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§1 . Introduction

Let Eg be the compact, connected, simply connected, simple Lie group of type
E8. A s  is well known that Eg is a closed 248 dimensional manifold which is rational
homotopy equivalent to

S 3 x S "  x S 2 3  X  S2 7 x S 3 5  x S 3 9  x S4 7  x S 5 9 .

The mod 2 cohomology ring of E 8 was determined by Araki and Shikata as follows:
Theorem (Araki-Shikata [1]). As an algebra over the mod 2 Steenrod algebra

H*(E8 ; F2 )= F 2 [x 3 , x 5 , x 9 , x 1 5 ]I(xA 6 , xg, 4, xto
0/1(X17, X23, X27, X29 ),

where deg x i = i, X 5  = S q 2 x 3 , X 9  =  Sq4 x 5 ,  x  =  Sq 8 x9 ,  X23 = Sq 8 x, 5 ,  X 2 7  = S q 4 x23

and X 2 9  = S q 2 x27•

They made elaborated calculations of the Bott Samelson K-cycles and so details
of the proof is not published. The purpose of this paper is to give a simple proof of
the above theorem.

First we determine H * (i 8 ; F2 ) for *< 31, where i g  is  the 3-connective fibre
space o f E 8 . N ex t w e  p ro v e  th a t d im  H*(E8 ; I'D > 2 " .  F ina lly  using  the

k
cohomology Serre spectral sequence for the fibering Eg -> Eg -4<(Z, 3), H*(E 8 ; F 2 )
is determ ined. To prove the above theorem, we use the following well known
facts:

Theore 1.1 (B o tt [5 ]). I f  G  is a com pact, connected, sim ply  connected Lie
group, then H * (QG ; Z ) is torsion free.

Theorem 1.2 (Borel-Siebenthal [4]). T he group E g  contains a  closed, con-
nected subgroup U of local type A 8.

Theorem 1.3 (Cartan [7]). The group E g  contains a closed, connected sub-
group V of local type D g satisfying

( 1 )  the center o f V is of order 2,
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(2 ) E 8 / V is the irreducible symmetric space E VIII.

§ 2 .  3-connective fibre space of E8

From now on the mod 2 cohomology and homology are simply denoted by
H*( ) and H* ( ). For a graded module A = E A i over F2, P. S. (A)= E  (dim A i)ti E
Z [[t]] and for a graded algebra A  over F2, A = d(x,, x 2 ,..., x„) means {xli•-x'„ ,.;
si =O or 11 is a basis of the vector space A .  If A = A(x,,..., x„), then [x 1 ,..., x„1 is
called a simple system of generators of A .  If G is a compact, connected Lie group,
then H*(G) has a simple system of generators.

First recall the following fact: Since the universal covering of U is SU(9) and
the center of SU(9) is of order 9, H *(U ) is isomorphic to H*(SU(9)) as an algebra
over the mod 2 Steenrod algebra.

Lemma 2.1. If  i: U -*E 8 is  the inclusion, then the induced m ap i*: H 3 (E8 ) -
H3 ( U ) is an isomorphism.

P ro o f . Since U is a closed connected subgroup of maximal rank and H *(U ; Z )
is  2-torsion free, H*(E 8 / U ; Z )  is  2-torsion free and H*(E 8 / U)= 0 for 0 <*<5
(cf. 13 of [3]). Since E 8 / U is 1-connected, Lemma 2.1 follows from the Serre exact
sequence for the fibering U-+E 8 -+E8 /U.

Lemma 2 .2  If  12 is  a generator of H2 (S2E8 ) = Z/2, then t500.

P ro o f . By Lemma 2.1, t' =(00*(t 2 ) is a generator of H2 ((52U) 0 ), where (C2U)0

is  the connected component of Q U  containing the constant loop. Moreover
H*((f2U) 0 ) is isomorphic to H*(C2SU(9)). Denote a generator of H 2 (f2SU(9)) by t.
Then we need only show t8 O . C o n s id e r  the fibering

QS U(9) - ->  f2SU(oo) — > Q(SU(oo)I SU(9)),

where SU(co)=Colim S U (n ). The algebra H*(C2SU(oo)) is a polynomial algebra
by the Bott periodicity theorem (cf. [6]) and the space SU(co)/SU(9) is 18-connected.
Therefore t8 O .

As is proved in [5], E8 is 2-connected and tr3 (E8 )--= Z .  These are easy con-
sequences of Theorem 1.1. Let j: BE 8 ->K(Z, 4) be a map representing a generator
of H4 (BE 8 ; Z)=. Z .  Then Qj and 0 2] are generator of H 3 (E 8 ; Z ) and H2 (QE 8 ; Z )
respectively. There are fiberings

(2.3) BÉ8 —> BE, —> K(Z, 4)

(2.4) E8 K (Z , 3)

(2.5) Q f , —> QE 8 ---> K (Z, 2) CP

(2.6) K (Z ,1 )S 1 t2E8,

where B f' s  is  the homotopy fibre of f. Note that (2.4) (resp. (2.5)) is a loop (resp
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a double loop) of (2.3) and so i 8 is  the 3-connective fibre space o f E8 a n d  Q i 8 is
the 2-connective fibre space of S2E8 .

Lemma 2.7 P. S. (H*(C24)) = ( I  t 1 4  +  / 2 8 ) ( 1  + 1 . 2 2 ) ( 1  + 1 , 2 6 )  mod (t 3 1 ).

P ro o f . Since H*(C2E8 ) is a Hopf algebra, e2
3 0 0 implies t r  O . M oreover there

exists a graded algebra A over F2 such that as an algebra

H*(S2E8 )= F2[t2]®A

for *<  3 1 . Consider the cohomology Serre spectral sequence for the fibering (2.6).

Then we can easily get 1-/*(S24)= -A  for * < 3 0 . On the other hand by Theorem 1.1
P. S. (A) = (1 + 0 4 + t2 8 ) (1 + 1 - 2 2 ) ( 1  t 2 6

) mod (t 3 ') and so the lemma is proved.

If s, 4  is a generator of H, 4 (QÉ 8 ), then there are two positibilities:

(2.8) si4=0,

(2.9)s 4 0 .

Lemma 2.10. (1) If  si 4 0 0 , then as an algebra

H *(t 8 )=z1(a 1 3 , a 2 3 , a 2 7 )

for *< 31, where deg a l = i.
( 2 )  If  si 4 =0, then as an algebra over the mod 2 Steenrod algebra,

/1*( 4 ) =  F 2 [a
1 3

]0z1(a 2 3 , a 2 7 , a 2 9 )

f or *< 31, where deg a i =  a 2 3 =S q 8 a 1 5 , a 2 7 =S q 4 a 2 3  and  a 2 9 =S q 2 a2 7 .

Proof. ( 1 )  If si„ 0 0, then as an algebra

H*(S2f8 ) = F 2 Es
1 4 ] g4 (s 2 2 , s 2 6 )

fo r *< 30, where deg si = i. Consider the Rothenberg-Steenrod spectral sequence
(cf. [12] )

E 2  E X tit* (op o  ( F 2 ,  F 2 )     E o , „  Gr(H*(A )).

The E2 -term is isomorphic to

/1(a',5, a, 3 , a 7 )

for deg <31, where deg d i = i. This spectral sequence clearly collapses for deg <31
by the dimensional reasons. Thus ( I) is proved.

( 2 )  If si„ =0, then as an algebra

1-1* (f2 i 8) = A(s 14 , s s s-22 , -26 , -28 )

for *< 30, where deg st = i. Thus the E2 -term of the Rothenberg-Steenrod spectral
sequence is isomorphic to

F 2 [a', 5 ]0 ,4 (a '2 3 , a2' 7 , a'29)
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as an  algebra for deg <31, where deg Since a'1 5  a n d  a 9  a r e  elements of
El , *, this spectral sequence also collapses for deg <31 by the dimensional reasons.
Therefore as an algebra

H * ( E8) —  F2[a 5] OA( 23, (127, ( 29)

for *< 31, where deg at = i. Note that

Sal Sg2 Sg4 Sg8 a1 5 = ScP 5 a1 5  =0 5 0 0

by the Adem relations and so a2 3  =S e a l 5, a2 7 =Sq 4 a2 3  and a2 9 =Sq 2 a2 7 .

§ 3 .  Proof of Theorem

The following is easily proved:

Lemma 3 . 1 .  I f  G  is  a compact, connected Lie group and {x 1 ,..., x„} is  a
sample system of generators of H*(G), then

dim G=  t  deg x i ,1=1

P. S. (H*(G))-= 6 (1+ td e g x i)
i=1

and

(3) dim H*(G)= 2".

Now recall the following fact, which is a special case of Theorem 4.3 of [8]:

Lemma 3 .2 .  Let X be a compact Z /2 -space and Xz/ 2 b e  the f ix ed point set.
Then dim H*(X)> dim H*(Xz 12 ).

By Theorem 1.3, E s has an involution t such that E,r3 , the fixed point set of T,

i s  V .  Since the local type of V is D s and the centor of V is of order 2, V is isomor-
phic  to  5 0 (16) o r  Ss(16). Moreover H*(S0(16)) is isom orphic to H*(Ss(16))
as an  algebra and so dim H*(V)=2' 5 (cf. [2 ] ) .  Then using Lemma 3.2 we have
the following:

Lemma 3 .3 .  dim H*(E 8 ) > 2' 5

Lemma 3.4. If  si4 .00, then dim H*(E 8 ) < 2".

Pro o f . Consider the cohomology Serre spectral sequence fo r  th e  fibering
(2.4). Since as an algebra

H*(K(Z, 3))= F2[u3, U5, Ug, U 1 7 ]

for *< 32, where deg ti t =  ti 5 =Sq 2 143 , u9 =Sg 4 u5 a n d  u1 7 =Sq 8 u9  (cf. Serre [14]).
the E2 -term is isomorphic to

F2[U 3 , 1 4 5, 14 9 , U 1 A 0 A (C 1 15, a23 , a 2 7 )

(1)

(2)
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as an algebra for deg <31. Since this spectral sequence is a  Hopf algrbra spectral
sequence, 1®a 1 5  a n d  10 a 2 7  a re  perm anent cycles and  a 2 3  is transgressive with
t(a 2 3 )= aug fo r  some a e F 2 .  Thus th e  k o -term is isomorphic to E 2  if a =0  o r
E 2 /(a 2 3 , 4 )  if a = I for deg <31. There is an element x,e H i(E 8 ) such that l(*(x i )—
a i f o r  i =15, 23, and 27 if a = 0  o r i= 15  and 27 if a = 1 .  Put x 3 =(S2j)*(ti 3 ), /, —
{3, 6, 12, 5, 10, 20, 9, 18, 17, 15, 27 } a n d  10 =1 1 u {23, 24}. Then as  an  algebra
H*(E 8 ) is isomorphic to ,A(x,; i E 1„) for *< 31, where X 2 k 1

 =(x,) 2 "  a n d  a = 0  o r  I.
N o te  that 248—( E  i) = 59 a n d  248—( E  0 =1 0 6 . Since t h e  degrees o f th e

ielo iEll

other elements of the  sim ple system are  greater than 31, there is only o n e  other
element if a = 0 or there are at most three other elements if a= 1 in the simple system
by (1) of Lemma 3.1. Therefore dim H*(E8 )<2 14 .

Proof  o f  T heorem . By Lemma 3.3 a n d  Lemma 3.4, sf 4 =0. U sing L em m a
2.10, we can easily show that the cohomology Serre spectral sequence collapses for
deg <31, since it is a  Hopf algebra spectral sequence. Thus there is a n  element
x „  su ch  th a t k * (x 1 5 ) = h i s . P u t  x 3 =(2j)*(u 3 ), x ,  =Sq 2 x 3 ,  x 9 =Sg 4 x 5 ,  x „=
Sg8 x 9 ,  X23 = Sq 8 x i  5, X27 = Sq4 x 2 3 ,  X29 = Sq2 x 2 7 , x 2

k =(x,) 2 k, and
 ' 2 = ' 0

 u {29, 30}.
Then

H*(E8)=L1(x,; i e / 2 )

for * <  3 1 . Moreover since ( E  =  248, {x 1 ; I E12 }  is a simple system of generators
J./2

by (1) of Lemma 3.1. Using the fact that H*(E 8 )  is a  Hopf algebra, we have the
relations

XA6 = Xg = Xt = Xj7 = Xj5 = X33 = X 227 = X 229 =-

by the dimensional reasons.
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