  so m e  e  i n  C " .  M ultiplying Qa,i,y'

to  b o th  s id e s  a n d  n o tin g  Q ,  = 0  ( k o t .i), w e  o b ta in  Q jli,T 1 Q/e = 0,
a n d  proceeding this procedure w e have  Qs), =  0  for k 1. T h i s
shows Qi e = O . T he  la tte r pa rt is obvious. Q. E. D.

Proo f  o f  T heorem  2.2 (II) (w h e n  F (T )= 0  h a s  m u ltip le  roots).
U sing  L em m a 2 .9  a n d  Lem m a 2.10 a n d  observing A S(t)=EA S i (t),

we can complete th e  proof a s  well a s  the  case  when F(T)= 0 has only
simple roots. Q .  E .  D .

Suming u p  th e  results obtained above, we have

Theorem 2.3. T h e  C auchy  problem  (2 .1 ) h a s  a unique solution
i i ( t ) ,  if  and  only  if  det (TA — B)# 0  as  a  poly nom ial in  r  an d  0.  belongs
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t o  th e  ran g e  o f  P .  M oreov er, then a ( t )  is  g iv e n  b y  S(t)A $ a n d  it
is contained in  th e  ran g e  o f  P f o r an y  t.

3. The case of constant coefficients.

I n  th is  section we consider th e  equation;

t" art(3.1) A ar  — E B. ax ; +Ca,

where A, B 's  a n d  C  a re  N x N  constant matrices and  u  = -d(t, x) is  an
N-vector valued function which may be allowed to take complex values.
W e consider th e  C a u c h y  problem  f o r  (3 .1 ) i n  a  neighborhood of
(t, x)=(0, 0 ) w ith  th e  in it ia l d a ta  o n  th e  hyperplane t = O .  Our m ain
in te re s t h e re  is  o f  t h e  uniqueness o f  th e  so lu tio n  w hich is analytic
in  a  neighborhood of (t, x)=(0, 0). We shall be concerned only with the
analytic solution, the te rm  "solution" means always the solution which
is analytic in  a  neighborhood of (t, x)=(0, 0 ) hereafter.

According to Theorem 2.1, we obtain immediately

Theorem 3 . 1 .  It is necessary  that F(r)=det (rA — B) does not vanish
identically  a s  a  poly nom ial in T  f o r th e  so lu tio n  o f  th e  C au c h y
problem  f o r (3.1) to  b e  unique.

H ow ever, w e can see easily that  F (r ) 0  d o e s  n o t g iv e  th e  suf-
ficient c o n d itio n  fo r  th e  uniquness. F o r  example, l e t  n = 1 , a n d  A,
B=13 1 a n d  C  b e  a s  follows;

A =
(1 l \

B = C=
( 0  1  ) ' 0 1 /

then  w e  can  see  easily  tha t the C auchy problem fo r  (3.1) h a s  a  null
solution.

F o r  g e n e ra l e q u a tio n s , it  se e m s d iff ic u lt to  s ta te  the condition
under w hich th e  so lu tion  is unique, so  w e  restric t oursleves to rather
special equation, that is , o f  type  (p, p).

The following lemma is easy.
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Lemma 3.1. L e t th e  equation (3 .1 ) is  o f  type (p , p ), then (3.1)

is reduced to

( 0 )a i i .  ( P O )  K (D )) ( S  0  \

o
(3.2) ri+ato L (D )  Q (D ) EA-p

where D stands for (alex„ . ,a/ax„).
W e state  the principal result in  th is  section.

Theorem 3.2. A  necessary and sufficient cond ition  in  order that
th e  so lu tion  o f th e  C a u ch y  problem f o r  (3 .2 ) is  u n iq u e  is tha t

th e  m atrix Q () is nilpotent f o r  any unit vector (;=- ( 1,••
T h e  p ro o f o f  su ffic iency  is  very  easy , so  w e m ay  o m it  i t .  F o r

th e  proof o f  necessity, we make some preparative considerations. Our
a im  is  to  show that there exists a  null solution of (3.2) i f  Q( )  is not
nilpotent f o r  som e u n it  vector I n  th is  case w e  m ay  assume, after
a  suitable exchange o f  independent v a r ia b le  if  necessa ry , tha t the
coefficient m atrix  o f  a/Ox, i n  Q (D ) is  no t n ilpo ten t, a n d  w e w rite  it
Q  a lso . W e  se e k  a  n u ll solution w hich depends only o n  t a n d  x 1 ,
a n d  w e  rem ove  th e  suffix 1 o f  x 1 . F o r  P (D ), K (D ) a n d  L(D ), we
d e n o te  b y  P , K  a n d  L  the coefficients of 0/ax1 respectively. H ence
w e seek a  nu ll solution of

/ E  O \ ( P  K \  8 a  ( s  o
a x +

 0  E N -p /

L e t  E 6„(x)t" b e  th e  form al so lu tion  of (3.3) w ith  fi0 (x )= 0 , then
w e have

(3.4) (n+l)v(x)=Pv_1(x)+ Kw„_ 1(x )+  Sv,_ 1 (x)

and

(3.5) 0 =Lvax)+Qw;,(x)— wax),

(3.3) at\O 0 / r
a.

f o r  n=1, 2,..., w here fi„(x)='(v„(x), w„(x)) a n d  '  m eans th e  differentia-
tio n  b y  x.
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F irs t, le t  u s  a ssu m e  th a t  Q  is r e g u la r ,  a n d  deno ting  its  inverse
m atrix  by  Q  a lso  and rew riting Q - iL  and — L  a lso , w e  ob ta in  from
(3.5)

(3.6) w (x) =Qw(x)+ L v (x ).

Here we introduce the notations Ic a n d  A I  t o  d e n o t e  th e  length
o f  a  vector c  and the operator norm  o f  a  matrix A  respectively.

Since vo(x) = v i (x) =0 a n d  w,(x) =0, w e have b y  (3.6)

(3.7) w,(x)=exQc

fo r  so m e  c o n s ta n t (N — p)-vector c, a n d  w e  assum e Ic i  I. L e t  u s
define w (x ) fo r  n  2 by

(3.8) lv„(x) = e( x- Y)QL v'n(y)dy,

then  w e have two sequences {v„(x)} a n d  {w„(x)} by using (3.4), satisfy-
ing  (3.4) and  (3.6).

N ow . ta k e  g> 0 s o  t h a t  ell Q11_ I ,  t h e n  t h e r e  e x is t  a(n, k) and
b(n, k) which may depend o n  e with satisfying

(3.9) I v , / ( x )  I 5-a(n, k)11■211n + k - 1

and

(3.10) I w
(k )

(x) I 5b(n, k)11Q11" 4 - k - 1

where n a n d  k run over a ll natural num bers a n d  1.xl s, a n d  we can
ta k e  a(1, k) =0, b(1, k)= sup  IlexQ11 a n d  a(2, k)=111C1112 fo r  a ll k. It

IxI
sh o u ld  b e  n o te d  th a t  (3.9) a n d  (3.10) a r e  le a d  b y  induction , if  we
notice  (3.4) a n d  (3.6). S ince  w e  m ay  assume 
w e m ay assume S = 0  b y  (3.9). Thus, we obtain

(3.11) (n + 1)a(n + 1, k) 1113 11a(n, k+ 1) + 1110 b(n, k + 1)

and

(3.12) b(n, b(n, k-1)+111,11a(n, k+1) ,

is  la rg e r  th a n  1,
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w i t h  b(n, 0).11/111LIIn(n, 1), w h e re  M  = M (c)=  sup  Ile(x- Y)(2 1(. Hence
13, 16.1x1
IxI

w e have

(3.13) (n + 1)a(n + 1, 10 :5- k)+ mMa(n, I) +m ki t a(n, s)s.„ 1

with
N o w  let y  =2 max. {IPI, m M, a n d  s e t  A(n, k)=n! a(n, k),

then  w e have

Lemma 3.2. It follows

(3.14) A(n, cr"- 2 11K n!,

T hus w e

(3.14) b y  in d u c t io n  i n  n .  F o r  n=2,
is  v a lid  f o r  a l l  k>_0, and  assum e  (3.14)
F ro m  (3.13) it  fo llo w s  A(n+ 1, 05111(11

us), a n d  h e n c e  A(n + 1, k) 5 an -  II K 11(n +
k + 1

o b ta in  (3.14) f o r  n + 1, s in c e  E ns
5 . 1

Q.E.D.

f o r n. 2  an d  lc ().

P ro o f .  W e sh a ll p ro v e
it  is  e a s ily  se e n  th a t (3.14)
f o r  so m e  n  a n d  a l l  k>0.

k+ 1
a n -  2 n ! ( ip lI n k+ 1 + m E

5= 1
k+ 1

I)! E ns(n+1) - i .s=1
(n+l)k+ 1 ,  a n d  this completes th e  proof.

By virtue o f  Lemma 3.2, w e have

(3.15) v„(x)I 5 an -
 2 IIK11114211 1

and

(3.16) I w„(x)I n 2 m 111(11111, 111211 " - 1,

fo r  n_2, i f  w e  notice (3.9) a n d  (3.10), a n d  this leads the convergency
o f  ou r fo rm al solution when all QM itl <1. T h u s w e  can  o b ta in  a  null
solution w hich is analytic  i n  a  neighborhood o f  (t, x)=(0, 0).

Now consider the  case  when Q  i s  s in g u la r . In  th is  case we may
assume Q  is given by

QT1' *\
\  0  R
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where Q0  i s  a  regular m atrix o f degree (N — p — r) and  R  a  nilpotent
o f degree r ,  an d  r  i s  a positive in teger less than  N—  p. Then, for
fo rm al solution Efin(x )r ,  with u (x ) = t(vn(x), w„(x)) = t(vn(x), ),„(x), p„(x)),
w e obtain for 0,

(3.17) (n + 1)v8 , 1(x) =Pv;,(x)+ Kw;,(x)+Sv n(x)

r+1
(3.18) )400 =  Q 0 /

1
( X )  E J s v(„s)(x)

s=

and

(3.19) itn(x)= L s Ons) (x),
s=1

with some suitable matrices J, (1 r+ 1) and L, r).

Set

(3.20) ).,(x)= exQoc

for some (N— p— r)-vector c  with I cl =1, and for 2

(3.21) /1„(x) = exQT e .1- YQ.( ,14, )(y))d y ,
s=1

then we obtain three sequences {v„(x)}, {,1(x)} an d  {Pn(x)}
(3.17), (3.18) and (3.19).

Similarly to the previous case, for a s m a ll > 0  s u c h  as
w e have a(n, k), b(n, k) and c(n, k) such that

10(x)1 <a(n, II n  IY,011,(n-2 
) ( r+  1 )+k+ 1

1.1;,"(x)I b(n, 101112o ( " - 1 ) ( r + 1 ) + '

Ii4k)(x)1_e(n, oili2011,(n-1)(r+1)-1-k

(3.22)

(3.23)

and

(3.24)

satisfying

EllQ011 1,

where n > 2  and k  0, and Ix
= 0  an d  b(1, k )=  sup Ilexf2 0

1x1s.
proof o f Lemma 3.2, we can

„.< .e . Moreover, we may set a(1, k)=c(1, k)
And repeating the arguments as in the

obtain
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(3.25) a(n, a sup Ilex Q °11
C O n - 2 n 1 c + r

lIQ
° 

11
( n - 2 )

(

r+ I  
)+k+1

ixi 

w here a  i s  a  p o s itiv e  c o n s ta n t a n d  c o  is  a  p o s it iv e  number which
depends o n  E  a n d  r ,  a n d  (3.25) yie lds t h e  convergency o f  formal

s o lu t io n  if  collQ0 11r+ I tl < 1 .  S u m m in g  u p  t h e  a b o v e  argum ents, we
can complete th e  proof o f  Theorem 3.2.

4 . The case of variable coefficients I  (necessary condition)

L e t  u s  consider the  case  of variab le  coeffic ien ts. H ere , we treat
on ly  th e  equation o f  ty p e  (N - 1, N - 1 ), so  a fte r som e transfo rm  of
dependent v a r ia b le s , if  necessa ry , w e  m ay  sta rt w ith  the  fo llow ing
equation;

( E N _ i n
(4.1)

0 0

x )  K i (t, x)\ aa  ( x )  P(t, x)

Li (t, x) x)/ - x j 0 — 1

w here  Bi (t, x ) (j =1, n )  a n d  C(t, x )  are ( N —  1) x (N —  1 ) matrices
w h o se  e n tr ie s  a r e  all a n a ly t ic  f u n c t io n s  in a  ne ighborhood  of
(t, x) — (0, 0), a n d  s o  a r e  a ll o th e r  coefficients also.

T h e  principal a im  o f  th is present section is  to  e s ta b lish  th e  fol-
lowing theorem.

Theorem 4.1. It is necessary

(4.2) tpi(o, 0)=o (j =1,..., n)

in  o rd e r th at the solution of  the C auchy  problem  f o r (4.1) is  unique.
To prove Theorem  4.1, w e  m u s t  s h o w  if  IMO, 0 )00  f o r  some

j ,  then there exists a  nu ll solution of (4.1).
Set i i  = °(v, w ), w here  I, deno tes t h e  (N —1)-vector g iv e n  b y  the

first (N -1 )  compoents of il, th e n  (4.1) is w ritten a s  follows;

(4.3) av/Ot= t  B i (t, x)av/ax i + K i (t, x)aw/ex ;
J= 1 j = 1

+C(t, x)v+P(t, x)w,

and
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(4.4) 0= L •(t, x)ev lax • + titi(t, x)Ow I ()x i — w.

N ow  le t 0 1(0 , 0 )0 0  w ithout loss o f  generality, then after deviding the
b o th  s id e s  b y  0 1 (t, x )  a n d  d e n o t in g  x , a n d  (x 2 ,..., x n) b y  y  a n d
x '  respectively, it suffices to consider

(4.5) Owlay = Of(t, y, x')awlex i +ot(t, y, x')w
j= 2

n N-1
+ I  al)(t, y, x')Ovk /axi ,

j= 1 k= I

in  p la c e  o f  ( 4 .4 ) ,  w h e re  a(t, y ,  x ')  a n d  a (t , y, x') j _ n ,
N - 1 )  a re  all analytic i n  a  neighborhood of the origin.

W e have t o  show there exists a  non-trivial solution t(v, w) satisfy-
ing (4.3) and (4.5) such that v(0, y , x ')= 0  a n d  w (0 , y , x ')= 0 . In  doing
so , o u r  m ain  to o l w ill b e  th e  m ethod o f the  m ajo ran t series.

L e t u s  consider th e  form al solution of (4 .3) and (4 .5) and denote
it by

(4.6) v(t, y, x')—Ev p q r tPyqx'r

and

(4.7) w(t, y, x')—Ew p g r tPyqx'r,

w here r  is  g iv e n  b y  multi-index (r 2 ,..., r„). B y  the initial condition
w e  have t o  set v o g ,.= 0  a n d  w o ,,,. = 0 ,  a n d  a f te r  e x p a n d in g  a ll the
coefficients i n t o  p o w e r  se rie s  a n d  u s in g  (4 .3 )  a n d  ( 4 .5 ) ,  w e  c a n
determine V im ,. a n d  W p „  successively i f  w e g ive  w o r  f o r  p 0 0  a n d
f o r  a l l  r. T hen  take  w 1 0 0  = 1  and  w p w . = 0  w hen  (p , 00 (1 , 0).

Consider now th e  equations which all the coefficients are replaced
by  the ir majorant series, w e call it the m ajorant equation, in (4.3) and
(4 .5 ), and  denoting th e  form al so lu tion  o f the  m ajo ran t equation by

(4.8) V(t, y, x')—E'VpqrtPyqx'"

and
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(4.9)

we can see easily

(4.10)

and

(4.11)

W(t , y , x ')- , EJ,Vp „tilyqx'",

(j= 1 ,..., N -1 )

111' p q rl Wp q r

w here  v i ,„  a n d  Vip q r  d e n o t e  th e  j - t h  com ponent o f  vp q ,. a n d  V p q r

respectively, if we choose Vio ,  (j =1,..., N -1), Wo g , and Wp o ,((p , r)0(1, 0))
non-negative a n d  W1 0 0  1 .

N o w  p u t  z = ay + x' + pt =ay + x 2 + ••• +x„+ pt, w h e re  a  a n d  p
are positive constants w hich should be determ ined la te r , th e n  fo r  all
the coefficients of (4 .3 ) a n d  (4 .5 ), ta k e  a  com m on m ajorant series of
th e  form ; M{1 — z/y} -  ' , w here M  and  y  a re  positive  constan ts  which
can  be  de te rm ined  on ly  from  the coefficients. T hus w e consider the
majorant equation o f  (4 .3) a n d  (4.5) o f  th e  following form;

(4.12)
N - 1  navivat =mo — z ly r  I L  E avm/axi - F
m=1 j=1 .1=1

N-1

+ y in + (k=1,..., N -1 )
m=1

and

N -1
(4.13) aW lay =M(1—z/))r 1 { E  E  avmox.,+ awiaxi +wl .

m=1 j=1 j= 2

W e seek  th e  so lu tio n  o f  (4 .12) a n d  (4 .13) w hich depend only  o n  z,
and  moreover we assume a ll the  components o f  V are sam e, which we
d e n o te  b y  V  a lso . T h u s d en o tin g  th e  differentiation with respect to
z  b y  ', w e obtain  from  (4.12) a n d  (4.13)

(4.14) pV'(z)=yM(y —z) - '{(N —1)(a + n — 1)V'(z)+ (a+ n —1)W'(z)

+ y(N -1 )V (z)+  y W(z)} ,

and
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(4.15) a W'(z) =TM(y — z)-  I {(N —1)(cr + n —1)V'(z)+(n — 1)W ' (z)

+yW (z)} .

I t  s h o u ld  b e  n o te d  th a t  th e  system (4 .14) an d  (4 .15) h a s  a  unique
analytic so lution  in  a neighbornood o f z = 0 for any  in itia l data, and

h e n c e  w e  e x p a n d  it  in to  power series as follows; V (z )= Vv z v  and
v=o

W (z)= 147,zy. A n d  th e n , in tro d u c in g  n e w  p a ra m e te rs  y M  p and
v =o

yMo- in s te a d  o f p  a n d  a , a n d  denoting  them  by  p  an d  a  also, we
obtain from  (4.14) and (4.15) the following equation

(4.16) ypvV,—(N —1)(a + n— 1)vV,— (a + n — 1)vW, = p(v — 1) K-1

+y(N —1)Vv _ i +yWv _ 1 ,

and

(4.17) yavW, — (n —1)vI/K—(N —1)(a + n —1)vVv =yW v

Thus i f  w e take  p  an d  a  sufficiently large so that

(4.18) {yp—(N —1)(ycr — n +1)}(ya — n + 1) — (N —1)(o- + n —1) 2 >0,

w e  c a n  se e  e a s ily  V , 0  an d  P K  0  fo r v  1 ,  i f  w e choose  V , and
Wo  non-negative. M oreover, since W , is given by

(4.19) W1 =y[fyp —(N —1)(ya — n+1)}(ya — n + 1) — (N —1)(a + n-1)1 - 1

x {(N— 1) 2 (a+ n— 1)1/0 +(N o- + (N —2)(n — 1 )) Wo}

w e  c a n  ta k e  110 a n d  Wo  w h ic h  m a y  b e  d e p e n d e n t o f  p  an d  a ,  of
course, w ith  k e p t th e  non-negativity o f  1/0 a n d  Wo ,  s o  t h a t  14/1 1 .

T h is yields th e  convergency o f  th e  fo rm al solutions g iv e n  b y  (4.6)

and  (4 .7 ) and they  g ive  a  n u ll solution of (4.1). This completes the
proof of Theorem 4.1.

A s an  immediate consequence, we have

Corollary 4 . 1 .  L e t  u s  consider the f o llow ing  equation  of type

(N — p, N — p);
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( EN _p  0 \ / 1 3 ; 0 ,  x )  K J ° ,  x)\ art ( 0 ,  x )  P ( t ,  x))
(4.20)

0 o  at J=1 \L J (t, x )  Af; (t, ')/  a x i o —Ep

A  necessary  condition in  o rd e r th at the solution of  the  C auchy  prob-

lem  f o r (4.20) i s  un ique  is  th a t  th e  m atrix  ± J (0, 0 )  is singular
.1=

f o r an y  u n it  vector

5 .  The case of variable coefficients II (sufficient condition)

I n  th is  section w e  g iv e  a  sufficient condition u n d e r w h ich  the
solution of the C auchy problem for (4.1) is  unique.

O u r resu lt can  be  sta ted  as

Theorem 5.1. Let ).„ be eigenvalues o f  th e  matirx (00.1(0, 0)/
ex,) (j, k=1 ,..., n ). 1f, f o r  a n y  multi-index cc —(a i ,..., an ) with com-
ponents of non-genative integer, it holds

(5.1) rb y ls i  01,
.1=1

then  the  so lu tion  o f  the  C auchy  problem  f o r (4.1) i s  unique.
To prove Theorem 5.1, we prepare two lemmas.

Lem m a 5.1. C onsider a  f irs t o rd er d if f e ren tial o p erato r r;

(5.2) r  = Ê yi(x)010xi ,

w here  yi(x)=M x,,..., x„) (j =1,..., n ) a r e  a ll  an aly t ic  f u n c t io n s  in
a  neighborhood o f  t h e  o rig in  (w h ic h  m ay  b e  v alu e d  i n  complex
num ber) w ith satisf y ing yi(0)=0 f o r  a l l  j  and 3yi(0)/ax k  = 0  f o r k>j.
I f ,  f o r an y  multi-index  an) w ith com ponents o f  non-negative
integer, it holds

(5.3)
J= 1  

j 3y 1 (0)1aX 1 0 1,

then the  equation

(5.4) f  (x )=  f (x )
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h as  no solution w hich  is analy tic  i n  a  neighborhood o f  origin except
f O.

P ro o f . Let f ( x )  b e  a  so lu tio n  o f  (5 .4 ) . W e expand it in to  power
series a n d  sh o w  D " f(0 )  = 0  fo r  a n y  multi-index Œ .  W e  s h a l l  carry
o u t  t h e  p r o o f  b y  th e  in d u c t io n  in  I al . C le a r ly  f ( 0 )  = 0 , a n d  now
consider th e  ca se  o f  IŒj =1. D ifferentiating both sides o f (5 .4 ) in  each
xi  a n d  observing th e  equation w hich the  n -vec to r, ordered th e  first
order derivatives o f  f ( x )  at x =0 lexicographically, satisfies, w e can
see easily Daf(0) =0 God =1 from (5.3).

N o w  let Da f (0) = 0  w hen m , then  apply ing  DOE = •• • • TY;,-
(lal =rn + 1 )  to  b o th  s id e s  o f  (5 .4 )  a n d  using the form ula of Leibniz,
w e have

(5.5) Dlf(0) = E  ak Dyi(0)/ ex k D li • •D,2,k - l• • •M i -D i f (0) .
j = 1  k S j

Hence i f  w e  o rde r a ll the (m+ 1)-th derivatives o f f ( x )  at origin lexi-
cographically, w e can see that any D 2 f (0 )  is  g iv e n  a s  a  linear com-
bination o f  those term s w hich should be ordered after it. Thus (5.3)
im plies D 2 f ( 0 )  = 0  w h e n  la l  m  + 1 , a n d  th is  com p le tes  t h e  proof.

Q. E. D.

Lemma 5 .2 .  Let r=  i7 j ( x ) O le x j , w h e re  y l( x )  ( j  =1 , . . . ,  n )  are.v=1
an aly tic  i n  a  neighborhood o f  th e  o rig in .  T here  ex ists  a constant
unitary  m atrix  U  such that if  w e introduce the new  coordinate variable
y  b y  y =U - 1 x , then it f ollow s

(5.6) OP(0)layk=0 (k >j),

w here  f = My)alay k  i s  the  ex pression  o f  T  w ith  respec t t o  the
.1=1

new  v ariable y .

P ro o f . A s is w ell know n, w e can find a  unitary m atrix U  which
m akes U- 1 (01,-/(0)/ax k ) U  triangular ty p e , a n d  th is  U  is our demanded
one. Q. E. D.
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N o w  w e  a re  in  a  p o s it io n  to  p rove  T heorem  5 .1 . Set u =t(v, w)

a n d  F= ±111-1(t, x)010x 1 ,  a n d  expand (4.1) into power series i n  t, then
j= 1

w e obtain fo r  n =0 , 1, 2,...,

(5.7)( n + 1 ) v 5 + 1 =
k 0 k 0

Bn _k(x, 010x)v k + Kn-k(x, elax)wk
= =

k
0 C 5 _ k (X ) l lk +  En  P n _k(X )W k,

= k=0

and

(5.8) 0 =  ±
k 0

Ln_k(x
k 0

, 0/0x)v k + rn-k(x, a/ax)wk —  wn,
= =  

comparing th e  c o e ff ic ie n ts  o f  t"  fo r  e a c h  n ,  w here B k(x, 0/0x ) and

th e  re s t  d e n o te  the coeffic ients of the  expansion of  Ê  B i (t, x)alax i

a n d  th e  rest respectively.
A t first, w e have

(5.9) w, =F 0 (x, 010x)w 1 ,

since v 0 = 0 , w 0 = 0 ,  a n d  hence y 1 = 0  b y  (5 .7 ) . O b se rv in g  L em m a
5 .2 , a n d  notic ing  (5 .1), w e can  apply  L em m a 5 .1  to  F o (x, 0/0x) and
obta in  w , =0 . R epeating  th is procedure , w e can  obta in  6,7 = 0  succes-
sively. This completes th e  proof.
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