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§ O . Introduction

We consider th e  non-characteristic Cauchy problem with meromorphic initial
d a t a  f o r  a  linear p a rtia l differential operator with holomorphic coefficients in
the  complex domain.

Y . H am ada, J .  L e ra y  a n d  C . W a g sc h a l [1 ]  treated this problem for the
operator with constant multiple characteristics. Y .  H am ad a  an d  G. Nakamura
[2 ], [4 ] treated this problem fo r the  operator with involutive characteristics of
variable multiplicities. In  th e  p re c e e d in g  paper [ 5 ] ,  t h e  author treated this
problem for the Tricom i operator M—tD 2

x  with lower order term whose coeff-
icients depended on  only t. In  this paper we remove the condition on the lower
order term's coefficients and treat the m ore general operator than the Tricom i
operator with arbitrary lower order term.

O u r  method is to costruct th e  formal solution which was developed by D.
Ludwig in  [3 ] a n d  to verify its convergence by using th e  m a jo ra n t functions
sba (z, C, y ) due to  Y . Hamada, which make u s  be able to remove the conditions
on lower order term.

T he  author wishes to express thanks to Professor Y. Hamadr fo r his valu-
able advices.

§ I. Assumptions and results

Let f2 be a  neighbourhood o f th e  origin of Cn+', and x= (x o , x l , ••• , x n ) be a
point of Q . B y Lk(S2), we mean the set of all linear partial differential operators
o f  order k  whose coeffic ien ts are  ho lom orphic  in  Q .  L e t  P(x, D)EL 1 (Q),
Q(x, D)EL 2 m(S2) and R(x, D)EL 2 m- 1 (Q ) .  We shall be studying a  linear partial
differential operator belonging to L 2 m(f2) :

L(x, D)=P(x, — x0 Q(x, D)+R(x, D) .

We shall im pose  on  P (x , e ) a n d  Q(x, e) t h e  following conditions, where
e=-- (eo, E1, ..• , en).
Assumption (A ) (i) P(x, e) is  a  homogeneous polynom ial in e of degree in.

( ii) P(x, 1, 0, , 0)=1.



P)= a [FCaa 6'

P)= a [F( 5a, 6'

1
a

'  3  
; 1

go+ \ (v)-Fy
) +1)

5 ço+ 6+(ya'
)  a

'  3  
; 1 ço-  r ( a + 1 )

X , , (0,

Y,,(0,

518 Jiichiroh Urabe

(iii) T he equation P(0, e o , 1, 0, ••• , 0)=0 has m utually d istinc t m  roots Az

(i=1, ,
Assumption (B) (i) Q(x, e) is  a  homogeneous polynomial in o f  degree 2m.

(ii) Q(0, Ai ,  1, 0, ••• , 0)#0 (i=1, ••• , m)
Then there exist i n  characteristic su rfaces K, (i=1, ••• , in )  issuing from

(n-1)-plane x 0= x 1= 0 .  K i  a r e  defined by th e  eqations
the solutions of the eikonal equations,

t (x , o
t .0 = x , , an d  çarx0(0)=21

ç ,=--0. Here ço,(x) are

where L(x, e)=P(x, e) 2 — x0Q(x, e) and  x '= (x i, ••• , x.).
(In § 4, we shall study the construction and some properties of o ( x )  precisely.)

W e write K = U  K ,.  In  order to describe t h e  resu lts, w e need  t h e  auxiliary

functions X„ and  Y „ .  For the  precise definition of X «  and  Y„, first we introduce
the  so-called wave forms k a (p)ik a (p)= F(a +1)

especially I ad-11 ! ( - 1 ) ' - 'p a  fo r a= —1, —2, • • • . ,

d  T(a)
where 0(a) is  d i- I ' function, namely da

(a —Ba,i)Xa (61, p)=0
with the initial data

X a (0, p)=k a (p)

X a 0 (0, p)=0 ,

(a —ea)Y a (e, p)=0
with the initial data

Ya(0, p)-=0

1 Y.0(0, p)=k.(p)

We remark that th e  following explicit representations o f X a  and Y„ are known ;

Pa (log p+O(a+1))

F(a)

Next, we introduce th e  multi-valued functions X„(0, p) and  Y„(0, p) as the
solution of the Cauchy problem fo r the  Tricomi equations :

,  and a  is  a  complex parameter.

2 2where ço+= p+ —0" and  ço = p - - - t 9 3 1 2  a re  so-called characteristic coordinates of
3
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the  Tricomi operator, (see [5]).
Now, we consider th e  non-characteristic Cauchy problem with singular data,

L (x  , D)u(x )=0

Du(0, x ')-=w h (x ')  (h=0, •, 2m-1),

w here w h (x ')  have poles along x 0 =x 1 =0 and DL= 
a

T h e o re m . Under the assumptions (A ) and (B), f o r r> 0 sufficiently small, the
Cauchy problem (1,1) has a unique holomorphic solution on the universal covering
space over DA K, where Dr = {x  Q , I sot(x)1 < r } .  M ore precisely, the solution is
expressed by

U ( X ) =  DE' 4 2 A (X )X a p (O P (X ), P P (X ))+ g a , 49 (X )X a O (8 p (X )p p (X ))
A-1 a=-1-2m+1

+va, ,9(X)Yap( 0 49(X), p p(x))+ ha, p(x)) «0(0 A(x), p p(x))

w here 1 i s  th e  highest order o f  poles of  the initial data and u a ,p(x ), g a ,p(X),
21 p ( x ) ,  12„,p(x), p (X ) and pp(x ) are  holomorphic in  Dr , ( as for Op(x) and pp(x)

2
such that ço (x )=13(x )± .-[6+ p(x )]", see § 4).

To prove this theorem , first w e construct th e  formal solution of the Cauchy
problem (1,1), w hich is due to D . Ludw ig [3 ] and  then confirm the convergence
o f th e  formal solution b y  th e  method of majorant fu n c tio n . For the construction
of the  formal solution, w e prepare som e caluculations a n d  som e properties of
the  auxiliary functions in  th e  n ex t section.

N o t e :  W e sh o w  th e  follow ing exam ples a s  th e  s im p le  operators which
satisfy Assumptions (A ) and  (B).

E xam ple  O . (Tricomi operator)

Exam ple 1 .  L(x , D)= P(x , D) 2 — x 0 Q(x , D'), D/=(D i , ••• , Dh ) w h e re  P(x ,
satisfies Assumption (A ) and  Q (x , e ') is homogeneous in  e ' an d  Q(0, 1, 0, •••, 0)
*0.

Exam ple 2 .  L (x , D )=  H  1Ph(x, D) 2 — x0Qh(x, D')] w here Ph (x , D)G L m h (12)
h=1

are  such  that P(x, Ph(x , e) satisfies Assumption (A ) ,  a n d  Q h (x , e ') are
h-1

homogeneous polynomials in  e' o f degree 2mh  a n d  Q h (0 , 1, 0, ••• , 0)#0.

a x ,  •
Then our theorem  is a s  follows.

§ 2 . P re lim in a ry  ca lcu la tio n

In the construction of the formal solution of the Cauchy problem  (1,1), we
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&ova o r  aa.i„),  a i n  te r m s  o f  ava, araoxa, and
respectively. So w e em ploy th e  following formula.
, p )  satisfy the Tricoini equation, namely (ag,- ea,)u=o. Then

520

need  to  represent
avia, Y e,  (k - i-F i)

(F ,1 )  L et U(0
we have

avu= orapv+7-0--ner-av-aou
1 ariu=eravaou+rw-iaru+ ••• .

L et K (x , e) be th e  homogeneous polynomial of degree 1 in C=(C0 C1, ••• , ea).
aa 2

W e  s h a l l  w r i t e  K ( x ,  e)= K (x , e ) , K "- 1)(x  e )= K (x , e), K m (x , e)
aei

=D i K (x , e) a n d  1-Ca)(x, e)=1Y1K(x, e), w h e re  a=( a ) , a1, ••• , an) (N U
We define K i (x, e, 77) by

K (x ,re+s)7 )= ii o K i(x , re, s)7) , e ,  ) 2 )

where 72=0•20, )21, • •• , 72n) and r, sEC 1. We shall use a,= „a , pxi a, (i=0, ••• n),
3-(50, ••• , an) and  Diai=_ex i xi a8+px i xi ap•

W e shall sometimes use  the  following Leibniz formula

(F,2) K (x ,D )[u(x )v (x )]= E   1
, Dan •K ( a) (x, D)v

la 1 5 /  a

and  the  following formula by chain rule

(F,3)
n

D a U ( 1 9 ( X ) ,  p(X))=a a ti+ -  E  (a " ) ( Lh (Diai)U+ •••2 t=0

From  (F,2) and  (F,3), w e have

1
(F,4) K (x , D)[u(x)U(0(x), p(x ))1=u • K (x , a)U+u•-

2
K "•' ) (x, a)(D )U

+D i u •K ")(x , a)U+(lower order term).

(repeated index i ,  j  will be always sum m ed from  0  to  n).
From  th e  definition o f K ,(x , e, )7), w e have

(F,5) K (x , a)=K(x, ex ae+px ap)= it o K (x , ex, px)abaL - ' •

(F,1) and  (F,5) lead u s  to  the  following formula (F,6) and (F,7)
(F,6) L et U (0, p) satisfy the Tricom i equation.

(i)

K(x, a)U p (8 (x ) , p (x ))=r 3 K 2i(x , x , Px )0 1]a,; + 1 Ui=o

+.[

-
I - [

a l-1 )/23 C1/23
E ex, 9x)6i]ao,u+[ E  i 2 K ,i+1 ( x ,  x,i=0 i=o

CE/23

E  i(i-1)K 21(x , 0,,, ps)19i-2]a),-iaou+
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= 1 K(x, 8 ,  p 5 )a,',-" U + 2 K(x, 6 ,  p 5 )a,a0U+ 3 K(x, O ,

+ 4 K(x, O z , p 5 )a) - 1 a0U+ ••• .

E(1-1)12]
K (x ,a)U8(0(x ), p(x ))-- =[E Oz, p x )Ot la j ,+ 1 1.1

e=o

+[

+ [

[ 1/2] CL/2]

E  K 2 2 (x , Oz, p x )0"1a,l,a8 U + [ E K2i(x, Oz , p z )i 2 Ol a W
i=o

E C /-1)/27

E K2i±1(x, 0x , px )i(i+1)0 i 1 1 U+ •••
i=0

=-»-K/(x, O z , p 5 )a,;+1 U-PK '(x , O z , p 5 ) a0 U-PK /(x , O ,  p z ) U

+ 4 K (x , O z , p5)a 1 a0U+ •••

We immediately see the relation 'K '= 2 K. 0  and 2 K'-=- 1 K .  So we have (F,7).

( i ) K (x , a)aw=iicaj,--ao u+o(21-c)arv+ • •• .
(F,7) ( i i )  K (x , a)apae u=iicap-u+uva,y-aou+ ••• .

(iii) K (x , a)au=ixa2u-H2K -a1a0u+ ••• .
To examine h K (x, Oz , p z )  and h K '(x , Oz , px ) (h=1 , 2, 3), note the relations

1
Ko(x, C, 77)=K (x , 7)), K i(x , C. 72)=K ( i ) (x, 77)et, and K2(x, e, 77)= K ` 1 -2 ) (x,
and then we have

(i) 'K(x, O z , pz )=K (x , p5)+0-ik (x , O z , p r ) ,

(ii) 2 K (x , 0 , p x ) =K ( ' ) (x , p5)05.,+0•2R - (x , 0 ,  p i ) ,

(iii) 1 K 1 (x, O z , p z )=W (x , O z , p z )• 0 ,

(iv) 2 K/(x, O z , p5) -= 1 K (x , Oz , px ),

1
( v )  3 1C (x , O z , pz )=y K (  2 ) (x , p 5 )0 5 ,O5 , ±0•31Z(x , Oz , pz).

Next we shall study the composition of two operators of the form K (x , a).
(F ,8 ) Let M (x , a) and N (x , a) be linear differential operators in  a o f  order m
and n  respectively. We get

(i) M (x , a)N (x , a)a =(i m • 'N-F 'M ' • 2 N)13:,7 1 -"+ 1 11

H-(2 M• 1 N + 2 M'• 2 N)a 1,4 + na0U±( 3 M. 1 N

+ 3 M' - 2 N -PM • 3 N-PM ' • 4 N)a 1,11 - "U

+.( 4 M• 1 1\1± 4 M'• 2 N-1- 2 M. 3 N + 2 M'• w a ,p.- - 1 a0 ud-

(ii) M (x , a)N (x , a)ao u =(1m • 'N '+'M ' •W i)arn+ 1 U

+(2M•1NH-2M•1N')aj,n+4a8U
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+( 3 111. 1 N '+'M '• 2 NH- 1 M. 3 .1\1/-1- 1 M/• 4 .A P)5rnU

+ (4m . .2N/±2m.3Ni+2m,

where h ill= 4 M(x, O z , p.z ), 4 N = n 1V(x, Oz , p z ) (h=1, 2, 3, 4) and so on.
Now, making use  of (F,1) (F,8), we calculate

L(x, D)[u(x)U p (O(x), p(x))+ g(x)U 0(8(x), p(x))]

w here U(6, p) satisfies th e  Tricomi equation.

L (x ,D)[u(x)Up±g(x)Uoi

=u. L(x, 5)L1 p +g• L(x, 5)U 0 -1-u•[13  )( , 5).13 ( i)(x,

+P(x , a)P".j ) (x , 5 ) - -
2

x 0 Q ( i , j)(x, a)1(Dia;)U p

+g • [P ( i )(x , a)Pcb(x , a)+P(x , a)P ( ")(x ,

+x „Q (i,i)(x , 5n(Di5)U,d-D1u•[2P(x, a)P ( i )(x,

—x o Q ( i )(x , 5)1Up+Dig-[2P(x, a)P ( i ) (x , 5)—,covi)( , 5)1(.1 0

+ u • kx, a)up-i- g •P(x , a)u +(low er order term ),

w here h(x , e)=P ( i ) (x `e)P(i)(x, e). W e have

(F,9) L(x,D)Eu(x)U p+g(x)Uoi

=( 1 •  u +0 . 2 ! • g)ar + 1 UH-( 2 i.• u+ 1 L • g)ara e U

+1 8 . g +3 2 1 4 ± (0  p . i . i • g l i +  O • gl i + 3 I/ +0 .2h) g i

+(p z i z i • PL + O. Oz i z i •Z i -PL -F 1 k)u]5ntU

±[..fu+._%Ig-1--(p z i z i gl i +  z i z  •.21 ; + 4 .1.-F2 k )u

+(p x  i • 0 e x  i • 21)+4E/ +1P)g15p- - - 15o u

+(low er order term ),
where

..C=C(x , O z , p z , D)=C2( 1 P (x , Ox, px)• 2P ( i ) (x , O., p.)

-PP(x , O., P.)• 1 13 ( i ) (x , O., p.))—x0- 2 Q( i ) (x , O.,

32=3i(x , O z , p ., D)=C2CP(x, O., p.)• 1 P ( ' ) (x , O., p.)

+0 - 2 P")(x , O., p.)• 2 P(x , 0., 9.)) — x0• 1 Q ( i ) (x, O z , p z )1Di

2 1 3 := L p ( i ) . z p ( J ) ± 2 p ( i ) . i p ( i ) ± i p . 2 p ( i , i ) + 2 p , i p ( i , j )

1
— x o • 2 Q ( ''')1 (x , 0 .., p .),

gl i = E lp ( i)  . 1 p ( i . . 1 ) + 1 p .  i p c i , J ) ± 2 p ( i ) .  i p ( J ) + 2 p . 2 . p c i
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(F,11)

E  ib a) (x , O., p.)
la1=2m-v

E  2 L(a)(x, O., p.)
la1=2m -t ,

(mod. 0)
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1
- - - -x , »Q " '" i (x ,  Os, p.).

F or the  proof o f  th e  c o n v e rg e n c e  o f  th e  formal so lu tion  of the  C auchy
problem (1 ,1 ) we need th e  closer inform ation on the lower order term in  (F,9).
From (F,3) and (F,5), we have

(F,10) (i)
L (x , D)u • Up

= ( la1=0

1

D 'u L ( x ,  D)U,= Dau
a ! Ia1=0 a!

• [ E E 24a)•af,La u  +  • • .10 pp=0 p = 0

2rn
E
v=0

[  
tal=0

2m -v
1L(:')• 1 Dau+E •-•1a21,Upa!

+ 21 - 1 [ 2 m -

v=0

1
1 - ' 2 L r • Dau+ •••]a0 e U p )L lai=0 a!

I n , 2m

where

= 1 L ,,[ulag1+ 2 L v r i t i a 9 a 8 U ,
v=0 v=1

0 , p , D)EL 2 m- '(Q)

2 L,--=2 L ,(x , 0 , p ,D )E L 2 m- '(Q)
and we have

2m
(ii) L(x, D)g • E 3 L ,Ig lag i p + L i g l a 0 0 U ,

where
0 , p , D) L2 1n— '(S2)

4 L„:=4 L ,,(x , 0, p, D)E1,2m- I'(Q)

We see also th e  following relations from the  above.

where " E ,  are  the  principal part o f hL„ respectively (h=1, 2, 3, 4).
From (F,9) and (F,10) we have
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1 .1.2 7„,(x, 0, p, D)= 1 1,(x, Ox, p .)
2 1,2 „,(x, 0, p, D)=- 2 L(X, 0,x , p.)
3 1, 2 7„(x , 0, p, D )= 2 L(x, O , p x )• 0

4 L 2 „7,(x , 0 , 9,13)= i L(x, 0 x , p.)

1
f

1 1,2 1 (x, 0, p, D) = 3 H- (Pxixt• gqi+ 0 • 0 x i x j • Z i+ 3 L -P k )

2 L 2 1 (x , 0 , p ,D )=-E +(px i xi •-T1J-F-Ox i xi •Elid- 4 L + 2 k )

3 1,2 1 (x , 0 , p ,D )=0 . [X +(px i xi •g li+e x i xi •g li+ 2 k )1 ± 'L '

4 L 2 1 ( x ,  0 , p ,D )=31 - i- - (px i x ig 1 ,4 0 . 0 • g li - F4 L' -Pi ) •

In  § 4, w e sha ll trea t (F,11) fo r the  determination of the phase function and
study (F,13) for the research of the transport equations.

§  3 .  Construction of the form al solution of the Cauchy problem

Employing th e  formulae obtained in  the  preceeding section, w e shall con-
s tru c t  th e  formal solution of the Cauchy problem (1,1). Taking account of the
principle o f the  superposition , w e  h a v e  o n ly  to  t r e a t  t h e  follow ing Cauchy
problem with th e  special data ;

L(x , D)u(x)-=0
(3,1)

1  Inu(0 , x 9 =w h ( x " ) • k ( x i ) (h-=0, ••• , 2 m -1 ),

w here x"=---(x2, ••• , x n )  an d  w h (x ") a re  holomorphic functions in x " in the neigh-
bourhood o f 0 C7 1 - '.

W e seek the  form al solution in the following form

m(3,2) u(x )-= E Cua,,g(x)X.,0(eg(x), A(x))
p = 1  a = -/ -2 m + 1

+gâ,p(x)Xao(08(x), pp(x))+v«,,s(x)Y,,p(0,g(x), pg(x))

+h a , p(x)Y ao(Op(x), p is(x))•

Making use of the relations X a p :=-X„.. 1 a n d  K„,„=Y a _i ,  w e d e te rm in e  the
coefficients u  A, g a s ,  v  p ,  h a ,p and  the  auxiliary phase functions O. pp. Sub-
stituting th e  formal solution (3,2) in  L u= 0 , we obtain

La

Lu = E[2." pga,,pkap(0 p(x), pg(x))p=1 a v=1.

±[ in . 4p u a + , ,  A Y a 0(0p(x), pp(xp,=0

± [ in ' ' L„,pV,, + ,, p+ 3 1,„,ph a + ,,p117 ,,(0,9(x ), pp(x))

(F,12)

(F,13)
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+[ 22 ' 4 L ,  gh, + ,, p+ 2 1,9, g1) +,„ 5]1 7- 0(6 p(X ), p  f i(X ))=0

where "L,,g-= 4 L,(x, Op, pp, D )E L 2 m- '(,(2) ( h = 1 ,  2 ,  3 ,  4 )  a n d  especially 3 1,0,p
= 2 L 0 , g =0.

Setting the coefficients of X„ p ,  X a o , Ya p  and Y a o  e q u a l to  zero, w e  have
the recursion formulae for ua ,p , g a p ,  v a ,p  and h,, p

22  [ 11, v, Pa+v , Lv, Pg 131 - 0

[ 4 L , ,  pga + ,, g + 2 L,, pu„+ ,, gl-=0

22 [ ' L u , gv, + ,, + 3 L . pha + ,, p 1 =0
v=ci

22  [ 4L ,,pha+p, 49+ 2L V a + , ,p 1 = 0

,=0

Here we set

(3,3) 2L2m ,p._2L2..p=1L2m , /; _= 4 L 2 n i, p  = 0

From these non-linear partial differential equations of first order in  Op and pp,
we determ ine Op and p p . We shall study these equations in the next section.
Thus we have reached the system of the transport equations.

2 m -I
f il ia + 2 m -1 , i3

= E  4 L,,pga+v,p

2m -2_  E  2 L,9ua+„.0—0
2 m - I

m -I , p g a + 2 m -I , p = E  1 1 , v, 13Ua+v,v=0

2m -2
— E 3 L,,,ega+v,p

m -I, igl)ct+2M -1 E 4 L ,  pha+v, p.-0

2m -2_  E

2 m - I
2m -1 , pho -F 2m - i. p1  L v ,  i 3 V a + v ,  p

2m -2
— E 3 L , ,p h „ , ,p

2

(i )

3

(3,4)
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O n the other hand, from  the initial data by calculating D ii(x )I i n  the
similar way we have

x ') ? i34 - h., 13)- h•Cp p x 0(0 , x ')1 - 1 0 p(0 , x ')•v .,P=1

771,

E  [ 
h - 1

E  M ik1 i(ua+k+i-h,i3d - h .+ k -h ,i3 )+ M l.p g a + k + i-h ,p
'5=1 k=0

+ .7q,9va+k- h, p +M I„eu «+ k+ i-n ,,9 ±N "k l,gh a +k -h i 
x0= 0

w h ( x " ) fo r a= —  l± 2m - h

0 otherwise

where 1NPki,p a re  linear ordinary differential operator in  Do o f  o rd e r  h— k
a n d  M I A ,  M " IkI,,s, N I,,9  a re  linear ordinary differential operators in  Do o f  order
h— k — 1 . These operators a re  determ ined only by the  coeffic ien ts  o f L (x , D),
Op, pp and have the holomorphic coefficients in x '.

Note th a t th e  determinant o f th e  following 2m x2m  matrix

I i , 1 1

(2m-1)717.-2 r r r t - 1 (2m-1)71,17- 2

(1h=p1,(0, x'))

does not vanish if  r h  (h=1, ••• , in) a re  mutually d is t in c t , ( in  th e  n e x t  §  4  we
shall see r h  a r e  mutually d is tin c t) . T hen  w e have the  following lemma.

Lemma 3.1. u a + i ,  p +  h . ,  x 0 =0 and v., gl . 0=0 are represented as the linear
combination o f  11'4 (x ', D0)(u.+1- p, ha- p, p ) (0 , x ') ,  M-1,L9(x' Do)g p ,  p ( O ,  x ') ,
frp, p(x' , D o)v a _ „, p(O, x'), 11 1 , p (x ',D o)h a _p , p(0, x ') and 11 5

9 _1 , p(x ',D o)u.+i_p, p(0, x ')
w here In, p(x ' , D 0 ) (q=1, • •• , 5 )  are the ordinary  dif ferential operators in Do o f
order v  and are determ ined only  by  L (x , D ) and Op, pp. H e n c e  w e  h av e  the
Cauchy problem for the f irst order system  (3,4) w ith the initial data ;

(3 ,5 ) (i)

ua+2,1,,s(0, x ')

[  2  /  in1

E  d r (x ')H lp , r (x ', Do)(11.+2,-1- p, r +12,+2.-2_ ,,,)(x )
p=i r=1

+4 ,1 (41 -rp ,r(x ', D o )h ,2 ,_2 _p ,r (x )

,  Do)lin+27a-1- f t, r ( X ) 1
x0=0
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(ii) va + 2 „, , , ( 0 ,  x ')

2m-1
[

m
E  E  e r ( 4 1 4 , r (x ', D0)(ua+2.-1-p, r 4
/1=1 7 =1

,

+ 0 , 1 (x')14-1, 7 (x' Do)ha+2.-2_

Do)ua+2.-1- p, r ( x ) ]  
l'o= 0

w here d", (x ')  and  e , (x ')  a r e  holomorphic functions in  x '  i n  a  common neigh-
bourhood o f  0ECn.

We first remark these problems take th e  same form

[(2x0D0+1)+(xg • cr1 (x)D 1 H-x 0 n (x ) ) ]g + (x 0 i3i (x)D 2 +5 1(x ))u = S (x )

(21),,± x 0 a,(x )Dz +/- 2(x ± (x 0 /3,,(x)Di ± 32 (x ))g= T (x )

u (0 , x ')=u ,,(x ')

where a i (x), 8 i (x), 1 1 (x), a z (x ), S (x ) an d  T (x )  a re  holom orphic  i n  a  neighbour-
hood o f OECn+ 1 ,  (fo r the  proof see § 5).

F or this Cauchy problem, there exist unique holomorphic solutions u(x ) and
g (x ) .  We can easily prove this fact using th e  method o f  inde te rm ined  coeffici-
ents due to Fuchs.

To be precise, coefficients u a ,p, ga p , va, 8 , ha, p are determined in the follow-
ing way :

F irst, w e suppose a l l  u r ,p, p, V r ,  g ,  h,, g  (r  a d -2 m  —2, 3 = 1 , •••  , m ) are
determined and  then th e  right hand side o f (3,4) and  (3,5) (i) are known. From
the  remark described above, we determine ua+2.-1, and ga+2,1, by solving the
Cauchy problem (3,4) (i) with the  in itia l data  (3,5) (i). Then va+2m -i(0, x') are
given  by (3,5) (ii). From t h e  remark described above, we determine va+27,1-1,
and  k r + 2 , , , ,  by solving the Cauchy problem (3,4) (ii) with th e  in itia l d a ta  (3,5)
(ii). Thus w e can determ ine holom orphic  coefficients u a , /9, g a ,p> v a ,p, h a ,
inductively. We shall prove that these coeffic ien ts have  a  common existence
domain and  suitable estimates in  § 6.

§ 4 .  Construction of the phases q (x ) and BA(x), pp(x)

First we solve th e  eikonal equations (3,3) 1 /.. 2 .,,s-= 2 L z .,p -= 3 L 2„, s = 4 L 2 , , i3 = 0
and study the phases ç a (x )  a n d  th e  auxiliary p h ases  Op(x), toA(x). According
to (F,11) and (F,5) we see th e  eikonal equations (3,3) a re  equal to th e  following
equations (4,1) and (4,2)

(4,1) 1L(x, eg s, p,9x) -= L2.(x, Opx,
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m-1
(4,2) 2L(x, O r ,  p p , )=  E px, p p x )0 '=0,=o

Multiplying (4,2) b y  ±-Or and taking account of the definition of t. h,(x, r , 72)=
fh (x , e, Y2)rh  (h=0, ••• , 2m), w e have

Opx, pp.x)= L2,(x, _±_0 Opx, pp x )=0

m-1 o

Opx, pps)= E  L 2 ,+1(x , -± O r• Osx, 9,9x)=0,=0

And then adding these two equations and noting the relations

2m 2
e+27)=. L„(x, e, v )  a n d  (O r )x = 0 1p/2 • 0 px

w e obtain the ordinary eikonal equations

(pp±- 2 190 x )= 0

or

çai3±x)= 0  w here soit=-pp±
2

0 r .

Solving the Cauchy problem L.(x, q x )=0 with the initial data o(0, x ')= x i,
w e g e t the phases sl  and the auxiliary phases O p, p p .  For th is  aim, we prove
the next proposition.

Proposition 4.1. T here ex ist the solutions go(x) (v=1, , m) of the Cauchy
problem

1-(x, Çoz)=0

[ ç 9 (0 , x ')= x i and gotx(0)=(A, 1, 0, ••• , 0)

Precisely  speak ing yo(x) are expressed in  th e  form

v ), (x )= 9 ,(x )+ -
2

(0,,(x)) 3 1 2 .
— 3

0,(x) and p (x )  are  holomorphic functions in a  neighbourhood of  0ECn+ 1 and
satisf y  the equations (4,1) and (4,2). M oreover 0 (x ) are  represented as follows

0,(x)-=x 0 •0-,(x)

where o ( x )  are  holomorphic and do not vanish i n  a  neighbourhood of 0 EC 11 ÷1 .
A s f o r p,(x), p,(0, x')=y0t(0, x ')  hold.

P ro o f . Considering the change of the variables x 1,-= t 2 ,  x '= x ',  we get

10=L( x , ço,)=L(t2, Sox)
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1 1  
- = [ P ( t 2 , ;  2f ç° '' çps)]

2 

—
t 2  Q ( t 2 ,  x '  ; 

2f ÇD'' Çax')

So we have the new Cauchy problem

11/2

P
(

t 2 ';  2f ç° '' ç° x ') = 7 ± t . [Q ( t2 ' ; 2 f  ÇD''

ço[t,

Taking account of Assumption (A,iii) and (B,ii), implicit function theorem and
Cauchy-Kowalevskaya theorem guarantee that this Cauchy problem has 2m
solutions y o t[t, x '] which are holomorphic in  [t, x '].  W e have the relations

x ' ]  and go;[— t, x ']=y ai,[t, x '] by the change of the variables
1from t to  — t .  Setting p [ t ,  x '] = -
2

W E[t, x']4-ça,7[t, x ']) , we see p,[— t, x ']

=p L t ,  x '] from the above relations. Thus p [ t ,  x ']  a re  even functions in  t
and so  p [ t ,  x ']  a re  holomorphic in  x=(x o, x '). W e write p it ,  x ']=p ,( x ) .

Setting O l t ,  x ']= ( -
3  

x ']— ç o ;[t , x ']) )  , we see 01—t, x ']=O [t ,  x '],  too.2/3

4
Hence O [ t , x ']  are holomorphic in x , too. W e w rite 0 ,1 t ,  x ']=0 ,( x ) .  There-

fore ç atit , x '1 =p ,(x )+ - -
2

(9,(x ))" 2 =ç o ,(x ) . On the other hand differentiating the
3

equation (4,3), w e  h ave  th e  re la tio n s ço [0, x']=ya,;[0, x ']
90,7t[0, yoit[0, x i ]=çoi7te[0, x'], and çottt[0, 01=±2(Q(0, 2,, 1, 0, 0))" 2

l l  (2,-2,) 0 from Assumptions (A iii) and (B  ii). So 0,(x ) can be expressed
f2 1,

in the form
02(x)—x0u, (x ) (o(0)#0).

§ 5 .  Properties of the operators

As for the transport operator namely the most important operator
in 4 L,, A, we have the following proposition

Proposition 5 .1 .  3 L2 m i p a re expressed in the follow ing form

3 1,2 „,, 8 = L ( ")(0, x', ppx(0, x')).xo(ap(0, x')) 2Di

1
+ -

2
° ) (0, x„ pp x (0, x'))(o- p(0, x')) 2 +4•_tp, i (x)D.,±xoc11(x)

where _tp, i (x ) and cp(x ) are holomorphic in a neighbourhood o f OECn+1.

P ro o f .  From the definition of A, we have
3L 2 ,,, , p = 0 13...CA±Os[pp.. ,  •  2 1 i , ;9+ O A ,. •gli,fi

+ k ( i ) (x, Pp x ) e i s x i d- OA•31?(x, 0,9 x , pp,)14-3L ,8,

(4,3)
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where
p-=12(1P(X, O ,  pp x )• "P " ) (X, Op x , ppx)-1-2.13(x, O p , pp )

•1 13 ( i ) (X, 0 13s , p i9x )— x0• 2 Q 1 ) (x, p,sx)]Di
and

311 ,9= 1- ( (x , Pi9x)efix i ePx j +
6

P I(x , °P.v , Ppx) •

On the other hand, from the definition of 4K(x, 72)(h=1, 2) and 6fi(x)=x 0 - o (x),
w e see  ...E/31 s0=0=1: ( " ) (0, x', p (0 , x '))o-p (0 , x')D,: and

Ix 0 =0 = -2-1 L(0 ,o)(0, x', pp x (0, x'))(6 . (0, x9) 2 .

Thus w e proved th e  Proposition 5.1.

F o r th e  method of the m ajorant function, w e introduce t h e  n e w  variables
Y,3=(Y0,,s, Y i, , ••• , yn, j9) ( 48 = 1 ,  • • ,  77 )  a s  follows.

W e set
Y o , p = X 0

Va. 8= 0 a , p(x) (a = 1 .  « ,  n )

w here Oa , p(X) are the solutions of the Cauchy problem

P (1) (0, x', pp x (0, x'))D i d)a s(x)=0

w ith  the in itia l data  0 a (0,
Considering the  transform ation  of the  variab les x  in to  y w e  have  the

follow ing proposition about the operator hl,  which shall be employed in the
estimates of the coefficients of the formal solution in the nex t section.

Proposition 5.2 . (i) Using the new variables, we represent

13L 2 , 1 s=ap(yp)(y o ,p  D„, pa ,9i(Y, )D y o . p+Yo, pcp(yp)

where
ap(y, )= L " ) (0 ,  x ',  

p ( 0 ,
 x'))(ap(0, x')) 2#0,

and agyp), cp(y, ) are holomorphic functions in a neighbourhood of OeCrp l.
(ii) In  hL, a (h = 1 , 2, 4), the terms D r17 - 1 D, p , ,9 (x=0, ••• , n) always have the
factor Y0 $.
(iii) In the terms Dlini17 - 1 Dy p ,,,, ( t= 0 ••• n) always have the factor yg,p.

P r o o f .  ( i )  Note the relations

Do = D „  13+ 3 ,0  •D y x  / 1)1 =- Sb, p
x ra -1

• • • ,  n ) a n d  P(')(0, x', p i9x (0 , x ')•D ,=P ( °) (0, x', pp x (0, x '))•D „ a n d  then
we obtain (i).
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(ii) From  (F,11), w e have so=0=4L2,p1x0=0,

p =o E  if (O , epx (o, x'), pp x (0,
la1=277/-1

,
Da
a !  '

2 L 1.„--0= 2 L (a)(0, x ', p x (o, x'), pp z (0, x'))i a l m - 2  a  ! •

From  L(0, x ', 0 ,, x (0, x '))=[P(0, x ', 01, ,9,(0, x'))1 2= 0 , w e  have L "(0, x',
0 1,,sx (0, x '))=0 (p=0, •••, n), to o . W e  g e t th e  Euler's identity

(0, p (0 ,  x 1 ) ) a E  x L (p ) ( ' ) ( 0 ,  X ' ,  01, p x (0, x ' ))
lal=k-1 a!

(2m-1) ! L ( 0 , x ',  0 , , p(°  x '))=0(k —1) !(2m—k)!

Hence Dr:7 -1 1Jy t ,, p (p=0, ••• , n) cannot appear in ,5 s o=0 (h=1, 2, 4). (iii) In
the  sim ilar w ay in  th e  proof o f  (ii), w e can verify  (iii).

§ 6 .  Convergence of the formal solution

A s fo r our form al solution (3,2), w e  k n o w  th e  co e ffic ien ts  a re  determined
successively by solving the Cauchy problem for the system  of transport equations
(3,4) w ith  th e  in it ia l  d a ta  (3,5) i n  § 3. M oreover, w e  investiga te  transport
equations, especially tra n sp o rt operators m o re  precisely in  § 5. It rem ains to
verify the convergence and the uniqueness o f  th e  fo rm al solution (3,5). How-
e v e r , t h e  uniqueness o f  th e  so lu t io n  fo llow s from  th e  Cauchy-Kowalevskaya
th eo rem . In  th is  section, w e  a re  to prove the convergence of the formal solution
(3,2) b y  the  method of the m ajorant fu n c tio n . T o  do so, we introduce a  family
of functions {0a(z, Y ) } L o  w hich play an im portant ro le  in  t h e  p roo f o f  th e
convergence of the formal solutions (3,2),

0.(z, 3 )=a950(z, y )= j!  n !E ( i + n ) ! ( 3 ) a
2

y ( p z )

7-,/ 2 . [R — (3 / 2)Cla+ (2 3) +  n  + I )  •

y ( .7 4 - nd - 1))

T he  following proposition can be easily verified.

Proposition 6 .1 .  0„(z ,C, y ) hav e the follow ing properties.

(1) (
2

2 D y + 1
)0a+27a>ZDz9

5
a-1-2m• ZD!Oa+2m-1 •

(2) (2zD,+1)0,27,> a  
D 27m-F1-2 (v=3, , 2m+1)

w here a  is  a constant.

FG( + n + 1) +
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(3) 0a-1-2rn-l >  
P
i ;  Z D z 0 a - F 2 m ,  ia+2ra-1 •

1 
(4) D4b + 2 ,,,_1> (v=2, • • • , 2m) .(R( 1 1 3 ,o)  2

1 1 
(5) 13,9,95a D a[R ' — (2/3)C] • [R " —  pz —3)] (R'— R)(R'-12(213))

where R '> R , R "> R ( 2 " ) .

1 
(6) 0„ + 1> 0/2"/"

Proposition 6.2. For the Cauchy problem

{

(2x 0D o+l)g±(4criD ii - xori)g±(x0,8iDi+31)u=S(x )

2Do u +(xoailVET2)u+(xoPiDi-Fa2)g-=T(x)

with the initial data u(0, x ')=- u o (x).

there exist unique holomorphic solutions u(x ) and g (x )  in  th e  neighbourhood of
OEC 71 +'. Moreover, assuming a<64", /3i<  rh < ? h , 5 1t< j h• S e S , T < I" and
u o <ii o ,  it is verified that u(x )<ii(x ) and g(x )<R (x ) i f  il(x ) and g-(x ) satisfy the
following majorant relations,

(2x 0130 +1)k>(xga 1D1 -1- xoi"1)k - 1- (xo D1+j1)77

2D2 fi >(x0diD1d- i'2)u +(x 0 jlipi±j a

'71(0, x')> 720 ,

(for the proof see [5]).

From  these propositions, we obtain th e  following proposition.

Proposition 6.3. There exist positive constants A, B , C, D, E , F , R  and K
such that

Un, p(y p)< A K r Z ID z0Z(Y 0, p, y 1 ,3 ' , 1 3 )

g a. (y  p )< B K a  çfre't+1(3, 0, P• y1, ,Y , .  P )

v , gy p) <CI-Ce."-" D,q5Z +1(Y 0, p y 1 , Y  p )

h a. (y p)<DK 1 02.42(Yo. isYL13 , :±  Y , , , P)

x')<EIC1D,Oz(0, x l , x„)
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u„, A(0, x ')<FK - D,03.(0, x l , x v )  (d=a+1+2m )

w here these constants are independent of  a  and depend only on L (x , D) and Op(x),
pp(x).

Therefore we know u„,p, ga s, V 6 , h a , i s h av e  a  common existence domain
th a t is  a  neighbourhood o f  ()EC ' 1 a n d  t h e  estimates I Ua,Si, I g.. p i, lv a, 13
I ha, Al < C a ! r  in  this domain, where C, r  are positive constants independent of

a .  On the other hand, we have the estimates iXa i, 1Y . I <C y

1
ra - ' on(a-1)!

an y  compact set Jc in  D r \ K , where a > 0 and C ic is a constant independent of
a and depends only on the compact set ,K , (for the proof see [51). Thus choosing
r  such that r< r - ',  we prove the  convergence of the  formal solution of the
Cauchy problem (1,1) on D A K . We remark u(x ) does not ramify on x0 = 0  x i  0
because of the Cauchy-Kowalevskaya theorem.

Proof  of  Proposition 6.3. W e prove this proposition b y  induction of a.
Assume that these estimates are  valid for a= -1 + 2 m -1 , ••, a+2m —2. Let
coefficients of differential operators is (3.4) and (3 .5) <M(IT— (213)y 1 ,p) - 1 (R"—

Ph,,s — ri  Y , ) - 1 . First we have the following estimates about the initial data
v=2

from (3,5 i)

(//a+2,7-1, ,9±ha+2m-2, 19)(0, X ' ) <M D E U a+2n t-1 -p , 7+  h ot+27n -2 - p , 0 ( 0 ,  X ')

+MK°` ÷ m - 2 (95,1+2.-i - FD4iii+2,14 - 06+2,1)(0,

A s for the estimates of Dl(u ha+2.-2-p, p), we make u se  o f  th e  fact
th a t  DI-4=S (y , D y  »D 5 0  p -FT ,s (y 13, p ), w here Si3 is a  p a r t ia l  difierential
operator in  D, p  o f  order it - 1  a n d  T ig i s  a  p a r t ia l differential operator in
D'y p = (D y i ,p , ••• , Dy .  p )  of order p .  So we get

D igU a+ 2 M -1 -p , ha+2m -2-p, ) ( Y )  y 0 , v o

= — S(y, D 'y p )D Yv. .( 24 a+27n - 1-  p, +  h a + 2 ,2 - p ,  p ( Y p )  YO, v o

±T p(0, y ,  D 'y)(U a+27n-l-p , p+  ha+27n- 2 - p, ,9)(O, y 'p)

To the form er part of the right hand side o f  th is identity w e apply the

estimates u a , p(y i9)< A K D O z , h., 13(3 p)<DK- `-'+'95-a- +2. To latter part of the right
h an d  s id e  o f  th is  id en tity , w e  ap p ly  t h e  estim ates (u a ,p±h„_ 1 ,p)(0, x ')

<EK 71),95-z. Then, we get the estimates from (3,5 i) :

(ua+27. - 1, A+ ha+2m - 2, p)(0, x')<4M K 2 ' 1Dzçbz+2.-1(0, x1,

<E K -7-2 + 2 m- 1 D452.4 2 ,1 (0 , x i , 2 x„)
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(in  th is  section w e  use  M  a s  a  suitable positive constant).
A s fo r the  estim ates ha+274-2(0, x ') , w e restric t th e  equation

2 m -1 2 m -2
h a + 2 m - 2 ,  p= —  E E  'L., fi k ,+ -1 ,f iv=0

o n  x 0 = 0 , and estim ating  t h e  r ig h t  h a n d  s id e  o f  th is restric ted  equation  by
assumption of the induction, w e  g e t the  estimates

h a + 2m
_2, p(0, X ,)<mKa+2m,-11-1Liz é2y - 1 - 2 m - 1 (

0
, 2C 1 , x ) .

From this estimates and the relation ( u a + 2 . - 1, h . + 2 . - 2, hp)— 1S= l i a + 2 m - 1 , ( 3 ,

w e g e t th e  estimates

u,r+ 2 .-1,[3(0, x ')<FIO 'D ,9 5 ,1 +2 ,1 (0 , x l ,

Next, taking account o f th e  properties o f  h L obtained in Proposition 5,2
(ii), (iii) and using Proposition 6,1 w ith  th e  assumptions o f  th e  induction,r,we7get
th e  following estimates

2m-v
4 L , p g a + v , p < B M - 1 0 + ' (X 0N +2m +1+ X  O D 456+277L+  E rVçbd-F2m -p

p=2

<BMIC a ' + ' (p - 1 - H0- 2 +  E  ( p R i " ) ) M 0 a + 2 , 1
p=2

fo r  v= 0 , ••• , 2m -2

pg,,+2m p < BM K' + 2 7 4 - 1 1=g0a+ 2 , 1

pU a +,,, p < A M K a + '(X oDzOti+27n+ 1
2:A Diçba+2m - p

< A M 10 ( p - 2 ± ( p R i" ) - 2 )E q¢a+ 2 .-1
p=i

fo r  v=0, •-• , 2 m - 2 ,

2m
pt„ ± „, p < A M K a + '(x o D z O a + 2 .+ x o D !O a + 2 .-1 +  E

p=2

fo r  v=0, ••• , 2 m - 2 ,

D r l yia+2m - p)

eua+ 2,1 , < A M K "+ "' - '1(1d-p ')(2D ,+ 1)0,7 , 2 ,,

4 1/,,pg„,,p<B M 10+'(x ggia, 7„,+  
p = 1  

x oD N it+2. - p)

271L-1,

<B M K a (p - 1 R - ( " 3 ) ±  Ep=i

fo r  v=0, ••• , 2 m - 2 .

(p R " T i(2 1 ) ,± 1 )0 .+ 2 7 .■

If  th e  following m ajorant relations are proved, from Proposition 6,2 we see
that our statem ent is valid  fo r  a4 -2 m -1
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AKIX95a+ 2 . - i » E2mM(A ±B)(p - 3 + p - 2 +4m b 2 7 7 1 - 2 )

+B M K (p - 3 -  p - 2 ) :14ba+2.-1

BK(21),+1)0a + 2.>12m M (A + B )(1+ p - 1 +4m b 2 m- 2

A M K(1+ p - i )1(2D z+1)06+2.

CKI:Wei + 2.>12m M (C-FD)(p - 3 - E-  p - 2 +4mb 2 1 - 2 )+DMK(p - 3 ± p - 2 )]Mg5 -«+2.

DK(21:31» - 1)95a+27n+1>[2mM(C - VD)( 1 + p - 1 + 4m b 2 m- 2 )

+CM K (1+,0 - 1 )12Dz+1)0a+2.+1

CD 456+217L xo _0>EMDz7-5a+2m1s 0 =0

ADzO5+21_11 s o =0>MFDzÇ15a+2.-1 x 0 -_0

w here b =p R "' .

These majorant relations are reduced to the following systems of inequalities,

A K >2m M (A + B )b 2 m- 2 ± BM p - 2

B K >2m M (A +B )b 2 m- 2 +A M K

CK >2m M (C+D)b 2 1 4 - 2 + DM p - 2

DK >2m M (C±D)b 2 m- 2 +C11/1K

A > FM

\ CK > EM

O n the other hand, for p  and  K  sufficiently large, and R  sufficiently small,
w e  c a n  c h o o s e  positive  constan ts  A, B , C, D , E , F , K , R , p  s u c h  th a t  the
system o f these inequalities a re  v a lid . Thus w e prove Proposition 6,3.
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