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§ 1. Introduction
In his remarkable article [1], Y . Ohya considered the Cauchy problem for

linear partial differential equations o f order m  which has real characteristic
roots of constant multiplicity and proved its well-posedness in the Gevrey classes
y (1 < a < m / (m -1 ) )  and the existence of a finite domain o f  dependence.
There no condition is assumed on the lower order terms, which differs very
much from the well-posedness in E , cf. [9]. These facts seem to imply that
Gevrey classes are suitable spaces to treat hyperbolic differential equations.

Since then the Cauchy problem in Gevrey classes has been studied in detail
from various viewpoints, e.g. Leray-Ohya [2], Steinberg [4], Beals [5], Ivrii
[6], etc. However we should rem ark the fo llow ings. In  [1], [2], [4], the
smoothenss of the characteristic roots play an essential role. In  [5], [6], the
smoothness of the characteristic roots is not assumed, but it is assumed in [5]
that the coefficients do not depend on time variable t and also that the character-
istic roots do not vanish, and in [6] that the coefficients of the principal part of
the differential operator are analytic.

Now we state our result. Consider the partial differential equation of
second order

(1.1) L[u]=82u— ai(aoafu)— biaiu— cu=f(x, t),

(x, t) ,S2=.12n x [0, h ],  h > 0 , where 8=a t +ai3 t +b°, a ij(x , t)= aii(x  , t), it is
supposed that repeated indices are summed from 1 to n , e.g. ai (aija j u)--- 5_ 1

ai (aila i u) 1-)

D efin ition  1.1. (y(i %), ,  y ( ' ) , yo ( “) ).
We say that sb (x )E e belongs to y (

1%),  if for any compact set K ,  there exist

1) Throughout this paper, we use the following abbreviations and function spaces: x = ( x i , x 2 , - • - ,x „ ) ,

e=ce,, ei, • )  en), p— (pi,p2,  • , P>)); fii are non-negative integers, 1151=151+152+ • • • +p, e,= (0, ••.,
1, ••., 0), a t 8 P = 3 , P i 3 2 P 2 . . . a „ N ,  P c x ) = 0 , 1,)(x), 3 ,0 (x )= { 0 (x ) }'.1 , (u , v )---

f R u(x )v (x )dx , ijuri2= f  iu(x y 2dx .
R n

4,E e means that 0 is an infinitely differentiable function, 0(x)E9)L2°' means that 0(x) and all
of its derivatives (in the distribution sense) are square integrable. ,(x, t ) E  L 2—  [0 , h ] means that

t) E .0 Le° ,0 < t< h , is infinitely differentiable, cf. [8].
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tw o constants p  and  C such that

(1.2) O()
I
C ,
P I!"x E  K , f o r any p.laP X 1‹  IPI 

11 (1 .2 ) holds for any  x , w e say  that ck(x) belongs to y ( “) . çh(x)E  y o ( “)  m eans
that ck(x)Ey ( a) has a compact support.

We assume

i )  the coefficients E y ( “) (52),
(1.3) ii ) a i(x ,t) , a ii(x ,t)  are real-valued,

iii) tg,e 5› 0  f o r an y  (x, t, oES2x12n.
Let be the principal part of the commutator [8, ai aiiaj i  and
assume also

either iv ): there ex ists a constant A  such that
bil(x , t)e,e,›— A aii(x , t g ie»  f o r an y  ( z ,  t ,x  R n ,

( 1.4)
o r iv ' ) :  there ex ists a constant A  such that

bii(x  , t)e ' <A  aii(x  , tg i e  f or any  (x , t, 6) E S2 x R .

Then our main result is

Theorem 1.1. A ssum e (1.3) and (1.4), th e n  if  1< a< 2 , f o r any  giv en
t ) E y ( Q )  an d  any  giv en in itial data (u(x, 0), a t u(x, ODE y (

1%),(R n ), there
ex ists a solution u (x , t )  of  the  equation (1.1) in  Q, w hich belongs to y ( S -2).
M oreover the solution is unique in e 2 (S2).

Remark 1.1. To put it in the concrete,

(1.5) b/.1=(aii)ti+ak(aii)'x,— (a )'x  kaki — aik(ai)'x k .

Example 1. Consider the differential equation

(1.6) 3t2u-3i(a113,u)— Patu— cu= f(x , t),

(z, t)E,Q , assuming that ati do not depend on t, i.e . at = aii(x). In  this case,
t) 0. Therefore by Theorem 1.1, we can see that i f  we assume only

(1.3), the Cauchy problem for the equation (1.6) is well-posed in y ,  1< a< 2.

Example 2. Consider the differential equation

(1.7) at2u-3(aau)— Matu— b9u— cie  = 1 ( x ,  t),

(z,x  [0, h]. Consider the following two simple but typical cases: 1)
a(x , t)= ok(x)tk ; 0(x)>0 , k > 0  is an integer, 2) a(x , t)= 0(x)(h — t)k ; ch(x) 0 ,
k 0 is an in teger. In case of 1), if we take A = 0, then iv) in (1.4) is satisfied.
In case of 2), if we take A = 0, then iv') in (1.4) is satisfied. Therefore in both
cases, by Theorem 1.1, the Cauchy problem for (1.7) whose coefficients E y ( a) (Q)
is well-posed in y ,  1 < a < 2 .

Now we explain the outline of the p ro o f. A t first, we prove Theorem 1.1
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in a restricted form . Namely we prove the existence of a solution u(x, t) y ( “) (,(2)
o f th e  equation (1 .1 )  for the restricted right-hand term and initial data:

./(x, t)E y 0
( ' ) (Q ), (u(x, 0 ) ,  atu(x, ODE y o

( “) (R n ), b y  the method of successive
approximation, where the theorem of Oleinik and the lemma of Sobolev are
used. Next we show the existence of a finite domain of dependence. Finally
we obtain Theorem 1.1 by the procedure of partition of unity.

Rem ark 1 .2 .  (L em m a o f  Sobolev). There exists a constant c(n), which
depends only on the space dimension n, such that

suplu(x)1<c(n) E u(x)II.
1P l [n/2]+1

Rem ark 1.3. L et a i(x ,t), a q (x ,t), b ° (x ,t)E g (S 2 ). A ssum e ii) , iii)  in
(1.3) and  (1.4), th en  the C auchy prob lem  f o r

(1.8) L o [u] = 82 u— ai (ciiia,u) f(x , t),( x ,  t) Q,

is  w ell-p o sed  in  272 and  a lso  in  E .  M oreover  th ere ex ists  a  fin ite  d om a in  o f
dependence. 2 ) In (7 ), 0 . A . Oleinik considered in case of a n d  proved
the well-posedness in 2 7 2 .  We shall give a rough sketch of the proof of this
theorem in Appendices.

Rem ark 1 .4 .  We give here the definition o f .rx
(“) ,  Tx

( ' ) [0, h ]  (Gevrey
classes in the L 2 -sense), which will be used in §§3 and 4. 0 (x ).0 2 2  is said to
belong to r x (-) if there exist two constants p  and C such that

—  p IPI 'HaPo(x)11<IPI la c for any p .

0(x, t)EgY240 , h] is said to belong to rno, h ]  i f  there exist two constants p
and C such that

sup II tkaP cgx t)11<(1P1+k)i' r
0 < t s i t ipi+k for any p and k.

Taking the lemma o f Sobolev into account, we can see the following
relations:

yo(“)E fx
( ' ) E y ( “) , y o

( ' ) (Q)E r(-)[o,h]c y ( Q ) .

§ 2 .  Estimate of a solution of L o [u ]= f, under the assumption iv)
In this and the following sections, we assume (1.3), iv) in (1.4). Our aim

in this section is to estimate the solution u(x, t) .02z[0 , h] of

(2.1) L o[u]= f(x, t)

2) Let CxG,t o , (xo, NED, be a backward cone defined by

C o , to=  {(x, t)ED; <to — t}
where /4- 1 -=  sup la i (x ,t ) e ,+ v a i i (x , oad. Then the latter part of the theorem means that if

oen
le1=1

u(x , t)EE 2 b e  a solution of (1.8) where f (x , t) O in  Cxo ,t o ,  and  if (u(x, 0), a t u(x , 0)) 0  on
n It=  ol , then u(x , t) vanishes identically in C....to.
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with null initial data.
Our method mentioned below is based on the idea of O. A . Oleinik in [7].

However, we should remark that we need to obtain an energy inequality in so
refined form as to be useful for the argument in the following section.

Let T; O T < h ,  be a  parameter, and vp=-V p(X , t ;  r)  be the solution of
the (hyperbolic) Cauchy problem

(2.2) 8*[v] =aP u , ?)

where 8 * [v ]=- 3 i v - 3 i [a1v ]+ b ° v .  Let us start from the following identity:

( -1)P2Re(u, L [3 9 v ,])=2R e(8 9 u, L'c [vp])+(-1)P2Re(u, aP]vp)
=2 Re(aPu, 8* [a u]) —2 Re(8* [vp], ai aijapp)

+4 Re([', 8]u, aPu)+2R e([8P , atf la i u, ai v p )

+2 RefflaP, 8], 8]u, vp),

where L 0 *-=8* 2 —ai aC5ai ,  [L 0 *, aP]=L o *aP—aPL o * , and so on.
From now on, we consider each term of the right side of (2.3).

(2.4) The 1-st term >.— d /d t u  l ) — u 4 2 )

where

U v= 118 P  u C 1 =  E  s u p  (a% i(x , t)I + 2  sup I b° (x,1=1(x , t)..a (x,t)Esz

Hereafter we use Ci to denote a constant which does not depend on p.

The 2-nd term= — dl dt(aiia i vp, a i v p)±  (Pa i v p, a i vp)

— ((ak)'x h aila i vp, a i v p)+2 R e(Paila i vp, aj vp)
—2 Re( -{(ak) i „— (b°)'x i l vp, alia i v p),

and so, if we use the assumption iv) in (1.4),

the 2-nd term didt(auaivp, app)—  (A +C].)(aila i vp, a5 )
(2.5)

—2C211Vpil(a158iVp, a P p ) 1 1 2 .

Next is the third te rm . Because that [aP,
C q Pb?, ) 8 3 - q,

the 3-rd t e r m  —422E C A s - 1 >  u  11N-1-811u II/
sal—

—4E CAs>11u11/-811u11/,
S a l

where max II u  <s >= { s r/ (2 p ) 8} A i ; p and A 1 be some constants,
iq l=k

we assumed that lez 0 1<< I q1-1>, 001<<1 q  >, and we used the relation :

The 4-th term Re E  C,P(atjAaP - qu, ai vp)
m=1.

—2 Re E  Ce(aMa i aj aP- qu, Vp)
141_2

—2 Re E  C q P(aW e i ) ai aP- qu, vp).
lqlg2

(2.3)

(2.6)
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To estimate the first term of the right side of this identity, we use the following
lemma, whose proof will be given in Appendix.

Lemma 2.1. (Cf . Oleinik, [71) L et au(x)E 2 x  b e rea l-va lu ed  fun ction s,
civ(x)=a0 (x ), and w e assum e the condition iii) in  (1.3). T hen, i f  Iq1=1 , it
h o ld s tha t

(*) 1(aMaiu, 05v)1<const. u  {(avaiv, 85v)" 2 -1-11v ,  fo r  u, vEC,T(Rn).

Taking this lemma into account,

the 4-th term —2C3 /11 ull i (aijai vp, a j vp)" 2 —2C 4lIlulli H vp II
(2.7) —2n2 II vp II E Csi <s- 2 > 11 u 11/+2-8

—21/2 11vplI E C51<s-1> IIsa2
where we assumed that 144 1<<Iql —2>.

In the fifth term, several commutators are contained. For simplicity, let
us see only about a typical one:

Ray, cad, a i u u
lq- r l +

I a1_2 17-1 1

1_ri
E  Cq P+e E CrqPi

p i + 1
a ( r ) a( q _ r ) ai al aP q u -  E C gPai4+ e ,)ai aP q u •

Therefore, i f  we assume that E r Cr q I ez&) I I a/q-r) 1 ‹< I ql — 2>,
2 Re(RaP, coed, v ) -2n2 HE G i+ 1 <s- 2>Hulli+2-8

12—2n2 V p 1111 C s l <S — 1> 1! 1'1 Ilt+1-8.
s a l

One can estimate the others in the same way, and can see that, as a whole,

the 5-th t e r m  —(C5 /+ C6/2) II u II/ 11 vp 11(2.8)
— C7sE Cs i+2<s-2> 11 u 14+2-118 vp 11

Thus by (2.4) , (2.8),

(-1)P2 Re(u, L o *[aPvp]) — clIdt illullp2 +(avaiv 2), aivP)}
—2y(/4- 1) {11 ullp2 +(a i iaivp, app)} — C2 11 VP 112

(2.9) — C8 / II u1112 — (Coi+ C10/2 ) II u II/ 11 vp
—CH  II v p  E Cs i+2 <s-2> u Ili+2-s8 3
—C1 2 Hu II/ E C81+1 <s-1> H u Ilt+1-8,8 2

where 2 y = m a x  + Ci+ C21 C31.
Next, multiply the both sides by e 2 Y + 1 ) t ,  and integrate them from 0 to r.

If we define [u] /(T) and [vp](r) by

rid 1(7.)2 _ f  H u  ( t )  2e  27(1+1)tdt,

o

[V 29](T) 2
 f  v  p  H(t)2e2-y(i+utdt

(2.10)



518 K atsuju  Igari

respectively and remark that ult=o=0, 8 tult=o= 0 , vpl t „.=0 , then

( -1 )P  2  Ref (u, L o *[aPvp ])e 2 vci-m tdt
J o

(2.11) ttiip (,) 2e2: + 2
1
) >=[ u ] l C[v2pi[vp1(7)2 — C 8 /Ittl i ( T )2w 9  1 4 _  c . 

{ C 1 2 [U ]+

where we used that CM<-{(/-1-2)/3}C s i+1 .
On the other hand, integrating by parts,

the left side of (2.11)=2 R e f  (a pf ,  v p ) e 2y(i+ptd t
0

— ( - 1 )P 2  Re(u, 8*[3Pvp]) t„.e 2Y( /±1 ) '

+8(— 1)1 '1/(1+1 ) R e f z,(u, 8*[8pDDe2-Yci+t)tdt

8.y 2(/+1)2 Re f (ap u ,  v p )e 2v(t+t)tdt.

o
Therefore, remarking that 8*[aPvp]l

the left side of (2.11)<2 Ref :(avf, vp)6,2vci+Dtdt

—211 ulip(T)2 +8y (1 +1)[u ]i (,)2

{8y 2 (/+ 1)2 +8n A i y (1 ± 1)1 } [u] i [v p ]

+8ny(1+1)[v  p] E C 8 1+1 <s —1>[u] 1 + 1 _8 (r)e ( 8 - 1 ) '
8 2

Now we prepare a lemma:

Lemma 2.2. It holds the following inequality:

(2.13) (/+1)[vp](7)<C14[U] 1(T) .

Proof. S in ce  7'p is the solution of (2.2), it is easily seen that

d/c/tIlvp11 —(C1/2)11vp11— 11 u 11p,

where C1 is the same constant as in (2.4). Therefore

II !I u ilp (s y./ 2 cv p11(t) < f
:

i(8-t)ols.

Denote the right side by (t), then

[VI ]( ) 2 ‹f 0 ( t ) 2e 2v(1+1)ed t.
o

Denote the right side by / 2 , then

/2_  , 1 (- 0 (6 2 tw t
2yçl +1)i o
—0(0)21  l 'o ( t )0 , (t )e 2vo+t)tdt .

27(/-1-1) y (/ + 1 )  o

(2.12)

C13(/+2)[vp]} 8 C, 1+1<s-1> [u] i + i _s (T)ev ( 8 - 1 ) ' ,
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Because O'(t)-= — II u , ( t )  —(C 1 /2)(t),

12 ‹   1   [u] /1+  C 1  / 2

y(1+1) 27(/+1) •

Since 27>A ± C i+C 2, 1— C1/{2y(/+1)} (A +Ci)/( 2 Y). So

p <   1   r u i
27 —7(/-+ 1) L

 

Thus (2.13) has been proved.

If we use this lemma, by (2.11) and (2.12) we have that

11 u 11p(T)2 e2Y( i+r' 2 Rero(avf, vp)6,2y(t+i)tdt
(2.14)

±2ky(/±1)[u] /(r)2 + C15 [u] i (T)R i (r),

where k ( 8) is a constant independent of IpI=1, and

(2.15) R z(t)= E C8
1+1 <s-1>[u] i + i  s (t)eY  – 1 ) ts 2

Finally we consider the first term of (2.14). Let qp be the solution of the
(hyperbolic) Cauchy problem

(2.16) 8 [9 ]- 3 9 f ,  glt= 0= 0.

Then, integrating by parts,

(2.17) 2 R e f  (Pf, vp)e 2 v( z+l) tdt<C 1 6 [9 p l[U ] ,

where Lemma 2.2 was used again. Now that qp is a solution of (2.16), we can
easily see that

II g pll(t) < C17  f : I I s  , 0 <t<h .

Therefore, if we define ( f ) 1(t), F 1(t) by

(2.18) ( f ) 1(t) =
I

f  111(s)d s , F i (t)2  = f  0 (f) 1(.02 e zv (1+1)8 ds

respectively, then

(2.19) [923]- C17F/(t)'

Thus we have obtained the following proposition.

Proposition 2.1. T h e  so lu tio n  u (x ,t)E 0 2 4 0 ,h ] o f  th e  eq u a t io n  (2.1)
w ith  n u ll  in i t ia l d ata sa t is f ie s  th a t

(2.20)I i  u  iii(t)2eavct+ut<24(/4-1)[u] i(t) 2  + 2  lqui Kt) {F 1(t) +R 1(t)},

w h e r e  y , k an d  K  are constants in d ep en d en t of  1=IpI.

Immediately we can get the

519

q.e.d.
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Proposition 2.2. T h e  s o lu t io n  u(x  ,t)E..022[0, h ]  o f  t h e  eq u a tio n  (2.1)
w ith  n u l l  in it ia l d a ta  sa t is fie s  th a t

(2.21) [u ]i(t) K  f
o

{F i (s)-F lei (s)} e icY ci+ixt-s)d
s .

§3. Existence o f a  so lu tion , under the assumption iv)
Let us prove the existence of a solution of the equation

(1.1) L [u ]=f

with given initial data at t = 0 .  W e assume (1.3), iv) in  (1.4). A t first we
consider the case where initial data are null. We construct a solution by the
method of successive approximation. Namely we define u i (x , t )  by

(3.1)
L o [u 1]= f ,  with null initial data

L o [N ]=M [u i _ i ] ,  with null initial data, i >2,

where L 0 =8 2 —ai ailai ,  M=b/a i -Fc. Then the formal sum ET=i ui (x, t )  gives
a  formal solution of (1.1) with null initial data. S o  let us examine its
convergence.

Successive estimate Suppose that

(3.2) f 111(t)ey(i+nt <   ti  (l+ r)r .1 C e+ 1 ) t ( 1
z. p

+pt)vi-r+1

where p ,  k  and y are the same constants as in the preceding section, C  is a
constant, g is a constant which will be determined later, 1 , i and r  are non-
negative integers. Under this assumption, let us estimate the solution u(x , t )
E  .022[0, h] of the equation

(2.1) L o [u] = f

with null initial data. F o r  simplicity, we denote the right hand term of (3.2)

by i t i ,/ ± r ( t ) •

From the definition (2.18), it follows that

(3.3)
F / ( t ) 2ky(l+r-F

(i)/(1)<K i+L i+r(t)e -  Y(1-1-1)t

1 )  Kid- 1, i+ r ( t ) •
1 

Therefore

(3.4) K  F i(s )e kv(i+i)ct-s)ds <  
2k y (1± r ± f ) K i+2 , t-i- r( t ) .

If we use the proposition 2.2, we can prove the

Lem m a 3 .1 .  A ssum e (3.2) a n d  tak e 13=2A 1K  , th en  th e  s o lu t io n  u(x , t)
E 2°22[0,h] o f  (2.1) w ith  n u l l  in i t ia l  da ta  sa t is fie s  th a t

2K
(3.5) [u]1(t) ,/2ky(/-F r  1 )

Ki+2, l+ r(t) •
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P r o o f .  We show this by induction. For  1 = 0 ,  taking the proposition
2.2 into account, it is evident from (3.4). Next suppose that (3.5) is valid for
all r 5 / - 1 .  Then

2K 
R i (t) <  E C31+10-1>

, / 2 k y ( / + 1 — s + r + 1 )  
K i+2 ,/± i_ g +r( t)e Y (8 -1 ) /

1 cst-1-1
<2A 1KKi+2,i+r(t)( 1 + t ) 1  

 C  N .  •

E ,3 2  •  •  ‹N i l - k 1 N2ky, because Cs i+1 /0 8 iri < (1 + 1 )/ s , s (l+ 1 — s + r+ 1 )(l+ 1 ).
Therefore

(3.6) R i ( t ) <  

l ± 1   
2 A  1 K K i + 2 , i + r ( t ) (

1  ± f i t ) - 1 .V2ky
Therefore

2A i lfz,//d- 1 
K i+2,1+r(t)K  f 

t 

Ri(s)ekv(i+D(t-s)ds< 
2ky 13(l + r +1)

— ,12ky(l+r+1)
K $ 1 - 2 ,1 - 1 - r( t ) .

By the proposition 2.2, the inequality (3.5) follows from the above one and
(3.4). q.e.d.

Hereafter we fix the constant /3=2A i K .  By the way, F i (t) has an another
type of estimate as follows:

t1/2
(3.7) F i ( t ) <  Ki+i,z+r(t).

Therefore
t K  i 3 1 2K  r  .F i(s )e k v(i+ i)(t_ s) dso

‹   .v2i+3(i+5/2) K i+1,1+r(t) •

In the same way as Lemma 3.1, by the proposition 2.2, we can prove the

Lemma 3.2. We a ssum e (3.2). T hen  th e  so lu t io n  u(x, t) o f  (2.1) w ith
n u ll in itia l data sa tis fies th a t

K(3.8) [u]1(t) .v2Ï+23ii( +3/25/2) K i+1,1d-r(t).

Now let us apply the obtained estimates to th e inequality (2.20) in
Proposition 2.1. By (3.5),

2ky(/+1)[u] 1(t) 2 < 4 K 2 K1+2 ,i+r(t)2 .

2K[u] i (t)R 1(t) <
A 1 ( 2 K ) 3

2ky K i + 2 , 1 - k r ( t ) 2 .

By (3.7) and (3.8),

2K[u]z(t)F i(t)S4K2Ki+2,i+r(t)2

By (3.5) and (3.6),
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Thus, by Proposition 2.1, we can get the

Proposition  3 .1 . A ssu m e (3.2), th e n  th e  s o lu t io n  u(x, t)E02z[0, h ]  o f
(2.1) w ith  n u l l  in it ia l d a ta  sa t is fie s  th a t

(3.9) u

w h e r e  K i is  a  con s ta n t w h ich  d o e s  n o t  d ep en d  on I ,  i  a n d  r.

We need to estimate II at u Ili too.

L e m m a  3 .3 . I f  w e  a ssu m e tha t

11 ulli(t)? (1+1)t<Kci+r(t), laqa(x, t)1<<Iql>,
th en  i t  fo l lo w s  th a t

11 a u  11 i(t)eY (1.1-nt<2A c i,l+r(t)•

P roo f.  B e c a u s e  aP[au]=-E QC,P(aqa)8P- qu,

au E Csi <s> II ull i _8eY( /
- 8 + 1 ) t e r s t

—  8

< E C8
l
<S>Kia—s+r(t)e

) 8 t

8
<A E 2- sC8 i/C8

1+r<2A i + r (t). q.e.d.

Since 82 u=3 i aijai u + f, one can verify by this lemma that

(3.10)J  
8 2 u ! l i e . v ( 1 + i ) t < 2 A  iKiKi+2,/+r-F2(t)+

where we assumed (3.2) and th at 1441 ‹< ql >and we used (3.9). N ext let us
derive the estimate o f 118u111

( t )  from the ab o v e  in eq u a lity . For this purpose,
consider the solution v(x. t) of the (hyperbolic) Cauchy problem

(3.11) 8[v]=q, t=0=0.

We want to give the estimate of I v (1/(t), assuming that

(3.12) II g 111(t)eY"+ i+ r ( t ) .

One can easily show that

v111-1- 11 g 111+11 {a', 8Iv II
< (4 C  n A  1 1)11 vJi +iJ g 2 C ''< s -1> H

where C1 is the same constant as in (2.4). Because n < K  and because 4 C1 +
y+nA i l±yl<ky(l-1-1),

elldt IllvIl i (t)e )' (1 +1 ) t} ‹ky(l+1)11vIlle ( 1 ± " +11 g y K T i (t)

w here T i (t)=  E s , 2 C8
1+'<s-1> Jj v _s e v(i+i-s+Dt e y(s-ut . T h e re fo re

vlIge7 (i+D t<1 q 111(s)
e V ( 1 + 1 ) s  .1 ( i (s)}- e ky(i+ixt-

o
If we use this inequality, we can prove the following lemma in the sam e way
as Lemma 3.1.
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Lem m a 3 . 4 .  A ssum e (3.12), th e n  th e  s o lu t io n  v (x , t) o f  (3.11) sa t is fie s

11 ill(t)
( 1 + 1 ) t . ,

5u is a solution of (3.11) for y= 8 2u. Therefore by the above lemma one
can get from (3.10) that

(3.14) 118u Ille
v (1+1)t < 4 A

14-1ici+3,i+2+r(t)± 2 Ki+Li+r(t)•

Since at u=— a u —b°u+Su, by Lemma 3.3, (3.9) and (3.14), we have the

Proposition 3 . 2 .  A ssu m e (3 .2), t h e n  t h e  s o lu t i o n  u(x , t)E222[0 , h ]  o f
th e  eq u a tion  (2.1) w ith  n u l l  in i t ia l  da ta  sa t is fie s  th a t

2
(3.15)J  atu Ilt(t)e ( i+1 "< K 2  E

.=0

w h e r e  K 2  i s  a  con s ta n t w h ich  d o e s  n o t  d ep en d  on 1, i  an d  r.

Finally we remark that by Lemma 3.3 one can easily show the

Proposition 3 . 3 .  A ssum e th a t

161q)1<<Iq l> ,

Ilu II/(t)e7 (
 1+1)t< Ki,i+ r(t)

th en  i t  fo l lo w s  th a t

(3.17) II 
m [ u ]  Iii(t)e,v(t+t)t<K3Ki>/-ki_kr(t),

w h e r e  M =bia i ± c  a n d  K 3  i s  a  con s ta n t in d ep en d en t o f  I, i a n d  r.

We are ready now to prove the existence of a solution of (1.1).

Existence of a solution In  (1.1) we assume that

(3.18) 11/11p< IPI

It is evident that

If Ilg e Y ( / + 1 ) t <Ko,1(t).
Apply Proposition 3.1, regarding i = r = 0 ,  then

Ili wect+Dt<K
i K2 ,/(t).

Apply Proposition 3.3, regarding i= 2 , r= 0 , then

M[ud 11/(t)e ( i + "<K3KiK2a+i(t)•

Apply Proposition 3.1 again, regarding i= 2 , r= 1 , then

H u2 1(t)ev(z-Ft>t< K 3 K 1
2 K4 ,1 4 1 (t).11 

If we repeat this argument, we can get the

Proposition 3 .4 .  A ssum e (3.18), th en  u i (x ,t) d e fin ed  b y  (3.1) sa tis fies  th a t

tha t

(3.13)

(3.16)
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(3.19) 1-1(1!K2/,/+i-i.(t),u illt(t)e ( i + " < K 3 / - -

(3.20) M[ui]lli(t)ev(i+i)t<K3iKiitc2i,1-1-1(t).

By Proposition 3.2 and by (3.20), we have the

Proposition 3 .5 .  A ssum e (3.18), th en  u i (x ,t )  sa tis fies th a t
2

(3.21) II a t u i  
IIg e v ( z + l ) t < K 2 K 3 . 1 - 1 K 1 i - 1

 E K2-1-H.,,/+/-3.+,(t)•.=o
Now let us examine the convergence of E7= i u i (x, t )  by means o f (3.19).

-
E  Hu/ II/<  E1=1 1=1

If we denote v i e 3 'h(1 +13h) by B i ,  K 3 K 1 p - 1 evh(1+13h) by B 2 , K i Cevh(l+f ih)
by B 3 ,  then

E II u I  Ic< t 2 B3Bi 1 E  (B2t2)i-i (1+ i— 1)!
=-1 =1 (2i)!

‹ t 2 B 3 (2' (2' .13 2 t2 )"   ( i   1 ) 1 '

(2 i)!

where we used that Ci+1 - 1 < 2 1+ " .  Remark that ( i - 1 ) ! 2 1(2i)!< 4 - ( 1 - 1 ) , then

E u/ II/(t) < t 2 B 3 (2'.8 1 ) 1/r E (2'/4 B 2 t 2)" ( i - 1 )
1=1 2=1

Therefore, if 1< a < 2 ,  the right hand term converges uniformly in [0, h]. I f
a = 2 , there exists h o (<h )  such that the right hand term converges uniformly
in [0, h o].

Thus, if we put u(x, t)=E7= l u i (x , t), we have

(3.22) u 11/(t) < const. (2.81)//r12, 
{fo r  0 < t< h ,  i f  1 < a < 2

fo r 0 < t < h 0 ,  i f  a = 2 .

The same consideration on E7=1 atui II/ gives

(3.23) II atu II/ <  const. (2"BOi+I(i+1)  ! t,
 f o r  0 < t< h ,  i f  1 < a < 2

fo r 0 < t < h 0 ,  i f  a = 2 ,

where we used Proposition 3.5. Here, if neccessary, h o is supposed to be
replaced with a smaller one.

Thus the existence of a solution of (1.1) with null initial data has been
proved, which is a function of Gevrey class of order a with respect to x. More-
over we can prove that if (x , t) belongs to F ( ' ) [0, h], then the obtained solution
u(x , t) also belongs to i " ) [0, h] (or to P ( ' ) [0, h o] in case of a = 2 ) , cf. [1].

Up to now, our consideration has been restricted to the case where initial
data are null. Now consider the Cauchy problem; L[u] = f(x , t), ze t=o=95(x),
a tu  t =0 = 0 ( x ) .  Assume that f ( x ,  E I " ) [0, h], 0(x) and tk(x) r x

( - ) , then f (x ,
— L[0±t0] belongs to / " [O , h]. Therefore, as shown above, one can find a
solution v(x , t) of the equation

L[v]=f—LNS-1-ttid,
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with null initial data. Besides this solution v(x, t) belongs to rw [o , h], (or

to I " ) [0, h o] in case of a = 2 ) .  Put u = v + 0 + 0 ,  then u(x, t) gives a desired

solution.
Thus we have obtained the

Theorem 3.1. A ssu m e (1.3), iv) in  (1.4). T h e n ,  i f  1< a < 2 ,  f o r  any
f ( x , t ) E r - [o ,h ], an d  an y  in it ia l d a ta  ck(x), 0(x) E  x

( ' ) , th ere ex ists a  so lu tion
u(x, t) o f th e  equation  (1.1) in  Q  w h ich  b e lon g s  to  r n o ,  h ]  a n d  sa tis fie s  th a t
ult=0=0, atult=o=0. I f  a = 2, th ere ex ists  h 0  ( < h ) su ch  th a t  th e r e  ex is t s  a
so lu tio n  u(x , t) E [o, ho ]  o f  (1.1) in  Rn X [0, h o].

If we remark the lemma of Sobolev, we have also the

Corollary 3.1. U nder th e  sam e a ssum ption s a s  in  T heorem  3.1, i f  1< a
<2, fo r  a n y  f(x , t)E y o

(a) (D) a n d  a n y  in i t ia l  d a ta  ck(x), tk(x)Ey 0
(“) (11n), th ere

ex ists a  so lu tion  u(x, t) o f  th e  equation  (1.1) in  Q w h ich  b e lo n g s  to  y ( ' ) (0 )  a n d
sa tisfies tha t ult=o= 0(x), tult=o=thx)• I f  a=2, th ere ex ists h o  (< h ) su ch  that
th ere ex ists a  so lu t io n  u(x, t)Ey (a) (Rn X [0, ho]) o f  t h e  eq ua tion  (1.1) i n  R n  X
[0, ho].

§ 4. Existence of a solution, under the assumption iv')
We assume (1.3), iv ')  in  (1.4). A lso  in  this case, one can prove the

existence of a solution in the same way as where iv) is assumed, except a few
points. We use the method of successive approximations, as well. Below we
only indicate the points different from where iv) is assumed.

At first, let us estimate the solution u(x, t)E022[0, h ] of

(4.1) L o[u]= f(x , t)

with null initial data. We start from the following identity:

2 Re(aP8u, aP L o [u]) = 2 Re(aP8u, 8 a 9 8 u)

(4.2) —2 Re(8aPu, ai allaj aPu)d- 2 Re(aP8u, [aP 8]824)
—2 Re(aP8u, R e ( [ ,  8]u,3 i a1i3j aPu).

The 1-st t e r m  did/ II Su 111)2 —C1 II 8u llp2 .

Here and hereafter we use Ci to denote a constant which does not depend on p.

The 2-nd t e r m  didt(alla i aPu, a j aPie)— (biiai aPu, a,aPu)
— C2(ai iaiaP U, ajaP U)— C3 I lu11p2 ,

where b15 = a 11)'i -Fak(aii)'x ,— (ai)'x  kaki — i l i k (a i) '
 k .

The 3-rd term —2n II Su lip  E C5
/- 1-1<s - 1 > Il Su 111+1-8

821

where <k> = {k r/( 2 P)k } A i, 118ullk= maxII 8u Hq a n d  we assumed that 14)1  <14-

<jql —1> , 100 1 <<I ql> , n is a dimension of the space variable x = (x i,  •••, xn),
PI =1.

The 4 - th term= — 2 Re(aP8u, E CqPiaMai d-agi_e o l aj aP- qu).
iaia i
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W hen 19'1=1, by Oleinik's lemma in [7],

atd)aia jaP — q  i t  12 < C4 E (avai as aP—qu, ai as aP—qu).
8=1

Therefore

the 4-th term >  —2C5 118u 112E  C  q P(avai a,81-qu,i  

—27/2 1187411p E Cs1 + 1 <s- 2> II 11s
where we assumed that 14)  1<<1q1 —2>.

A s  ai p ,  S ]u=  E C e a t a i ak aP- qu+  E  C e0 c 8i 8P- au
I 4'1_ 1 1q1 1.

E  Ceatq + e 1 ) 48P- qu-i- E Cq P0,+ , 0 a2)- qu,

a j unpu )1/2 E c s i+1<s _1>11,the 5-th term >-2 (a ija i 8Pu,
s ]

E  Ce<1 q1-1>(aila i a k aP- qu, 35ak aP- 6u)1/2
qiai

E  Ce< ql>(aila i aP- qu, a Al"' u) 1/2

iq ia i

where we used that 14 ) 1<<1 q1-1> , 10q)1 <141> lay atq+eoatq+e j) " < < lq i  1 >,
ai i 0q+e1)0q+ej) 1/2 < <  ql>.

Now we put Ep(t) 2 =118u11232 +(aii8i8Pu, 8j &74), and denote maxEp(t) by
]P1=1

Ei(t). Then from the above consideration, we can get the following inequality.

E (t )2 < 2 E 1 (t ) I It+ (Co + C7 1)E 1(t) 2 + C- 3 HU 11/2d t '
(4.3) +C8Ei(t) E C5

1+i<s-1>E i + 1 _
8
(t)

±C9E1(t) E Cs1+2<S-2>du(t+2-8

where the condition iv ') in (1.4) was used.
11 kg  2.N ext we put F1(t)2=E (1+1 )2  u  ) Because

(1+1)2 11 u
d 162 =2(1+1) 2 RC(aP 8U, al iu) —2 Re(/+1) 2 (8P fak 8 k+ b°} u, 3P u)d t

<2(14-1)2 1187‘11/11u Il1+C1(/± 1 )2 11u11/2

+2n(l+1) 2 11u II/ E Cgi+ 1 0 - 1 >Ilu111-1-1-s
s a l

we have from (4.3) that

d

d

t F 1(t) 2 _.< 2 F/(t)11/11/±2 (Yo+YOFt(t) 2 + 2 KFi(t) E C81 +2 <s- 1 >F1+1-8(t),

where yo , y and K  are constants independent o f /=1,p1. H ere w e used the
follow ings: C3i+(l+1)/(1+2 — s) Cs1+2, C ai/(14- 2 — s)< C 8

 1+2 .
Therefore we have

(4.4) F 1 (t) ‹  f  
o

w here Ri(t)=E,,C ,i+2<s-1>Fi+1,(t).
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Successive estim ate N ow  in (4.1) we assume that

(4.5) e 1 + r

11f 111(t)< t i (111 -
pi rr)!“ c e vat+y(i+rv + p

where p is the same constant as in <k>, C is a constant, /3 is a constant which
will be determined later, i  and r are parameters which run over non-negative
integers. For simplicity, we abbreviate the right hand term to K ia+r ( t ) .

Remark that

ill fIli(s)e(Y °+ Y ixt-E ds Ki+ i,i+r(t),

then, using the inequality (4.4), one can prove the following lemma in the
same way as Lemma 3.1.

Lem m a 4.1. A ssum e (4.5) a n d  tak e /3=8A  1K, th en  th e  s o lu t io n  u(x  t)
o f  (4.1) w ith  n u l l  in it ia l d a ta  sa t is fie s  th a t

(4.6) F 1(t) 21ci+ 1 , i+ r (t).

Since II8u Ili<F/(t), it follows that

(4.7)H  8ulli(t) 2icifia+r(t).

N ext is  th e  estimate o f  MOO). Rem ark that  3 tud-ak3 k u+b°u=8u ,
t=0 -0 , then one can easily verify that

d/dtilull/ (Yo±)//)11u11/+118ulli+usE c, i + i <s- 1 >muli.i+ i_ s •

Therefore we have

ullg < 1
o  

{II 8u 111(s) uT  t (s)} 0+Y 1 ) ( t- 8 ) ds •

where T i (t) = E 8 2 C81+1<s —1> II u Ilt+i-s(t)•
If we use this inequality and (4.7), by induction we can get the following

inequality:

(4.8)H  ulli(t)< 4 Ki+2,i+r(t).

Moreover, if we remark that atu=— ak a k it — Pu +S it, we can get from (4.7)
and (4.8) that

(4.9)M  atu 111(t)._C10 {Kt+2,i+3.-Er(t)+Kt+1, l+r(t)}

where Cio is a constant independent of 1, i , r.
Taking into account the above, one can prove the existence of a solution

in the same way as in §3. Namely we can obtain the

Theorem  4.1. A ssu m e (1.3), iv ') i n  (1.4), th en  f o r  a n y  g iv en  f (x  , t)E
F ( ' ) [0, h] and  a n y  g iv e n  in i t ia l  d a ta  (u(x, 0), atu(x , 0 ))E rx

( - ) , i f  1 < a < 2 ,  th er e
ex ists  a  so lu t io n  u (x , t)  o f th e  eq u a tion  (1 .1) in  Q ,  w h i c h  b e lo n g s  t o  1- " [O , h].
I f  a=2, th er e  ex is ts  h o  ( h) su ch  th a t  i n  Rn x [0, ho ] a  so lu t io n  z i(x , t) ex ists,
w h ich  b e lo n g s  to  r(-)[o, 4] .
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By the lemma of Sobolev, we can also get the corollary which corresponds
to Corollary 3.1.

§ 5 .  Uniqueness and dependence domain

Let Cx e ,to , (x 0 , t0) E Q , be a backward cone defined by

Cx ,,to =  {(x, t)EQ; p Ix — x01<to — t},
where su p  ai(x , i + N/aii(x, .  Consider u t (x , t) defined already

(x ,t)E Q
161=1

by (3.1), assuming that f (x , in  Cx e ,to . Taking into account the remark
1.3, it follows inductively that ui (x ,  t )  and M [u d (x , t ) vanish identically in

Cxo,to• Therefore u(x, t) = E 7= 1u i (x, t)==-0 in Cz o ,to . Thus we have

Proposition  5 .1 .  A ssum e (1.3) a n d  (1.4), th en , i f  1 < a < 2 , th e C au ch y
p r o b l em :  L [u ]= f  f  E y 0

( (0 ), (u (x , 0 ), at u(x, 0))Ey 0
( ") (Rn), h a s  a  s o lu t io n

u (x ,t )E y ( ' ) (Q ) w h ich  sa tis fie s  the fo l lo w in g  p r o p e r ty :

I f  f (x ,t)= -0  in  Cx t o ,(u (x , 0), atu(x,o)) o o n  G oa° n {t=01,

'th en  u (x , t)= 0  in  Cx o ,to .

By means of this proposition, we can obtain the

Th eorem  5 .1 .  ( U n iqu en ess ). A ssu m e (1.3), (1.4) a n d  th a t 1 < a < 2 .
L et u (x , t)E 6 ' 2  be a  so lu t io n  o f (1.1) w h ich  sa tis fies  th a t

L[u](x , f (x , t )= -0  in

(u(x, 0), at u(x, 0)) -_0 on  G oa° n {t=0},

th en  u(x, t) m u st b e id en tica lly  n u ll in

P roof. W e  show th is by contradiction. W e  suppose that fo r  some
(x l , t i.) in G oa  u(x i , t1) 0. Consider the (backward) Cauchy problem:

(5.1) tL [v ]= 0  in  Rn x[0, ta v1t=t 1=0, atvi t=t i =0 (x ),

where 0(x)Ey 0
( “) (Rn), supp [0(x)] C  G oa° n it= t 1 1. By the transform of varia-

bles 0 : y = — x , s = — t+ t i ,  this problem is reduced to the equivalent Cauchy
problem:

(5.1') t_C[w]=O in  Rnx [0, td, 'zvl8=0=0, a8zo 8 0=-0(—y),
w here t_E=tL(— y, —s-Pt i. ; — ay , —a). O ne can easily verify that i f  L
satisfies (1.3) and iv) (or iv')) in (1.4), then t-C satisfies (1.3) and iv') (or iv)
respectively) in (1.4). Therefore by the proposition 5.1, we can see that there
exists a solution v(x, t)E y ( ") (Rn X [0, h p  of (5.1), whose support is contained
in C , to n {t<h}.

Taking the above into account,
t,

0 = f  t i f  L[u ]vdxdt= 
L I R A

 utL[v]dxdt — 
"
u(x, t 1 )0(x)dx

o 0 R

= _  r  u (x ,„ ) , (x ) ,,x.
R "
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On the other hand, since u(x i , t1 ) /  0, we can chose 0(x) such that

u (x , t i )0(x)dx 0.
in "

This is a contradiction. q.e.d.

Finally we remark that by the procedure of the partition of unity, we can
obtain the theorem 1.1.

Appendices

A .1 .  Remarks on the O leinik 's theorem
We explain only our plan of the proof of the theorem stated in the remark

1.3. W e  use the same method as in [7], namely the method of elliptic regulari-
zation. Consider the Cauchy problem

(1) L oju]=L o[u]— eA u=f , , in 0, e>0,

(2) u  t=o= 0(x), atu t=0=0(x).

Since the equation (1) is strictly hyperbolic, this Cauchy problem is well-
posed in .022, also in E  and there exists a finite domain of dependence.

L e m m a . A ssum e th e sam e as in  the rem ark  1.3, then th e so lu tion  u,(x ,t)
o f th e  Cauchy problem (1)-(2) satisf ies that

(3) H u / .
, t)11k2 C {110 3+1+110 4 2 } C ' t) Hie-2

C"f Ilf(• , t ) 3 , 0 dt,

where th e con stan ts C, C ', C " depend on k  but does not depend on  s* ) .
The inequality (3) implies that { u/x , t)} , > 0  is  a  bounded set in ET2(,S2),

m=0,1,2, •••. Therefore one can extract a subsequence {us1(x,t)}5-1,2,
as j-->co, which converges weakly in 6112(0) for any m=0, 1, 2, •••. We can
see that there exists u(x , t) E°2 .(Q) (c ONO , h ]) such that for any p  and k
and for any vEL 2 (D)

(a P 8 tk z4,, L2 (o) ( tku, V)L 2( f l ) ,

This gives a solution of the Cauchy problem

fL o [u ]= f(x , t )  in 12,
(4)

lult-o= 0 (x ) , atu t-o= 0(x).

Let C'x s ,t s be a backward cone defined by

C`zo,to= {(x, t)EQ; tc,lx— x01<t 0 —t},

*) We used the following notations:
Ilu(-, t) 11k= E IlaPatju(•,011L2,11.A.,t)Ilko= E  II 8Pf(•,t)IILx 2.

IPl k
*49 C f. [8], Chapter 2.

as j-0-00** ) .
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where 11,- 1 = sup al(x , t)e ac (x , t)e d  el. If fo r 8>0, f(x  , t)__= 0  in
le I-1, cx. t)Esz

Cto,to, 0(x)=-=-0(x) --=- 0 on Clo,tri { t=0 }, then for any s < 8 ,  u(x, t)___---=0 in Clo,to
and therefore u(x , t) -0 in CL, to . Since b>0 is an arbitrary number, we have
the

Proposition. A ssu m e th e  s a m e  a s  i n  t h e  r em a rk  1.3. T h e n  fo r  a n y
f (x  , t)E C r ( D )  a n d  a n y  in it ia l d a ta  cb(x), 0(x)EC 0

- (Rn), th ere ex ists a  so lu tion
u(x ,t) C - (S2) o f th e  C auchy prob lem  (4), w h ich  sa t is f ie s  th e  fo l low in g  p r o p e r ty :

I f f ( x , t )=0  in  C, o ,t o a n d  i f  « x ) / i ( x ) 0  on
C r tO n { t=0 }, th en  u(x,t)___- -0  in  Cx.,to •

If we use this proposition, we can prove the well-posedness in E  and the
existence of a finite domain of dependence, in the same way as in §5.

A .2 .  Proof o f Lemma 2.1.
We define the operators and R i , j=1, 2, ••., n , by

16i1 û( e)].
Then A = R535 , 3; =—(2702R5A, 125 * = - 1 ? 5 , R i * R i = (270- 2 . Then

(av i u, a i v )=(27) 4 (4 R i A u ,  ' Ay)
=(270 4  (Au, aU) R i * R i Av)H-(270 4 (A u, [R i *, atj) ]R j Av)

<const.11u111{1144RiRjAv11+11 v11} •

Here we used that l e i  and [R i , a ]A  are bounded operators in4 2 .
By Oleinik's lemma in [7], fo r  q] =1,

a M R  j Av112 <const. (aiiR i R s A v, R J R,A v).

By the way,

(afiR i R s A v, R J R ,A v )=(ailR i A v, R J R,* R s Av)
±Re([au, R s ]R i A v, R i R s Av)

<(270 - 6 (a1j3i v , j v)+const. vI12 . q.e.d.
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Added in Proof.

After submitting this paper, the author was noticed that V . J a . I v r i i  had
succeeded, with the different method from ours, in removing the condition of
analyticity of the coefficients of the operator when the multiplicity of the
characteristic roots are at most double. Th is means that the condition (1.4)
may be removed.


