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1. Introduction

L et M  b e  an n-dimensional differentiable m anifo ld  of c la ss  C '°  and TM
its  tangent bundle, which is a  2n-dimensional differentiable m anifo ld . T he pro-
longation o f  tensor fields and connections from  M  to  T M  has been studied in
[3 ]  by  Y ano  a n d  K obayashi. I n  particular, for an affine connection V  on M ,
its complete lift Pc  is an affine connection o n  T M .  If  g  is a  pseudo-Riemannian
metric o n  M , its com plete l i f t  g c  is a  pseudo-Riemannian metric o n  T M  with
n  positive and n  negative signs.

In  [4 ], Y ano  and  Kobayashi have tried to determine the  form  o f  a n  infini-
tesimal affine transformation o n  (TM , P c ) .  However, their work is incomplete
because they have determ ined essentially only th e  fibre-preserving infinitesimal
affine transform ations. In  the  sam e paper, th ey  have also tried to determ ine
th e  form  o f  a n  infinitesimal isometry on (TM, g c ) .  B ut their result turned out
to be incorrect a s  was pointed ou t by  T anno  [I], w ho  in  tu rn  gave a complete
solution on the form o f an  infinitesimal isometry on  (TM , gc).

I n  th is  paper, w e  sh a ll u se  th e  m ethod o f  adapted frames to determine
th e  m ost general form  o f  an infinitesimal affine transform ation on (TM, V c),
w ithout any  ex tra  assumption o n  th e  infinitesimal affine transformation itself.
F o r  th e  c a se  o f  fibre-preserving transformations, o u r  re su lt is  a n  improvement
over that g iven  i n  [ 4 ] .  A s  an  application of our resu lts a n d  further illustra-
tion  o f  our m ethod, w e shall g ive an  alternative proof o f  th e  result of Tanno
on infinitesimal isometries on  (TM, gc) mentioned earlier.

2. Preliminaries

I n  th is  section, w e shall sum m arize  a ll th e  b a s ic  definitions a n d  results
tha t a re  needed later. M o s t  o f  them a re  well-known, and details can be found
in  Y an o  [2 ] and Y ano a n d  K obayashi [3, 4]. Indices a , b, c,...; h , i, j ,... have
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range in {1,..., n}, w hile  indices A, B , C ,...; p ,  v , . . .  have range in {I,..., n ;
n+ 24  W e  pu t i = n +  i .  Sum m ation over repeated indices is a lw ays
implied.

Coordinate systems in M  are denoted by ( U , x"), w here U  is  the coordinate
neighbourhood and x "  the coordinate functions. C om ponents in  (U , x " ) of
geometric objects on M  w ill be referred to sim ply as components. W e denote
the partial differentiation a x ,  by ah .

Let 17 b e  an affine connection on M  with components Fij i . I t s  covariant
differentiation w ill again be denoted by the sa m e  sy m b o l V . The curvature
tensor R  and the torsion tenso r T  o f  17 h a v e  components Rkji h a n d  T ,
respectively. The opposite connection fr  o f  17 h as co m p o n en ts  pl i = ni .
The covariant differentiation, curvature tensor and torsion tensor of will be
denoted by ft, i an d  ' t  respectively.

A  vector field X  on M  with components X "  is an inf initesim al a f f in e  trans-
form ation of 17 i f

(2.1) OiaiXh+xuaarli + 1 'it a ix a  Fli a 0 i Xa =0.

The left hand side of (2.1) are the components

(2.2) x x v ii= v jP ix h + R k iih x k

of the Lie derivative Ex 17 o f 17 with respect to X .  The Lie derivative f x R  of
the curvature tensor R  is given by

(2.3) Ex R k j i h= W
a R k j 1

h —R k j i ar7 a r  + R a i i h fr k X °  R k a i  j X h + R kj a
h r7  i X h .

It is known that

(2.4) iXRkji"= 17 if x rk i+R ilx 1 -1 .

Hence i x R = 0  if X  is an infinitesimal affine transformation.
Let g  b e  a  pseudo-Riemannian metric on  M  with com ponents g i i . As

usual, h  }  i s  the Christoffel symbol o f  gi i  an d  [ g i i ]  i s  the inverse of the

matrix [gi1]. A  vector field X  on M  with components X "  i s  an infinitesimal
isometry  on (M , g ) if

(2.5) X aaagii+ g a i a i X a +g a i ai Xa =0.

The left hand side of (2.5) are the components f x g1 ; o f the L ie derivative f x g
of g  with respect to  X .  In terms of the covariant differentiation in (M , g ), we
have
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(2.6) E x g ii=g u iriX a+g u iriX " .

It is also known that

(2.7) Ex{ j117  - ----- - ig h a (V iix g ia+ 17 if x9 faa i . X g  j i ) •

T h u s  a n  infinitesim al isom etry is a n  infinitesimal a ffin e  transformation with
respect to  the  Riemannian connection of g.

W e shall be using the following identities in  (M, 17):

(2.8) W R kii h = W T 2 k P ii - F W V k n i,

(2.9) W17 k R ii i
h =W T,",;R i a ih ,

(2.10) 171,17;/3"— FirkB "=Rkia"B a—  Tro l „B",

(2.11) FkriA 11-17.117kA '= R k J  a "Ar — R k j i  a " u
'1T  f i  V a M .

H ere, '  denotes th e  cyclic sum o f  term s in  the  ind ices k ,  j ,  i .  (2 .8 ), (2 .9 ) are
respectively th e  f irs t a n d  se c o n d  B ianchi identity. (2 .1 0 ) a n d  (2 .11) are  the
Ricci identities for a  vector field with components B " a n d  a  (1 ,1) tensor with
components

Let Tr: T M -3M  be  the canonical projection of T M  onto  M . T h e  coordinate
system (U , x " )  in  M  induces i n  a  natural w ay a  coordinate system  {n - '(U ),
(x ", y " )}  i n  T M , w hich w e call th e  induced coordinate system. We sometimes
write y "  a s  x "  and  (x " , y ")  a s  ( x A ) .  Components in  {7c- '(U ), xA } o f  geometric

0  objects o n  T M  will be referred to simply a s  com ponents. W e denote 
e y

ry and

axA b y  ar„ a A  respectively. For a  vector field X  o n  M  with components X ',
the  vertica l lift X v  a n d  th e  complete lif t  X c  o f  X  a re  vector fie lds on  TM
with components

(2.12) X ":
-  0

_
X c :

- X "  -

  

_ ylOi r  _

A  (1,1) tensor field C  o n  M  with components induces a  vector field eC
o n  T M  whose components are

- 0 -
(2.13) eC:

y iC il _

O n  th e  o ther hand, sim ilar to Lem m a 2 .2  o f  T a n n o  [I], w e  can  p rove  tha t a
(1,1) tensor field A  o n  M  with components All induces a  vector field A * o n  TM
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whose components are

(2.14) A*:
_ FlaA l)y iy i _

For the affine connection V  on  M , its complete lif t  P c  is  an affine connec-
tion  on  T M  whose components 1. --1 B  are:

(2.15)
pli= r i b r = 0 ,

l'

 Adapted frames in  T M

W hen an affine connection V  with components Fl i i s  g iv e n  o n  M ,  we
can  in troduce  o n  each induced coordinate neighbourhood n -  '( U )  o f  T M  a
frame field which is very useful in  o u r com putations. I t  is  called th e  adapted
fram e o n  n - '( U )  a n d  consists o f  th e  following 2n linearly independent vector
fields on

a aa(3.1) Jr"• D  =

The non-holonom ic objects Q A 4 " o f  t h e  adap ted  fram e  {D„}={D i , Di } are
defined by

(3.2) [DA , D„]= f2,11:D r .

If  we denote by [L;`,1]  the  matrix o f components o f  {D}, namely

- 0

"- —Y 6  -

and  [ L ]  the inverse matrix of [L,1], (3.2) becomes

(3.3) [D 2(L ) —D4 (L 1 )]L .

W hen working o u t  th e  details in  (3 .3 ), w e  find  tha t th e  o n ly  non-zero com-
ponents of the non-holonomic objects are

(3.4) =  f Z j i a h y a , =  Q u i t  =

I n  w hat fo llow s, w e shall often  consider th e  components o f  tensors on
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TM  w ith  respect t o  th e  adapted fram e o n  n- ' ( U ) .  W e call such components
the  f ram e com ponents to  d istinguish  them  from  th e  ordinary components of
§ 2 . B y  u s in g  (3.1), it  is  n o t d iff ic u lt to  show th a t  th e  frame components of
the  vector fields X ' a n d  eC  a re  the  same a s  th e  ordinary components, namely

0 - 0  -
(3.5) Xv :

Xi' [  y

while the frame components o f X c  and A * are

 

X "

_ » F i r  _

 

(3.6) Xc : , A*:

  

Let P  b e  a n  arbitrary affine connection o n  TM (not necessarily 17 9 .  The
frame components PL , o f  1,  o n  n- ' (U )  are defined by

(3.7)

where 1- 1B  a r e  th e  ordinary components o f  F .  F o r  a  vector f ie ld  'X' o n  TM
with frame components 5ev, it can be shown that

(3.8) FAjev = D A (2v) + Pl ug!'

a re  exactly the  frame components of the covariant derivative P I  o f 1 .  There
are  form ulas analogous to  (3.8) fo r  tensor f ie ld s  o f o the r ty p e s . T h e  frame
components of the curvature tensor R of P  are given by

(3.9) R.A,tv = D .(rx„)-D A (r4)+ r:'„ ,rrA ft-P irr„,,-f -2,,,,,tr;„.

F rom  th e  components o f  P c  g iv en  in  (2.15), w e  c a n  u se  (3.7) t o  show
that the possibly non-zero frame components of the complete lift VC are

(3.10)

It then follow s from  (3.9) th a t the  possibly non-zero frame components of the
curvature tensor R of V '  are

(3.11)
A k J i h = R k J i h ,  R k j i h = -Va V a R h ,

R k j i h  
=

R k j i
r,r=  Rkji h •

T he  com putation  leading  to  (3.11) is straightforward except for where
we have to  use Bianchi's second identity (2.9).
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Let us denote the opposite connection o f  VC  b y  V * .  F rom  (3.7) and (3.3),
it fo llo w s  th a t  t h e  fram e com ponents Pl g  o f  17* a r e  re la te d  to  th e  frame
components PI, o f Pc by

* —(3.12) F,n1= 2,1„v •

In particular,

It can be shown that

k i i k h=  R i i k h+ _w i n i+T liT +T P ,iT rc i— T " ;;T n .

Putting th is in to  the  expression  for i ,  a n d  using the  first Bianchi's identity,
we get

riii=Y k (R h-17 kT il

W orking sim ilarly w ith other se ts of ind ices, w e  c a n  show  th a t  th e  possibly
non-zero frame components of the opposite connection r *  o f  F c  are

ni l = rib, Fij i =  (R k j i h —  k T l i ),
(3.13)

*r* TL=F"• F"- •=T "•p

4 .  Decomposition o f  infinitesimal affine transformation

W e begin our determ ination o f  infinitesimal affine transformation on (TM,
VC) by refining the discussions given in  § 4 of Yano and Kobayashi [4]. T h u s ,
le t r„ be  the components of V C  g iven by (2.15) a n d  g  a n  infinitesimal affine
transformation on (TM, V c ) .  By (2.1), the components g  A  o f  g  satisfies

(4.1) ac aB gA+ feEaE r&,— FEB ajeA+FLac gE+PLaB gE=o.

L et us put (A C B )=(hji) in  (4.1). W e get Oj Oigh = 0 and so

(4.2) = A kyk +B"

where A k , B " a re  functions o f  x "  o n ly . I t  is  e a sy  to  s e e  th a t  Ak and  Bh are
respectively the components o f  a  (1,1) tensor A an d  a  vector field B  on M.

If  we pu t (A C B )=(hji) in  (4.1) and use (4.2), we get
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(4.3) — Fii„Ar =0,

i.e., 17 A= O.
If w e pu t (A C  B ) (IV 0  in (4.1) and use (4.2), we get

(4.4) Oi Ail—Fri AJZ,+1",',i ilf  =O.

In  the  presence of (4.3), (4.4) is equivalent to

(4.5) M A I= f i  a

I f  w e p u t (A C B )=(10  in (4.1) and use (4.2), considering only those terms
not involving y ", we get

Oi  B "  + B a ea l l + 110 i  Ba + FLO i Ba = 0,

which is the condition for B  to  b e  an  infinitesimal affine transformation.
Let us now put (A CB )=(rtji) in (4.1) and use (4.2). We get

(4.6) Opaigh+fl„A l+TlaA r =0.

(4.6) implies that 0 , i A l+ f .;'a Acii  is symmetric in j ,  i, i.e.,

n i A l+PJ a A r=i - fid A l+FL A I.

In  other words,

(4.7) ILA‘j= T a A?.

Since T L A I is skew-symmetric in  j ,  i  by (4.5) a n d  symmetric in  j ,  i  by (4.7),
we see that (4.5) and (4.7) are equivalent to

(4.8) naA 7=

O n the other hand, from (4.6), we have

(4.9) g h =  —1(FiZj i A l+FL A I)y iy i+Eily i + F",

where M , F" are functions o f x " only.
B"

It now  follow s that a re  th e  components o f  th e  vector field
_ .M y i+F h

— A * . B y  lo o k in g  a t its  transformation law, i t  is  e a s y  to  s e e  th a t  F "  are
[ B "  -

the components o f  a  vector field F  o n  M .  Thus, a re  th e  components
Eftyl
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o f  th e  vector field X —A*—Fv. G uided  by  th e  fo rm  o f  t h e  components for
-  0

BC (cf. (2 .12)), w e  p u t  Ell =0 ;13"+Cfs. Then are  the  components of
_ C'

the  vector field X—A*—Fv—Bc. B y looking at its transformation law, we see
tha t 0  are the components of a (1,1) tensor C o n  M  and that

g _A* _ F r _ Bc = e c .

L e t u s  obtain further inform ation on C .  W e  p u t  (ACB)=(fiji), use (4.2)
and (4.9) and consider only those terms not involving y " .  What we get is

F = 0.

As B is  an  infinitesimal affine transformation, w e see that FC=0.
O n  th e  other h an d , if  w e  pu t (ACB)=(hji), use  (4 .2 ) and  (4 .9 ) and  con-

sider only those terms not involving y", w hat w e get in  th e  presence o f £.8 17  = 0
is

(4.10) —  i C",+ TIC1 = O.

By VC = 0, we also have

(4.11) OiCii — fIC.1 = O.

(4.10) and (4.11) together gives

(4.12) PIJ0, + 71,C1 = O.

We summarize what we obtain so far in

Proposition 4 . 1 .  Let V C  b e  the  com plete l i f t  o f  a n  affine connection F
o n  M  t o  T M . A n  inf initesim al affine transform ation X  on (TM ,  V C )  c a n  b e
expressed uniquely  in the form

X=A*+Bc-FeC+Fv,

where A  is a  (1,1) tensor f ie ld  on M  satisfying

F A=0, TI.A7 = =0,

B is  an  inf initesim al affine transform ation on (M, F),
C  is a  (1,1) tensor f ield on M  satisfying

F C = 0 , M C I= Ty,C1,



Inf initesim al automorphisms 407

an d  F  is  a  vector f ield on M.

W e can obtain  further conditions on A , B , C  a n d  F  by considering terms
involving y" after putting (ACB)=(hji) in  (4.1) and so  on. In theory, by carry-
ing this process to the  end , we should get the  general form o f  a n  infinitesimal
affine transformation on (TM , P c ) .  B ut in  practice, this process becomes more
and  m ore  involved and  tends to  b e  unmanagable. However, having succeeded
in  decomposing an  infinitesimal affine transformation as the sum  o f vector fields,
we now switch to the  adapted frames.

5 .  Infinitesimal affine transformations on (T M , Pc)

L et g  b e  a n  infinitesimal affine transformation on (TM , 17 c )  and suppose
that it is expressed uniquely in  the  fo rm  g = A *+ B c+ cC + F v  as in Proposition
4.1. By (3.5) and (3.6), the  frame components g v  of g  are given by

(5.1) Egv] = 
[  

y i ( 1 7 1 1 3 h + C T )

+ Bit 

+F " 1

I n  w hat fo llow s, w e shall com pute  t h e  frame components E N 1 v,0 o f  £ 51 Pc
according to (cf. (2.2))

(5.2) fx r= f7 F :g v  + k ,"„v g c ° .

By equating to  zero, we then get the conditions on A , B, C, F f o r  g  to
be an  infinitesimal affine transformation. We d o  our computations in stages.

F irst, th e  fram e com ponents r :g r  o f  V * g  can be calculated by using
(5.1), (3.13) a n d  (3.8). The expressions thus ob ta ined , a fte r simplification by
the conditions on A , B, C in Proposition 4.1, become

vt,7h=  i Bh,

V =
(5.3)

1775eii = y ay cR a ib hA b. ± y cr c i, i B h  r̂ i F h ,

VP P = 1 ,  i Bh

W e rem ark  that to  obta in  the coefficient of ye
Ricci identity (2.10) for the  vector field B.

Next, th e  frame components VV it g v  can
(3.10). The expressions thus obtained, after
on  A , B, C in Proposition 4.1, become

i n  P r g h , w e h av e  t o  use the

be calculated by using (5.3) and
simplification b y  the conditions
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(5.4) vyvtgh=i7 ; f7s i Bh—ykRk i i am,

r ypveh = r ypp-eh = v y pvzh = 0 ,

FY FP-g h = Y a.Y `EF i(Raib h M ) — T iaiRlib h A n + Y ` [F  c r7 iB" + Rci1" 0

— R C J i I I I Bh — R c i i
i
 —  r e f  i B h ] + V " F ',

py rpfch = r i p i Bh + y kR k j a h"

ryvtgh=ye(R i i a hM + R e i a hAl)d- 17 J P i Bh,

vyriqh=o.

Finally, th e  frame components o f  i i t rvAi,  can be calculated by using (5.2),
(5.4), (3.11) a n d  (5.1). The expressions thus ob ta ined , a fte r simplification by
the conditions on A , B , C  in Proposition 4.1, become

(5.5) Egriii=yk(R aphA t— R kpaA D,

Ex r l i = f x ril i = i y , = o ,

ixfli---yaye(F i RaibhM—ra i RubhAl+ e R b i i "

+Y  c (X BR c i i h + R ciiaC ID + F r l i ,

(W e  rem ark  th a t to  o b ta in  the coeffic ient of y "  in £XÎ j ,  w e  have
t o  u se  Bianchi's second identity (2.9))

f x r Y k (Rkiah Al + R aji h AZ),

jia h A ic + R  hkia Al+ Raii"A O

E g n i=0 .

Let us analyse the conditions we get when we equate (5.5) to  z e r o .  From
Lx r we already get

R k i i aAP,=R a i i
h A t= —Rk i a

h At.

Since FA =0, we get from the  Ricci identity (2.11) that

R k i a
h A`1=R k i i a4

Hence, we have



Inf initesim al automorphisms 409

(5.6) Rk = = Rkia h Ar =°.

With (5.6), what remains when (5.5) is equated to zero is

f x r ij i= Y V e R c i i h +Raji h —  R e f1aCD -F£FIli=0.

Since EB R c ;  ;
11 =  0  b y  th e  rem ark follow ing (2.4), w e a r e  le f t w ith  tw o  more

conditions :

(5.7) Raiihg = EFFiji =O.

Hence, in  t h e  presence of Proposition 4.1, conditions (5.5) w hen equated to
zero  is equivalent to  (5 .6) a n d  (5 .7 ) . T hus, the conditions in Proposition 4.1
together w ith  (5 .6) a n d  (5 .7 )  determine th e  most general infinitesimal affine
transformation on  ( T M ,  c ) .  W e state this a s  our main result in

Theorem 5.1. L e t P c  b e  th e  com plete l i f t  o f  a n  affine connection 17 on
M  t o  TM. T he  m ost general in f in ite sim al affine transform ation "C. -  o n  (T M ,
179  can be ex pressed uniquely  in  the form

(5.8) = A* + Bc + eC-1- FY,

where A  is  a  (1,1) tensor f ield on  M  satisfying

17 A = 0 ,  P l a A 7 = r; ; 4 =0,

R k j i aA!= R a i l hAZ=R k i n "A?=0,

C  is  a  (1,1) tensor f ield on M  satisfying

17 C = 0 ,  T l a C f=

Rkfa h e i,

a n d  B, F  are inf initesim al affine transform ations on (M , r ) .

Let us consider some consequences of our theorem.

I. B y  p u t t in g  B = 0, C = 0, F = 0, w e see that fo r  a  (1 ,1 )  tensor A  on M
satisfying the conditions sta ted  in  t h e  theorem , A *  i s  a n  infinitesimal affine
transform ation. Similarly, f o r  B ,  C  a n d  F  satisfying the conditions sta ted  in
the  theorem, B C ,  e C  a n d  FY are  infinitesimal affine transformations. The cases
Bc and FY have appeared in [3, Proposition 7.6].
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2. A  transform ation on T M  is said to be fibre-preserving if  it sends each
fib re  o f T M  in to  a  f ib re . A n  infinitesimal transformation on T M  is  sa id  to  be
f ibre-preserv ing i f  it g e n e ra te s  a  lo c a l  1-param eter group o f  fibre-preserving
transform ations. The infinitesimal transformation .5j i n  th e  theorem is fibre-
preserving if A  = O . T hus, by  putting  A = 0, w e get a  characterization o f  fibre-
preserving infinitesimal affine transform ation o n  T M  (cf. [4 , Lemma 3.6]).
Similarly, by putting A=0, B = 0 in  t h e  theorem , w e get a  characterization of
vertical infinitesimal affine transform ation on T M  (c f . [4 , Lemma 3.1]).

3. W ith our theorem , w e can easily  deduce

Proposition 5.2. Every  inf initesim al affine transform ation on (TM , P c )  is
fibre-preserving t if  th e  o n ly  (1,1) tensor f ield A  o n  (M, 17 )  satisfy ing the con-
ditions stated in  Theorem 5.1 is  the zero tensor.

W e no te  th a t  th e  p roof o f  th e  necessity part of P roposition  5.2 requires
th e  fa c t  th a t  i f  A  satisfies the conditions sta ted  in  Theorem 5.1, th en  A *  is
a n  infinitesimal affine transformation. T h is  fac t is  a  consequence o f  our theo-
rem (consequence 1 above), and does not follow from any of the discussions in
[4]. From  Proposition 5.2, we see that what Yano and Kobayashi [4] did was
precisely to characterize th e  infinitesimal affine transformations th a t  a re  fibre-
preserving (cf. their Remark 3).

6 .  Infinitesimal isometries on ( TM, gc )

L e t g  b e  a  pseudo-Riemannian metric o n  M  a n d  g c  its com plete lif t  to
T M . I n  th is last section, the affine connection V  is  tak en  to  b e  the  Riemann-

h )ian connection associated with g  (so  th a t Fl i = . It is well-known that

17 c  is  ju s t th e  Riemannian connection associated with g c .  Tanno [ I ]  has de-
termined the  general form o f  infinitesimal isometries o n  (TM, gc). Here, as an
application of our results and  further illustration of our method, we present an
alternative proof of his theorem.

To begin with, we recall that the components o f g c  are given by

- y k a k g j i  g  j i

(6.1)
- g1 O _

It follows from this that the frame components of g c  are

[  0  g»  1 .

(6.2) [G A O =
g j 1 0
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N o w , le t g  b e  a n  infinitesimal isometry o n  (T M , g c ) .  g  is  th e n  a n  infini-
tesimal affine transformation on (TM, 179 a n d  according to Proposition 4.1, it
can be expressed uniquely in  the  form

g = A *+ B c+ cC + F v ,

where A, B, C, F satisfy the conditions listed i n  Proposition 4.1 (with T 1 = O).
In  addition A  satisfies the condition

(6.3) RkiahA 7 = 0

by Theorem 5.1. W hat we now d o  is to compute the frame components i x GA,
of i g g c according to (cf. (2.6))

(6.4) igGÂ„ = G vA r i gv + Gv ,17,a v

and then equate the expressions thus obtained to zero.
Since n i = 0, w e have 17 =, a n d  V c = V * .  T h e  frame

can thus be obtained from (5.3). O n account o f (6.3), they

(6.5) VP?' = V i Bh,

17Fgh =

VXh= ycl 7  c 17  i B" +17 i Fh,

17 ,qh =17

By (6.4), (6.2) and (6.5), the frame components f g G ,,,  are

(6.6) £ g G ii=Y c V c ie g i i+

components
become

17,C5(- v

E je G i i= ix G i i= E B g i i+ g i h O ,

£g Gi ,= g +

By (2.7), we can easily show  th a t  17,£8 g i i = 0  i f f  B 1 Hence, the

result of equating (6.6) to  zero is

(6.7) £ F g j i  = 0,

=  ghi£B g;

+g i h Aii= 0.
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O ur discussion can now be summarized in  th e  following theorem, first ob-
tained by Tanno [1, Theorem A]:

Theorem 6 . 1 .  L et g c  be the  complete l i f t  o f  a  pseudo-Riemannian metric
g  o n  M  t o  T M . T h e  m ost general inf initesim al isom etry  g  on (T M , gc)
can be ex pressed uniquely  in  the  form

gr----A "-FB c+tC+Fy  ,

where A  is  a  (1,1) tensor f ield on M  satisfying

1 7  A =0 , R k j a hA l =0, +g  i h A ii =0,

B  is  an  inf initesim al af f ine  transform ation o n  (M , g),
C  is  the (1,1) tensor f ie ld  0 =  -  g h i i , g i i  o n  M ,

a n d  F  is  an  inf initesim al isom etry  on (M , g).

L et B  be an infinitesimal affine transform ation on (M, g )  a n d  consider the
(1,1) tensor field  C :  Q = - g h i f f i g i i . By Theorem 6.1, B c+ tC  i s  a n  infinitesi-
m al isom etry o n  T M  a n d  s o  eC  is an infinitesim al affine tran sfo rm a tio n . It
follows from Theorem 5.1 tha t 0 =  - g h l f f i g i i  satisfies (5.7), i.e.,

(6.8) R ajingabiB gbk =R k iiaghbf  8 g  h a .

It would be interesting to see a  d irec t proof o f  (6.8).

HONG KONG POLYTECHNIC, HONG KONG
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