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§  1 .  Introduction

F irs t  of all, w e are concerned with a simple sufficient condition for essential
continuity of a real function f  defined on DN =  {(i1 2 - n , ••' i N 2 - n ) ;  n= 0, 1 , 2 , ••,
i k =0 , 1 , • • , 2m , Set

An(f)--= m ax If

where ••• iN), "• .1k --2n, a n d  1.7c1 = max I x k  I fo r x-=
(x 1 , •-• , x N ).

T hen  w e  have

Lemma 1. I f  E An (f )< + 0 0 , then there exists a continuous function f defined

on IN -= [O ,  1 ] ' '  such  that 7 (x )= f(x ) f o r all xEDN•

From  th is lem m a, w e get very  easily  an in tegra l test for sample continuity
of stochastic processes with the help of Fubini's theorem  and Holder's inequality.
(c. f. [4])

W e sha ll say  tha t a  separable and m easurable  stochastic  process {X (t, w)
t e  ' N ,  W E D }  i s  a n  L p -process if  th e  sam ple path  belongs to  L p (I N , d t) with
probability 1. T h e n  a  stochastic  version of Lem m a 1 is  the following :

Corollary 1 .  I f  a n  L r process { X (t, co); tE I  c o c S 2 }  w i t h  p i  h a s  a  non-
decreasing continuous function  r ( h )  such that

(ED X (t+h)— X (t)I P i)" P

and
a (5) (3-(1+N/P0 da < +00

+0
then the sample path is continuous with probability  1.

These arguments are due to  D elporte [2] and th is  in teg ra l test is best pos-
sible in  a sen se  a t lea st w h en  N = 1 and p .2 ,  ( [5 ] ,  [8 ] ) .

A sharper form  than C orollary  1 is obtained by Garsia and others ([3 ], [9 ])
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by virtue of the following real variable lemma : Set

Q (5 , f )= O is _t i < 3 1f (s)— f (t)1Pdsdt) 1 1 P

for fE  L„(I N , d t),

Lemma 2 . ([3 ], [9 ]).

+0 Qp(6, f)3 - (1+2N/P)da< +00

then f ( t )  is essentially continuous.

From this lemma, a  sharper form than Corollay 1 is obtained again by
Fubini's theorem and Holder's inequality.

Corollary 2. If a n  L p -p ro cess { X (t, a)); tE I N , cuE S2} with P 1 satisfies

.Ç+06 1 .3 - t  , • 3

Ilp
E[i X (s)— X ( t ) 1  P ] d s d t )  6 -  (1+2 N P) da < 00

then the sample path is continuous with probability  1.

In  this paper, we shall give a  real analytical proof for Lemma 2, which is
elementary a n d  simpler than that of their combinatorial or Fourier analytical
methods. In §3, applying our real analytical method we shall obtain an  integral
test for differentiabililty of fE  L p ([0, d t )  and of sample paths of L p -processes,
which is sharper than that of [7 ] .  In  § 4, we shall give some remarks

§ 2 .  Real analytical proof o f  Lemma 2.

Set
in, i=((i - 1)2- n , i2 - n ] ,  if i=2, • •• , 2 ,

=[0, 2 ] , i f  i= 1 ,

f o r  i = ( i„  ••• , i N ) ,k=i

fn(t)-=2 71 1 .f  ( u ) d u  f o r  tE D  ,

and
An ( f ) =  m ax  Ifn(i 2 - n ) — f  n(i2 - n)1

Since I i—j1-=1 and (u , v)ED„, i x D „,; imply lu—vi -- -2 - n+1, we have

A m ( f )  max 2211 N If (u)—  f (v)!P dudv)"P
I i jL lJ D i x p n

__22 " N /PQ9 (2-
7

+ 1 ,

First we shall show that f ( t )  converges uniformly to a continuous function
1-.0(0. In fact tE D n , in D n + i , i  and (u , v) D 1 X D , 1, ;  imply lu—vi which
yields
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f +1 ( t )— f ( t ) I

/p<  v 2 ( z n + i ) N / p 0 If(u)— f(v)IPdudvY
— 71 Dn.

< i2 (2 n +1 )N  1  p  p (2 -n

Qp (a , f )6 +2N1p)da<+ 0 0

+0

Therefore there exists a limit function f ( t )  o f {M O  .
N ext w e shall show that f ( t )  is continuous. Since tE D q , i , seD ,,i and

2- - q- ' - ls—tl<2 - q imply I it follows that

lf,(s) —f1(0 1 5.11,(f ) - 2 2 aN'PQp(2 - ' ,  f ).

Therefore we have

If.(s) — f- (t) I ni q I f fiz(s)1

+ n F 1(t) — f n ( t )  +  fq(S) — fq (t )
n q

< 2 1 + N /p  E  2 1Q 9 (2 - . ,  f ) ± 2 2,N/pQ p (2 -Q+1,
n=q

< 4 1 + 2 N /p y  o
g + 2 Q p (a , f )5 - (1 + 2 N /P )  d 5

4 1 + 2 / p .Ç8 I 7  t l_.. 7V Q p (a , f )ô _ ( l+ Z N /P ) dô

Remark. The above modulus of continuity is slightly different from that
of Garsia.

Finally we shall show that f  ( t ) = f ( t )  almost everywhere. It is sufficient
to check that f n ( t )  converges to f  ( t )  in L P (/N ,  dt)-norm. In fact

(t)— f n (t)IP dt

If ( t )-2 n N ,Ç f(u)dulP d tD n , 1  
Dn. i

< 2 P n N  f p n . If (t)—f (u)IPdudt

2 P n N  Q p (2 - n  f ) P

2- 71+1
2P4- NO z _.  Q p (5 , f)a-(i+N ip)d6) 2)

a s  n  - ->  +00.Q .  E .  D .
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§ 3 .  A n  integral te s t  for differentiability

Now we shall extend th e  idea o f § 2  to obtain a  sufficient condition for
differentiability of fm  L A O , 1, d t ) .  Set

hf (t)=1(t+ h) ,

A;:if (t)=(0 h,-00)rf (t)

= , o (-1)r - k( k
r )f (t+ k h ),

and
ira Cl-rh

V io(a , f)= Q o)o ) f ( )  dt dh) 1 1 P

Then we have

Lemma 3 .  I f

+0 (2(
2:+i)(3, f ) 5 - " + r + "  n )  d5 < +00 ,

then there ex ists f  hav ing the r- 1h continuous derivative which coincides with f
almost everywhere.

From this lemma, a  sharper form than that o f [7 ]  is obtained by Fubini's
theorem and  Holder's inequality.

Corollary 3 .  I f  an  L p -Process {X (t , co); O t 1, wE ,(2} with satisfies
f v  1-(r+1) h

A;/.+1)X(1)1 P id tdh) l / P 3 -
( l + r + 2 / p ) d a  < 0 0

.1+0\M o

then the sam ple path X (t, co) has the r-th continuous derivative with probability 1.

Proof  o f Lemma 3. Set

n)
n +11.

= (r +2)2 ( r  + 2 ) n ( s ) d s d  hJi2-n

for t < ( i+ 1 ) 2 ' and  0 - i--. -2n—(rd-1),

f;:•) ( t )= f (1 — (r+  1)2" n) , f o r  1—r2 - n t _1
and

,

111•)( f )= , , i 2na ,
(cr + 1 ) f r ( i2 - n ) — iV a i —  1)2- n )

We remark that if f  ( t )  has th e  r-th  continuous derivative  f m ( t )  then A'*) (t)
tends to f ( t )  a s  n--.4-0 0 . Since we have

2- n r2 - n 2-n CIt
f;r(i2 - n)=0-+2)2 ( r+ 2 ) n{ c) 0  A V - m f  (s)dsdh+ A;rf (s)dsdhl0 0

it follows by Holder's inequality that
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2 Th

A;V(f)=.1  max (r+2) p 2 p ( r + 2 ) n (

1 (r+1) 0 (1-1)2-n lArn f (s)I dsdh
)prip

(r -E-2)2 ( r+2 iP) n Q r 1 ) (2 - n, f ) .

B y a n  obvious formula

AV - FAk.) 0102 - 27 -"AkA= 25(0,0 2 +0 0) q 1 ) ,
i=1

it fo llow s tha t fo r  i2 - 7 '._ t< (2i+ 1)2 - n 1,

I f(t)— f[.1 (t)
z n

= f r + 2 ) 2 ( r + 2 ) 4
- { çi2-71+h i2 n+h/2

0 J i2-n 
A k )f (s )d s -2 1. +1

.f -  
(s)ds}dh

=(r+2)2(r+ 2)n
2- n fi2 - n+h/2

(  
r

E  2i (Oh124-00r WiA Z V  (s )d s d hJ o  it2-n j=0

< ( r + 2)227 - 3(1- 1/p) +(r +2/P) n(B +1)(2- n -1 , f )

an d  fo r (2i-F1)2 - n- 1 t <(i+1)2 - n,

IM O — A - 1(01 Ifa2(2i2-n-1) — f;+1((2i+ 1)2 - ' 1)1
< ( 7, + 2 )2 2 r - 3(1 - 1/ P) +(r+2/p) n (6-F1)(2- n f ) + A V E i ( f )

(7'.-F-2)22r+"P2 (r+2/P)n(n+1)(2
-  n -1 , f )

Therefore w e have
0 3

E  IfV(t) — .Pai(t)1n=q

CO

<( r +2)227-1-3/70 E 2(r 4-2/p).W+1)(2- f )
n=q

2- 4
- 2 ( r + 2 ) 2 2 T + 3 / P.f Qr-no, pa-(i+r+2,p)da< +00 .+0

T h is  im plies that f ( t )  converges uniform ly o n  a n y  com pac t su b se t  o f  [0, 1]
to  a  lim it function  f ( t ) ,  0 - _t <1.

N ext w e sha ll show  that f ( t )  is uniform ly continuous, so it is extendable
continuously  till t = 1 .  In  fa c t, fo r  2- q- i s— t<2 - q w e have

IfV(s)—g ) (01

E  IfV,i(s) - 11r) (s)1 + 1.fr(s) — Ar ) (0 1 +  E  I g L ( t ) — g ) (01.--q n=q

r+ 1 . 2: :- 4(r+2) 2 2 3 1Q ` ; ' ) ( 6 ,  f ) 5 - ( 1 4 ' . + 2 / P ) d 5 - F A V ( f )

. 11 (rd - 2 ) 2 2 r + 3 / P 2  q + 1  Q (7i +1)(3, f)a-C1+r+21P)da
+0

2 2 r + 3 / t  I
- 4(r +2)

0.+1)(a, f ) ( 3 _( i + r + 2 / p ) d 5

+0
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Finally, we have to show that f ( t )  is  the r-th derivative of an 7(0 which
coincides with f ( t )  almost everywhere. Let p(s) be a  non-negative c"-function

on ( -1, 1) such that o(s)ds=1, and set-1'

f ( t ) =  f ( t + e — s ) p ( s l e ) d s le  , 0<s<so,

for arbitrarily small s o >O.
Then we have

v r i ) ( 6 ,  f (0)_uaso-(r+i)h-2s0 
A r n f " ) ( u ) I P  d u d h )

1 Ip

_ 0 3
0 Y- 2 4 -  ( r + 1 1 ' lA r i )  f (11 -  F 6 —  S)I P p(sle)e - i dsdudhr

< 0 3 :-(r+i)h. +1)f( u )1 Pdud h Y I P = Q + 1 ) ( 5  f ) .

Since the convergence of f n to  zero in L ([0 , 1 -2 s o] ,  d t )  im plies that O r . " )

(5 1 f . )  tends to zero, we have the convergence of W r + 1 ) ( 1 3 ,  f (E )_ _ _
f )  to zero as e

goes to zero. On the other hand, we have

47+1)(3) f ( ' — f )-5 2 Q '( 6 ,  f )  ,
and

drf " )  

fZ)(t)
dtr

__
4 ( r d - 2 ) 2 2 r + ' / P Y : Q ( r + 1 ) ( 6 ,  p ) —

f)a -c i+ r4 -2 /p )d 3 +  If  (r)(t)__Ar)(01

The first term tends to zero uniformly o n  [0, 1-2s o1 a s  e  0  b y  Lebesgue's
convergence theorem. The second term is estimated by

f r r ) (0— fr(t)1

=(r+2)2(r+ 2 )°
r )

A), ( f (
 ) (s)— f(s))dsdh

Jo i i -Q

0( s )— f (s ) Id sd h
2—T-2e0

__-(r+2)2 ( r + 2 )Q 1  - - - >  '0 0

as s  0 uniformly on [0, 1 -2 s 0] .
drf(')Therefore d t r  converges uniformly on [0, 1-2E 0]  to j; ( t ) .  By taking account

of Ps )  tending to f  in  L ,  ([0 , 1-241 d t) , f " )  conveges to an f  uniformly on
[0 , 1 -2 4 ] which coincides with f  almost everywhere, where s o is arbitrarily
small and f ( t )  is continuous on [0 , 1 ]. This implies that f 2 ( t )  i s  th e  r-th
derivative of f ( t )  on [0, 1] which coincides with f  almost everywhere.

Q. E. D.
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§  4 .  Remarks.

Let o. be a  non-negative continuous (not necessarily non-decreasing) func-
tion defined on [0 , 1 ] ,

 and set
a i/p

Q ,(3 )= (L a P (h )d h )  , ( p 1 ) .

Then we have

Lemma 4 .  I f

_E.0 Q p (6) (3-0+21p)d3<+ c o  ,

then

.ç a ( h)h - ( 1 +JIP) dh< +co .
+0

Pro o f . Since we have
a
a(h)dh)6 - "±liP)d(3 -n ( A , )6-(1+21p) d 5 <  + 0 0

+ 0 0 .0 +0

it follows that
1/p) n

 2( 1 + 1 / P

2 -

) n
.ç

o 
a(h)dh1+ 1 /p

a(h)dh)3-"+"P)d3 ---> 0,
j 2 - n 0

This implies that
ro

lim ( 1 +1 1 2 3 ) a(h)dh=0 .
a40

a s  n  -->  + 00  .

Therefore, we have from integration by parts,
a 1 a

+ 0 0 >  ( .ç a(h)dh)o-(2+"P)d5=  
1 + 1 / p  6

- "÷ "P ) a (h )d h
+ 0  0 0 +0

1 
c(h)h-('-"/P)dh Q. E. D.1 + 1 /p  J

Lemma 5 .  In addition, if  a  is  sub-additive, i. e. cr(s+t) o- (s)d-o-(t), and
p G log 6/log 2=2.58 .- , then

E  2 P a ( 2 ') <  + 0 0

implies
Q p (3)5-01-21p)d5<+ 0 0

+0

Pro o f . First we have

Qp (3)5-c1 +2/p) dv=
2-

Qp(6)(3-(1+2/P)d6
+0 n-1.
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p(221 ,  —1)/2 22 n1 PQp(2 - n)

B y sub-additivity o f  a  and  convexity of xi',

a 1 (h) 2P - '(aP(h s- a P ( 2 - n- 1 ))

holds fo r 2- n- l< h 2 - '1. T herefore  in tegra ting  th is by  h, w e  have
f2-n

a P(h)d h aP(h)d h-F2P -  n- 2 aP(2 - ,32-n-1 0
and

.r n 2-71-1
o- P(h)dh P(h)d h-F2P - n - 2 aP(2 - P- 1 ) .

T h is  yields

22n/p Q 2,(2- n ) < ( 2p- 1+ 1)1/ P2 - 2/P+2 (n+.1) / P Q p ( 2- n- 1) + 2 1 -2 /p+n/p 0 .(2- n -1)

and
0 0

E 2 2 7"PQp(2 - 4)< +00 if p< log 6/log 2. Q. E. D.

If  th e  above a  is  a  m a jo ran t o f  an  L 9 -process {X ( t ,  co); S2} , i. e.
(ED X  (t h)—  X  (t)I P1) 1  P  ,5a(1h1), then

E 21 1 Pc(2 - n)< + 0 0

is  a  sufficient condition for sam ple continuity  o f  {X ( t ,  co)} (Theorem 1 o f  [7]).
O n  th e  o ther hand,

Q ( ö ) ô '2 d ô < + oo+0

is  a n o th e r  su ff ic ie n t c o n d itio n  fo r  sam p le  co n tin u ity  o f  {X ( t ,  co)} f ro m  o u r
Corollary 2.
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