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Introduction. Let S b e  a minimal nonsingular projective surface of
general type defined over an algebraically closed fie ld  k o f  characteris-
t ic  O. W e denote by pg  an d  K,, respectively the geom etric  genus and
the canonical divisor o f S .  In  a  se r ie s  o f  p a p e rs  [ 5 ] ,  [ 6 ]  a n d  [7],
Horikawa studied the structure (the num ber o f m odu li, th e  deforma-
tion type, e tc .)  of minimal nonsingular projective surfaces S o f  general
type satisfying the equality : 2P,= (K 2) + 3  o r  2pg = (K 2 ) + 4 .  T h e  sur-
faces stu d ied  b y  H orikaw a are, how ever, th e  e x tre m e  cases in  the
sense that if the value of pg  i s  g iv e n ,  ( K 2 ) = 2 P , - 3  o r  2 P , - 4  is the
smallest possible value of (K2 ) (c f. [3 ], Theorem  9 ) .  In  t h e  present
article, by em ploying the m ethods in troduced  in  [ 5 ]  and used effec-
tive ly  in  [6 ] and [7 ], w e shall study the structures of minimal nonsin-
gular projective surfaces of general typ e  sa tis fy in g  th e  eq u a lity  2P,=
(K2) + 2 ,  o f  w h ic h  w e  s h a l l  g iv e  a description u n d er sev era l m ild
restrictions. In the f ir s t  section of the p resen t article, various results
are collected, which we use below  frequen tly  a n d  sometimes without
specified  references. In the second section w e  p ro v e  th a t the irregu-
larity  q vanishes for minimal surfaces of general type w ith  2p ( K 2 ) +
2. In the th ird  and fourth  sections w e have to  lim it  o u rse lv e s  to  the
case where I K j  h a s  n o  f ix ed  co m p o n en t. T h is  assum ption im plies
th a t 11(1 is not composed o f a  p e n c il .  On the other hand, 11(1 h as a t
most two base points. In the th ird  section w e consider the case where
I K i h as no base point and n : = P , - 1 > 3 .  Then, morphism ç  : = 0 1K1
S - - ›V c  P" (w here V:=yo(S)) defined  by 1KI is  a morphism o f degree
2 except when n = 3  and deg  go=3. If one assumes that  and deg
= 2  th en  V i s  a  D e l  Pezzo su rfa ce  o f d e g r e e  n ;  t h u s  n < 9 .  The
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construction of minimal surfaces S  o f th is  k in d  is  g iv e n  i n  Theorem
3. 7. Assum ing that the Del Pezzo surface V  is  n o n s in gu la r  and the
branch locus 13, is  g en e ra l (see  3. 8), w e  s tu d y  th e  e llip tic  cu rves on
the surface S  (cf. Theorem 3. 9 ). In the fo u rth  section w e co n sid er
the case w h ere  1K1 h as base points and n:=P g — l> 3 . T h e n  1K I has
exactly two base points. Let r: S--->S b e a composition of blowings-
up  w ith  cen ters at the base points of 11(1 su ch  th a t the variable part
IL I  o f  Irr* K 1  has no base point, and let  : V c  P" (where
V:=.-ço(g)) b e the morphism d e f in e d  b y  I L I . Then, d e g  ço=2  and V
is  an irreducib le surface of degree n -1  in P "  stud ied  by Nagata [10].
Now, using the structure theorem o n  V  a n d  em p lo y in g  th e  methods
from  [5], w e can  describe the structures and constructions of minimal
surfaces S  of th is k ind  under an add itional assum ption  that S ' is the
canonical resolution (c f. 1. 3) of the double covering o f V  with branch
locus A.(cf. Theorem 4. 15).

The notations and the te rm in o lo g y  w h ich  w e  u s e  b e lo w  are as
follows: k  is  an algebraically closed fie ld  o f characteristic  0, w hich we
fix throughout the p ap er; ev ery  surface considered below are projective
surfaces unless otherwise mentioned. Let S  b e  a  nonsingular projective
surface and let D  b e  a  divisor on S .  T h en  1D I deno tes th e  complete
linear system  defined by D .  I f  x„ x , are points on S  and if m„
m, are positive in tegers, ID! — Em i x , i s  th e  lin ea r  su b system  o f  IDl
consisting o f members of D l w h ich  p ass  th ro u gh  x i ' s  with multiplicity

I f  every m em ber o f  ID! — En/ix , passes th ro u g h  so m e  points
among x .'s w ith  m ultip lic ities greater than  the assigned ones, or passes
through new points other than th e  ass ign ed  base points, w e say  th at

DI —Em i x, has accidental base points. Let f :  S - - T 7  be a morphism of
f in ite  d e g re e . Then, for an irreducib le curve C o n  S  w e  d e n o te  b y
f ( C )  the set-theoretic im age; for a  divisor D  on S  we denote by f  ( D )
the direct im age as a cyc le ; fo r  a n  ir red u c ib le  cu rv e  C ' o n  V  we
denote by f - '(C ') the set-theoretic inverse im a g e ; fo r  a  divisor D ' on
V we denote by f* (D ') the inverse image as a c y c le ;  i f  f  is birational
and if A  is  an irreducib le curve on V, f ' ( A )  denotes the proper trans-
form o f A  by f. The other notations are as follows:

1,, (or pg ( s ) ) : the geom etric genus o f S,
q  (or qs ) : the irregularity of S,
K  (o r K s ,  o r K ( S ) ) : the canonical divisor o f S,
X (0 s ) (or X  (S, 0 s ) )  : the Euler-Poincaré characteristic of S,
e. (D •D ')  (o r  (D2 ) )  : the intersection number o f D  and D ' (or D

with itself),
: D  is linearly equivalent to D',
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D D ':  D  is algebraically equivalent to D',
p  (D ) :  the invertible sheaf associated with D,
p (D )  :  the arithmetic genus of D,
[ 1 :  the Gauss symbol.

§ 1. Preliminaries

In  this section we shall summarize various results which we fre-
quently use below.

1 .  1 .  Lemma (B o m b ieri [3 ]). Let S  be a m in im al surface of general
type. W e have th e n  the follow ing:

(1) Assume t h a t  i K i  is not com posed of a pencil.
I f  IKI =I C I + X w ith  a f ix e d  p art  X  w e hav e

1 11 1P ,‹ —
2

(K9+2— q —  (K . X ) —  (C. X ),
2 2 4

and (C. X ) >2 i f  X>0.
(2) I f  q> 2 and i f  I K I  is com posed of a pencil p lu s  a  f ix ed  part we

have

P g j 2- ( 1 ( 2 )

prov ided  that (K 2 ) is ev en .

(3) I f th e n  X(P s )--< (K 2)  ;  i f  q . 1  w e hav e ps <  21  ( K 2 ).

(4) I f  q = 0 and S  has a torsion group of o rd er m  th e n  w e  have

( K 2 )  ± 73n - 1 .

1 .  2 .  Lemma (H o rik aw a  [5 ]) . Let S  be a m inim al surface of general
type w ith  Pg >. 3 s u c h  th at  IK1 is not com posed of a pencil. Let 7r :
be a composition o f  quadric  transformations s u c h  t h a t  the variable part
I L I  o f  Ir*IC I h a s  no base point. T h e n  w e  have 2P, —4< (I,2) < (1(9.
Moreover,

(i) i f  (L2) ,  (K 2 )  th e n  I  K 1 h as no base point,
(ii) i f  (L2) =2P, —4 then any  general m em ber o f IL I is  a hyp erellip tic

curve.

1 .  3 .  The results o f this paragraph are mainly d u e  t o  H orikaw a [5],
[ 6 ] .  Let f : S -- - -> W  b e  a surjective morphism o f  degree 2  between
nonsingular algebraic surfaces. Assume th a t th e re  is  n o  exceptional
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curve of the f irs t k in d  on S  w hich is m apped to  a point b y  f . L e t R
(o r R 1 )  b e  the ramification divisor of f . T hen  R , K s — f*(K w ) ;  R  is
a sum  (as cycles) of irreducib le curves C  on S  such that either f ( C )  is
a point or f * ( f (C ))=2 C -FF w ith  F..>-0. Since deg f =2 ,  any component
C  o f R  such that f ( C )  is  a  curve has coefficient 1. D efine the branch
locus B  (or B 1 )  b y  B , f ( R f ). T h en  B  i s  a  red u ced  d iv iso r o n  W
and f * B - 2 R  is  a  non-negative d iv iso r. I f  th e re  is  a  d iv iso r F  o n  W
such that B --2F and if th e re  is  a  non-negative d iv iso r Z  o n  S  such
that f *B — 2R = 2Z and R-FZE if * FI then f  factors th ro ugh  the double
covering o f W  w ith  branch  locus B, :  S '- - > W  (see  [5 ], p . 4 8  for the
construction of f ': S '--->T 4 7 ) ,  w h ich  is the normalization o f  W  in  k (S).
Moreover, the condition that Z= 0 is equivalent to one of the following:

1) S ' has at m ost rational double points as its singularities,
2) B  h as no s in gu la r p o in t o f m u ltip lic ity> 4 ; e v e ry  triple point

w  o f B  ( i f  any) decom poses into a  singularity of multip1icity<2 after a
quadric transformation w ith center at w .
W hen the condition 2 )  is  s a t is f ie d , w e  s a y  th a t  B  h a s  no inf initely
near triple point.

Conversely, let B  b e  a  reduced  (e ffective) d iv iso r o n  W  such that
B---2F fo r  some divisor F  o n  W . T hen w e can  construct exp licitly the
double covering f ' : S '-- ->W  w ith branch locus B  (c f. [5 ] , p . 4 8 ) . If B
is nonsingular then S ' is nonsingular too, and the can o n ica l d iv iso r K s

is g iven  as f  '* (K w -l- F ) .  I f  B  has a  singular point w , of m ultiplicity ni”
let .71 :  W ,--->W  b e  a  quadric transformation w ith  c e n te r  a t  w 1. Set

111 , 4 ( B )  2[ 1111 ]E , and F 1 -4  (F )— L n liE „ w here E1 — ir 1 (w 1 )  and [ m i]
2 2 2

is  the greatest in teger not more th an  m i. T h e n  B 1 -, -2F„ and w e  c a n
2

construct the double covering f ;: with branch locus B,. More-
over, there exists a  birational m orphism  p,: S;-- > S ' such  th at f '.p ,=
qc t i . I f  B , is not nonsingular we repeat the above process for S .  A f t e r
a fin ite num ber o f these processes w e have the fo llow ing commutative
diagram,

1,„ 1,„_, P2 P1
AS* =  s,, - - >  S '

n _ ,  - - - >  - - -  S ", ---->  S '

if* if ',. if',,_, if', if'
, , q n  , , q„_, q2 iv- q l  Tv.

W * =  VV n  - - ->  Y Y  n , - - - >  - >  YV 1 - - - >  V Y

w here qi : W ,-->W i s  a  q u ad r ic  transformation w ith  c e n te r  a t  a
singular point w i of w ith  m u ltip lic ity  m i > 1  fo r  i =1, n ,  and
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B * ,B „  is  n o n sin gu lar . W e ca ll S* the canonical resolution o f  S'. The
num erical characters o f S* are given as follows:

L em m a. W ith  the abov e notations w e have

X(S*, p s * ) , _ 1
1 ( F .  Kw +F)d- 2Z (W , Ow ) — -2-1 [ 7n

2 i ] ( [ m
2 i] — 1)

(1q .)= 2((K W + F) 2 ) - 2 ( [ -711 ] - 1 ) 2.

M oreov er, if  pg ( W )= q ,= 0  and i f  B  h a s  n o  in f in ite ly  n e ar triple point
then  w e hav e:

pg (S*) , d im i-P (W , 0 (K ± F )),
qs*= d im  H i(W , p (K w + F )) ,
(1 q * ) ,2 ( (K w + F ) 2 ).

1 . 4 . Lemma (Castelnuovo [4]). Let C be an irreducible (not necessarily
nonsingular) curv e o f degree d  in  th e  projectiv e  n-space P", but n o t  in
an y  hyperplane. Let X be the sm allest integer not less than (d— n)/ (n-1).
T h en  the (geom etric) genus g (C ) o f C is  equal to  o r  less than

X Id — n —  1  (n — 1) (x —1)1.
2

1. 5 . L e t  E a  denote th e H irzebruch  surface o f d e g re e  d ; E d  is a
P '-bund le  over P ' w hich  has a section M  s u c h  th a t  (M 2) ,  — d . W e
denote by 1 a fibre of the projection Ea - - - - ›P '.  W e m ake  use of the
following three lemmas:

1. 5. 1. Lemma (N a g a ta  [1 0 ] ) .  L e t  V  b e  a n  irre d u c ib le  surface of
degree n -1  in  P", but no t in  a n y  hyperplane. T h e n  V  i s  one  o f the
follow ings:

(i) n=2  and V = P 2 ;
(ii) n= 5 and V = P 2 em bedded  in  P 5 b y  12H1 w here H  deno tes a

line on P 2 ;
(iii) n=3, 4 ,  . . . ,  V= I  d w h e re  n— d-3 is a nonnegative even integer;

V is em bedded in to  F .- b y  1M + (n — 1+d) ;
2

(iv) n=3, 4 ,  . . . ,  and V isa  cone  ov er a rational curv e  of degree n -1
in  P" - '.

1. 5. 2. Lemma (N agata, ib id .) Let V be an irreducible surface of degree
n in  P", but no t in  an y  hyperplane. T h e n  V  i s  o n e  o f th e  follow ings:

(  i )  A projection of  one  in  L em m a 1 . 5 . 1 w ith center outside of the
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surface V ;
(ii) The sy stem  L  o f hyperplane sections of V is represented on  P 2 as

a  system  of cubic  curv es w ith  at m ost 6  base points and w hose general
members are nonsingular cubic curv es;

(iii) n = 8  and V=2'0 ;  the V eronese transform  o f I ,  in P 3 ;
(iv) n=8 and V  is  biregular to a  c o n e  i n  P 3 w i t h  a  nonsingular

plane conic as a base c u rv e ; the V eronese transform  of the cone;
( y )  V  is a  cone w ith a  nonsingular elliptic  base curve.
The surface V  is  norm al if V is  no t of ty p e  ( i ).

1 . 5 . 3 . Lemma (N agata , ib id . ) .  Let P„ P ,(0 < s< 6 ) be points such
th at  dil ( pi ............... ,,,) (see [10] fo r the no tation ) is  w e ll-de f ined  on P 2 . Then
the sy stem  L* of cubic curv es on  P 2 w i t h  p re - a s s ig n e d  base points P„

P , represents such an L  as in L em m a 1 . 5 . 2 , ( ii) , if  an d  o n ly  if the
P. satisf ies the f ollow ing tw o conditions:

(  i )  A ny  four points am ong the P . not collinear.
( i i )  For each j, di1 5 P . at m ost one of the P .

1 .  6 .  Lemma (Hurwitz's fo rm u la ) . Let f :  S — > W  b e  as in  1. 3. Let
C be an ef fective div isor, and let D = f*  (C ) .  T hen w e hav e:

2 ( p a (D) — 1) = 4 (pa (c) —1) (B • C) .

1 .  7 .  Lemma. Let r  and s  b e  nonnegative integers. T h e n  w e  have:

1i(r + 1) + 1) — (r + 1) d i f  s?..-rd

1(a+1)(s+1)— 
 2  

a(a+1)d i f  s<rd,1 

0 i f  s rd
dim H '(2 '„  0 (rM -Fsl))=1 d>(r — a) { 2 (r + a +1) —  (s +1)) i f  s<rd,

w here a = [ s ]  (the G auss sym bo l). M oreov er, w e have the follow ing:d
(1) IM + n ll  is v ery  ample if n>d.

-=-(2) Let n ! fa.- - 0 7 c T h en  p is a morphism, and 17=-_
p(E d )  i s  a  cone ov er a nonsingular rational curv e of  degree d in Pd , whose
vertex is  p(M ).

T he proof o f 1 . 6  is easy; the proof of the first assertion of 1 . 7  is
tedious b u t standard; th e  remaining assertions o f 1 . 7  a r e  well-known
and  not hard to sh o w . W e om it the proofs o f  1 . 6  an d  1. 7.

dim H°(2',„ 0(rM H -sl))=
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§ 2. Vanishing of the irregularity

2 .  1 .  Let S b e  a minimal surface o f general type defined over k  such
that 2P,=- (K2 ) + 2 .  Set pg ,2+1  and ( K2) =-2n, where n l .  I n  this
section we shall prove

Theorem . The irregu larity  q of S is zero.

The case w here n= 1 w as p ro ved  b y  B o m b ieri ([3 ], T heorem  12).
H ence w e shall assume below that n..>-2. The proof consists in  showing
in  several steps that the assumption q > 0  leads u s t o  a contradiction.
W e assume th at  q>0.

2. 2. Lem m a. The follow ing assertions hold :
(1) q=2.
(2) I K I is not com posed of a pencil.
(3) I K1 h as  no fixed component.
(4) IK I  h as  at m o s t tw o  base points, one of w h ic h  is  p o ss ib ly  an

in f in ite ly  near point.

1P ro o f . I f  q = 1  then pg < -
2

(K2), w h ich  co n trad ic ts  o u r assu m p tio n

(c f . 1 . 1 ,  ( 3 ) ) .  H ence q..> -2. I f  I K I is composed o f  a  p e n c i l  plus a

fixed  part then pg <  21  (K 2 ) ,  w hich  is again  con trad icto ry (cf. 1. 1 , (2)).

Hence I K I is not composed o f a  pencil plus a fixed p a r t .  I f  11(1 = ICI
+ X  w ith  the fixed  part X > 0, then  w e have

1 1n+ 1< n+ 2-1— ( K .X ) —  , n + -
1 

—
1

(K .X )
2 2 2 2

which follows from 1 . 1 ,  ( 1 ) .  S in ce  ( K .X ) > 0  (c f. [ 3 ] ,  Prop. 1 ) , this
contradicts our assum ption. Thus, I K I h as  n o  fixed com ponent, and
w e have

pg<-
1

(K2)+2- 
2  

q2

from which follows that q = 2 .  The last assertion follows from 1. 2.
Q . E . D.

2 .  3 .  Let I  b e  a  p r im e  num ber, an d  le t f: ..1 — › S  b e  a  nontrivial
cyclic  covering w ith  group  Z ,  ( = th e  cyc lic  g ro u p  o f  o rd e r  1). Such
a nontrivial covering exists because q>0 and Z,)---'Pic(S),(=the
group o f /-torsion e lem en ts). T h en  the surface

 5 4

th e  c o n d it io n
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o f the following:

L em m a . Let S  be as above. Then S  is a minimal surface of general
type with p g (g )=l1+1 , q = 2 a n d  (K2

§ ) ,2 ln .

P ro o f. It is w ell-know n that g  i s  a minimal (nonsingu lar) surface
satisfying ?C ( S', 0 § )=/Z (S , 0 ,)=1 n  a n d  (K2s ) ,  l(K1) =2/n. Moreover,
f* I KsI c If* Ks1 = I K t I and  q l >2 . Since p g (g )>3  w e know  that g  is  a
surface of general type (c f. [3], Theorem 1). Since f *

j K s l  is a linear
subsystem o f  I K§I and since I Ks I  h as n o  fixed com ponent, I K§I has
no fixed com ponent. S im ilarly, since I Ks I  is not composed of a pencil,
K§ I  is not composed o f a  p en c il. T h en  w e  have,

P
g

(S ') ( K 1 )

whence follows that

l n + q g - 1 < ln + 2 - -
1

q§.2

H ence q8=2  becaue q§...>-2, and p g (g)=1n+1• Q  E. D.

2 .  4 .  In the paragraphs 2. 8  w e assume that I K I  h a s  no base
po in t. W e let ço:=0 1„ 1 : S, V c P "  denote the morphism defined by
K I w ith  V= ç 9(S).

L e m m a .  Assume that !ICI has no base point. Then p is not birational.

P ro o f. Assume that deg w =1 . Then deg V=2n. Let H be a general
hyperplane o f P" and  le t C=1-1.V, w h ic h  is  a n  irreduc ib le  cu rve  of
degree 2 n  in P " '  but not in an y  hyperplane o f  P - 1 . W e app ly 1. 4
to  the curve C w hen p>5. Then

1g (C) <2{2n—  (n-1)—  (n -2 ) )  =n+4,
2

while g(C)_— p(K )_-2n-j-1  b ecau se  C  is  birational to  a  general member
o f  I KI, w hich  is a  nonsingu lar irreducib le  curve. This is  a  contradic-
tion  i f  n > 5 .  Assume th a t n = 4 . T h en  V  i s  a n  irreduc ib le  surface of
degree 8 in P ' .  H ence there exists at m ost one q u a d r ic  hypersurface
o f P 4 co n ta in in g  V. T h i s  im plies that i f  {s„ s„ 5 41 i s  a  b as is  of
H ° (S , (K ))  th e n  th e re  is  a t  m o s t  one lin ea r  (d ep en d en ce ) relation
among s,s,'s . . . ,  4 ) .  Hence, the bigenus P, o f S  is

P2> ( ) -1 =1 4 ,
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while P2 = ( K2) +X (O s ) 8+ (1-2+5) =12 (cf. [3], Cor., p. 185). This is
a contradiction. Assume that n = 3 .  Then V  is an  irreducible surface
o f degree 6 in  P ' .  Since a  quadric hypersurface o f  P 3 i s  rationnal,
there is no quadric hypersurface o f P 3 containing V .  Hence,

P 2 = 10,

while P2 = ( K 2 ) + X (0 , )= 9 .  This is a contradiction. If n=2, it is clear
that 0  is not birational. Q  E. D.

Lem m a. Assume t h a t  11(j h as no base point. T h en  w e  have one of
the follow ing cases :

( j )  n > 4 ,  deg 0=2 and deg V  n  ;  V  is  e i th e r a norm al rational
surface or an elliptic cone.

(ii) n=3, e ith e r deg 0=2 and deg V =3  or deg 0=3  and deg V=
2 ; V  is  e ither a normal rational surface or an elliptic cone.

(iii) n=2, deg 0=4 and v ,F-.

P ro o f .  N ote  that deg 0•deg V =2n an d  deg ço 2. O n  t h e  other
hand, deg V ..>n — 1, fo r, if otherwise, V would be contained in a hyper-
plane o f P " . Hence, if n 4 we have deg 0=2 and deg V = n ; i f  n=3,
either deg 0=2  and deg V =3  or deg 0=3  and deg V=--2 ; i f  n = 2  we
have deg 0=4  and V = P 2 . I f  deg 0=2 , V  is an irreducible surface of
degree n in P" but not in any hyperplane. Note that the case ( i )  of
1. 5. 2 does not occur in the present situation because ço* L is  n o t a
complete linear system, where L  is  th e  system o f  hyperplanes of P .
Hence, i f  deg 0=2  then V  is either a norm al rational surface or an
elliptic cone by virtue o f  1. 5. 2. If n=3 and deg V=2, V is isomorphic
to either Eo or a  quadric cone in P ' .  Hence, V  is normal. Q. E. D.

2. 5 .  In  order to derive a contradiction from the assumption that q3 >0
we may assume by virtue o f 2. 3 that n 4. Then we have the follow-
ing

Lem m a. Assume th at  S sa t is fie s  the conditions :
( i )  q 5 >0 and pg =n+ 1 „>-5,
(ii) I K1 h as no base point,
(iii) V  is a norm al rational surf ace.

T hen w e hav e a contradiction.

P ro o f . Our proof consists of six steps.
(I) L e t  I  be a  sufficiently large prime number, and  let f  .1 - - > S  be
a  nontrivial cyclic covering of S with group Z , .  Let 0:=0 , K g i :
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c P "  be the morphism defined by 1Ktl, where V' = ( .5 )  (cf. 2. 3). (Here
note that j K§1 has no base point because f* I K., I c  I K§ I a n d  I Ks 1 has
no base point.) Then deg 0=2, deg Ve=in and v.- is a normal surface.
On the other hand, the group Z, acts on V', and 0 commutes w ith  the
actions of Z, on g  and V', because the action of Z ,  o n  g  induces a
linear representation on FP(g, 0(K§)) ; the action  o f Z, o n  V' is non-
trivial because deg 0 = 2 .  W e  have thus the following commutative
dia gram

<-- ->

if ih

S V P"

I c K §1where h  is a projection corresponding to the inclusion f *
and where both f  and h  kill the actions o f Z,. Noting that [k (V '):
k ( V)J ,  1, we know that k ( f )  is a Galois extension of k (V )  with group
Z,.
(II) We claim that h  is a fin ite  morphism. In  fact, assum e that an
irreducible curve Z  on 17 is mapped to a point on V b y  h. L e t  2=
0- 1 (Z ), and let Ê  be an irreducible component o f  2 .  Then  Ê  is dis-
joint from a  general member o f  f* I K51, and hence, (R • K § )= 0 . This
implies that 0 (Ê ) (hence 0 (2 ) )  is a point on V'. T h is  is  a  contradic-
tion. Thus, h  is a fin ite morphism.
(III) We claim that h  is unramified at a point of V o f codimension 1.
In fact, let C be an irreducible curve on V, and le t o= Oc.v. L e t 6  be
the normalization o f  0  in  k (f )  ;  then  6 =  n 6 , 9  i f  Supp(h - I(C )) ,

U  e,, e, being a n  irreducible component o f  12.- '(C ). Let 6,=0 e ,,,,

fo r  1< i< t ,  and let e , and pi be  respective ly  the ramification index
and the residue fie ld  degree o f  6, o v e r  O . S in c e  k (9 ') is a Galois
extenison of k (V ), the Galois group Z , acts transitively o n  (6, .•
whence e, = , e , ( : , e ) ,  p , = . .

p , ( : =  itt) and tep=1. I f  e ither t ,/
or p-=1 then h  is unramified at C .  I f  e=1 (hence t= 1), each place

o f k (g ) dominating C  is easily seen to have the ramification index
at least 1 over 0 on the one hand and at most 2  o ve r  0  o n  th e  other
hand. Th is is a contradiction because 1 is sufficiently large.
(IV) L e t  U=V— Sing(V). T h e n  (U, =k* and HL (U, Z,) ( U),.
In fact, since V is a normal surface and hence, Sing ( V )  consists of
finitely many points, we know that r (U, = k * .  Then , th e isomor-
phism EP„(U, Z,)"=":".P ic (U ), follows from the exact sequence :
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x 1
0— >Z ( U, ) T  (U, z,)

x i
Pic( U) Pic ( U).

(V) P ic (U )  is  a fin ite ly  gen era ted  ab e lian  g ro u p ; h en ce  P ic (U ),_  is
a f in ite  group . T o  show th is  assertion, note th a t  U  is  em bedded  as a
dense open set into a  nonsingular projective r a t io n a l surface Y , and
that the restriction map, re s : P ic (Y ) — > P ic (U ) i s  surjective. Since
P ic (Y ) is  a fin itely generated  free abelian  group, P ic (U )  i s  a  finitely
generated abelian  group.
(VI) W e m ay assume th a t 1>  Pic(U ), o r

th e re  is  no nontrivial cyclic covering of
if  w e  set =h - '(U ) , h i o  : i s  a
w ith  group Z, a s  w e o b served  in the
unram ified everywhere on  U  b y  p u r it y  o f  b ran ch  loci.) T h i s  is a
contradiction. Q. E. D.

2 .  6 .  The fo llow ing lem m a together w ith  Lem m a 2. 5  shows th a t  the
assumption that q 8 >0 and I K8 I h as no base point leads us to a  contra-
diction.

Lem m a. Assume th at  S  satisf ies the conditions:
(  i )  qs >O, Pg 4 a n d  11(5 1 h as  no base point,
( i i)  V  is  an elliptic cone.

T hen  w e  have a contradiction.

2 .  7 .  In  order to prove the above lemma we need the following auxiliary

Lem m a. Let C C P — '  be  the base curv e of the e llip tic  cone  V , which
is a  nonsingular e llip tic  curv e, not in  an y  hyperplane o f P" - ', and let a=
C •H ' be a  hyperplane section o f  C , and let :=P ro j(0 ,C )0  ,(5 ) ) . Then
E  is  the minimal resolution o f  singu larities of V ; t h a t  is, th ere  ex is ts  a
birational m orphism  q  : --.17  w h ic h  is  the contraction of the section Z
to  the v ertex  o f V , w here  (Z') — n  and (Z .1 )=1  fo r  an y  fib re  1 of the
projection p : E - > C .  M oreov er, there ex ists a  morphism :  S - - - + E  such
th at  0= q • 0.

P ro o f .  T ak ing  a  hyperplane H ' o f P" - '  to  b e  g en e ra l, w e  m ay  a s -
su m e th at ô  s  a  sum of distinct n  points P„ P „  on C .  Then E  is
obtained from the direct product 13 ' x C by performing elementary trans-
form ations at the points P„..., P„ on the section Ce.0 = (oo) x C, which is
iden tified  w ith  C , (c f. M aruyam a [9 ], P ro p . 4 . 1 ) . T h e  proper trans-
form o f C,„„ is  the section Z .  H ence, (Z 9= — n, and — 2Z — p- 1 (d)

I. T h en  P ic (U ),=  (0 ). H en ce ,
U  w ith  g ro u p  Z i .  H o w e v e r ,
nontriv ial étale fin ite covering
s te p s  (II)  a n d  (III). (hl e ,  is
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— 2Z — nl. M oreover, it is no t hard  to  see that d im  1Z+P - '(3 )1 =n  and
that I Z+P - '(a) h a s  no base po in t. Then , th e m orphism  0 1, + ,-1 (8 ) ,
f - - - 4 : "  gives us the morphism q: which contracts the section Z.

To prove the second assertion w e m ay assume that the vertex Q  of
V  is  the point ( 1 ,  0 ,  . . . ,  0 )  and the base curve C  is  co n ta in ed  in the
hyperplane X 0 = 0 .  Let L  b e  the lin ea r  sy s tem  o f  hyperp lanes o f  P"
through Q , and let L = ç o * (L ) .  L  is  th e n  a  lin ear su b system  of K .
Choose a b as is  fx„  x„ x „) o f  H ° ( S ,  s ( K ) )  such  th at tx„ x„}
spans the module of L .  L e t  G  b e  th e  f ix e d  part o f L , and let
L— G. Then it is not hard to show  :

( i )  L  is composed o f a  pencil A  param etrized by C,
(ii) ( x , ) , ,Du +G  for l i n, w h e re  D 1 J ./1 fo r  1< j< n ,
(iii) Supp ( (x,) )  n Supp (G) =0.

Let D  b e  a  general m em ber o f  A .  T hen K s .---,--n D + G .  W e  sh a ll show
th a t  (D9 =0, (D • G) =2 and (G2 ) ,  — 2n . In fact, w e hay  (G  •  K )  0  b y
v ir tu e  o f  th e  ab o ve  condition (iii) . I f  G = 0 , w e  have ((nD) 2 ) =2n,
w hence (D2 ) = 2 / n .  T h is  i s  a contradiction since n_>-- 3. T h u s  G > 0 .
Then (G 2 ) < — 2 by th e  H o d g e  in d ex  th eo rem . O n  th e  o th er hand,
(G•K) = 0  implies that n ( D .G ) = _ ( G 2 ) 2 .  M oreover, we have :

2n= ((nD + G)2) n' (D2) + n (D • G)
or 2= n (D2 ) + (D • G).

Since (D 2 ) 0 ,  (D •G )  >1  and n ? .-3 , w e must have : (D') = 0  and (D•G)
= 2 .  Then (G 2 ) ,  — 2n, and  A  h a s  n o  b ase  p o in t. T h e n  p := 0 , :  S
— C c P" - '  i s  everyw here defined, an d  p* (0 ,(6))-- .. 5 ( a ' ,  D 1,) for

L e t  r  b e  a  sec tio n  o f H°(S, , ( G ) )  corresponding to  G.

Then, (r, z , ) :  e 5---> C 5 (G )0  e s ( K )  defines a  section  a :  S - ->S x X

because SupP( (x0)) n Supp (G ) = 0. Let 0=1,2 •cr: where P 2  is  the
projection of S x E  on the second factor. T h e n  it  is  e a s y  to  s e e  th a t

w=q•0 up  to  an automorphism o f P". Q  E. D.

2 .  8 .  Proof of Lem m a 2 .  6 .  L e t  u s  com pute th e  branch  locus B ,  of
the double covering 0: For this purpose, note that 0* (1)
and 0 * ( Z ) , G .  Then, the ramification locus R ,  i s  g iv e n  as 12,,K ,—
0* ( K s ) G-F nD+2G=2nD+ 3G, whence 4n 1+6Z . On the other
hand, since B , is  a  reduced divisor, w e must have : (13,•Z ),>-(0),
H ence, 4n-6n?..— n, i. e., n < 0 .  This is  a contradiction.

2 .  9 .  F inally, w e consider the case where I K5 1  h a s  base points. We
have then the following:

L e m m a .  Assume that S  satisfies t h e  conditions:
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( i ) qs >0  an d  p g >3,
( i i ) I  Ks 1 h as  base points.

T hen  w e  have a contradiction.

P ro o f .  L et I  b e  a  sufficiently large  p rim e number, and let f :
b e a  nontrivial cyclic covering o f S  w ith  g ro u p  Z ,  (c f . 2. 3 ). I f  I K§
has no base point w e  have a contrad iction  as w e  s a w  in  th e  previous
a rg u m e n t. I f  I K s1 h as base points, th en  g  should  h ave  m o re  th a n  1
base points because Z , acts freely on g .  T h is contradicts the assertion
(4) of 2. 2. Q. E. D.

§ 3. Double Del Pezzo surfaces

3.1. L e t  S  b e a m in im al surface o f general typ e  such that p g =n +1
a n d  (1 0 )=2 n  with n 3. In  the following, we assum e:

( i )  I  K1 h as no f ix ed com ponent.

T h en , 11(1 is  no t com posed  o f  a penc il. F o r th e  proof o f  th is  f a c t , see
[3], the first th ree  lin es o f the proof of Lem m a 13. T h en , !IC I has at
most two b ase  p o in ts  (c f . 1. 2). I n  t h i s  sec tio n , w e  assum e m ore
strongly:

( i') 11(1 h as  no base point.

L et ço:S--->Vc./3 " b e  th e  morphism d efin ed  b y  1K1, w h e re  V=y9(S).
T h en , as in  Lemma 2. 4, deg  99=2 an d  deg V =n  i f  n > 4 ; either deg cc
=2 an d  deg V=3 o r deg  so=3 an d  deg V=2, if  n =3 . W e assume that

( i i )  deg yo=2 and deg V= n.

T h en  V is  a n  irreducib le su rface  o f type ( i i ) ,  ( i i i )  o r  ( i v )  o f  1. 5. 2
because q = 0 .  (T h e  case  ( i )  o f 1. 5. 2 does not occur because so*L  is
not a  com plete linear system , where L  is  th e  system  o f  hyperplanes of
P " . )  M oreover we have 3-<n<9 by v irtue o f 1. 5. 2.

3. 2. Lem m a. L e t V  be an irreducible surfàce of degree n  in P" satisfy-
ing  one of the conditions ( i i ),  ( i i i ) a n d  (iv ) o f  1. 5. 2 T h e n  w e  h av e :

(1) V  is  a normal surface h av in g  at m o st ratio n al double points as
singularities

(2) The c an o n ic al d iv iso r K  o f  V  is  l in e arly  e q u iv ale n t  to  —H„,
w here H „ is a  hyperplane section  of V . T herefore, — Kv  i s  a  v ery  ample
div isor of V.

P ro o f .  S ince th e  assertio n s are  c le a r ly  t ru e  fo r  th e  s u r f a c e  V  of
typ e  (iii) o r  ( iv )  w e  o n ly  co n s id e r  th e  su rface  V  o f  t y p e  (ii). Let
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dil ( pi ............... p,)  P 2 , le t  p :  W---- -> P 2 b e  the inverse of dil (p,.... P o  a n d  le t
q: T V — >V  b e the contraction m a p  su c h  th a t  q•P - i P 2 - - - > V  i s  the
representation o f  V  g iven  in  1 . 5 .  2 .  It is  easy  to  see  th a t i f  C  i s  an
irreducible curve on P 2 su ch  th a t th e  proper transform  p ' (C ) o f C  is
contracted to a point on V b y  q  then  C  is  one of the following:

(1) s= 6  ;  C  is  a  conic passing through all P,'s,
(2) s 3 ; C  is  a  line passing through three o f P '

Let r  b e  the union of
1) irreducible components of dil(p i ........... P,) (P1, • • P , )  with irreducible

exceptional curves of the first k ind  deleted  off,
2) th e  proper transfo rm  C '=p '( C )  i f  C  i s  a n  irreducible conic

passing through all P's  ( s = 6 ) ,
3) the proper transform s 2' = p' (2) o f  lines A  w hich  pass through

three of P t 's (s.„>3).
The conditions ( i )  a n d  (ii) o f  1 . 5 . 3  im p ly  th at every  irreducib le
component of F  i s  a  n o n s in gu la r  ra tio n a l cu rv e  w ith  self-intersection
m ultip licity — 2, and Lem m a 1 . 5 .  2 ,  ( i i )  im p lies th at r  i s  the union
of all irreducib le curves on  W  w hich are  co n trac ted  to  points b y  q.
M oreover, by virtue of the condition ( i i)  o f 1 . 5 . 3  an d  th e  fa c t  th a t
s < 6 , w e know  that the w eighted graph o f  every connected component
o f r  is  a linear chain except only w hen:

s= 6  ;  three ordinary points P „ P2, P , lie on a lin e  A  an d  th e  other
three points P „ P „ P ,  are in fin itely near to  P „ P „ P ,  respectively.

The w eighted graph o f th is  case is :

Therefore, the contraction q : W - - > V  produces as many rational double
points on V as the connected com ponents o f  F .  T h is  com pletes the
proof of the f irs t assertion. In order to  show the second assertion note
that :

a) K i,  is  a Cartier divisor ; q ( K ) — K ; (1* ( Kv)---- ; we may take
K w  so  th a t  Supp(K w ) nr=0, (c f. A rtin  [1 ] , Theorem 2. 7),

b) —Kw ---the proper transform  by p  o f a  nonsingular cubic curve
on P 2 passing  th rough  the pre-assigned base points.
Therefore, we have :  Kv"-- — 1 1 v. Q. E. D.



Minimal surfaces of general type 151

A n  irreducib le surface V o f degree n  in  P", w h ich  is  o f ty p e  (ii),
(iii) o r  ( i v )  o f  1. 5. 2 is  c a lle d  a  D e l Pez z o surface. A  nonsingular
projective surface S  is called a double Del Pezzo surface if there exists a
surjective morphism : S---->V  o f degree 2 onto a Del Pezzo surface V.

3 .  3 .  Let w : S --->17 b e  as in 3. 1. The authors do not know whether
or not w factors through q: W ---->V  (c f. 3. 2), th a t is, w hether o r  not
th ere  ex is t a  morphism 0: S - - ->W  su c h  th a t  w =q •0 , excep t in the
following case :

L em m a. Suppose t h a t  V  is  of ty p e  ( iv )  o f  1. 5. 2. T hen there ex ists
a  m orphism  0: S --->W  ( = the Hirzebruch surface E , of degree 2) such
th at  io=q•0.

P ro o f . The proof is essentially the same as the one in  ([5], p.46),
except some m inor modifications. S in c e  V  i s  biregular to  a  quadric
cone in 13 ',  there ex ists a linear system  L  on S  such that:

a) d im  L=3, and 2Lc I Ks l,
b) L  is  generated  by 4 elements (x 0)=2D +G , (x 1) =2D 1± G , (x2)=

D +D i d-G and (x ,) , w here D , D , and G  have no common components,
and Supp ( (x 3 )) n Supp(G) =0 ,  esp., (G• K) = O.
S in ce  16= (1( 2 ) ,  (4D•4D+2G), we have :

2(D 2 ) =--(D •G )=2.

S in c e  (D2 ) > 0  a n d  (D•G) 0 ,  w e  have (D2 ) = 0  o r  1. Suppose that
(D2 ) = 1 .  T h e n  (D•G) = O . B y  th e  H o d g e  in d ex  th eo rem , w e  have
(G2 ) < 0, while 2 (G 2 ) = (G • 4D + 2G) = (G • K) 0. T hus G = 0. This case
le a d s  to  a contradiction as fo llo w s: S in ce  K ---4D, w e  have p „ (D ) ,
(D •D ± K)/2+ 1= 7 /2, w h ic h  is  a contradiction b ecause  A (D )  i s  an
in teger. T herefo re , G *0 ; and w e have (D 2 ) = 0, (D •G ) =2  and (G2 ) =
—4. Now, b y  a  sim ilar argument as in ([5], p. 46), w e  h ave  a  mor-
phism 0 :  S---->E2 su ch  th a t g9=q•0. Q  E. D.

In the follow ing paragraphs we assume that

(iii) there ex ists a  m orph ism  0 : S -->W  s u c h  th a t  yo= q • 0  w h e n  V
is  singu lar and of ty p e  (ii) o f  1. 5. 2, w here q : W --->V  is  the morphism
giv en  in  3. 2.

W hen V is nonsingular w e understand that W = V  a n d  0 = w . W e  let
1 4  denote q* 1-1,, w h ere  I I , is  a  hyperplane section of V.

3 .  4 .  W e denote by R , and B , respectively the ramification locus and
the branch locus of 0: T hen  w e have
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L em m a. W ith  the  above notations and assumptions, R o ---, 2K5 a n d
B0 , 4 1 1 .  Moreover, a  general member o f  1411,i is a  nonsingular irredu-
cible curve of genus 6n+1.

P ro o f. W e have R o •--• K s — sb* (K,„) ,-- K s — 0* (q* (K v )) = Ks —  ço* ( Kv)—
Ks - Ho* (Hy) — 2 K , (c f. 3 . 2 ). H ence B ,=0 * (R 0 ) - - -4 H ,. It is c lear that
a  general member o f  f 4H I i s  a nonsingu lar irreducib le  curve. T hen
P. (414) = (41/, • 3Hw ) /2 ± 1 = 677+ 1 . Q  E. D.

3 . 5 . L em m a. S  is isomorphic to the canonical resolution S *  (c f. 1. 3)
of the double covering o f  W  with branch locus Br

P ro o f. W ith the notations of 1. 3, we have :

x ( S * ,  s*)=n+2— 2
1n 2'1(L122'1  1) ,

(K )  = 2n — 2 ([7] — 1) 2.

S in c e  x(S*, 6 s*)=X (S, 6 s ) =n +2 , w e know  that [ 1 = 1  fo r  all indi-

ces i.  N a m e ly , Bo  h a s  no in fin itely near triple point. T h en  (1q * ) =2n
= ( K J ) .  This im plies that the natural birational morphism s*, s ,
whose existence follows from the minimality o f S , is  an isomorphism.

Q  E. D.

3. 6. As for the existence of surfaces S , w e have the following:

L em m a. Let B  be a  reduced divisor o f  14141 such that B  has no
infinitely near triple point and Supp(B) nr=-0 (c f. 3 . 2 ). Let S  be the
canonical resolution of the double covering o f  W  w ith branch locus B.
Then S  is a minimal surface of general type with p  n+ 1 and (1q)=-2n.
Moreover, S  satisfies the assumptions ( i ')  a n d  ( i i )  o f  3. 1 and ( i i i )  of
3. 3.

P ro o f. Let 0 : S  >IV b e the n atu ra l morphism. Then , by v irtue
o f Lem m a 1. 3, w e have K s---0*(14), w hich  im plies that S  is  minimal.
M oreover, pg (s)=dim H°(W , 0 (Hw )) = d im  H ° (V ,  (H y ) )  = 72+ 1 ; and
(K ) =2 (H ,) =2n. Thus, S  is  a minimal surface of gen era l type with
pg =n±1  and (K J) =2 n . The rem aining assertions are clear. Q E. D.

3. 7. Summarizing the above results, we have

T heorem . Let S  be a minimal surface of general type such that g =
n+1 and (1( 2 ) =2 n  with n > 3 . Assume that the conditions (1 ') , ( i i )  of
3. 1 and (iii) of 3. 3 h o ld . Then we have the following:

•
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(1) 3<n<9.
(2) The surface V  w hich  is the image of S  by  ço:=0 0 , 1 :  S --> F " , is a

Del Pezzo surface of degree n.
(3) A ccording to the condition (iii) o f 3. 3, split ço in to  S 9--- W---L->V,

w here q :  W - -> V  is  the snzallest blowings-up w hich resolv e the  singular
points o f  V .  T h en  the b ran c h  locus B o i s  l in e a rly  e q u iv a le n t  t o  4H„,
w h e re  H  is  the total transform  by  q of a hyperplane section of V ; 13, has
no in f in ite ly  near triple p o in t; S  is  the canonical resolution of the double
covering o f  W  w ith  b ran c h  locus B .

(4) Conversely , i f  B is  a  reduced div isor o f  14141 su ch  th at B has no
in f in ite ly  near triple point and th at B does not m eet any  curv e contractible
by  q, the canonical resolution of the double cov ering o f  W  w ith  branch
locus B  is  a minimal surface w ith  p g  = 22+1 and ( K ) =-2n satisf y ing the
conditions ( i ' ) ,  (ii) o f 3. 1 and (iii) of 3. 3. S u c h  a surface ex ists for
ev ery  Del Pezzo surface of  degree n w ith  3 < n< 9.

3 .  8 .  In  the following paragraphs o f th is  section we shall study nonsin-
gu lar e llip tic  curves ly ing on S .  F or the sake o f  sim p lic ity  w e assume
th a t V is nonsingular an d  that th e  b ran ch  lo cu s B:=13,, i s  a  general
member o f  14H,I ; hence, B is  an  irreducib le nonsingular curve. Then
ço: S ---> V  is  a  f in ite  morphism o f degree 2. L e t  C  b e  a  nonsingular
ellip tic curve on S. C  i s  s a id  t o  b e  ac c id e n tal i f  ço.(C )=so(C ), and
non-accidental if  o th erw ise . T h en  w e have the following

L em m a. W ith  th e  ab o v e  notations and assu m p tio n s , w e  have the
follow ing:

(1) I f  C i s  a  non-accidental e llip tic  curv e  on S  th e n  D := w (C ) i s  a
line o n  V .  Conversely , if  D is  a line  on V then p i ( D )  is  a  non-accidental
elliptic curve.

(2) I f  C i s  a n  accidental e llip tic  curv e o n  S  t h e n  D:=-- ço(C) i s  an
irredurible c u rv e , w h o se  s in g u lar points ( i f  a n y )  are  cuspidal singular
points centered  at the points in B nD ; B•D is  a  d iv iso r o n  B  (o r D ) o f
the f o rm  2(Eb 1P ; ) w ith  in tegers b; > 0 .  Conversely , i f  D  is  a  nonsingular
elliptic curv e o n  V su c h  th at B•D=2(Eb 1P ; )  with h . )0  and th a t  w* (D)
is of the f o rm  CH-C', th e n  C is  an accidental elliptic curv e.

Proof. (1) Since B  is  a  nonsingular curve o f  gen u s 6n+1 (>19),
D  Supp(B) . H e n c e  w .(C) 2D. S in c e  (C9= — (C • K s ) ,  (C• Ks)
(SD* (D) • ço* (14 ) ) =2  (D. H o  a n d  (0) =2(D 2 ), we have : (D9= — (D. 14 ) .
Hence A (D )= { (D 2 )-  (D • H ) } /2+1= 1 —  (D • H v ) _>-0, w hich im plies that
( D • H ,) =1 .  Thus D  is  a  lin e  o n  V .  Conversely, i f  D  is  a  l in e , (D•B)
=4 because B----41-1 ,  an d  D  and  B meet transversally each other because
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B  is  a  general member of I4H v  I. H e n c e  C:=ço - 1 ( D )  i s  a  nonsingular
elliptic curve which is non-accidental.

(2) L et c b e a  generator o f  G al(k (S )/k (V ))L- Z ,  w h ich  ac ts  o n  S.
S in ce  w ,(C )=ço(C ) and go(C) Supp(B ), we know that yo* (D ) =C+
( C # C )  w ith  C'=c(C) - C, where D =w ( C ) . I t  is  c le a r  th a t  D  is non-
singular outside o f B n D , and that D  has at m ost cuspidal singularity at
a  po in t P  of B n D  because there is on ly one point P above P .  Noting
that ço*(B )=2R  w ith  ram ification locus R  we have :

(D •B ),(:=i(D , B ; P))  = - T1 (ço*(D)•w* (B))p

= —1 (C  C  • 2R )p=2(C•R )p.
2

Therefore, D •B  i s  a  divisor o n  D  o f  th e  f o r m  2 b 1P 1 w ith  in teg e rs
b, > 0 . C onverse ly , le t  D  b e  a  nonsingu lar e llip tic  curve such  that D•B
=2 E b ,P 1 w ith  b ; > 0 .  L et P D 1 -1/3, and  le t x , y  b e  a  system of local
param eters at P  such that

(i) y = 0  is  a  lo ca l equation of B  a t  P,
(ii) y = x 2 b  is  a  lo ca l equation o f D  a t  P.

L et 0 =k [[x , A i =  p,v, and  let 0=  Ô p  where P is  a  un ique  p o in t o f
S  above P .  T hen 0 =k [[t , x , y ]]/ ( t 2 — y ) . H ence w e have

t2 x 2 b x 2 b  ) in  6 .

T h is  im plies that ço- 1 (D )  has tw o sm ooth  analytic b ran ch es  t =x 6 a n d
t =— .rb a t  P, w hich  in tersect each  o ther w ith  m ultip lic ity  b. T h u s , if
w *(D )=C -I-C  (C C'), b o th  C  an d  C ' a r e  n o n sin gu lar. O n  th e  other
hand, we have :

(D2 ) = (C 2 ) ± (C• C'), (C • K s ) = (D • H„) = (D 2 ),
(C •C ')= E b, a n d  Eb, = 2 (D2),

w here th e  last equality fo llow s from  (D •B)= 2Eb,, B ---4 H v a n d  (D 2 ) =
(D •1 1 ,) . Then we have :

A ,(C) = (C. Cd- K s ) /2 + 1= — (D 2 ) + (D 2 )) /2+1=1.

Therefore, C  is  an  accidental ellip tic curve on S. Q. E. D.

T he au th o rs d o  n o t kn o w  w h eth er o r  n o t th ere  ex ist acc id en ta l
ellip tic curves on S , under the assum ptions that V  is nonsingu lar and
that B  is  a  general member of 4-riv I •

3 .  9 .  T heorem . W ith the same assumptions o n  V  a n d  B  as above, the
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num ber N of  non-accidental elliptic curv es on S is giv en as in the follow ing
table:

n 3 4 5 6 7 8 8 9

N 27 16 10 6 3
V 2 "0

none

V-=---- I ' l

1
none

P ro o f .  B y v irtue o f  3. 8, (1 ) ,  N  is  e q u a l to  th e  num ber o f  lines
ly in g  on V . H ence w e h a v e  th e  t a b le  a s  above, a  p a r t  o f  w h ich  is
g iven  in  M an in  [8], p.136. Q  E. D.

§4. Double coverings o f H ir z e b r u c h  surfaces

4 .  1 .  L et S be a m in im al surface o f genera l t y p e  su c h  th a t  pg =n+1
a n d  ( K') =2n w ith  n > 3 .  W e assume that S  satisfies the condition (i)
of 3. 1 and  that I K I h as b a se  p o in ts . B y  v ir tu e  o f  1. 2, I K I h as a t
most two b ase  p o in ts . M o re  precisely, w e have the following

Lem m a. W ith  the assum ptions as abov e , 11(1 has necessarily  tw o base
points.

P ro o f .  Assume that I K i has only one base point P .  L et r:
be th e  b low ing-up w ith  center at P, le t  E = 7 '(P )  a n d  le t  12r*K1=
+ E .  T h en  (D ) = 2 n -1 .  L e t  so := 0 1L1 : P" b e  th e  morphism
d efin ed  b y  IL I, w h ere  V=so(g). F irst o f a ll, w e  sh a ll show  that so is
not birational. In fact, assum e that go is  birational. L et C be a  general
hyperplane sec tio n  o f V . T h e n  C  is  a n  irred u c ib le  cu rv e  o f  degree
2n -1  in  Pn - I, but not in  a n y  hyperplane o f  P^ - 1 . B y  v ir tu e  o f  1. 4,
th e  (geom etric) genus g (C ) o f C satisfies:

n+2 i f  n>4g(C)..‹., 1
6 i f  n = 3  .

H owever, since C is  birational t o  a  genera l m em ber o f  IL I w h ich  is
a n  irreducib le  nonsingu lar curve o f  gen us p,.(K )=2n+1, w e  have a
contradiction. T herefore, deg  çe 3 b e c a u s e  d e g  so•deg V=2n-1. If

th en  (2n —1)/deg so< n - 2 .  T h is  im p lies that V  is contained in  a
hyperplane o f P" i f  n 5, w h ich  is  a  co n trad ic tio n . If  n=4  or 3, then
deg V=1 because deg  so•deg V=2n-1 is  a  p r im e  n um b er a n d  deg so

3. H e n c e  V  is contained i n  a  hyperplane of P ' s .  T h u s ,  w e  g e t  a
contradiction in both cases n=4 an d  n=3. Q  E. D.

4 .  2 .  In  the follow ing paragraphs we assum e that:

(iv) I K i has tw o  base points.



156 M . M iyanishi an d  K . Nakamura

Let be a composition of blowings-up w ith centers at the base
po in ts o f I K I such that th e  v a r ia b le  p a r t  IL I  h a s  n o  b a se  p o in ts  if
w e  w rite  Irc*KI = ILI + X ,  w here X  is  th e  fixed  p a r t  o f  Ir *K I.  Then
(D) =2n -2 .  L e t  go :=- ( ki : V c P "  b e th e  morphism defined  by
LI, where  V=-w(55. L et P, and  P 2  b e  base points of  I K I ,  w h ere  P,

is  po ssib ly  in fin ite ly  near to  P , .  L e t  7r,: a n d  Tc, : be
the blowings-up w ith centers at P, and  P , resp ec tiv e ly . T h en  77=- 7r1•72.
Let E i - = 7 r ( 7 r i - 1 ( P 0 )

 a n d  E2= 7Ç' l (P2) . N oting that a  general m em ber of
K i is  an  irreducible nonsingular curve and that, i f  P, is infinitely near

to P„ two general m em bers o f  I K I m eet each  o th er a t P ,  w ith  in ter-
section m ultiplicity 2, it  is  e a sy  to  show that

E ,+ E w ith  (E ) = (E ) = — 1 a n d  ( I ,  • El) =
(L • E2 )  =1  i f  P2 is  n o t in fin ite ly  n ear to  P„

E,+ 2E, w ith  (E ) = —2, (E )=  —1, (L • E l ) = 0
a n d  (L•E2) =1  if  P 2  is in fin ite ly  near to  P,.

4 .  3 .  Lem m a. With th e  notations as above, we have

deg w=2 an d  deg V = n —1.

Proof. Assume th at w is  birational. L et C b e a  gen era l hyperplane
section  o f V ; then  C  is  a n  irreducible curve o f degree 2 n -2  i n  P" - ',
b u t not in  an y  hyperplane of P" - '. B y v irtue o f  1. 4, t h e  (geometric)
genus g (C) o f C  is  no t larger th an  n. H ow ever, since C  i s  birational
to  a  general member o f  IL I w h ich  is a n  irreducible nonsingular curve
o f  genus r;, (K) =2n + 1, w e have a con trad iction . Thus, deg w >2 . We
shall show that deg w =2 . In  fac t, if  deg w...>-3 a n d  n > 4  th en  d eg  V<
n — 2, w h ich  is  im p o ssib le . If n=3 then deg w•deg V=4. Since deg V
*1 , w e m ust have : deg w=2. Q., E. D.

Therefore, V is  a n  irred u c ib le  s u r fa c e  o f  ty p e  ( i i ) ,  ( i i i )  o r  ( i v )  of
1. 5. 1.

4 .  4 .  Lem m a. V is not of type (ii) o f  1. 5. 1.

Proof. Let us compute the branch locus B , o f w. Let À be a  lin e  on
192 .

 Then the ram ification locus R , o f w is  g iv en  a s  follows:

K s  — ÇD* ( K ) -'--L+ 2X+ so* (32)---5w* (2) ± 2X.

Hence .13,0 = ç (R„) ---10 2+ 2ço (X ). W rite a 2 with an  integer a .  Since
p,(22) =0 an d  p (L )  = 2n + 1 = 11, w e have b y  the Hurwitz's formula:

2(11-1)=-4+2a,

X =
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whence a=  12. Therefore, yo,„ (X )--2, an d  hence, go *  ( X )  is  a  lin e  on P 2.
Note th at b o th  yo(E1)  a n d  go CEO a r e  irred u c ib le  cu rv es  i f  P ,  is  no t
infin itely near to  P I ,  an d  that yo(E2)  is  a n  irreducib le curve a n d  ço(Ei)
is  a  po in t on  w (E2)  i f  P , is  in fin ite ly  near to  P I ,  (c f . 4 .  2 ) .  Thus, we
get a contradiction. Q  E. D.

4 .  5 .  In  th e  paragraphs 4. 5-%-4. 11 w e assum e th a t  V  i s  o f  t y p e  (iii)
o f  1 . 5 .  1 .  W e use the notations of 1 .  5 .  W e sh a ll lis t  u p  a ll possible
cases in  the following :

Lem m a. I f  V =E„ we have one of the Jbllowings:
(1) X =E 1 +E 2 ; n >2 d - 7  ; R 3SD*(M)+( n + 3

2
+ 3 d )S0* (1) ± 2 X ;

(n+7+3d)1; S o*(E1)=1, and so (E2) =12 w ith  4, 12- 4 ;  moreover,
i f  1,* 1 , both 11 a n d  1, are contained in  Supp (B,), a n d  if  1,=1, we have
1, Supp(B„).

(2) X =E ,± E ,; n =d +3  w ith  0 < d < 2 ; Ies,---3ÇD*(M)+ (2d+3)ço* (1)
+2X; B,--%-8M+ (4d+ 8)1; either ço* (E1) =M  and yo*(E2)=4"-1, or 40*(E1)
=10

, 1 and ço* (E2) =-M ; moreover, both M  and lo a re  contained i n  SuPP
(B.).

(3) X =E,-FE 2 ; d =1  and n=4; 1?„- ,-.3ya* (M) + 54a * ( 1) ± 2X ;
+101; 40* (Ei) = St* (E2) = M and M n Supp (BO =0.

(1') X --= E i +2E, ; n>2d — 7 ; (M.) +( n  + 3
2
± 3 d  )9)* (1) +2X ; 13,

-%-6M +(n+7+3d)1; W *(E2)= 10̂ -1,  and yo(E1)  is a  poin t on  10 ; loc SuPP
(BO.

(3') X =E 1 ± 2E ,; d =1  and n=4; R,,--349* (M)+ 5 40* (/) + 2X ; B,-%-10M
+ 101; So* (E2) = M  and ça(E,) is a point on M ; M c  Supp (BO.

P ro o f. S in c e  L-%-ço*(M+  n  2
1+ d   1), K 5 — L+ 2 X  and — 2M—

(d+2)1, we have :

R , , 3 ç o ,* ( m ) + (  n+3+3d)
2

B ,-6 M +  (n +3 +3 d )1 +2 :(X* (

)1). + 2 X ,

Writing B,-, --aM +bl w ith  in tegers a  an d  b , w e sh a ll d e te rm in e  a  and
ab b y v irtue  o f th e  H urw itz 's fo rm u la . Since p ( m +   n — 1 + du  and2

= 2n -F 1 we have :

b +
(  n -1 —  d ) a= 4n+ 4.2
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O n the o th e r hand , s in c e  ( L • X ) =2  a n d  IM ±d/1 i s  a  linear system
w ith  no base point, w e have:

(so* ( m ) ,  n — 1+ d , * ( t )  X) =2-h2 "D
(sP* (M) • X) + d (0* (1) • X )  0,

w here (ço* (1) • X) O .  T h ere fo re , w e  h av e :

( n-1—  d ) (so* (1) • X )< 2,\ 2

w here 2< (n -1 - -d )  b e c a u se  n— d — 3 i s  a  nonnegative even  in teger.
H ere, w e consider th e  cases X=E 1 -1-E2 a n d  X , E1 + 2 E , separately.

Case : X =E i+E 2 .  (1 ) A ssum e t h a t  ( g o * ( 0 • X ) . 0 .  T h en  p „ ( p *  (0 )
= 2 .  H ence, applying the Hurwitz's form ula t o  1  a n d  ço * (/ ) w e  have
a = 6  and  b= n+ 7 + 3 d . Then go * ( X )---21, whence follows that go (E 1) = l,
an d  go (E2 ) =- 12 w ith  /1-4 2---/ b ecau se  go(E,) a n d  go(E2) a r e  irreducible
c u rv e s . H e re , n o te  th a t  if i s  a  generator o f  Gal(k(S)/k(V)).C=Z2
w hich  acts on S  b y  minimality of S , th e n  e ith e r  b o th  P ,  a n d  P 2  are
fixed  b y  e, o r w e have e(P,) =  P 2 . T h is  rem ark  im p lie s  th a t e  a c ts  on
SI,  and  that either both E , and E , a re  f ix e d  b y  e, o r  e(E ,) , E2 . Hence
w e  k n o w  th a t  e ith e r  /,#/2 a n d  I ,  / 2 c S u p p (4 ,) or 1 1=/2 Supp(B,).
M oreover, since Br  i s  a  reduced divisor, w e h ave  (13,• M )  — d , whence

n —  7 .  (2 ) A ssum e th a t ( ço * (1 )•X )= -1 . T h e n  ( n — l — d ) — 1 o r 2,

î .  
2

e., n=d4-3 o r n =d +5 ,  and p (ço* (1)) =3. B y th e  H urw itz 's formula
app lied  to  1 and  go*(/) w e have a = 8 .  Assume that n =d +3 ,  and hence
b =4 d + 8. Then ço*  ( X )- , - M + / , w h ic h  im p lie s  th a t  e ith e r  go*(Ei)=M
an d  go*(E2) = /o•-•-/ o r go* (E D  / 0- 4  an d  go* (E 2 )=M , w h ere  M, /oc Supp
(Br )  b y  a  s im ila r  a r g u m e n t  a s  in  (1). M oreover, (Br  • M )  —  d ,  e.,
0 < d < 2 .  Assume th at n = d + 5 .  Then, b =4 d +8  an d  go ( X) —M. T h is
is  impossible b ecau se  ç o ( X )  is a  r e d u c ib le  c u rv e . ( 3 )  A ssum e that
( ç o * (/ )• X )= 2 . Then we have : n=d+3, p.(ço* (1)) =4, and h en ce  a= 10
a n d  b=- 4 d + 6 .  M oreover, go ( X) -2M ,  w h e n c e  go (E1) So•,(E2)"-M•
S in ce  (13*•M )  —  d , w e h ave : d= 0  o r  1. If d = l ,  w e  h a v e  go (EL)=
Se (E2) = M ;  s in ce  (B,,• M )= 0  and  /14- çt S u p P ( A , ) ,  w e  have M n Supp (B )
= O . I f  d = 0  (hence n = 3 ), either go (E 1) =1; an d  se (E 2 ) =1'2 w ith  / */',
o r g o * ( E 1 ) = 4 0 * ( E 2 ) = - 1 ' ,  w h ere  l' (---4---1 ) i s  a  fib re of X  perpendicular to
1 ; if 1 ;# 4  th en  l, 4cSupP(B ,,) ; i f  so (E )=W (E 2 )  th e n  rzSupp(B ,).
T h is is  th e  ca se  (1 ) above, where the roles o f 1 and  l ' a re  interchanged
with each other.

Case :  X= E, ± 2E2 . ( 1 ' )  Assume th a t (g o * (/ )•X )= 0 . T h e n  w e  have
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a = 6 ,  b= n+ 7 + 3d (n ,.... 2 d - 7 )  an d  ço* (X )---2 l a s  in  th e  c a se  (1 )  above.
Since çø(E 1)  is  a  po in t on  ço(E2) ,  w e  h a v e  w (E 2) =4 , 1  w ith  /0 CSupp
(B„). (2 ') A ssum e that (ç9 * (/)•X )= 1 . T hen n = d + 3  o r n = d + 5 ,  a = 8
and  b = 4 d + 8  w ith  0 < d < 2 .  I f  n = d + 3 ,  w e  h a v e  w*(X)=2W.(E2) ."--M
+ 1, w h ic h  is  im p o ss ib le  b e c a u se  2(w,, (E2 ) • 1) = (M + 1.1) = 1. I f  n = d
+ 5 , w e have w* ( X )= 4 ) * (E2 )----M , w h ic h  is  im p o ss ib le . (3 ')  Assume
th a t (ç o * ( /) •X )= 2 . T h e n  w e  h ave  a=10, b--- , 4d+ 6  (d= 0  o r  1 )  and
99* (X ) = 4 ,

* (E2)- , - 2 M . H ence go (E2 ) - - - M .  If d = 1  (hence n = 4 ) ,  yo (E2 )
= M  an d  M O ESupp(B ,). I f  d = 0  (hence n = 3 ) , g o (E 2) = l '  w h ic h  is  a
fib re o f Ei,  perpendicular to 1. T h is  is  th e  c a se  (1 ')  ab o ve , w h ere  the
roles o f 1 a n d  a r e  interchanged w ith each other. Q  E. D.

4 .  6 .  In  th is paragraph  an d  th e  n ex t, w e  sh a ll s tu d y  th e  su rfa c e s  o f
typ e  (1 )  of 4. 5.

Lemma. Assume th at  w :  g - - ,V  satisf ies the conditions (1 )  o f  4. 5.
T hen w e hav e:

(1) I f  1,+12 a n d  if g  is the canonical resolution of the double covering
o f V w ith  b ran ch  locus B„, the surface S  c an  b e  c o n s tru c te d  as follow s:

(  i )  Let q,: W ,---> V  b e  the b low ing -up  w ith  cen ters  at x ,  a n d  x,
on the fibres 1, and 1, respectively , and let q , :  -1V---> W , b e  the b low in gs-
up  w ith  cen ters at y ,  and y ,  on C O  and q;(12 ) respectiv ely , w hich m ay
b e  in f in ite ly  n ear to  x , and x „  Let q= q ,•q„  a n d  le t  .E, , , q --1 (x 1) and
E, i = q ' ( y ; )  fo r  i = 1, 2.

( i i )  Let 13-  b e  a  reduced  d iv isor o f  I6q* (M)+ (n+7 +3d)q* (1) —4E,
—4E, i -4E „,-4E , 2 1, w h ich  h as  no in f in i t e ly  n e ar tr ip le  p o in t. L e t g  be
the canonical resolution of the double covering o f  -T V  w ith branch locus B .
The proper transform s o f 1, and 1, b y  q  are necessarily  nonsingular com po-
nents of 13, w hich  g iv e  rise  to  tw o  ex cep tional cu rv es E , and E , of the
f irs t  k in d  on g ' .  Contracting E, and E 2  w e get a m in im al surface S  of
general type w ith  p g ,n + 1 , q = 0  a n d  ( K ) =2n.

(2) I f  1,= 1„  g is  n o t the canonical resolution of the double covering
o f  V w ith branch locus B ..

P ro o f .  L et S* b e  th e  canonical resolution of the doub le covering of
V w ith branch locus B o . B y v irtue of Lem m a 1. 3, we have :

n+ 2 = X  (S * ,0  " )= n+ 6 - 1 -1 E R 1 ( [ ? ] - 1 ) ,

(.1Q*) = 2 n + 6 _ 2 ( [ ] _  1 ) ' .

H ence, w e have [--2 -m ] ( [ - y7/2 ]  1 ) = 8 ,  an d  w e  k n o w  th a t  o n e  o f  th e
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following two cases takes place ;
1) there are four ind ices, s a y  i=1, 2, 3, 4, su ch  th a t [ V = 2  for

1=1 , 2, 3, 4 and  [ 1 = 1  fo r i#1, 2, 3, 4;2
2) there a re  tw o  in d ic e s , sa y  i= 1, 2, su ch  th a t 

R 1 =3 ' [ m2217=2and [1=1 fo r i#1, 2.2
T h en  (K )  =2n-2 in  the first case ;  (K ) = 2 n -4  in the second case.
On the other hand , it is  eas ily  seen  th a t th e  natural morphism p: S*
S, whose existence follows from th e  minimality of S , factors through
i. e., p: S *  j— * S '- ',S .  Thus, k-,.- S *  in the first case ; fi is a composition
of tw o quadric transformations in the second case.

W e shall show that /,#4 in the first c a se . L e t  F :  3 m ±  (n + 72 + 3d) 4

and  le t Z := yo* (4) + ço* (12) —2X>0. T h e n  it  is  e a s y  to  s e e  th a t  ço* (B)
— 2R----2Z. Since any irreducible com ponent o f ça* ( B )  2 R  i s  a  curve
contractible to a  po in t b y  ço a n d  since (B) — 1 ?  0 , w e kn o w  th at
d im  ko*(B)-2R1=0. H ence yo* (B) — 2R =2Z. S in ce  S' has no torsion
by v irtue o f 1. 1, (4), w e know  that R + Z E  iço* F l. Moreover, we have
(E1 . Z) = (E2 . Z) = 2 . Let b e  a  p o in t  o f  Ei nSupp(Z), a n d  l e t  xl=
40 ( -1) E/1. Let o :  1 7

1— >V  b e  the b lo w in g -u p  w ith  c en te r  a t  x l , and
le t D =  ( x , ) .  T hen there ex ists a  morphism 0 : o f  degree 2
such that ço=o - •0 . S in ce  R "- R ,—  0* (D), a n d  0* (E ,) a n d  0 * (E2 ) are
respectively the proper transforms o f 1, an d  4 b y a, w e can  easily  show
that:

f6a* (M ) + (n +7 +3d)a* (1) —  4D i f  1,+
16a* (M) + (n + 7 + 3d) a* (1) — 6D  if 1 1= 12,

and  hence

4  i f  /1 +12(B o • D) = {6 if 11 = 12 .

L et Bo : = 130 — (11+ 12) if 11 +12 a n d  Bo1 3 0 i f  1,+ 12. Let
1 3

p  b e  the multi-
p lic ity  o f  a  reduced divisor Bo a t  x,. T h e n  ,  is w ritten as

r(130) + ( 1 0  +a* (12) + (p + 1 - 2 [ ,u + 1   ID  i f  /, #/,2

(Bo) (p— 2[-( ] ) D  if 1 1 =12 •

Moreover, p< (1 1 • Bo) = 6 . Thence, w e conclude that p=3 or 4 i f  1,+
and 1=6  i f  1,= 4. However, p=6 i s  impossible because [-* 2  for all
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i .  Therefore, /,# /, in  th e  f ir s t  case. I f 4  a n d  g--=:"S*, t h e  same
argum en ts as in  ( [5 ] , p . 5 1 )  le a d s  u s  t o  th e  co n s tru c tio n  s ta te d  as
above. Q .  E .  D .

4. 7. W e shall consider w hen there exists a  reduced divisor  .
no infin itely near tr ip le  p o in t (c f. th e  case  (1 )  o f  Lem m a 4 . 6 ) . Write
P=1.3. .+7i+7. w h e r e

 71 an d  72 a r e  respectively th e  proper transform s of
an d  /, b y  q ,  a n d  /30 E  6q* (M ) (n+ 5+ 3d) q* (1) —3E 1 -3 E , 1 -3.E 2 —

3E, 2 1. I n  a  sim ilar fashion a s  in  [7 ]  w e can  show the following

Lemma. (1) Assume th at  n>3d—  5 , and  w hen d >0  assume also that
x l )  Y 1 ) x , and y , do not l ie  o n  M . T hen the linear sy stem  1 "Po l  h a s  no
base p o in t. Hence its general menzbers are nonsingular.

(2) Assume th at 3d— — 1  and that both x , and x , are on M
but neither y , nor y , is o n  M .  T hen  any  general m em ber o f  1130 1 has
no inf initely  near triple point and is  disjoint f rom  7  and 72 .

(3) Assume th at  3d—  5>n and that not both of x , and x ,  are on M
and neither y , nor y , is o n  M .  T hen  any  d iv isor o f  1 1 3 0 1

 h as  m u ltip le
components.

(4) Assume th at 2 d - 1 >n .  T hen any  div isor o f  1131 has a multiple
component.

Proof . (1) Assume that d > 0 . W e shall show that any general member
of the lin ear system  A := 12M+ 2c111 — (x,±y,± x 2 + y ,)  i s  a n  irreducible
nonsingular curve an d  A  h a s  n o  acciden ta l b a se  p o in t . In  fa c t , since
1M-1-2(d— 1) 11 + M+ 11 + 4  is  a  linear subsystem  o f  A ,  the fixed com-
ponents of A  ( if  a n y )  a re  possibly M , 1, an d  4. I f  M  i s  a  fixed com -
ponent of A, then dim A = dim1M-1-2d11— x,± y 2 ) =3 d - 3 .  [S in c e
(M +2d1.1) =1, 1, an d  12 a r e  then  fixed  com ponents o f  1M-1-24 —
+ y,+ x 2 + y 2 ) .  Hence dim1M+ 2d/1 — (x,-k x , ± y , )  =  dim1M+ (2d— 2) /1
= 3 d -3  ( c f .  1 .  7 ) ]  H ence M  is  n o t  a  fixed com ponent o f A  because
dim 3d—  2. N eith e r 1, n o r  4 i s  a  fixed  com ponen t o f A, fo r , if
otherwise, M  is a lso  a  fixed component o f  A ,  w h ic h  i s  im possible as
shown in  th e  above a rg u m en t. Therefore A  h a s  n o  fixed component.
A  is not composed o f  a  p en c il b ecau se  1M+ (2d— 2)11 +M +  4  i s  a
linear subsystem  o f  A .  O n  th e  o ther h a n d , s in c e  1M +  (2d-2)/1 +M
+1,±6OEA , accidental base po in ts o f A  ( i f  a n y )  l i e  o n  M ,  1 , o r  4.
H ow ever, there is no accidental base point on 4 or 4 ,  fo r, if otherwise,
1, (or 4 )  is  a  fixed component o f  A. S im ila r ly , th e re  is  n o  accidental
base point on M , b ecause  (M•2111+2d1)=0 a n d  a  gen era l m em b er of
A  is  ir re d u c ib le  b y  B ertin i's  Theorem . Therefore, A has no accidental
b a se  p o in ts . T h u s , w e  o b ta in  o u r  a sse rtio n s  b y  B e r tin i 's  Theorem.
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Let 4  b e  a general member o f  I 2M+ 2d/1 — x 2 ± . Y 2 )  •  The linear
system 113 0 1 contains a linear subsystem 1 (n + 5 — 3d)q* (1)1+34 where
J  is  the proper transform  of 4  b y  q. On the o th e r  hand, the same
linear system  con tain s a  linear subsystem  1 4q* (M) + (n — 1 + 3d)q* (1) I
+2q* (M) +31,+3/2 . Two linear systems 1 (n+ 5 — 3d)q* (1) I and 14q* (M)
+ (n — 1 + 3d)q* (1) I have no base point, w hile, on the o th e r  hand, the
support of J  does no t m eet that o f  2q*(M ) +31,+  34. Hence 1/3 0 1 has
no base point. If d= 0 , w e can  m ake a  sim ilar argument by rep lac ing
12M+ 2d/1 by I2M+ 2/ I, where M  is  n o w  a  fib re  o f To perpendicular
to  1.

(2) Let M  b e the proper transform o f M  b y q. Then M is a fixed
component o f  1/30 1. H ence w e w rite 130 =  +  C  w ith  C  5 q *  (M ) + (n
+ 5+ 3d)q* (1) —2E.,1 - 2 E .,2 -3 E , 1 -3 E , 2 1. W e shall show th a t  ICI h as  no
base point. Let  4  b e  a  general irreducible m em ber o f  1M+ d/1 - 3/1— y2.
[It is  n o t h ard  to  show that a  genera l m em ber o f  1 M+ d/1 — y1 — y2 i s
irreducible and n o n sin gu la r .] T h en  IC I co n ta in s  a  linear subsystem
1 (n+ 5)q* 2/13I+ 3J, where 2  is  th e  proper transform  of 4  b y  q.
On the other hand, IC I co n ta in s a linear subsystem 15q*(M ) + (n+ 1+
3d)q* (1) — E y 2 I +  + 2 .4. Since n >2d— 1, 15M+ (n+ 1 3d) /1 — yi
— Y2 contains a  linear subsystem  1  (n+  1 — 2d) 11 + ( 5M+ 5d11 — . Y 0
Thence, it follows that 15M+ (n+ 1+ 3d) / — yi — y 2  h a s  no base point
other than  y, and ) 12 3  and th a t an y  g en e ra l m em b er o f  I 5M+ (n+ 1+
3d) /1— y1 —  y, passes sim ply through y, and y,. H en ce  5q*  (M )+ (n +
1+3d)q* (1) —  E 2 2  h as no base point. T h ese  fac ts  im p ly  th a t I CI
h a s  n o  b a s e  p o in t . In  v ie w  o f  th e  equality (C./11) = n+ 1— 2d, C
intersects M  unless the equality n =2d — 1 holds. B y  th e  sam e argu -
m en t as in  ([7 ], p . 125 ) w e  can  show th a t i f  C  i s  a  general m em ber
then  C in tersects fa  tran sversa lly . T h us, /3,=M + C h a s  n o  infinitely
near triple point.

(3) It is  easy  to  see  th at the proper transform la  o f M  i s  a  fixed
component o f  1111 and that e ither 1, o r  4  is a  f ix ed  co m p o n en t of
1130— /a1.

(4) The assum ptions that n — 3 — d i s  a  nonnegative even  in teger
and that n<2d —  1 im ply that d> 4. But, for la te r  use, w e on ly assume
that d> 4. Then, in view  o f  (3 )  above, w e have o n ly  to  co n sid er the
case where both x , and x , lie on M .  Then, n eith er y , n o r y , is  on the
proper transform M  o f  M  b y  q ,  w hence (M.. .E., i ) = (M•E,.2 ) = 1 .  Note
that f f l is a fixed com ponent o f  If3, 1. S in c e  (la -13°— -M) = — 5d+ (n+
5+3d) — 2— 2= n+ 1 —  2d<O , fa  is  a multiple component of ÊO I.

(2, E. D.
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4. 8. In  this paragraph and the next we shall study the surfaces of
type (2) o f 4. 5.

L em m a . (1) I f  d= 2 there  do not ex ist the surfaces of type ( 2 )  of
4. 5.

(2) I f  d =0  o r  1 , g  is  the canonical resolution of the double covering
o f  V =E d  w ith  b ran c h  locus B,.

(3) I f  d =1 , the surface S  can be constructed as follows :
(i) Let x, , M  nl o ,  le t  .71 : W ,-->1 7  b e  the b low ing-up  w ith  cen ter at

x „ and let q,: W -- ->W , be  the b low ing -up  w ith  cen ter at a poin t x ,  on
(10), w h ic h  m ay  b e  in f in ite ly  n e ar to  x,. L e t  q =q ,•q „ and let

q- '( x ,)  and Ex 2 =qTj(x2)•
(ii) Let .13' b e  a  red u ced  d iv iso r o f  18q* (M)± 12q* (/) — 4.Ex21,

w hich has no in f in ite ly  near triple point. Let g  be the canonical resolution
of the double covering of W  w ith  b ran c h  locus E .  The proper transform s
AI and 10 o f  M  and I , b y  q  respectively  are nonsingular com ponents o f B,
w hich giv e rise to ex ceptional curv es E , and E , of the  f i r s t  k i n d  o n  SS.
Contracting E , and E , w e get a minimal surface S  o f  g e n e ral type w ith
pg =5 2 q = 0  and (K) =8.

(4) I f  d =0 , the surface S  can be constructed as follow s:
(  i )  Let x ,=M *) n i,, let q1 : W,---->17 be  the blow ing-up w ith center

a t  x „ and let q,: W - - >W i be  the blow ings-up w ith  cen ters at x ,  and y,
on C O  and q ( M )  respectiv ely , w hich m ay  be inf initely  near to  x „  Let
q=q,•q„ and let E x i =q - i(x ,), E , 2 =q ç l(x ,)  and Ey 2 =qT 1 (y2)•

( i i )  Let E  b e  a  re d u c e d  d iv iso r o f  18q* (M )+8q* (l)-6E, i — 4E 2 —
4E,,2 i ,  w hich  has no in f in ite ly  near trip le  poin t. Let ,g b e  th e  canonical
resolution of the double covering of W  w ith  b ran ch  locus E. T he  p roper
transform s fa and 75 o f  M  and lo b y  q  respectively  a re  nonsingular com -
ponents of E, w hich giv e rise to ex ceptional curv es E , and  E y  of the f irst
k in d  on g. Contracting F, and E , w e get a minimal surface S of  general
type w ith  p g = 4 ,  q =0  and  ( K ) =6.

P ro o f .  Let S *  be the canonical resolution of the double covering of
V with branch locus B , .  By virtue o f Lemma 1. 3 we have :

d + 5 = x ( S * , (  s * ) = 1 0  2
1 [ " 2

2
i 1 f m

2
i 1 - 1 ) ,

(1 q 0 )= 1 6 -2 E ([7 ]-1 )'.

*) Note that M  is a fixed fib re  o f 2:0 perpendicular to /.
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O n the other hand , it is easy to  see that the natural morphism
S, w hose existence follows from the minimality of S, factors through
i. e., p: ST= - > s .  H en ce  w e  h a v e  ( K 4 )  <  (K )  2d-1-4. Taking
th is inequality  in to  account, w e can  easily  show that;

1) if  d=2, th ere  is  one index, say i=  1, such that [ 1 ]= 3  and [ m
2 i]

=1 fo r all o ther indices,

2) if  d=1, there a re  tw o ind ices, say i = l, 2 ,  su ch  th a t [ m
2 ']=3,

[ " 22 1 [ 1=2 a n d   =1 fo r i *1, 2,2 2
3) i f  d= 0, there a re  th ree  indices, say  i = 1, 2, 3, such that [-ym  1=3,

[1= [ m 3 1=2 an d  [1 = 1  fo r 1#1, 2, 3.
2 2 2

In  each  case , (K )  =  (K ) , whence [3: S*, S  is  an isomorphism.
Now, note th at M  a n d  10 a r e  irreducib le com ponents o f  B „  and

that the point x,=-M n 4 should be blown up in the process q :  v * —>17,
w h ich  is th e  shortest composition of blowings-up su ch  th a t the (new )
b ran ch  lo c u s  B* is n o n s in g u la r  (c f . 1. 3). L e t  M *  b e  t h e  proper
transform of M  b y Q. T h en  (M* 2) — d— 1. O n the other hand , since
w e m ay assume that M * g ives rise  to  E„ w e  h a v e  (M* 2) ,  — 2. Then,
since the proper transform /: o f 4 b y 

Q
 g iv e s  r ise  to  E„ w e have (4w2 )

= —2. This shows that ;
1') if  d=2, th ere  do not exist surfaces of type (2 ) of 4. 5,
2') if  d=1, x, is  th e only point on M  w h ic h  is  b lo w n  u p  in  th e

p ro c e s s  ;  there is exactly  one m ore po int x ,  o n  10 w h ic h  i s
blown up in  th e  process Q  ; .z , m ay be in fin ite ly  near to  x„

3') if  d=0, th ere  are points x, and y, o n  4  a n d  M  respectively,
w h ich  m ay be in fin ite ly  near to  x 1 ; the points x„ x, and y, are
the points on 10 U M , w hich a re  b low n up in  th e  process Q.

Now, b y  th e  same a rg u m e n ts  a s  in  ([5 ], pp. 5 1 -5 2 ) a n d  t h e  above
observations taken into  account, w e have the constructions of surfaces
S  g iven  in  th e  above statements. Q. E. D.

L et j3 10— m, a n d  le t  p i ,  p, an d  v, b e  re sp e c t iv e ly  th e  mul-
tip lic ities of 13-  a t  x 1,  .x2 and y y ,  w hen d = 0 . Assume th a t b o th  x ,  and
y 2  a r e  infin itely near to  x „  T h e n , th e  a rg u m e n t  a s  in  th e  p roof of
Lemma 4. 6 shows that e ither p,=4 an d  p,=v,=3, o r iii = 5  a n d  /12 = 1),

= 2 .  However, the f ir s t  case  is apparently impossible.

4 . 9 . W e shall consider the ex istence of a red u ced  d iv iso r  B  h av in g
no  infin itely near trip le po int, whose existence w as assum ed in  Lemma
4. 8. Write E  = Bo +  + 70, where E 0 E  7q* (M)+11q* (1) — 4E9 — 3E,,1 if
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d= 1, a n d  130 E  7q" (M)±7q* (1) — 4.E 1 -3 E „-3 E ,, 2 1 if d= O. T h e n  w e
have the following :

Lemma. (1) Case d = 1 .  The lin e ar sy s te m  I7q* (M)+11q* (1) — 4.E„
—3E, 2 I  h as  no base point. H e n c e  its  g e n e ral m e m b e rs  a re  nonsingular
and irreducible ;  m oreov er they  are disjoint f ro m  M  and I,.

(2) Case d = 0 .  Assume th at  n o t  b o th  of x 2 a n d  y ,  a r e  inf initely
n ear to  .z.1 . T h e n  th e  lin e ar sy s te m  I7q* (M )±7q* (I) — 4E,,— 3E
h as  no base point. H ence its general m em bers a re  nonsingular and irre -
ducible; m oreov er they  are disjoint f ro m  -111 and 70 .

Proof: (1) W e sh a ll show that any general m em ber o f  12M+ 3/1 —
x 1 —x 2 i s  a  n o n sin gu lar irred u c ib le  cu rve  a n d  t h a t  12M+ 311— xi— x,
has no accidental b ase  p o in t. In  fac t, s in c e  12M+ 2/1 +4 i s  a  linear
subsystem o f  12M+ 3/1 --x 1 — x, a n d  12M+ 2/1 h a s  n o  b a se  p o in t , th e
fixed component ( if  a n y )  of 12M+311 —x, — x2 is  p o ss ib ly  4. However,
since dim  2M +  311 — x 1 —x 2 6  a n d  dim 12M+ 211 = 5, 12M+ 3 11 —
h as n o  fixed component.  M o r e o v e r ,  s in c e  12M+ 3 11 —x2 — x2 h a s  a
linear subsystem  1114-+ 2/1++ M +  l, a n d  1M+ 2/1 is very am p le , 12M+ 3 /1

is not composed o f  a  p e n c i l .  S in c e  ( (2M+ 30 2) =8 a n d  dim
2M+ 3/1 — x1 — x2 ..>- 6, I2M ± 3 1 1 —  x ,  d o es n o t h av e  a c c id en ta l base

p o in ts . H ence w e get our assertions b y  B ertini's T h eo rem . L e t  ZI be
a  general member o f  I 2M+ 311 — x 2 ,  an d  le t F  b e  a  general mem-
b e r  o f  1M+ 2/1 — z , w h ic h  m e e ts  1, transversally. L e t  zr a n d  r  be
the proper transforms of J  an d  F  b y  q  resp ec tiv e ly . T h en  3 .1 + r  is  a
member o f  1/30 1. O n the other h an d , 1 7q 1' (M ) 8q* (1) —  E  

I
 +37 0 i s  a

linear subsystem  o f  1/30 1, a n d  1 7 q* (M) 8q* (1) —  E.r ,1 h as n o  base point
because 1 7M + 811 is  v e ry  am p le . T h en , since lo n (Au P) = 0 , we know
th a t 1A0 1 has no base point.

(2) Since one of x 2 a n d  y 2 is  n o t  in f in ite ly  n e a r  to  ..x „ w e  m ay
assume that y2 i s  n o t . L e t  1, b e  a  fib re  passing through y2 a n d  linearly
equivalent to 1. Now, w e  sh a ll show th at an y  gen era l m em b er o f 12M
+211 —x, — —y 2 i s  a  n o n sin gu la r irred u c ib le  cu rv e  a n d  t h a t  12M+
211 h as no accidental b a s e  p o in t .  I n  f a c t ,  s in c e  12M1 +4
+1, i s  a  linear subsystem  of 2 M + 2 1 1  — y ,  a n d  12M 1 h a s  no
base point, a fixed com ponent o f  12M+ 2/1 — —  — y , is possib ly 4 or
/2 . H owever, since dim12M+ 2 11 — — 5 ,  d i m 1 2 M +  / 1 +  4— y2 =4
an d  dim! 2M+ /1+ /2 — x,—x 2 < 4 , w e  k n o w  th a t  n e ith e r  10 n o r  1, i s  a
fixed component of 12M+211 — x,— x 2 —y2 . S in c e  1M+ /1+ m+ 4c 12M
+211 y 2 ,  1 2 M +  2 11 is  n o t co m p o sed  o f  a  pencil.
M oreover, since dim12M+ 2/1 —xi—A —,Y2> 5 a n d  ( (2M+ 21) 2) =  8, we
know  that 12M+ 211 — x, —x2 — y, has no accidental base p o in t . Thus we
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get our assertions by B ertin i's T heorem . T herefore, I 2q* (M )+2q* (I)
- E,2— E,,2 I h a s  n o  b a s e  p o in t . N o te  a lso  th a t I  q* (M )+q* (1)

I h as no b a se  p o in t. T h e n , since 3 I 2q*(M) +2q*(/)— E,,— Ey21
+ q* (M ) q* (1) —  E, i I C I7q* (M) +7q* (1) — 4E 3E,2, w e  k n o w
that I/3 0 1 has no base point. Q. E. D.

4 .  1 0 .  L e m m a . There is no surface of type (3 )  of 4. 5.

P ro o f. The conditions im ply that X = yo* (M ) .  Then, K g -, -w* (M+2/)
+ 2 X----ço* (3M +  2/). H ence p g (S )= p g ( g )  > d im  H° (f„ 0 (3M+ 2/)) = dim
H°(2'„ 0(2M + 21)) = 6, w hich contradicts the assumption that p g (S) ,  5.

Q., E. D.

4 .  1 1 .  L e m m a . Let S  (or g )  be a surface of type (1 ')  of 4. 5. Then g
is not the canonical resolution of the double covering of V= E d  with branch
locus

P ro o f. L et S *  b e  th e  canonical resolution of the double covering of
V w ith  branch locus 13,. T hen  there  ex ists a  b irational m orph ism  fi
S * --->g  such that 7r.!, : S * --->S  is  th e  natural m orphism , whose exist-
ence follows from the m inim ality of S .  B y v irtue o f 1 . 3 , we have :

n+ 2= x (S *, 0 s * ) = n + 6— 2
1 [ 122

2 ' ] ( [ ]— I),

(K )= 2 n + 6 -2 E  ( [7 ]  —  1 ) 2 .

Thence, w e have one of the following two cases;

(i) th e re  ex is t four ind ices, s a y  i = 1 , 2 , 3 , 4 , such  th at [ ]= 2  for
2

i= 1 , 2 , 3 , 4  an d  [ m

2
i l= 1  f o r  i# 1 , 2 ,  3, 4 ;  (K ,4 )  = 2 n - 2 ; S*

is  an isomorphism,

(ii) th ere  ex ist tw o  in d ices , s a y  i = 1, 2 , such that [ 1 , 3 , [1 = 22 2
a n d  [m i]= 1 fo r  i# 1 , 2 ;  (K ,4 )  =2n — 4 ; fi i s  a  c o m p o s it io n  o f  two

2
quadric transformations.

Assume now  that the first case takes p la c e .  By 1. 3 (cf. the proof of
L em m a 4 . 6 ), w e have an  effective divisor Z  on S  such that Z =2w *(4)

—2X, ço* (BO — 2R ,=2Z  and R,+ZE w*FI, where F :=3 M +(
n + 7 ± 3 d

)

i.
2 

T hen , (Z- E,) = 0 and  (Z .E 2) = 2 . L et .fE E ,n  Su p p (Z ) an d  le t x= 4 0 ( ') •
Let a: V ,-----> V  be th e  blow ing-up w ith center at x .  Then, there exists
a morphism g--->V , o f degree 2  such  that yo=o- •0; 1 ? , —  ( D ) ,
where D =u - ' ( x ) .  Then ± 20 *  (ED — 6D . Hence we have :
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1) (B „• D) =6 i f  x #ço (E,),
2) (Bo • D) = 4 i f  0 (E,) D  and  0 * (E,) D ,
3) (13,• D) = 2 i f  0 (E,) =D  a n d  0 * (E,) =2D.

W e shall show th a t none of these cases takes p la c e .  Case 1). L et p  be

the multiplicity of B , at x .  Then, [ 1
2—] = 3  (c f . th e  proof o f Lemma 4. 6),

which contradicts the condition  (i). Case 2 ) .  L et c b e  a  generator of
Gal(k (S) /k ( V ) )  Z „ w hich  acts on S  (and  hence o n  S ').  S in c e  E ,  is
e-stable, the condition 2 ) says that D  is  b ran ch ed , i .  e ., Dc Supp(Bp).
Then the point a' (0  nD should be blown up in  th e  process 4  : V* - - >
V, w h ich  is the shortest composition of blowings-up such that the (new)
branch locus B * is  n o n s in gu la r . T h is  im plies that E, n 0, w h ich  is

a  co n trad ic tio n . Case 3 ) .  L et p  b e a s  a b o v e . T hen , [ f l =
 

1, whence

ite= 2  o r 3. Assume th at p = 2 . W rite B ,= lo + B ,.  T hen  4 and  B , inter-
se c t e a ch  o th e r  tran sv e rsa lly  a t  x .  S in c e  (B,• 6, B, n 4  contains
another point y  distinct from x. I f  B, n 4 contains the th ird  point z (#
x , y ) ,  then , 4(E ) < —6, w h ich  is  a  co n trad ic tio n . T h u s , B, n 4= f i ,
an d  i ( B , 4; y )  = 5 . T he multiplicty v o f B , at y  must be 5, for 4(E ) <
—6 o th erw ise . T h en  th e  m ultiplicity o f B, a t y  is  6, which contradicts
the condition (i). Assume that p = 3 . Then, Dc Supp(B,), w h ich  is  a
contradiction ag a in  b y  th e  same reason a s  in  th e  c a s e  2 ) .  Therefore,
th e  ca se  ( i )  does not take place. Q . E. D.

4. 12. L em m a. T here is no surface o f  ty pe (3 ') o f 4. 5.

Proof . W e shall show that ço* (M ) = X .  Then, w e get a contradiction
by th e  sam e reason a s  in  4. 10. L et S * b e  th e  canonical reso lution of
the double covering o f  V=2:, w ith branch locus B „. If :  V* V  is
th e  shortest composition of blowings-up su c h  th a t  t h e  ( n e w )  branch
locus B * is nonsingu lar (c f . 1. 3), w e h a v e  th e  fo llow ing commutative
diagram ;

w h ere  0  i s  a  f in it e  morphism o f  degree 2 ; the ex istence o f j", was
m entioned repeatedly (c f. 4. 6, 4. 11). B y v irtue o f  1. 3, we have ;

6=X (S * , 0 ,* )=  7 — 21 [ '4
2 '  (L i d  1
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(n , ) = 6 - 2 ( [ ? ] - 1 )
2
.

m.H ence there exists o n e  in d ex , say i= 1 , such that [ 1
=

2 and  [-11=12 2
for i # 1 .  Then (I(.4) =4< (IQ) =6, which implies that fi is a composition
of tw o quadric transform ations. O n the other hand, M  is an  irreducible
component o f 131.. W rite  B. , M4-B 1 w ith  /31

,
--9M+101 a n d  (B 1 •M )=1 .

Then, M  and  B, m eet each other only in  o n e  p o in t x ,  a t w h ich  B, is
n o n sin gu lar. T he po in t is noth ing b u t  ço(E,), b ecau se  ço(E,) m u st be
blown up in  th e  process 4. Noting that (1 is  the shortest process to get
the nonsingular branch locus B*, w e know  that no points on o '(M ) and
D a re  b low n up in  th e  process (1, w here o : i s  th e  blowing-up
o f  V w ith  cen ter at x ,  a n d  D =a - ' ( x ) .  T h e n , it i s  e a s y  t o  s e e  t h a t
0 *  ( D ±  ( M ) )  is  a  divisor on S * having the same property a s  X .  This
implies that the support of 0* (D+cr' (M )) does not meet any fundamental
c u rv e  o f t .  T h u s  ço*(D) ,  X . Q  E. D.

4. 13. In  the rem aining paragraphs of th is  section we shall assume that
V is  o f  ty p e  ( iv )  o f  1. 5. 1, i .  e .,  V  is  a  cone over a  nonsingular rational
curve o f degree n - 1  in  P" - '.

L e m m a .  Let q : W :=E ,,_ ,- ->V  be the m inimal resolution of  singu-
larities o f V . T h e n , there ex ists a  morphism 0: .S"— >W  of degree 2 such
th at  ço=q•0.

P ro o f . O ur proof is alm ost paralle l to  th e  proof o f  Lem m a 1. 5 of
[ 6 ] .  T here exists a  b a s is  tx0 ,  x„ x„} of H°(g, (9 ( L ) )  such that

X , X ,

X ,  -  X , •  •  •  -

w h ere  x 1 /x2 d e f in e s  a  rational function  g  on S .  W r i t e  (g)=D— D 1,
w here D  a n d  D , a re  e ffe c t iv e  divisors without common components.
Then we can w rite

(x,) (n — i)D + (i-1)D ,H-G fo r  1<i< n.

S in ce  IL I h as  n o  b a se  p o in t, w e  k n o w  th a t  Supp((x0))nc= 0,  e sp .,
(L •G) =0, and , no ting  that (L •X ) =2, we know that

( i )  i f  X=E1-1-.E2, neither E , nor E , is  a  component o f G,
( i i)  i f  X =E 1 ± 2 E „ E , is not a  component o f G.

I n  a n y  c a s e ,  (G•E2) > 0 .  S in c e  (L •E ,)=1 , (D •E 2 )>0  a n d  n_.>-3, the
equality

1= (n-1) (D •E 2) (G •E 2)



Minimal surfaces of general type 169

im p lies that (D• E2 ) = 0 a n d  (G • E2 )  = 1 .  (If X = E i + E2 ,  w e  h ave  (D • El)
= 0  a n d  (G •E ,)  =1 .)  O n  th e  o th e r h a n d , (L •D )=2  because (D) =
(n — 1) (L • D) + (L • G) = 2n — 2. H ence, w e have:

(n -1 )  (D9 + (D • G) = 2.

I f  n > 4 , th is  im p lies th at (D9 = 0 a n d  (D • G) = 2 .  I f  n = 3 , (D') = 1 and
(D • G) = 0  th en  w e h av e  (G2 ) < 0  b y th e  H o d ge  in d ex  theorem . T hen
(G') = 0  b ecause  (L• G) = (n—  1) (D • G) + (0) = 0 .  H ence G = 0 , w hich is
contrary to  (G•E 2) -= 1 .  H ence (D2 ) = 0  a n d  (D • G) = 2  i f  n = 3 .  Then,
th e  same a rgu m en t as  in  [6 ]  shows the existence of 0. Q  E. D.

A s  a  consequence o f th e  above lem m a we know that 0*(M )=G  and
0*(0^ -D , w here M  is  the section o f E  ,  w ith  ( M") = — (n—  1) .

4. 14. L e t R o  a n d  B o b e  r e sp e c t iv e ly  the ram ification  lo cus and  the
branch locus o f 0 :  g - - - ) I V = E „ , .  Since (n+ 1)/ and
0* (M + (n—  1)1) we have :

R o ---30* (M) +2n0* (1) +2X ,
B + 4n1+ 20 * (X ) .

W rite 13,---aM +b l w ith  in tegers a  a n d  b > 0 .  Since p ( L ) = 2 n + 1 ,  the
Hurwitz's form ula tells u s :

2(2n) =  —4+ (aM  +bl• M + (n-1)1),

whence b = 4 n + 4 .  O n the o ther h a n d , s in c e  0 * (/) , -, - D  a n d  mD) =2,
w e have a = 6 .  Therefore, B,,--6M + (4n+4)/, and  O. (X)-- --2/. I f  X-=-E1
+ E 2,  then 0 * (E1) = 1, an d  0*(E2)=- 12 w ith  1,---12 ^-1 ; if 1 ,+1, b o th  1, and
1, a re  contained i n  Supp(B 0 )  ;  i f  4=1, th e n  /2 (ZSupp(B 0 ). I f  X  ,E ,±
2E2, * (E 2 )  =1 0 - 4  a n d  0(E 1) i s  a  p o in t o n  1 , ;  / 0 c Supp(B 0 ). Since
(B .•M )>—  ( n - 1 )  we have n< 9 .  Now, the same observations in Lemmas
4. 6 , 4 .7  an d  4.10 le ad  u s  to  the following

Lem m a. (1) Case X = E,+ E2 . I f  li # 1, a n d  i f  S-  i s  the canonical
resolution of the double covering o f  W  w ith  b ran c h  locus B o  the surface
S  can be constructed as in L em m a 4 . 6 , (1 )  w ith  d  re p lac e d  b y  n — 1 ; n
is necessarily  3 or 4. I f  11 = 12, 5  i s  n o t  the canonical resolution of the
double covering o f  W  w ith  b ran ch  locus B .

(2) Case X = E,+2E 2 . S  is  n o t the canonical resolution o f th e  double
covering o f  W  w ith  b ran c h  locus B .

P ro o f . In applying Lemma 4. 7, (4), note that n — l> 4  (c f . its proof).
T h e sam e lem m a im p lies that there ex ists a  nonsingu lar cu rve Po i f
n<4. Q  E. D.
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4. 15. Sum m arizing the above resu lts 4. 14 w e  have the following

Theorem. Let S  be a minimal surface of general type su c h  th at p g ,
n + 1 and (1( 2) =2 n  w ith  n 3. Assume that K i  h a s  no f ixed com ponent
and that K i  h a s  base point. T hen  w e hav e  the follow ing:

(1) I K i  h as  e x ac tly  tw o  base points, and 1K 1 is not com posed of a
pencil.

(2) Let P i and P, b e  base points of 11(1 w ith  P , possib ly  in fin ite ly
n ear to  P „ l e t  rci : and 72 : b e  th e  blowings-up with
cen ters  a t P , and P 2 r e s p e c t iv e ly . L e t  = r i • n.2, l e t  E 1 = 7 ( 7 i - l ( P 1 ) )  a n d
let E 2 =71-'(P2 ). Let 17r*K l=  ILI + X  w ith  the fix ed  part X , and let w:=
°ILI :S- - - >VOEP" w ith  V=-ço(g). T h e n  e ith e r X =E ,± E , o r  X=E1-I-2E2,
respectively  P 2  is  not, or is  in f in ite ly  n e ar to  P 1 ; deg g9= 2  a n d  deg V=
n - 1 ;  V  is a surface of ty p e  (iii) o r  ( iv )  o f 1. 5. 1.

(3) I f  X =E 1 +2E 2 , .S" i s  n o t  th e  canonical reso lu tion  of the double
covering o f  V  (or, the minimal resolution W  o f  V i f  V  i s  singular) w ith
branch  locus 13, (or B ,) ,  (c f. Lem m as 4. 6 and 4.13).

(4) I f  X =E,--F-E, and i f  S  i s  th e  canonical resolution of the double
covering o f  V  (or the m inimal resolution W  o f  V )  w ith  b ran c h  locus B,
(or A O  w e hav e  the follow ing three cases:

(i) V =E d ; n  —3— d  is a  nonnegative ev en  in teger, and n ,- -2 d -1 ;
(n+7 +3d)1; W (E 1 ) = l  and se (E 2 ) =12 s u c h  th a t

#1 2 a n d  l„ l 2 cS upp(13 ,), (the construction of s u c h  surfaces is  g iv e n  in
L em m a 4. 6, (1)).

(ii) V = a ;  d = 0  o r  1 , a n d  n =d +3 ; I3 ,- -8 M - I - (4 d +8 ) l; either
W *(E,)=M  an d  y9*(E2)=4, o r w*(E1)= 10 and w *(E2) =M , where and
M , 4cSupp(B,), (the construction of su c h  su rf ac e s  is  g iv e n  i n  Lemma
4. 8).

(iii) V is  a  cone  (c f. 1. 5. 1, ( iv )) ; n=3 or 4 ; let q:
be  the m inim al resolution of singularities o f V , a n d  le t 0: .5"— >W  b e  a
morphism  s u c h  th at  go=q•0; A „-----6M-h (4n + 4)/ ; 0* (Ei) = 11 a n d  0*(E2)
=4 such that and 4 ,  /2 cSupp(B o ), (the construction of
such surfaces is  g iv en  in  L em m a 4. 6, (1)).
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