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it is known that there exist three sim ple L ie groups o f type E 8  up to
local isomorphism, one of them  is compact and the others are non-compact.
In  this paper, we shall consider the com pact case. (A s for one o f the non-
compact cases, see  [ 6 ] ) .  O ur results are as fo l lo w s . T h e  group

E, —  {a e Aut (e) I <a12,, aR2> = <R1, R 2 »

is a  simply connected compact simple Lie group o f type E,, w here er is the
complex L ie  algebra of type E, and <R1 , R2> a positive definite Hermitian inner
product in  a .  Th is group E„ contains a  subgroup

E7= {a  Es lal =1}

which is a  simply connected compact simple Lie group o f type E2 .
Thus w e have been able to construct all simply connected compact simple

L ie  groups o f  exceptional type explicitly [1 ],  [4 ],  [5 ],  [9 ],  [1 0 ]

G2 = la R ((s.: , OE;) I a (xY) (ax) (ay )} ,
F 4 = Ice Elso R (ti ti) a (X 0Y) = aX oaY}

=IaE lsoRO ,ZO la (XxY)=aXxaY},
E8 = e  I s o c ( c, ',lc) jdet ceX = det X, <aX , aY> = <X , Y>1

= a e Iso c  (ac, ae) I rar (X x Y) = aX x aY ,<aX, aY> = <X, Y>l,

E, = E  1st) c ,  1 3 c  )  j allic =90 , {aP , aQ} = {P, , <aP , aQ> = <P, Q>1
= {a E MC, 13( ') I a (P x Q) a - 1  = aP x aQ , <aP , ceQ> = <P , (2>1

and

E, = {a E Isoc  (ef, ef) a[121 , R2] = [aR i , aR2] , <aRi , aR2> = <R1 , R2>}.
In  th e  last section, we calculate the K illing form  o f th e  L ie  algebra a.
Throughout this paper, w e refer m any resu lts o f  [1 ] ,  [2 ]  with their

proofs. W e pay our heigh t tribu te to  Freudenthal's excellent works of the
exceptonal L ie  algebras.
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§ 1 . I n n e r  p r o d u c t s  in  L ie  a lg e b ra s  i f ,
 eF and cf.

1. 1. E x c e p t io n a l  J o r d a n  a lg e b r a  r.ac

Let Ec denote the split Cayley algebra over the field of complex numbers
C and = Zs' (3, C c ) the split exceptional Jordan algebra over C .  This ,ca°
is the Jordan algebra consisting o f a ll 3 X 3 Hermitian matrices with entries
in Ec

161 1 3 X2 \

X = .T8 E2 X1 , ei eC ,x i eEc
1 2 T1 63

(Tt is the conjugate o f x  in the Cayley algebra) w ith respect to  the multi-
plication

X.Y = 1—  (X Y  Y X )
2

In , the symmetric inner product (X, Y ), the positive definite Hermitian
inner product <X ,Y>, the crossed product X x Y, the cubic form (X ,Y , Z)
and the determinant det X  are defined respectively by

(X, Y ) tr  (X .Y ),

<X, Y> = (rX ,Y ) —  (X, Y),

X x Y = —

1  
(2X.Y — tr (X) Y — tr (Y)X (tr (X) tr (Y) — (X, Y ))E ),

2

(X, Y, Z ) = (X  x Y, Z ),

det X =  1—3  (X , X ,  
X)

where r: is the complex conjugation with respect to the basic field
C  (rX  is also denoted by X )  and E  the 3 X 3 unit matrix.

1. 2. L ie  a lg e b r a  f f .

For later use, we review some properties of the exceptional simple Lie
algebras ef and f? over C  [1] :

e? =  E  Home  (ac, ,cac) I (0.7c, X, X ) =0}

-{0 E Home (ae , a c )  I (ox, Y, Z )  (X, çY, Z) (X  ,Y  , OZ) = 01,

ff = -(6 E  Home  (Zs'e, a,e )  I6 (X oY) = X.1 7  + X .6Y)-

=  {6  E H om c(, 
Z 'S e )  18 (X X Y ) = 6 X x Y + X x 6 Y )-
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= -(6 E  ef (6X, Y) + (X, 6Y) =0}
-= {6 E ef 16E=0}.

For A E  a  we define a  linear transformation A  o f zy, c  by

A X  A .X  , X E  C

I f  A  E =  {A E zy, c I tr (A ) = 01, then A m ef. In fact,

(ÂX, X, X) = (A .X , X  x  X ) = (A , X . (X  x X ))  = (A , (det X ) E)

= (det X ) (A , E )  (det X) tr (A ) =0O.

And, for A , B  mac, w e have [A , P] E ff. In fact,
—

[A, 13] =[(A  —  tr (A ) E), (B  —1 tr (B )E ) ]  ef and [A , ]E = 0 .
3

P roposition  1. F o r 6 Ef f  and  A , B mZ'ye , we have

Es, [A, = [6—A , +  [A , A] .

In  Partic u lar, {[A , B  Z'yc} generates i f  additively .

P r o o f  [6, [A , II]] X  = 6[A , ]X —  [A , 1-3]6X

=6 (A . (B.X) — B. (A .X )) —  A. (B.6 X ) + B. (A .6 X )

=6 A . (B .X ) + A. (6B.X ) — 6B. (A .X ) —  B. (6A .X )
=  [rA, 11]X + [A , §-13] X , for a n y  X E  C  .

This shows that a = (E [A Ri ] I A i , Bi a e }  i s  an  ideal o f  fC 

From the

simplicity o f W, w e have a=ff.

In i f ,  we define an inner product <61, 62> by

<6 , [A, R]>= <6B, A>, 6 E ff, A, B C .

More precisely, fo r  61 = E [Ai, Ri], 62= E ['oh E a c, we
define

<61, 6 2> = <[A t ,  ÉTJD J, C.i> •

Proposition 2 .  The inner Product <6,, 62 > in i f  is H erm itian and
positiv e  definite.

P r o o f  The inner product <d i , 62> is Hermitian, since

<[1i, ["-  , fi]> <[A T , C> = <A. (B 0D) — B. (A 0 D) , C>
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=  0  Es, .A.c>—<A0D , T3 c>
=<c (D 013) , A> —  (D. cc B) , Ar - >

<[ -e , , 151 B, A> = <[C , ,  A> = <LC', .1:3] , [A , ]> .

62= -j, r) I ] ,  w e have

<12i, :6], 62> = 13'1, Leh > = DJ], rj,

=< , D A B , A> = <6 2 13 , A>.

This shows that the definition o f <, 6 2> is independent of expressions of 62
and hence o f 61 . Finally, under the following notations in

/1 0 0 /0 0 0 /0 0 0\

0 0 0 E2= 0 1 0 E3= 0 0 0
\O 0 0 \O 0 0 \O 0 1/

/ 0 0 /0 0..T\ /0 x 0\
E i (x )= 0 0 X , F 2 ( X )

= 0 0 0 ,  F8 (x) = . -T 0 0

\ O 0/ 0 0/ \ 0 0 0/

we can easily verify that

Î ' 2 (e ) ] , 2  [ É 1, (e ) ],/ 2 [ ,( e i )], i =0 ,1 , 2, .-•, 7,

1 [ i  (e ), (e
N/-2-

(where le °, e1 , e2 , • • • , e7 }  is a n  orthonormal basis in  CE,C) is an orthonormal
basis in  W. Hence this inner product <6,, 62> is  positive definite.

1. 3. Lie algebra cf.

F o r later use, w e continue to consider th e L ie  algebra eF.

Proposition 3. Any OG a  can be represented uniquely by

=- -I- Â  , à' ,  A Œ Zsf.

P ro o f  Put A = E ,  then tr (A ) = (0E, E, E) = 0, so Â.E eF and (0— if.)E
= 0, hence 6 =0 — 21.e ff.

F o r 0 E d ,  we denote the skew-transpose of b y  O' with respect to the
inner product (X, Y )  in  ac:

(OX, Y) + (X , O'Y) = 0 .
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Proposition 4 .  F o r 0 e  ci', w e  hav e

(1) I f  0=6+ A , 6 E Zsf, then 0' =6— I .  In  p art ic u lar,  0' e eF.

(2) 95(XxY)=0/XxY+Xxçb'Y, Y

P r o o f  (1) is easy. ( 2 )  is also easy, since

(0 (X  x Y), Z)= —  (X  x Y , 5' Z) —  (X , Y, Z )

= (0' X , Y, Z ) +  (X, O'Y , Z)

- - - (0 'X x Y + X x O 'Y ,Z ), fo r an y  Z E rac,

F or A, B E  ac we define Av B E  eF by

Av B = [1-1, r3] + (A. B - —3
1 (A , B):E").

Proposition 5. F o r  A, /3 e ac, we hav e

(1) (Av B)' = - B V  A.

(2) (A vB )X = —2
1 (B , X) A + —6

1 (A , B) X -2B x (A x X) , X  E

P r o o f  (1) is easy. ( 2 )  It suffices to show that (in the case of A = X )

(Xv B) X = —

1  
(B, X) X + —

1  
(X, B) X — 2B x (X x X) , X

2 6

that is,

2B x (X  x X ) = Bo (X 0X) —  2 (B. X) 0X + (B, X) X

and furthermore fo r  X  e  = e  IX =  X } . Since any X  E Zs' can be trans-
formed in a diagonal form  by the group

F 4 = la  IsoR  (Zs', ZS') (X .Y ) =aX caY I

= { a  IsoR  c j )  a (X xY) =aX x aY}

=  e I s ° , ( ,a) la (X  x Y) = aX x aY, (aX, ceY) = (X , Y)}

/E1 0 0 /i9 b3 -1-72\

[1 ], it suffices to show it  fo r  X = 0 e2 0 (and B = -fis 82 bl ) . Now,

\O 0 C3 b2 1;1 83/
b y the direct calculations, we see that both sides o f th e  above are

I 8262E1+ 8363E1 - $1E2b3 *

83m2

— * 81613+ 82E2E, /
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Proposition 6 .  F o r OE eF an d  A , B  E ac  we have

[ç, AV B] = ç5AVB + Av çb' B

In  Partic u lar, -{A v B IA ,B E ,Y }  generates ef additively.

P ro o f  (Propositions 4, 5) . [$, AV B] X = çb ((AV B) X ) — (AV B)

=  _  (B , X) A ± — (A, B) X — 2B x (A  x X ))  — (Av B) 0X
2 6

1 1
=  ( B ,  X ) OA +  (A, B) 0X —20' B x (A  x X ) —2B X (OA x X)

—2B x (A  x 0X) — —2
1 (B , 0X) A —  (A , B) 0X  +2B x (A  x 0X )

= 1— (B, X ) 0 A + 1 (0 A , B) X — 2B x ( 10 A x X )  + — (0' B , X ) A
2 6 2

+ 1(A  , 0' B) X  —  2çb' B x (A  x X )
6

= (0AvB) X  + (A v0/B) X  , for any X E

This shows that a  =- fE (A i vB i )  A i, B i E C,C'59- is  an id ea l of

simplicity of et', w e  h a v e  a  ef.

n e
•.. 6 • From  the

For 0 E eF, we denote the skew-transpose of 0 by '0  w ith  respect to  the
inner product <X, Y> in  Z'yc :

<0X,Y > + <X,' 0Y > =0 .

Then obviously we have

Proposition 7 .  F o r 0 E  eF, we hav e ' 0= r0 'r. In  Particular, 'q5EC.

Now, in  eF, we define a positive definite Hermitian inner product <01, 02>

<01, 02> <61,62> + <A1, A2>

where Oi = 6i + A i ,  a i  E if , A i  E  f, i =1, 2.

Proposition 8 .  F o r OE eF an d  A, B E a  we have

<ç, AV B> = <013, A>.

P r o o f  I f  0=6 +b- , E  if,  
C E  ZsT, then
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<0, Av B> = <6 + , [A, ]+  (A .B  23-- (A, B) E)>

= <6 , [.;{ , f31> < C , A .B  —  (A, B)E>

= <6B, A> + <C oB, A> — 1-(A, B)tr (C )

=  <  +  B , A> = <0B, A>.

Proposition 9 .  For A, B, C EZ'sc , we have

A v (B x C )+ B v (C x A )+ C v (A x B )= 0 .

Proof. (Propositions 4, 7, 8) . For any OE ci',

<0, Av (A x A)> = <0 (A x A) , A> = <20' A x A, A>
=20' A, A x A> = 2<r' 0A, A x A> = 2<' OA, A x A>
= — 2<A, gA x A)> = — 20 (A x A) , A> = — 2<0, A" (A x A)>.

Therefore <0, AV (A x A)>= 0 and hence Av(A x A) = O. Polarize th is, we
have the required result.

1. 4. Lie algebra cf.

Let q3c be a  56 dimensional vector space defined by

q3 c  ZS' e a cr@CCDC

For OE eF, A, B Eac  and p EC, we define a linear transformation 0 (0, A, B, p)
o f $c" by

X \ — —
1

pi 2B 0 A \ \X
3

0 (0, A, B, p) Y 2A (6' + 1 p1 B
3

0 Y

O A p 0
\ 0 0 —

0X —  

1
— pX+2BxY +77A \

3

2 A xX 4 -0 'Y -k -
1

PY - FEB3
(A , Y) +196
(B ,X ) —p i
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Then Freudenthal has shown in [2 ] that

eV= {0=0(0, A , B, p) E  Hoin c (q3c , Te) E  CF, A , B e,ac , () EC}

is a simple Lie algebra over C  of type E 7 .  The L ie  bracket [0 1, 02]  in  e f is
given by

[0 (01, A1, B1, Pi), 0(02, A2, B2, P2)] = 0 (0, A , B,

where

1
I

0= [ I, 02] + 2A 4 v B2 — 2A2v Bi ,

A =  (0 2 + -1 pil) Az—  (02+ f Pz1) A i ,

B =  (95; -  "1-  P11 )  B 2  -  ( 0 - 1 P 2
1

)  B i  f

p= (A1, B2)— (B1, A2).

For P =( X ,Y ,e ,v ) ,  Q =( Z ,W ,C ,o )  eV , w e  d e fin e  P x (2 e ef by

1--(X v W  + Z v Y ) ,
2

A =  —  

1
—  (2Y x W — $Z —CX),
4

B = 1—  (2X  x Z ()Y ),
4

P x Q =0 ( 0 ,A ,B ,P ) ,

1p= —  ((X  ,W ) + (Z ,Y ) —  3 ($0) + CV)).\ 8

Proposition 1 0 .  F o r  0 e eV and  P ,  Q e r  ,  w e  have

[0 ,P x Q ]= 0 P x Q + P x 0 Q .

In  Partic u lar, x QIP, Q E  V }  g e n e ra te s  eF additively .

P r o o f  (Propositions 4, 5, 6, 9) . It suffices to show [0, P x  P] =20P x  P.
For 0= 0 (0, A , B, p) E C , P = (X ,Y  , E , 77) e V ,
[0 ,P x P ]

=[0 (0, A , B, p) , 0 (— XvY , — ÷ (Y x Y —  $X),

1(X  x  X  — 71Y) , 1  ( (X , Y )  3$77))]2 4

= 0 ([0, — XvY] 2Av-1-
2- (X  x X— 72Y) — 2( — (Y X Y — eX))vB ,
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1
+ 1 0 ) (- -  

2
—(Y xY — $ X)) — (— XvY + —

2  
( (X, Y ) —3E77) 1)A ,

3 3  4

2—1 p1)(1  (X x — vY)) — (— (XvY)' — —1 ((X , Y ) —3ev)1)B ,
3 2 3  4

(A , 1—  (X x X —  77Y )) —  (--1 (Y x Y — , B))
2 2

=20( -1(0X — 1 pX + 2B xY +17 A)vY
2 3

— 1- Xv(2Ax X+0'Y + 1 pY +$B),
2 3

—  

1
— (2(2A x X+ O'Y + 1— pY + $B) x Y —  ((A, + p$) X
4 3

1— 6 (0 X --pX + 2 B x Y + 7 2 A )),
3

1 (2 (0X— + 2B x Y + VA) X X —  ((B, X) — P77)Y4 \ \ 3

1_ 77 (2A  xX + O 'Y + -
3

PY-FeB)),

((0X + 2B x Y - 2 A, Y) + (X , 2A x X+ $'Y+ lp Y  — 2$13)))
8 3

— 2013 x P

This show s that a -= {E (P i  x Q i ) IP , Q, E T C }  is an ideal o f  e f .  From the

smplicity o f  e f, w e  have a= ef.

In  q3C, we define a positive definite Hermitian inner product <P, Q> b y

<P, Q> <X, Z> + <Y, TV> + C+ -77(»

where P= (X,Y , , 71) , Q= (Z,W , C , co) e V e .  F o r  0 e we denote the
skew - transpose o f  0 b y  '0  w ith  respect to this inner product <P,Q>:

<OP, Q> + <P, ' 0Q> = 0 ,

Proposition 1 1 . F o r  0 = 0 (0, A, B, p) E e f , w e  have

' =  O(' O, — B, — A, - 0 ) .

In p art ic u lar,  '  e ef•

P r o o f .  For P= (X,Y , $ , 77) , (Z, W , C, co) El3 C ,
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<OP, Q> = <OX -  -
1
3- pX + 2B xY + A , Z> + <2A x X + O'Y +1 pY +$B,W>

+  ((A ,Y ) + Pe) + ((B, X) -  pv)

= -  <X, ' xW  — (oB> - <Y , — 2B x Z  (' O) 'IV

(B, W) — (—  (A, z) +po)
3

= -  <P, ' 0 Q> .

N ow , in  ef, we define a positive definite Hermitian inner product <01, 0 2>
by

<0 1, 0 2> = 2<01, 932> 4<A1, A2> + 4<B1, B2> +
3

where 0 i = 0 (çbi , A i , B,, p,) ef, 1=1, 2.

Proposition 1 2 .  F o r  OE ef and P, Q03° , w e have

<0, P x Q> = , Q>

where P = (—Y , X , — f o r  P = (X,Y,E, 72)•

P ro o f .  (Proposition 8 ) .  It suffices to show <0, P x P> = <OP, P> . For
0=0 (0, A, B, p) P = (X,Y , e, V) E V,

<0, P x P> = <0 (0, A, B, p) , XvY , —1 (Y xY —EX),

- (X x X — 77Y) , 1 ((X ,Y) — 3 $77))>2 4

1 1=2<qb, -XvY> + 4<A, - 2— (Y x Y-$X)> + 4<B 
2

, —  (X x X - 17Y)>

8 1 _+  _p ((X , Y) —3$77)
3  4

=< - 017 + 1 PY +  2B  X X + M , X > + < -2A xY + pX-VB,Y>
3 3

+ ((A, X ) - + ( -  (B, Y) -  p$)77
=0 P, P>.

P ro p o s it io n  1 3 .  F o r  0 E ef and F E 913
° , w e have

= ' OP
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Proof. (Proposition 12) . For any Q 0 3 c ,

</ 0 P , Q> P x  Q> = 0 0, P>= OP> = Q>.
Hence OP = ' 015 .

Proposition 14. F o r 0,01,02e ef, w e have

<[ 0 , 0 f], 02> + <01, [ '  ,  2]> = 0

Proof. (Propositions 1 0 , 1 2 , 1 3 ) . It suffices to show it  fo r  01 =P xQ,
Q 0 3 c .

<[0 , P x Q] , 02> = O P  X(2+ P x 0Q, 02>
= <OP, 020> + <P, 020/6>= — <P, 0020> + <P, 0 2'0 -0>
= <P, r 0, 0270> = - <P  X Q, ['0,02]> .

Finally, we define a  skew - symmetric inner product { P,Q} in q3c by

IP, = ( X , W) — (Z, Y) +Eo—Cv

where P= (X ,Y  , E, 77) , Q= (Z, W ,C, 07)

Proposition 15. F o r P, Q E Te ,  w e have

(P x0) P= (P x P)Q—  f {P,Q}  P

Proof. (Proposition 5) . For P= (X,Y  , E, 77) , Q= (Z, W , C, co) E

( P X O P

1 1 1(2X  x Z —  —= 0 ( - -  (XvW + ZvY) —  (2Y  x W  —$Z — CX) — cor  ,
2 4 4

-
I
8- L ((X ,W )+(Z , Y )  — 3 (6(0+ C77))) (X, Y, E, 77)

2
1 1 1— (X vW ) X  —

2
 (ZvY ) X  —  (( X, W ) + (Z, Y ) — 3 (60) + CV) )  X
 2 4

1+ 1— (2X x Z — vW —  wY) x Y — —77(2Y x W $Z —CX)
2 4

1—1 (2Y x W — eZ —CX) x X+ — (WvX)Y + 1— (YvZ)Y
2 2 2

1 1W ) + (Z, Y ) —3 (ea) + CV)) Y +  
4
-6 (2X X Z —77W — wY)

24 
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—1— (2Y x W —EZ —CX, Y) + 
1
—
8  

((X , W) + (Z, Y) — 3 (Eo+ C77))$4

1 1— (2X x Z — — coY, X ) — 8— ((X , W) + (Z, Y) —3 (eo + )
4 

1——
1

(Y'
8

Z) X— 
4
— (X ,  Z  — —

3  
(X  W) X+ 2Y x (X x  +  (X x

8 

1 1 1x W —77W x Y x Y + --$77Z+ —EcoX+ —
3

CvX
2 4 8 8

1— (X, W ) +  1— (X, Y)W + —
3  

(Z  Y)Y —2X x (Y x W) — (Y x Y)
8 4 8

1xZ  +EZ x  X + . 1 -CA x X— —
4

E 177W — C77Y— —
3

Ea7Y8

I  (y x  y , w -
)

, + 3 4. (Z,
 )
y) ± 1 c (x- '

8
y) + 1 e cx- ' vv.) 3  $20)

2 8 4 8 8  " 1

-1 (X x X, Z) — ---7? (W
'
 X ) —1 0)(Y, X ) — (Z

'
 Y) + Aea777 + -A-C772

2 8 4 8
1 7 7  

8 8

—(XvY)Z — -i -1 -2 ((X , Y) —3$72)Z + (X x X— 77Y) x W

1— —co (Y x Y —EX) — —
3  

((X
'
 W) — (Z, Y) + Eco —COX

2 8 

1—(Y x Y — EX) x Z + (YvX)W + —

12 
( (X, Y) —3$'77) W

1+ —C (X x X— 77Y) — —
3

((X , W) — (Z, Y) +
2 8

1 1- (Y x Y —EX, W) +4— ((X , Y) — 3ev)C — —
3  

( (X  W) — (Z, Y)
2 8

+ E07 — C77) $
1 1— (X x X — vY, Z) - -

4
 ((X , Y) — 3 e v )  — —

3  
((X , W) — (Z, Y)

2 8

+ Eco — C77) 77

= 0 (— XvY, — I  (Y x Y — EX), 
1
—(Xx x - 1Y), —((X, Y-3)Ev))(Z, W, C, 0))

2 2 4

W) — (Z, Y) +Cû—C) (X , Y, E, 77)
8

= (P x - Q} P
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2 .  Lie algebra 6.

We consider the simple Lie algebra ef over C of type E s  constructed by
Freudenthal in  [ 2 ] .  L e t ef be a  248 dimensional vector space defined by

eF= efevevecoccx •
The L ie  bracket [R 1, R 2 ]  is defined by

[ t1) , (02 , P2 , Q 2 , 7.2, S2, t2) =  (0 , P , Q , r, s, t)

where

0 =[0 1 ,0 2 ]+ Pi X  Q 2  P 2  X  Q, ,

P=0,P2-02P1+riP2— r2Pi+s1Q 2— s2Q 1,

Q=  01Q2 — 02Q1 — rd22+r2(21+t1P2 - 1.2P1 ,

1 1 j p  nr = j p  
1 21 - k .• 2  G .1 j

t
Siv2 S2g'l

8
SZ

8

1
s =  {P1, P2} 2r1s2 —2r2si

t = -  -
1  

{Q 1  Q 2 }  -  
2 r1t2 2

r2t1
4

By the straight-forward calculations, we see that ef is a  L ie  algebra.

R em ark . F o r  (0 , P ,Q ,r, s ,  t )  e a ,  the notation used by Freudenthal in
1— (0+ r  s P \ - 1

[2 ] is
t — r ) ' (  Q )  •

Theorem 1 6 .  e f  i s  a  s im p l e  L ie  a l g e b r a  o f  ty p e  E s .

P r o o f .  W e use the following notations in eF -=ef(:)13 c C)13c C)CC)CC)C
= efOge briefly:

(0,0,0,0,0,0) = 0 , ( o ,  P , 0 , 0 , 0 , 0 ) = P  ,

o, Q , 0 ,0 ,0 ) =Q  , ( 0 , 0 , 0 , r , 0 , 0 ) = r , ,

(0, 0, 0, 0, s, 0) , (0, 0, 0, 0, 0, t) = t .

Let a  be a non-trivial ideal o f  cf.

Case (1) a n ef = 101 and a rm =  io} (th is  case does not occur). Let
P : ef—*e ,  q :  ef , ,R denote the projections. Now, in this case, p a :  a—>ef
is a  monomorphism. Then, since p (a ) is a non-trivial ideal o f ef, w e have
p (a) = e f from the simplicity o f  e f .  Therefore pia: a—›c ' g ives an isomor-
phism between a and eV, so dim a =---dim cf =133. On the other hand, gja: a
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--->ft is a also a monomorphism, so dim a d im n = 1 1 5 . This is a contradiction.

Case (2) a n ef* {0} . From the simplicity of ef, w e  have ef Ca. And

[0 (0, 0, 0, 1), (0, 0, 1, 0) -] (0, 0, 1, 0) -  ea ,

[(D (0, 0, 0, 1), (0, 0, 1, 0) _] =- (0, 0, 1, 0) _ ea ,
[ (0, 0, 1, 0) -, (0, 0, 0, 4) -] e a ,
[ (0, 0, 1, 0) _, (0, 0, 0, - 4) _] = 1 e a ,

[1 , 1 ] = len

[1 + 1 ,(2 + P ]= P + Q ea , f o r  P ,Q 0 3 c .

Therefore ci = C .

Case (3) c t r I S t # { 0 } .  Let R  be a non-zero element of
 n

( i )  R =  (0 , P , Q, r , s, t) , P 0 .  In  this case w e  have

[ [ [ R , 1] , 1] , 1] = P e a  .

Choose P i e 13° such that P x P i * O .  (Such P , exists. In  fact, if contrary,
Px P= 0 , i.e., PeR c=  {P  q3cIP  x P= 0, P=/=0, so there exists ae .E 7 ( _1 3 3 )

(see § 5) such that P= cce (0 , 0, 1, 0) for some c e R  ([4] Theorem 9 ) .  How-
ever, f o r  (0, 0,1, 0) E 43c ,  we can find P2 e V  such that (0, 0, 1, 0) x P 2 ±0,
s o  P x a P 2 * 0 .  Th is i s  a  con trad ic tion ). N ex t ch oose  0 e  e f  such that
[P x  P 1 , 0 ]*  0. (Such 0  exists because e f  is  s im p le ).  Then  w e have

[ EP, i ]  0 ]  =  -  [P X P i, 0 ] E a .

So we can reduce to the case (2).

R= (0, 0, Q ,r ,s ,t ), Q # 0 .  This case is sim ilar to (i).

R= (0, 0, 0, r ,s ,t ) ,  r # 0 .  In  this case w e  have

[[[R , 1] , I] , P  = 2 rP e  a , f o r  0# Pe1.3 7

So we can reduce to (ii).

(iv) R= (0, 0, 0, 0, s, t) , s # 0 .  In  this case w e  have

[R ,1 ]= s c t .

So we can reduce to (iii).

(v) R= (0,0, 0, 0, 0, t), t±0. Th is case  is sim ilar to (iv ).

Therefore in any case we have a Thus we see that eV is s im p le . Since
the dimension of eV is 248, it must be o f type E 8 .

For R= (0, P ,Q, r, s, t)  E  cF, we denote the adjoint transformation ad R
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o f a by e (0 ,P ,Q ,r ,s ,t ):

755

/01 ‘ /ad — Q P 0 0 0 \ \
— P0+r1 s —P —Q O P1

Q1 —Q t 0 — ri Q 0 —P Q1

e (0 ,P ,Q ,r ,s ,t )
0  — 1—Q

8
- -

1
 P  0 —t

8
s r,

SI 0I F 0 —2s 2r 0 SI

4

t,
\

0 0
\

— I Q  2 t 0
4

— 2r
/

t,
/

[0 ,0 1 ]—QX.P 1 +PX Q I
—01 P+  0P 1 + rP1+
—01Q+ tP, + 0Q 1—  rQi+

1 1
— P11 — — {P , Qi} —ts i + st,
8 8 [R, R 1 ] =  (ad R )R i .

1_ I P  P 11-2sr1+2rs 1

4

4

1
— IQ +2 tr1 -2 rt1

Since er is simple, the Lie algebra Der (d )  o f all derivations of er consists

of ad R , R e d :

Der (ce) = (0 ,P ,Q ,r,s ,t)10  E ee, P,Q e ST4 C  r ,  s,  t E CI

and it is also isomorphic to the Lie algebra ce. We denote D e r ( e )  some-

times by the same notation ee.
Now, in ef, we define a positive definite Hermitian inner Product <R1, R2>

by

<RI, R2> = <0
1, 

0 2> + <P I , P2> + <Q19 Q2> ± 8 7 1r2 4:9-1.52 4 1 1t2

where R 1 = E c , i =1 , 2. For (9E ce, we denote the skew-
transpose o f (9 by '8  with respect to this inner product <R1, R2>

<eR„ R2> + /eR2> = 0

Proposition 1 7 .  F o r (9= 0 (0 ,P ,Q ,r ,s ,t ) E  e r ,  we hav e

'e =  co, —0,P,
In  p artic u lar, '@  e .

P roo f. (Propositions 1 2 , 1 4 ). For R 1 = e i=  1, 2,
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oR„ R2> = <[D, 01] —Qx P P x Qi , 2> + <— OiP + 0P 1 + rP i + sQ,

— ri P —s1Q,  P 2 > + <— 01Q— tP 0Q1— rQi + tiP , Q2>

+ 8( — —
8  

{Q, P1)- — —  tsi sti)r2+ 4 (-
1

 {P P,} —2sri -F2rs)s 24

+ 4( — {Q, + 2tr 1 2 r t i) t2

=  <01, [ I C 0 2 ]  P  x  P 2 -  x Q2> — < P i, 020+ ' P2 — T-P2 — 7Q2

+ r20— s2P> — <Qi, — 02 -P — gP2+ 0Q2+T- Q2+ r2P + 40>

—87.1 (— I  1P P21 + Q21 + gs2— t2) — 4si( - -

4
 {Q, P2} + r 28 8 

— 2T- s2) — 4t 1 ( {P , Q2} —2.qr2 +2T- t2 )

= — (R 1 , ' OR2> .

3. Complex Lie group E .

The group EF is defined to be the automorphism group o f th e  L ie  algebra
e8 :

Er = Aut ( a )  = {ce E Isoc  (eF, en a[R I , R 2 ] EaRi, and} •

Theorem 18 . T h e  group E f i s  a  connected com plex  L ie  g ro u p  o f
t y p e  Eg.

P ro o f .  T h e  ty p e  o f th e  group E f  is obviously E s , because its Lie
algebra is Der (a) which is isomrphic t o  a .  T h e  group Er= A u t(e r )  coin-
cides w ith th e  inner automorphism group Innaut (en  w h ich  is  th e  group
generated by lexp (ad R) 1R E  a }, s ince, as is well known (e.g. [7 ]) ,

the group o f th e  symmetries of
Aut ( a )  /Innaut ( a )  = = I l l .

the Dynkin diagram o f  ef

Hence EF=Innaut ( a) which is connected.

4. Compact Lie group E 8 .

T h e  group E s  is defined to be th e  subgroup o f E F  which leaves the
inner product <R1 , R 2 > in  a invariant:

E 8 =-. { a  Aut (en I <aRi, aR2> = <Ri, R2>}

= {a e  Isoc  (eif, en la [ R I ,  R2] = [aRi, aR2] , <aRi, aR2> = <R1, R2».
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Theorem 1 9 . E8 i s  a compact  s im p le  L ie  g ro u p  of type E8.

P r o o f  T h e  group E a i s  com pact as a closed subgroup o f th e  unitary
group

U (248) =  U (e ) =  '(a m IS% (ef, ef) I <aRi, aR2> = <R1, R2».

T h e  L ie  algebra es o f th e  group E, is

ea= { OE Der (en I <eRi, R2> + <R1, 6)R2> = 0 }
= {0 E Der (a) I '0 =  0}

='(e (ø ,P , P ,r , s, :01'0 = 0 E ef, P E q3C , r , s E C, r =
from  Proposition 1 7 . Therefore the complexification o f  es is ef, so the type
of the group E a i s  E a .

In  order to prove that the group E a is connected, we shall give a polar
decomposition o f th e  group E .

Lemma 2 0  ( [3 ]  p . 3 4 5 ). L e t  G  b e  a n  alg e b raic  su b g ro u p  o f th e
g e n e ra l  l in e ar g ro u p  GL (n , C )  s u c h  t h a t  th e  con d ition  A E G  im p lie s
A * ŒG. T h e n  G  i s  homeomorphic to  the to p o lo g ical p ro d uc t o f  Gn U (n)
and a E u c lid ean  sp ace  R d

(G n U (n)) x Rd

w h e re  U (n) i s  the u n itary  su b g ro u p  o f  GL (n , C ).

T o  use the above Lemma, we show the following

Proposition 2 1 . EF i s  an algebraic  subgroup  o f  t h e  g e n e ral lin e ar
g ro u p  GL (248, C )  Iso, (ef, er) and satis f ie s  the condition am  E r im p lie s
a* E E r,  w h e re  a *  i s  the tran sp o se  o f  a w ith  respect t o  the inner produc t
<R„ R2> : <aRi, R2> = <R1, a*R2>.

P r o o f  A s  mentioned in  Theorem  1 8 , th e  g rou p  EF =Innaut ( a )  i s
generated by Iexp 010 =0 (0, P , Q ,  r, s, t) E e }.  F ro m  Proposition 17, "9 E  cf
fo r  0 E eF, so (exp 0)* = exp (— '0)  E E , h en ce  a E Ef implies a* E Ef . It is
obvious that EF is algebraic, because EF is defined by the algebraic relation
a [R,, R d =  [aR „ aR 2 ] , R 1 , 122E cf.

From the definition o f th e  group E a obviously

Er nu (e ) =E s

and the dimension o f th e  Euclidean part of E f  is
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dim E r — dim Es = 2 x 248 —248 =248 .

Hence we have

Theorem 2 2 . T h e  g ro u p  E r  i s  homeomorPhic t o  the topo log ical
p roduc t o f  th e  group  E s a n d  a  248 dim ensional Euclidian space R 2 4 8 :

E E 8 x R 2 " .

In  p artic u lar, th e  group  E s  is connected  (from  Theorem  18).

From the general theory o f the com pact L ie  groups, it is known that
the center z (4 _ 2 4 8 ) )  of the simply connected compact simple Lie group E8 (_248)

o f ty p e  E s i s  tr iv ia l [8 ] :  z (4 , 48) ) = {1 } .  Therefore the connectedness of
E s  implies th e  simply connectedness o f  E s. T h u s  w e  h ave  th e  following
Theorem which was our purpose.

Theorem 2 3 . T he group E s = {a E  Isoc  (e e f )  I a[R ,, = [aRi , and ,
<aR i , aR 2> = <1?1 , R 2 »  is a  sim ply  connected com pact sim ple L ie  group  o f
ty pe Es.

5 .  Subgroup E, o f E8.

W e  have proved in  [5 ] that the group

=  G I s % ( 3 7 13
°
)18 (P x Q) 8- 1 = 8P x 8Q, <8P, 8Q> = <P, Q>1

is  a  simply connected compact simple Lie group o f typ e  E 7 . W e shall find
a  subgroup in  E a which is isomorphic to Ev _i m .

Proposition 2 4 .  (1) Fo r 8 G  E i ( - 1 3 3 )  an d  P , Q  13c , w e  have

{8P, 8Q} = {P, QI

(2) F o r 8 e 4 - 1 3 3 )  an d  01,02e ef w e have

0018 - 1 , 1902/91> = <01, 0 2>.

P r o o f .  (1 )  (Proposition 15 ). I f  P = O, t h e n  (1 )  is o b v io u s ly  valid.
I f  P*0,

3
8  

{RP, 8Q1 8P = (8P x 8Q) 8Q — (8P x 8P) 8P

=8(P x  P)8 - 1 8Q— 8(P xQ) 8 - 1 8P

= ((P x  P)Q —  (P x Q ) P) F{P, Q}8P
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Hence we have {8P, = {P,s i n c e  13.P* 0 .
(2) (Proposition 1 3 ) .  First w e shall show  that, fo r  8 E E 7 ( - 1 3 3 )  and

P E 13c, w e have

0 =0 .

The Lie algebra of the group E 7 (_ 1 8 3 )  is  e7 = {0 E  e f l 0 = '0 } .  Since the group
ET ( _ 1 3 3 )  is connected and compact, any 8G E 7 ( l8 8 ) can be written by exp
for some 0 E  e7 . So

8/ \P = ((exp 0) 1)  ----A (Proposision 13)

= kto —kli  ° k P =  ( e x P  ( b ) 1 3 = 8 P .

Now, to prove (2 ) , it suffices to show it fo r 02 = P x Q.

0018- 1 , fi (P x Q) 8- a> = 0018', 8P x 8Q> = <80'8'0, 80>
= <80i8- 1 8:1 , 8Q> = <001P, 8Q> = <CP, Q> = <01, P x Q ).

In the followings, we use the notations 0, 15-, Q,1, L 1 o f Theorem 16.

Proposition 2 5 .  I f  a E E 8 satisfies a l = 1  then a l = 1 ,  a ï = i .

P r o o f .  Put al =  (0, P, Q, r, s , t), then

— 21= a (-21) =  a [1, 1] = [a l, 1] = (0, 0, —P, s, 0, — 2r),

hence P = 0 , s= 0, r  = 1 .  A n d  the condition <al, al> = <1, 1> = 8, that is,
<0,0>+ <Q,Q>+ 8+ 4it =8 implies 0=0, Q = 0 ,  t = O. T h e r e fo r e  a l =1.
Simlarly = I .

Theorem  2 6 .  T h e  group .E8 contains a  subgroup

E.,— {a e E s ial =1}

which is  a  simply connected compact sim ple  L ie  group of type ET.

P r o o f  W e shall show that the group ET is isomorphic to the group
E 7 (_1 3 3 ).  Making use of Proposition 24, it is easy to verify that, for E.E7 ( _,8 8 ) ,
the linear mapping a:

'A d  f i 0  0  0  0  0 \

0  8 0 0 0 0
0 0 8 0 0 0

a =
0 0  0  1  0  0
0  0  0  0  1  0
0  0  0  0  0  1  /
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(where Ad 8: cf -->ef is defined by (Ad 8 )0  =8 0 8 1  belongs to E 8 . Con-
versely, suppose a Œ.E8 satisfies al =1, al. =1.-  a n d  a l = 1  (Proposition 25) .
Since a  leaves the orthogonal complement eFC)13cC)g3c o f  CC)CC)C invariant,
a has the from

' j9 8 1 2  8 1 3  0  0  0 \

821 82 8 2 3  0  0  0

831 8 3 2  8 3  0  0  0  =  ( B  0 )

0 0  0  1  0  0 0  1

0 0  0 0 1 0

\ 0  0  0  0  0  1 ,

w here 81 : c -* c, 82, 83: V->qr, 821, 831: ef----)T e ,  8  8  9 3 8  812, . 13: , -> e , 92:

Fl3C  -* V  a r e  linear mappings respectively. F r o m  th e cond ition  [a0 ,1]
= a[0 , 1] = 0, that is,

0  [  (81 0, 8210, 8,0, 0, 0, 0) , (0, 0, 0, 1, 0, 0) ]

a =

= (0, - 8 2 1 0, 8,0, 0, 0, 0) for an y  0 E  ef,

w e have 8 2 1 = 8 3 3 = 0 .  Sim ilarly, from  [aP, 1] = - aP, [cYQ, 1] = aQ,
8 1 2  =  8 9 2  =  

0 , 813 = 829 = 0 respectively. Thus

8 ,  0  0
0  8 2  0

0  0 82/

B=

w e have

Furthermore the relation [P ,  Q] (P x  Q , 0, 0, - ( P ,  Q} , 0, 0 implies

81 (P xQ) = 82P x 82Q , {82P, 82Q} = 1P , QI (i)

and [P, 0- ] = 41P, (21i, [0, P] = (0 Pj-  imply

{82P, 82Q} { P ,  Q},82(0 P) = 19IØ/92P (ii)

respectively. From the above we have 82=83 ( p u t /9) , and from (ii) we have
808 - 1 =8 10 .  Therefore from  (0  8 satisfies 8 (P x Q) = 8P x 8Q, and ob-
viously <8P, 8Q> <aP, aO> = <P, = <P, Q >. H ence 8 e E 7 ( _3 3 8 ) a n d  8,
=Ad 8 .  Thus Theorem 26 is proved.

6 .  Killing from of cF.

In  this section, we calculate th e  K illing form  o f  th e  L ie  algebra eF
according to the preceding notations. For this purpose, we first describe the
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K illing form s of the other exceptional L ie algebras w ith several representa-
tions.

Proposition 27. T he K illing f orm s B = B a  of  the L ie algebras g =
an d  cf are  giv en by

F 4 : (1) B(61,62) = 3tr (6162), 6sEff.

(2) B(6, [A , =  - 9 (ô'A , B) , e ff, A , B E

E 8 : (1) B(01, 02) 4tr ( ç5),e  cf
(2) B (0, Av -  12 (OA , B) , E cf, A , B e

(3) B (61+ 1, 62+ T . 2) = -43I B (61, 62) + 12 (T i, T 1) 64 f f ,  T m f .

E 7 : (1) B (0 1, 02) = 3 tr (0102),0 4 E cf.
(2) B (0, P x Q) = -910P , , 0 E  cf, P, Q e qr.
(3 ) B (0 (0„ A1, B1, , (021 A2, B2, PO +Beg (011 00

+ 36(A 1, B2) + 36 (B1, A 2) + 2 4 P1P2, E  er, A t , B 4 E p, E  C.

Theorem 28. T h e  K illin g  f o rm  o f  th e  L ie  algebra c f  is  g iv e n  b y

B((01, P1, Q1, r 1 ,  Si, t1) , ( 0 2, P2, Q2, r2, •52, t 2)

= -
5

Bec (01, 02) + 1 5 {41, P a - 1 5  {P1, (22} + 120r 1r 2 + 60t 1s2 + 60s1t2.
3

P r o o f .  F o r  Q= (0, P , Q ,  r, s, t) E  e f , w e defin e  ' R e  cf b y  ' ('0,
-Q, P , ,  - I ,  - -.1"). T hen  w e have

' [R 1, R2] = ' Rd

In fact, if we identify R e  cf with ad R e ad ef, then we have <' [R1, R3, R4>
= - <R8, [121, R2] R 4> = <R3, R1R2R4 -  R2R1R3- ' R2R3, R4> = <E' '  R d R 2 ,
R i >  (Proposition 1 7 ) for R 2 , R4 E  cf. N o w , w e define a  linear form  B i  of
e r  by

Bi (R1, R2) = <I R1, R2> •

Then this B i  is  an invariant form of cf, since B i ([R, R i ], R2) = <' [R, R d , R2>

"  <[' R , ' R I], R2> = </ R 2>  =  < IR 1, R R 2> . =  B  [R , R 2]) (Proposition
17) for R e  cf. T h e re fo re  the K illing form  B  of cf is  eq u a l to  B i u p  to  a
constant k: B  kB i . Considering special elements o f cf, fo r example R, =R2

(0, 0, 0, 0, 0, 1), we can easily obtain k -= - -1 5   an d  w e  see  th a t - 15B 1 has
the form stated in  Theorem 28.
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R e m a rk s . T h e  K illin g  fo rm  of the L ie  algebra = Der (Ec) = {D
Hom e  ac, (S7c ) ID  (xY ) =  (D x ) x  (D y)}  i s  given by

(1) B (D 1 , = 4 tr (ID ,D 2) , D i e

(2) B (D ,D „ b ) -= —28 (Da, b ), D ,D „ , b E g F  (w h e re  D., b (a, b E Ec,
zi —  b  —  b )  is d e f i n e d  b y  D  x  =  a (bx) — b (a x ) -I- a (xb)
—  (a x )b  (xb ) a— (x a) b, x E CS-,c ) .
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