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O. Introduction

I n  [ 2 ] ,  L . d e  B ranges g a v e  a  rem arkable theorem  o n  t h e  order
relation between Hilbert spaces o f entire functions contained isometrical-
ly  in  some space L 2 ( a ) .  However, he p u t  a n  assumption which, from
the  po in t o f view of applications, is  a n  undesirable restriction. In  fact,
i n  o rd e r  to  p ro v e  t h e  uniqueness o f  t h e  correspondence between a
generalized second order differential operator a n d  i t s  spectral function
(cf. [1 ] ) , it is  necessary  to  p rove  th e  ordering theorem fo r  th e  spaces
consisting o f  entire functions of minimal exponential ty p e . T h e  purpose
o f th is note is to  g ive  a  complete proof of this ordering theorem which
we have used in  [1].

1. Statement and proof o f th e  theorem

Follow ing  our paper [ 1 ] ,  w e introduce definitions and notations
which will be used later.

Definition 1.1. A  H ilbert space  o f  entire f unctions H  satisfying
the follow ing properties w ill be called a  K— B space.
(H A )  I f  fe  H , then its conjugate also belongs to H  an d  h as  the same

norm.
(H .2 ) P u t  g (A) = {cp e H : , ( , . )e  H }  a n d  Acp())= A(p(A) f o r  yo e 9(A).

Then A  becomes a  closed symmetric operator.
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(H.3) If  f  e  H  and f (z )=0  f o r some z e C, then f())1(2—  z) e H.
(H.4) P u t  z l().)=suP f (A ' :fe (.1; f)-511. T h e n  .4 is lo c a l ly

bounded in  C.

F rom  th e  property (H .4), th e  H ilbert space H  h a s  a  reproducing
kernel JA W , i.e ., f().)— (f, .12) fo r  every f  e  H . de  Branges proved that
there exist real entire functions (j. e ., entire functions w ith real values
on  the  real line.) P, Q  such that

JA (P)= IP(P)Q(;)—  P(;)Q(P)}
P —

W e note  here  that, fo r  any  tw o  pairs { P,, Q, } a n d  {P,, 122} satisfying
the relation (1.1), there exists a  matrix S  of S L (2, R ) such that

(P1(2), 42 1(2)) = (P 2(4 Q2(2Ds

B y  o n e  o f  th e  p a ir s  {P, Q} ,  w e define  th e  characteristic function E
of H;

(1.2) E(A) = iQQ) .

Then it is easy to see that for any /1 C ,

I EMI> I E(;)I

hence E(,1) has n o  zeros in C .

The ordering theorem of de  Branges may be stated a s  follows.

O rdering theorem . (L . d e  B ran g e s  [2].) L e t  H  a n d  H 2  be
K  —  B  spaces included isom etrically  in  th e  sam e space L 2(a) f o r some

R adon m easure  a on W .  L e t  E ,  an d  E 2  b e  th e  characteristic func-
tions f o r H ,  an d  H 2  respectiv ely . S uppose th at log 1E1/E2I is dom i-
n ate d  b y  a  harm onic f unction o n  C + .  T h en  e ith e r H , co n tain s  H2

or H 2  contains H1.

This note is devoted to prove the above theorem, without assuming
that log  1E1/E21 is  d o m in a te d  b y  a  harm onic function on C .  b u t
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under the condition th a t b o th  E ,  a n d  £ 2  a re  entire functions o f  mini-
m al exponen tia l ty p e , i .  e .,  log If (z)l = as o o .  Fortunately,
th e  key lem m a of de  B ranges in  proving th e  theorem  is available for
any minimal exponential type entire functions.

Lemma 1 .2 .  (L . de  Branges [2 ], L em m a 8 , p . 107 .)  Let f1 (z )  and
f2 (z ) be entire functions of  m inim al exponential ty pe satisfying

m in  Ifi (z) I ,  If2(z)1 5 z

f o r all com plex  z. Then either f ,  or f2  vanishes identically .
To m ake use of this lemma, we have to prove several lemmas.

Lemma 1 .3 .  L et 0-, and 0-2 be com plex  R adon m easures w ith f inite
to tal v ariations on R ' .  L et f ,  and f 2  be entire functions such that

(1.3) log Ifk(z)15a1z1, k=1, 2,

f o r every sufficiently  large z .  Suppose that

f(z)=f1 (z T  ( d t )   + f "f z ) ( C °  0.2(dt)
- 0 0  t j i - 0 0- t —z

is  an  entire function. T hen f ( z )  satisf ies the estimate

log If(z)15-alzi

f o r every sufficiently  large

Pro o f . This lemma is essentially due  t o  M. G. Krein ([3], Lemma
4.2). Let a  denote one of o-, and o-2. Put

, c ( d t )(p(z )=_ .t —z

If  we change the variables as

z— i . t—iC= ' t + i  '
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then

1 —  ,y °  i — ea' (dO)49(z)= OM— ,2i e")

where 'OM= o-(c/t). Hence

4var_  2 v a r o -
'' 2(1—g1) 1-1 0

fo r ICI 1 and so

log 10()1 — log (1 — la

where c =log+ (2 var u). Thus we have

r i  ( 2 , r
log 4)(re"))1rdrd0 •_(c + 3/4)7r .

o o

The similar argument is possible also in  C _, hence we obtain

log+ l 4 9 (z )  dxdy < co ..)c  ( z + 1 ) 4

From the  above estimate and the condition (1.3), it is easy to see that

K_ log+ l f ( z ) 1  
.41 (1 z l +1)4 dxdy  < 

co •

L et B (a, r) denote th e  closed disk with its center at a  a n d  its radius
r. Since log+ If(z)1 is subharmonic, we have an inequality

irr B (z ,r )
log  If(z) I 2 1 log+ IX )  dx dy . .

Noting for a n y  eB (z , r), I <  I  +r+12.1 )4
1)

we have for any z
(1 +1 C 4

log+ l f ( z )  < +  r  +  4 ) 4 1°g+ If()1
Tlr

2

B (z .r )  (1  +  IC ) 4
dxdy

<  (1 + r+  lzI)4  (  log+ If(C)1 d rc b ,
= nr2 •lc  (1  " .1 ) 4
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=  (l+ r+ Iz i)4   K .
2

Hence, putting r= z, we have for every sufficiently large 1z1,

log If(z)1,-5elzI2.

F ro m  t h e  assum ption (1.3) a n d  th e  definition o f  f ( z ) ,  w e see  tha t
log+If(z)1 is  d o m in a ted  b y  alzi f o r  every sufficiently la rg e  Izi along
any ray different from the  real line. Since we have proved that f  is  an
entire function of at most order 2, Lemma 1.3 results from the Phragmén-
Lindeliif theorem immediately.

Lem m a 1.4. Le t f(z) b e  a  n o n tr iv ia l e n t ire  fu n c t io n  of minimal

e xp o n e n tia l type . T h e n  f o r  a n y  p o s it iv e  a , th e re  e x is ts  a  divergent

sequence frnI s u c h  th a t rjr„,.,-41  as n-400 and log If(z)1?_ —Biz' for

1z1=rn.

A s for the proof, refer to Theorem 3.7.1 o f Boas, Jr. [4].

Lem m a 1.5. L e t  H  b e  a  K — B  space  an d  a  b e  a  m easure on

R '  s u c h  th a t  H  is  c o n ta in e d  is o m e tr ic a lly  in  L2 (o -) . L e t h  b e  an

element of L2(c) w h ich  is  o rth o g o n a l to  H  and g  b e  an entire  function

of L2(o-). Then there exists an e n tire  fu nc tio n  F(w) satisfying

(1.4) f(w)F(w)= 
(C O  f(t)g (w ) g(t)f ) h(t)o-(dt)

t —w

fo r every f  of H.

P ro o f. L e t 0(f)(w ) denote th e  r ig h t h an d  s id e  o f  (1.4). Taking
any two elements f ,  and f2 o f H, we have

f1(w) f2(t)g(w) - g(t).!2(w)}/(t - w)

=f2(w) ff (t)g(w) - f 1(w)g(t)} /(t — w)

+ g(w) f (w)f2(t) - f2(w)f 1(011(t - w)
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where the last term belongs to H .  Hence the  identity

fl(w)0(f2)(w)=f2(w)(1)(L)(w)

follows. Choosing f ,  and  f2  so  th a t  th e y  m a y  n o t v a n ish  a t  w, we
se e  th a t F(w)= (/)(f)(w)1 f(w) i s  a n  entire function independent o f f  of
H .  This completes the  proof.

W e rem ark here that the  following three statements a re  equivalent.
(1) Every element o f H  is  of minimal exponential type.
(2) The characteristic function E  o f  H  is  of m inim al exponential type.
(3 )  AA), which was defined in  (H.4), h a s  th e  estimate log z1(.1)= °GAD

as
This com es from  the form ulas (1.1), (1.2) a n d  th e  identity 4(2) = J2(.1).

O u r  p roof o f  th e  theorem depends entirely o n  th e  methods used
b y  de  Branges [2]. I t  is ,  however, possible to  sim plify  th e  proof by
consulting with L. D. Pitt [5].

Theorem. Let H ,  a n d  H 2  be K  —  B  spaces w hose all elem ents
are  o f m inim al ex ponential type. If  H1 a n d  H 2  are contained iso-
m etrically  in  a  space L 2(o), then  e ither H , contains H 2  o r  H 2  con-
tains H

P ro o f . Let zik(A) be  the  square o f the  norm  o f the  linear function-
a l  H k  f - 4  ( ) )  f o r  k = 1, 2. P u t  p(1)= max {A z12(.1)} a n d  choose

a  m easu re  t o n  R ' su c h  th a t 1  p(t)t(d t)= 1 . T h e n  f o r  any f e H k,
we have

I f  (0120-(dt)5111f (0120-(dt) + Gc.1 f(t)12T(dt)

2 .01f (02(0 0 ,

f o r  w e  h a v e  I f (01 2 5  at) 11f  II 2 5 P(t)  f  II 2. T h u s  t h e  two measures
a  and a + t  define equivalent norms in  bo th  H ,  a n d  H 2 .  So we may
assume th a t  a  possesses th e  continuous p a r t , a n d  hence both  H ,  and
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H 2  are n o t dense in L2(a). For each g e H 2  and h  e  H+ with g I  1
and II h  5 1 ,  w e m ay  define  an entire  function F(w) by L em m a 1.5
such that

f ilv )F(w )= (3' f ( i ) g g ( t ) f ( w )  h (t)u(dt)t —w

holds fo r every f  o f  it,. Since g  and  f  a r e  o f  minimal exponential
type, w e see  tha t, by  L em m a 1.3, f (w )F(w ) is  a ls o  o f  minimal expo-
nen tia l type . On the other hand, by Lemma I .4, there exists a  diver-
gent sequence { r„; su ch  th a t r„Ir„,,—, I  as n  co and log If(z)I. —
for Izi = r„. Hence we have

log+ IF(z)I elzI

for z =  r .  Applying the maximum principle to F , w e fin d  th a t F  is
of minimal exponential type.

Similarly, for f e  I I ,  and h2 e H I with 1 and M h2M 1 ,  we may
define G(w) such that

(1.5) g(w)G(w)= g ( t ) f (W ) - g (W ) f  (1) h2(t)a(dt) œ t — w

holds for every g  o f  H 2 .  For the same reason as above, G  is  of mini-
mal exponential type. By the Schwarz inequality in L2(0-), we have

1 1.fiz)F(z)i iY i { i.f (z )i + g(z)11

g (z)G(z) I 5  { Ifiz) I + I g(z) Ily I
where y = lm z. Hence we have

This implies that

min {IF(z)I, I G(411 '

T herefore  it fo llow s from  L em m a 1.2 th a t  e ith e r  F  o r  G  vanishes
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iden tica lly . T hus w e m ay  suppose that F ( z ) = O  fo r each  g E H 2 and
h, E U nless H 2  is c o n ta in e d  in  H 1 , th e re  must exists a  g E H2
with g  H ,. Since F (z )= O, we have

(1.6) .f(w)w  
- 00 w —t, g(w) 00 g(t)h) (t)o-(dt)—  f (t)h i(t)u(dt)_  w  _ t  

Because g H 1 ,  w e m ay choose h ,  with

0 * g(t)/i i(t)o-(dt)= lim g(t)h i(t)or(dt)
—c0 1 3 ) —oo —t

and

p o

0= f (t)h ,(t)o-(dt)= lim f it)h  ( t)a(d t)w — t

where lim  shou ld  be  taken  a long  a  ray  not coinciding w ith  the real
line. B y  (1.6) we see that

(1.7) urn f(w) 
g(w)

— 0 .

On the other hand, by (1.5) we have

1G(w)i g(w) g(l)h2(t)  a(dt)
t —

f(t)h2 (t) cr(dt)
.1-co t — w

Hence from (1.7) and the dominated convergence theorem it follows that

1 im 1G(  )1 = 0
W -.0 0

fo r  any f  o f  H ,. Since G  i s  o f  minimal exponential type, G  must
vanish identically. Hence we have

w f (t)h
2  

(t)a(dt) —  -Rw)w
w  t g(w) w —t g(t)h2(t)a(dt) •

So, by (1.7) it is evident that

°of (t)h 2(t)o-(d 0= 0
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holds for every  h2  H i- and f e l l 1. T h is  implies that f  coincides with
som e elem ent o f  H 2  almost everywhere with respect t o  a•. Recalling
we have assumed that a  has the continuous part, we may conclude that
f  itself belongs to H 2 .  This completes the proof.

In  conclusion, we remark a  corollary o f our theorem . W e define
a reflection operator R  by

Rf (z)= f(— z).

Corollary. L et H , an d  H 2  be K — B  spaces contained isom etrically
in  a  space L2(o-). A ssume that ev ery  elem ent o f  H , an d  H 2  satisfies a
grow th condition

(1.8) log if(z)I = o(z12)

a s  lz1—+°°- I f  b o th  H ,  an d  H 2  hav e nontriv ial dom ains o f  R ,  then
either N 1cH 2  o r H2cH1.

.P ro o f. Let fik (k = 1 , 2 )  b e  a pre-Hilbert space w hich is equal as
set t o  the dom ain o f R  in H , and whose inner product is defined by

(ff)17,= (.1 -, f)u ,+ (R f R f)n ,•

Since R  is a  c losed  opera to r, iik  becom es a H ilbert sp a c e . I t  is
o b v io u s  th a t  e a c h  Fi„ satisfies the axiom s (H .1)—  (H.4). Hence Ilk
tu r n s  to  a  K — B  space contained isometrically in  L 2(r), w here t(dt)
=a (d t)+o -(— dt). In  each  space  R„, R  w orks a s  a  unitary operator.
In  th is  case, de B ranges [2 ] proved that there  exists a unique K—B
space (R „), such  tha t f(z )— tf(z2 ) i s  an isometric transformation from
(R0+ o n to  the even elem ents o f  I I , .  (see Problem  182, p. 168.) W e
m ay assume tha t there  ex ists a  nontrivial even element o f R„ for the
follow ing reason. Take any nontrivial elem ent f  o f  R ic. I f  f  is odd,
then  f(0 )=  O . S o  w e m ay  take  f (z )/ z  o f  R„ in place of f ,  which is
an even function. O therw ise, w e have o n ly  to  put g  = f+  R f. Since
( P k ) ,  is contained isom etrically in  L2(v), w h e re  v(dt)= o-(\ t i ) ,  and
the elements are of minimal exponential type b y  the assumption (1.8),
w e  m a y  c o n c lu d e  f ro m  o u r  th e o re m  th a t  e ith e r  (R I ) ,  ( R 2 ) +  or
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(R 2 ), c (F/ i),. Therefore there m ust exist a  nontrivial function belong-
in g  to  b o th  H1 a n d  H 2 .  Since, fo r  any f  o f  H k, log If/Ekl is domi-
n a te d  b y  a  harm onic function o n  C +  (see  d e  Branges [2], p. 50),
so is log+ IEI/E21. W e have used here the  fac t tha t, fo r  a  holomorphic
function f  o n  C+, l o g  I f  h a s  a  harm onic m a jo ra n t o n  C +  if  a n d
only if  i t  is  the quotient of two bounded holomorphic functions o n  C+

(see P. L . D uren [6 ] ) .  N ow  th e  ordering theorem o f  d e  Branges gives
our corollary.
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