
J. Math. Kyoto Univ. (JMKYAZ)
25-2 (1985) 299-329

Boundary value problems for second order
equations of variable type in a half space

By

Sadao MIYATAKE

(Received February 1, 1984)

§ 1 .  Introduction and statements o f results.

This paper is concerned with boundary value problems f o r  homogeneous
second order equations of the following type in a half space :

a2u n - i azu
=0 , (X ,  y, t) G (0, 00)X R n  - 1  X R ,

ax 23 3 1  q( x)  ao
u(. x, y, t) = g ( y ,  t )  a n d  lim u(x , y, t)= 0, ( y ,  t) ER 7 1 - ' x R  ,x-0

where n=1, 2, 3, ••• . The coefficient q(x ) satisfies

(C0) q ( x )  is real valued bounded and piecewise continnuous in  (0, co),
which we assume throughout this p a p e r . Remark that q (x )  m ay change its
s ig n . We assume one of the following conditions :

(C+ ) lim q(x)>0 ,
X - , co

(C_) lim  q(x)<0x--

As for equations o f  mixed type, local boundary value problems such as
Tricomi problems and Frankl problems were investigated intensively (cf. [1], [4]
and [8]). H ere w e treat w ith  global problems stated a s  (P)  and obtain the
integral representation of solutions such as Poisson formula, (see Example 1).
T h is  paper continues from [6 ]  a n d  [ 7 ] .  Being different from problems for
elliptic or hyperbolic equations of definite type, the method o f  localized energy
estimates is not effective for our problem ( P ) .  Then what we can rely upon ?
Relating to this question we can clarify our purpose a n d  method below. We
see th at ( P )  has at least the  linear property : Let u, be a solution of (P) for
g =e ,, then / u ,  is a solution of (P) for g =f  k ,e ,, where i s  constant. Here

can be replaced by the integral symbol .Ç w ith  respect to some parameters.

For example suppose g(t)= .  r e(t, r):g(r)dr in  th e  c a se  n=1, where e(t, 7 )  is  a

non vanishing function depending continuously on r. Then the solution is given

by u(x , t)=) . r e(t, z -)E(x , t, r)k (r)dr, where e(t, r)E (x , t, r) i s  a  so lu tio n  o f  (P)

for g =e ( t ,  r) .  Here

(P)
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(P)i

{ a 2 E  
- Fax2 q ` " A  at at lo g  e ( t ' r ) ) ) 2E =-ID  '

(  a (  a

E(0, t, r )= 1  a n d  lirn E(x , t, r ) = 0 ,  t E  R

x E (0, oo) ,

a
W e can see that the solution E  does not depend on  t  if  a n d  only if  —

at
log e(t, r)

is independent o f  t. T hen  th e  equation in  (P), becomes a n  ordinary differential
equation. L e t u s pu t e(t, r)=exp{0(r)t-1-0 1 ( r ) } .  W e can m ake 0 1 (r)==. 0 by modi-
fy in g  b.( r )  suitably. T h e n  a f t e r  a  change  o f va riab le  w e can  suppose e(t, r)
-=0 "  if  we modify k"(r) again . N am ely  in  order to  reduce  the  equation in  (P)
to  an  ordinary differential equation we need to consider essentially th e  decom-
position o f Fourier-Laplace :

2
1 

g(t)= e i"k (r)dr, ,
2r r

w here I '  is  a  c u rv e  in  complex p la n e  C . N aturally w e take T suitably so that
the Fourier-Laplace inversion formula holds fo r  g ( t) , nam ely  e r )  is  g iv e n  b y

k(z-)=1. c i t y  g ( t ) d t .  In  general case of n 2 w e suppose

(1.1)'

g(y , t ) =

( 1  ) n r
'Y V(72, r)d72d7 ,

R(77, r)= i t r t Y  g ( y ,  t ) d y d t  .

The solution of (P)  will be given by

(1.2) u(x , y , t) = ( -1 ) n
.ç eit').e lE (x , 7 ), 7 )k (7), z -)d72d7  .

2r r Rn-1

In  fac t u(x , y , t)  becomes a  geuine solution of ( P )  b y  v ir tu e  o f  t h e  Lebesque
theorem, if  following conditions 1), 2) and 3) a re  fulfilled :

1) E (x , r ,  r ) satisfies

d
d 2

x 2 E=(1721 2 ±q(x)7 2)E , x OE (0, co){

E(0, r , r )= 1  a n d  lirn E(x, 72, 7)=0 ,s-..

for almost everywhere (27, r)
2) T h e  following type of estimate holds fo r a ll x E(0, co)

(E) I E(x, 72, 7) I • C(1 77 I + 171 +1) k , (72, 7)E Rn - 1

for a  certa in  real num ber k.
3) E(x , 7), 7)(72, 7) is absolutely  in tegrable  i n  Rn - lx . r .  Later w e state

Theorem 1, 2 and  3 relating to above requests.
N ow  let us look at som e simple examples in  order that we become familiar

to statem ents o f Theorem s 1 and 2.

(P)

Exam ple 1. L e t n=1 and q(x)—=- 1. T hen  E(x , 7)=e - 1̂" x ,  w here ..12-2 =±17
i f  Re r5-0 respectively. P u t  E(x, a n d  ta k e  P=(—co, co). T h e n  (1.2)
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equals Poisson formula in a half space. In fact, for x >0, we have

u(x , t)= y °

2

r ° eirce-s)e-
I r ' s d r ) g ( s ) d s7r - - 27r --

7
1; x 2+(t-s)

2
 g(s)ds .

Example 2 .  Let n=1 and q(x )w -1 . T h en  E ( x , r) =e 'rx  if  Im 75.0 respec-
tiv e ly . Put E (x , 0) 1 and take r ± = {7 ; C E  R } ,  w h ere  is  an arbitrary
positive number. Then the following solutions u ,(x , t)  correspond to the  forward
and the backward waves respectively.

1u ± (x , t)= 
2 7 r  r ±  

e Tt^X
g ( )dr=-g(t-T-x).

Example 3. Let n=1 and q (x )=1  in  (1, 00) a n d  q(x)= - 1  f o r  x E [0, 1].
Then E (x , r)=É ±.(x , r)/E ± (0, 7) if Re 750 respectively, where

± ( x ,  '0 = 1  1

e r ( x - 1 ) ,
,

-V 2

Since E ± (0, r)=0 at 7=-±-7 k = ± ( -4-3  7cd-k7r), k =0, 1, 2, 3, •••, for every (0, 0 0 ),

E(x , r ) has a simple pole at r=-± r k . For Re r= 0 , (P ) has no so lu tion . How-
ever, if  we put E(x , E ( x ,  or) is continuous at 7 = 0 . Now le t  u s  remark
that E(x , r ) has the following properties :
(1) for each xE(0, 00), E (x , r ) is analytic in  rE 2 = C - iR U U  { ± r k } ,k=0
(2) for each r e 2 U {0 },  E (x , r ) has a  finite number of zeros in  (0, co),
(3) E(x , r ) is regarded as a  function of r 2 because it holds E (x , r)=E (x , - r) .

Taking account of above examples we put

P=1 7212 , a=7 2

(1.3) tv (x , p, a)=E(x , 72, r),

and study the following auxilliary problem :
d2

d x 2
v =(p±q(x )a)v  , x E (0, o c ),

(P.) v(0, p, a)= 1, l im  v(x , p, a ) = 0  and for each (p, a),

v (x , p, a )  has a  finite number of zeros in  (0, co).
Using the results on (P o) we state Theorem 1 in  terms of E(x, )2, r).

Theorem 1. Suppose (C4.). Then there exists uniquely the solution E(x , r), r)
o f (13 ) fo r all (17, r) belonging to Rn - 1 ><D,(i2), where D r (72)=D(77) is described as

0 0 7,,,(1 1)
D(7))=C- { ±pk(I771)1U {±-1);(1)21)} U {7 : Re r=0,

le -1 .7=1

i e 1(1- X - ;± ( 7 / 4 ) )  + e - i ( 7 X - r ± ( 7 1 7 / 4 ) ) } 0 X  < 1 .
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H ere in(Iyi I )  i s  a  nonnegative integer o r co, and D (v ) and E(x, v, r )  have the
following properties:
(D-1) - - i"(17) D and iv ( 1 771), ( j= 1 ,  2, •• • , m(177 D) a re  real valued decreasing
functions satisfying

- -f- iv . ( 1 0<iv.(1 0-i< 1 v I*0  , and -f(0)=0.

(D-2) /4(1 771), (k =1, 2, 3, •••) are  increasing functions satisfy ing 0<p,,(1721)<
p.+1(1)7D• (n=1, 2, 3, /11(1771)=00, a n d

 H in 0 7 7 1 )= 0 o  f o r  all ,7 R' 1 .
1-0

Especially we remark te,(0)>0.
(D-3) P k  an d  v.; are real analy tic in  veRn - 1 - {0 }.
(D-4) For (72, r) E Rn x Ir : Re r=0, r I > (  I I )1, all the solutions of  v "= (lv  1 2 +
q(x)7 2 )v  have infinite zeros in  (0, 00).
(E-1) E(x, 7), r) is analy tic in  (7), 7) at any point (v o, r ))  belonging to R n  X  D(no).

E(x, 72, r) is continuous at (7), r)=(0, 0), i f  (7), r) is restricted to { ( 2, r), 12ERn - 1 ,

arg(r ±  -7 r )  > > 01 f or any small s >0, where we define E(x, 0, 0)=1. E(x, v, r)2
= E (x , v', - 7 )  holds if  1v1= 177'1.
(E-2) For any  (x, )2) (0, co)xRn - ', E(x, 72, r) has simple poles at r= -1- pk(172 D
and r=±1i;(1771), (k=1, 2, 3, •••, j=1, 2, •••, m(lv 0).
(E -3 )  For (v, r) R 'x D (n ) ,  E (x , r) belongs to L 2 (0, co).

R em ark 1 . Assume (C_). T hen w e have the same results as in Theorem 1
replacing r  by ir.

R em ark 2 .  From Examples 2 and 3 w e  se e  th a t th e  uniqueness does not
h o ld  in  genera l f o r  problem (P ), (see also example 4 below ). H ow ever as we
saw  in  Example 2, meaningful solutions are given corresponding to the path  r ,
and P .  W e  c a n  s a y  th a t  the singularities of E  in r m ake th e  non-uniqueness
a n d  g iv e  informations on suitable function spaces, w hich w e try to choose in
Theorem 3.

W e take the path  F  satisfying

rcD(72) v  .
In view of the analyticity of E(x, r) the integral (1.2) depends on the equiv-
alence class of paths in  D(72)U IC  N o w  for convenience we fix a  path r=r,,,
(r>0), which is independent of 72 E R n - 1  a s  follows:

(1.4)
1=1

1-'1 = {r: r = t - i7,

r 2=  :r= s + is ,

r 8 = Ir : r= s - is ,

r,- fr : r -- - t - i r ,  .

W e also consider the conjugate path r= Ir : ? E T } , (cf. Example 2).
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Theorem 2. Assume (C+ ) or (C). Then there exists a positive constant C such
that the solution E (x ,  , r )  of (P) satisfies the following (E + ) in the case (C i ) and
(E) in the case (C_).

(E )E ( x ,  , r) V ( ± H ± 1 ) 1 /2  
(x , ( 2 +ô Re r 2)1 1 2 , x e ),

for all  ( ,  r)ER 1 x f',  where q(x) ô>0 in  (x 0 , co) and

ç(x, r, x 0 )=
11 ,

e xo),

x [0, x0],

xE(x 0, oo).

(E) r ( + r  + 1 ) 1 / 2
E(x, i ,  r) ^C f o r  a l l  ( ,  r) R ''><T .

r
Incidentally we have more general statements.

Theorem 2'. S uppose (C). T hen w e hav e for all x>0,

C
(IImv RerI)''2

ç o ( x ,  ( ,ç 2 -l-aRer 2 ) ' 2 , x 0 ),

if I m z - H R e r ,  ,2 R' 1 ,
r ( H  +  r+1)112 if  I m r R er,C Re r

R em ark . From (*) fo llow s (E )  if  w e  rep lace  r by  iv. By virtue of Theo-
rem  2 the follow ing u  an d  u .  defined by

(1.5)
u+ (x, y ,  t)= ( ) e1rt ei E (x , , v ) ( ,  r )d d r ,

u (x , y ,  t)= ( ) e 1t e E(x, , r ) ( ,  r )d d r ,

have defin ite  m eanings and  becom e so lu tions of (P) if r) has a suitable
decreasing order. To state it m ore exactly we introduce som e spaces of locally
summable f u n c t io n s :  L , 1,  U  a n d  B 1 ,1 w ith  fo llow ing norm s respectively:

r O, p = 1 , 2 ,  • . .  , k = 0 , 1, 2,

gIL,1=[
{ o

e 1 1 g ( ., t)

h 1= [

k O 

- h(•, t) p

(*) E(x, r) ^

Jo

ag ( . ,  t)at'
ai

e 1 2  at  h(, t)

where - ç a 
LI a I 2 j J R 1  aya

sup a a'  h(y, t )
5=1 t Œ ( — ,  O )  ay

j + I & k  y E R ' ° 1

dy,

  

+  s u p
tE  (O,

a a' e
a y '° at h (y ,  t)

Remark that we have  L 0 = U 0 = L  a n d  f o r  0<11<12

Lf 1 2 c L , 1 1 c L c Î , 1 1 c U , 1 2 .

Using above notations we state
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Theorem 3 .  u+ (x, y , t) defined by (1.5) satisfies the following estimates: For
r>0 and k=0, 1, 2, ••• , there exist positive constants C(k, 7), C+ (k, 7) and C_(k, 7)
such  that w e have the following estimates (1), (2) and (3). (For k>2 we assume
the smoothness o f  q(x).)

(1) sup  1;14.,.(x, •)11hh , r C(k,

in the cases (C+ )  and (C_),

(2) sup Ilu+(x, •)11'47. C+(k, r)11g114+ ,. ;xE(0..0)

in the cases (C+ ),

(3)s u p • , r)liglILZ+2xE(0,.) ,

in the cases (C_).
W e hav e the sam e inequalities replacing u+ a n d  g  b y  it_  and  k  respectively,
where û_(x, y , t) =- u_(x, y , —t) and k(y, t) = g (y ,— t). Namely f or k 2 u ± (x, y , t)
is a genuine solution of (P ) in the case (1) and u(x, y , t )  is a strong solution in
local L 2 sense  in the cases (2) and (3). Incidentally  we remark that in the case
(C+ ) u ± (x, y , t) is real analy tic in y  and t f o r any  x e (x o , 00) i f  q(x)>5>0 holds
in  (x o , co) for some 3>0.

W e u se  Plancherel's theorem a n d  Holmgren's kernel estimates to obtain
Theorem 3  from the estimates (E + )  and (E_) in  Theorem 2.

We state some results concerning the boundary value problems for equations
of definite type, which we can obtain in the course of the proof of above Theo-
rem . W e  suppose one of the following conditions :

(CE )0 <  i n f  q(x). sup q(x)<00,zE(0,..) xe(0...)

(CH) — co< inf q(x)_ sup q(x)<0.xE(o..) sE(0,-)

Theorem E. Assume (CE ). Then we have the following results.
1) The same results as in  Theorem 1 hold with

nicino
D( 77)=- C— {±vi(1)7DIU {7 : Rer=0, 171>= :c.(1721)}.

3 -1

-
rn (Ir l )

Namely we have p i {±p ;(1 7 7 1 )} = 0 . U  {-±v ; (1721)} =0 i f  q (x ) satisfies q(x)__.7=1
lim q(x) f o r x co).
X -.co

2) It holds

I E(x , 77, 7)1 exp — x(1)21 2 +3 Re (72))" 2 } , (x, 72, 7)E (0, cc) x Rn x T,

where C is independent o f  2• 0 and 3=  in f q(x).
xE(0,..)

3) I f  g  and 'g belong to or f o r a c e rtain  r.>_0 and non negative
integer k, then we have u+ (x, y , t) =u _(x, y , t ) which we write u(x, y , t) and the
following estimates
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sup Ilu(x, •, •)11/3,, o -Ci(k)11g114+ ,,, ,

(2)E II u(x, • , )114 =C2(x, k)11gilLi, x w (0, 00)

where we have
C2(x2, k)<C 2 (x 1 , k )<1 , f o r  0<x 1<x 2.

T h e o re m  H . Assume (CH ) and the smoothness o f q(x). Then
1) The same results as in Theorem E  hold i f  we replace r  by ir.
2) There exists positive constant C such that

E(x , 77, 7)1 , f o r  (x , 77, r)e(0, co)x  Rn - l x

where P= ir : Imr= - 71.
3 )  For 1 >0 , k =0 ,1 , 2, ••• , u + (x , y, t) satif ies the followings,

aa
(1)H sup C r t y, t)

I ce1+36 k xE (0 ,..) ay - at,
( y , t) E R n - l x R

r3 / 4  

I al-l-j k+n+2

aa  

e ay - at g

(2) H E  sup
Ic t i+ j k  xe (o ,.)

a- a ,
e-Tt  ay ” ao u +(x , •)

E7. I a 1+j6k1-1

L2

at  a-,
(3),, e -T t

I-Fla1+15k+1a x t  a y a at' 
u + ( ,

.0(R+

C(k) a-  a./
E e - r t

I a 1V 11+2 ay - at,  g  L 2 .

In the above estimates we can replace u+ and g by it_ and g  respectively.

Finally we consider o n  th e  non-uniqueness of solutions.

R em ark 2 .  In  Theorem  1  {pk(17)1)}T, appears if  an d  only if  q (x ) changes
its sign really , a n d  {1),(177 I)} 7L " > appears i f  sup q(x)>lim q ( x ) .  For each polemoo
the  residue calculus gives null solutions of (P), i. e. non zero solutions satisfying
z e ro  d a ta . F o r  example

u k(x, y, t ;  77)=e 2 ee Pk (1121 "  R e s  E(x , 7), r)
7=Tth(17)1)

is a non zero solution of (P) w ith  g 0 . k can  be  rep laced  by  v . T hus w e  see

E  C k ( )e k ( "21 “  R e s  E(x , r)
Rrt-1 r=pk(1,21)

h O
771(071)

E d k (72)0"k nv ) R e s  E(x , 77, r)}cly)
)----at(1721) r= i( 1 ) 1)

j* 0

is a null solution of (P) for given functions Ck ( 7) and d ; (77), where ! L k = —P k and
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1)_i =

Exam ple 4. Here le t us point out a  sim ple hyperbolic c a s e . P u t  q(x)= —1
11)1 i n  (1, 00) a n d  q(x)=- —2 o n  [0, I]. Then 1.,;(1n D satisfies 

2  < 14(1 1)I)<1 7)1 2

and  tan(-2a,—p)=-V2a,— p,  w here p=1771 2 a n d  a,=v;(I 771). Then
w e have R es E(x, 77, r)=e,(1771)P(x, 7), li,(17)1)), e,(I 1)#0, w here E(x, 7), r)

satisfies f"=(I 77 I 2 - 1- q (x ) e )P ,  f ( 1 ,  7) ,  7 )= 1  a n d  f/(1, 7 ) = - 0 , 2 12- z '  for
7212 >7 2 . F or an  elliptic case where q(x) is replaced by — q(x), w e  h a v e  also

similar null solutions replacing 1),(172 D by i2),(172

§ 2. Plan of the proof.

In  this section we explain the  outline of proofs of Theorems in several steps.
Detailed proofs a re  given in  later sections.

(I) Construction of E(x, r )  and structure of D(72). In order to obtain
Theorem 1 we consider th e  problem (P 0). I f  (P o)  h a s  a  unique so lu tion  for
(p, a ) , then  fo r  sufficiently large number x(p, a )  there exists a unique solution
o f th e  following problem.

x  e ( x ( p ,  a), o c ) ,{  vs.x= (P+q( x)a )P,
(2.1) D(x(p, a), p, a)=1 , lim p, a )= 0 ,

.2—oo

Conversely suppose that (2.1) has a unique solution for a certain x(p, a ) .  Then
extending v(x, p, a )  a s  a  s o lu t io n  o f  th e  linear equation '0,=(P+9(x)a)E1 we
obtain the  unique solution v(x, p, a )  o f  (P0 )  if  z")(0, p, a )= 0 .  In  fact it suffices
to put

v(x, p, a)=D(x, p, a)/})(0, p, a).

Suppose (C+ ). Then we need to show  the following facts (1) and  (2).

(1) For pe[O, co), there exists a non-positive number à (p )  satisfying the
following conditions :  T h e  problem (2.1) has the unique solution for sufficiently
large x(p, a)  i f  a  belongs to C—(-00, d(p)1, and  (2.1) has no  so lu tion  fo r any
x(p, a)  i f  a  belongs to (-00, -a(p)).

(2) For p e [0 , 00) the set z ( p ) =  {a CC — ( — C) °, d(P)] ; V(0, p, a)=0 } is a set of
real discrete poin ts fak(P) M iU ia - d (P)PA P ) , where it holds ii(p) a_.„, ( , ) (p )<  •••
a_1(p)<0<ct1(P)<a2(P)< •••. F o r  every  (x, MEN, 00)x [0, co), V(X, p, a )  has
simple poles at all a ( p )  and  ak(P).

P u t a(p)= — F- (10 2 , ak(P)=pk(1)71) 2 a n d  a-,(P)=1.)5( H ) 2 , a n d  define D(72)
a s  i n  Theorem 1. I n  later steps w e see more precise properties o f  D(72) and
E(x, r)= v(x , 1771 2 , 7 2 ).

(II) i)(x , p, a )  fo r a GC—(-00, 01. Suppose

(2.2) q(x)>3>0 f o r  x  Exo , 00).

v(x, p, a )* 0 x ( x ( p ,  a), oc).
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F o r  (p , a)E [0, co)x {C—(-00, 0]} w e  p u t  x(p , a )-=x, i n  t h e  problem  (2.1).
Then v (x , p , a)  is  the solution of (2.1) if  and  only if

(2.3) w (x , p , a)=5/(x, p , a)/15(x, p , a)
asatisfies th e  following (2.4) an d  (2.5), w here  w '(x , p , a)= — w(x , p ,  a).6.x

(2.4) w'=(p±q(x)a)—w2,

(2.5) R e  w (s , p , a)ds= —ooX0

Using the solution of (2.4) an d  (2.5) we construct 5(x, p, a)  by

(2.6) v (x , p , a)=-exp w (s , p , a)ds .so

N ow  rem ark that (2.4) is equivalent to

(2.4)' g'=-1—(p+q(x)a)a2, ,

i f  w  O. S in c e  V and V ' do not vanish simultaneously, (2.4) is  re g a rd e d  a s  a n
ordinary  d ifferentia l equation w ith  values on  R iem ann  sphere w ith tw o local
coordinates w an d  1/w. Moreover identifying C an d  R 2 w e  c a n  regard  (2.4) as
a  system  o f  differential equations w ith values on a real compact manifold S2 .
Here in  short w e  have an  heuristic arg u m en t. T o ob ta in  (2.5), Re w<6<0 for
a l l  xE(O, 00) i s  a  sufficient cond ition . F o r example, if q is  constant we may
take  w (s , p , a)= —  (p qa)" 2 w ith  n e g a t iv e  r e a l  part. N o w  f o r  t r ia l  ta k e  a
sm all c irc le  C , w ith  c e n te r  a t  —(P+qa) 1 1 2 . W e can  see  that th e  vector field
(p+q(x)a)—w 2  fa ce s  th e  exterion a t  w E C , i.e . R e {(p+qa)—w 2 1 v >0 o n  w
w h ere  y  s ta n d s  fo r  o u te r  n o rm a l. Evidently this property holds even if  q is
replaced by a  function q(x) which is sufficiently close to  th e  co nstan t q. From
t h i s  f a c t  i t  i s  p o ss ib le  fo r  u s  to  imagine tha t there  ex ists a solution w(x) of
w'=(p+q(x)a)—w 2 s tay in g  in the interior of C, for all x G [0, oc). This reasoning
guides us to a simple existence theorem  stated later from  a  topological viewpoint.
Then this m ethod becom es useful also in  the  case  w here the variation of q(x)
is not sm all, if  w e  regard (2.4) a s  a n  equation in  a  c o m p a c t m a n ifo ld  a s  we
explained above. T h is fact will be seen below.

Now le t u s  consider a  little more on the case where a  belongs to C—(-00, 0].
(2.6) m e a n s  th a t  t h e  intervals {x ; Re w (x , p , a )< 0 } i s  m ore  e ffec tive  than

{x ; Re w (x , p , a)>0 } i n  t h e  in tegral .ç w (s , p , a)ds. T h e  following lemmas o

assures la te r tha t w (x , p , a )  has this property.

Lemma 2.1 . S uppose t h a t  a  piecewise continuous f unction q (x )  satisfies
Im (4(x)(1)<0 f o r all xE[0, 00), w here a  i s  a con stan t w ith positiv e im aginary
part. Then w '= ( x ) —w 2 h a s  a  solution w (x ) satisf y ing  Im (w d )> 0  f o r  all
x [ 0 ,  oc).

W e apply L em m a 2.1 w ith  ej(x)=p+q(x)a replacing (0, c o )  b y  (x ,, co). In
order to obtain other detailed properties o f V w e need m o re  precise  lem m as in
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§:3. However the proofs of these lemmas rely upon th e  same principle stated
in  Lemma A  in  § 3.

(III) Definition of d(p) and its properties. Let us fix an arbitrary sequence
{x } 1 satisfying x o < x i <x,<•-•<x n <-•• , lim x n =co, where x o sa tis f ie s  (2.2).
For p 0  and natural number n we define the set An ( p )  of the real numbers a
satisfying the following properties : There exists a solution v(x) of v"-=(p-i-q(x)a)v
i n  (x n , co) satisfying v (x )= 1 ,  0 < v (x )  in  (x„, 00) and lim  v(x)=0. Moreover

X -.co

v(x) is  a unique bounded solution in (x„, 00) satisfying v ( x ) = 1 .  P u t  B .(P )=
R—A n (p). Then An (p )  and .13 (p )  are upper and lower sets called by Dedekind
respectively. This follows from the next lemma.

Lemma 2 .2 . Assume 6(x)>q1(x) fo r all x  [ 0 ,  C O ). Let v (x ) b e  the unique
bounded solution of v"=q,(x)v in (0, oo) and v (0 )=1 . Suppose 0<v(x) in (0, œ).
Then u"(x )= -4 (x )u  h as  the unique bounded solution u(x) in  (0, co) satisfy ing
u (0 )=1 . u(x) satisf ies also u'(0)<21(0) and 0<u(x)<v(x) in (0, 00).

Suppose (C+ ). Apply Lemma 2.2 with -4 (x )= p + q (x )a ,  q1 (x)=-0 and v==-1 in
(0, co). Then w e have A ( P ) ( — p/ sup q (x ), 00). A t the  same time it follows(X , )
A n (p )c(— p/ in f q(x), 00) if  we use Lemma 2.2 by the method of contradiction.

(x„,-)
An(p)CAn+I(P):by definition. Note ein (p)=inf An(P) then it holds

— P — P  (2.7) "de.+I(P) S in (P )- 0 p .

in f  q(x) —  sup q(x) '
(xn+1 , . .) (x n .c .)

L e t  o p ,< p  a n d  E >O. T h en  P1- F9(x)(ein(P1) - 6)>P - f- g(x)(iin(P) - F s )  and
P14- 4(x)(iin(P1)±s)<P - Fq(x)(ein(P) — E) d o  not hold for a ll xe(x„, 00) in view  of
Lemma 2.2. Therefore it holds

Pi—P (2.8) <dn(P)— àn(P1)--- sup q (x )'inf q(x)

Define ei(p)=1im ei n (p). From (2.7) d (p ) is independent o f  th e  sequence

ix„}Z= 1 satisfying lim  x = 0 0 . Then we have
n

—p/lim 9(x),
(2.9)

(pi—p)/iirn q(x)<=a(p)-61(P1)-5(P1—P)/lim q(x),

( IV )  v(x, p , a ) fo r a c C — (-0 0 ,  (p ) ] .  From the above step it follows

C— ( - 0 0 , 6i(P)]= .0 , {C— ( - 0 0 , een(P)ii•

In the problem (2.1) w e put

x (P , a )=x . f o r  (p, a)E[0, 00)X a(p)1}.
Using Lemmas 3.4 and 3.5 which are extensions of Lemmas 2.1 and 2.2 we can
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construct the unique solution 0n,(x, p, a ) o f (2.1). Extend 0.(x, p, a) as a solution
of 0= (p+q (x )a )0 7, in  (0, 00). Then th e  uniqueness implies

p n ( x ,  p, 0(x, P, 
V.(0, p, 6 )  - -  NO, p, a)

and

(2.10)2 i)n(x, p , a)D ( x ,  p, a) f o r  (p , a ) [0, co) x {C—(-00, ein(P)1,0n (0, p, a) 0m ,(0, p, a)

where 0 ( 0 ,  p, a)#0 is supposed and in  is  large than n.

Therefore we can extend i .) ( x ' P ' a )  f o r  (p, a)c [0, co) x {C—(-00, a(p)i}.
0(0, p, a)

Then we define v(x, p, a ) by

(x, p, a) 
(2.11) v(x, p, a)=11m

v.(0, p, a)

fo r (x, p, a) c [0, co) x [0, cc) X {C—(-00, ei(P)i} if  0 ( 0 ,  p, a)# 0 fo r some n.

(V) The analyticity o f  v(x, p, a )  in  (p, a ) .  A t first we consider the  con-
tinuity o f v(x, p, a ) in  (p, a ).  To verify i t ,  w e u se  th e  continuous dependence
o f  w(x) o n  th e  in it ia l d a ta  w(0) and Heine-Borel theorem o n  a  co m p ac t se t
o f  S2 , (se e  § 4). T o  p rove t h e  analyticity i n  a c C—(-00, 0], we describe
(w(x, p, a+h)—w(x, p, a))1h m aking u s e  o f  L 2 in te g ra ls  o f  v(x, p, a )  a n d
v(x, p, a+h) in  x. T h is  L 2-integrability fo r  a E {a : Im  a#0} is assured by

(2.11) w(x)1v(x)1 2 — w(xi)lv(xi)1 2 -j 11/(s)1 2 ds - E.(P-i-q(s)a)lv (s)1 2 ds ,

which follows from the integration by parts of . .v"0dx= ,ç(p±q(x)a)lv I 2 d x . Tend
aw 

t h e  complex number h  to  z e ro  then we obtain th e  explicit form of foraa
Tm a#0. Thus w(x, p, a) and v(x, p, a) are verified to be analytic in  la  : 1m a#01.
From the  continuity o f v(x, p, a )  in  a  belonging to 2(p), v(x, p, a ) is analytic
with respect to a  in  2 (p ) by virtue of Painlevé theorem . By (2.11) a n d  Fatou

aw theorem we obtain the explicite form of fo r  a c  {a : Im a=0 } no(p), which
aa

show  the  L 2-integrability in  x fo r a ll (p, a)E[0, c o )x 2 (p ). From this fact we
can prove th e  analyticity o f v(x, p, a )  in  pc(0, co).

T he  analyticity o f a k (P) and a _ (p ) follows from th e  implicit function theo-
rem  applied to 0(0, p, a k (p ))= 0  a n d  0(0, p, a_,(p))=-0. Moreover th e  explicit

aaka z )  formula of —  =  —  '  '(0  p ak(p)) / (0 p  a  (p)) gives not only th e  analyticitya—p a p aa ' k

but also some informations on the monotone properties stated in  Theorem 1.

(VI) The method for th e  estimates in  Theorem 2 .  T h e  m a in  idea is to
introduce the oblique coordinates depending o n  a  a s  follows.

{—a in  the  case  (C,),
(2.12), a,=

a in  the  case  (C_),

(2.10), f o r  CP, a)c [0, 09)X {C — ( - 0 0 ,
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(2.12)2 /3'-= — a, a n d  (1m a i )(Im ,8)> 0 .

Remark R e13>0. F or any complex number w  we can denote uniquely

(2.13) w=waiaid-w,913,

w here wa ,  and  W p  a re  real numbers:

(2.13)'
I w„,=Im(4)/Im(a1/3).

ws=Im(wai)/lin(d3cii) •

W e say sim ply that W p  is  /3 component o f  w .  T ake th e  /3 component o f  (2.11),
then

(2.14) W  p(X  , p , a)1 v (x , p , a)1 2 =w i9(xi, p, I v (x ,, p , cr)1 2

+1,9{L i lv'(s, p, a ) r d s + 4 , i Iv(s, p, a)1 2 ds}-,

w here ls-= a
l

l i rm
ad  < 0 .  P u t x 1 =-0, then

(2.15) v(x, p, 13(0, p , a)lw,s(x, p ,  a)) 1/2 .

T herefore  f o r  t h e  estim ate  o f  v(x, p, a ) it suffices to know the minimum and
the m axim um  of ws in  (0, cc). For x c [x o , cc) th e  behavior o f  ws is evaluated
from Lemmas in  § 3. In  (0, x o) w e use  the  equation

(2.16) w's(x)-= IIm(pai)—Im((wa 1a1d-wsP) 2d1)} /Im(PcTi)

and  estimate W g  by  a  comparison method in Section 5.

(V II) Existence theorem  for ( P ) .  Using Theorem 2  the integral form (1.2)
has an  exact meaning in  som e function spaces. In order to obtain L ' estimates
in  Theorem 3 it is convenient to m odify th e  path in  a  neighbourhood o f  r= 0
i n  v ie w  o f  t h e  analyticity  o f  v(x, p, a). Rem ark that th e  modified paths are
taken differently in  the  cases (C+ )  and  (C+). Taking th e  p a r t it io n  o f  u n ity  of

w e  use Plancherel's identity o r Holmgren's kernel estimates in  each parts.

§ 3. Some lemmas.

H e re  l e t  u s  state  som e lem m as concerning w'=- 4(x)— w ' a n d  u"=4(x)u,
w here 4(x) is complex valued and  piecewise continuous. T h e  proofs o f  these
lemmas result in  th e  principle stated later in  Lemma A.

Lemma 3 . 1 .  Suppose 0<m<Re ei(x) and l4(x)1<M for all xE [0, 00). Then
there ex ists a solu tion  w (x) of w '=4 (x)— w ' satisf y ing Re w(x)<-1n 1 1 2  and
lw(x)I<2M "  fo r  all xE [0 , 00 ). Moreover any other solution of w'=4(x)—w'
satisfies lirn Re w(x)> O.

X - • o a

Lemma 3 .2 .  Suppose 0<arg e< 77 . Assume Im(4(x) 0, and 14(x)I<M for
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all x E[O, ou), 4 ( x ) 4 0 .  T hen w '=(x )— w ' has a solution satisfy ing Irn(w (x )f )>0
and i(x )=1 /w (x ) D (0 , M ) f o r  all x [0, C O ) ,  w here 0=r —arg e and D(0, M )
=D ,(0 , M )U D _ (0 , M ). Here

D ,(0, M ) 4 6  :  <arg e "/2 )> M

3
1/2 sin O2 } ,

D (0 , M )= : <7r4-0, Im(ru e '' ° " " ) <  M - 1 /  co s--} .
3

Lemma 3.3 . Suppose that 4(x) satisfies the sam e conditions as in Lemma 3.2.
Let x ,  be an arbitrary  num ber in  (0, 00). Assume that 11w , belongs to D(0, M )
def ined in  Lemma 3.2. T h en  the solution w (x ) o f w '=q(x )— w ' and w (x ,)=w ,
stays in  D (0, M ) fo r  a l l  x  [0, x i].

Lemma 3.4. Let ( x )  s a t is f y  —7r. < — 0  arg -4(x) < 0, 14(x) < M  and
Imq(x)e - "x - °" 2 <—?71 fo r  all xe [0, 00). T hen there ex ists a solution w (x ) of
w '=4(x )— w ' satisf y ing r — 0 Garg w (x )<7, 11w (x ) D _ (0 , M )  and  wp(x)=

1 0)1/2
Im(w(x)di)/Im(igai) 

I/31 
(m cos fo r all x [0, 00), w here a, and p  are com-

plex  num bers satisf y ing arg a i
-=- 7c- 0  and (2.12)2.

q(x)— w' satisfies lim w g(x)<0.
A ny  o ther solution of
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Remark 3.1. re = a (x ) -0 2 h o ld s  if  w'=q(x)— iv'. H ence i f  4 (x ) satisfies
th e  desired  conditions in above Lemmas 3.2, 3.3 and 3.4 instead of -4 (x ) , we
have the same results replacing w(x) b y  w(x).

Lemma 3 .5 .  Let q 1 (x ) be a real valued function on [0, co). Suppose that a
real valued function  w 1 (x ) satisfies w;=91(x) — wT on [0, 00). Assume that another
function il(x ) satisfies Re 4(x) q,(x) fo r  all x EEO, 0 0 ).  q(x) q,(x). Then there
ex ists a solution w(x) of w'=4(x)—w 2 satisfy ing Re w(x)< w1 (x) for all x G[0, co).

Trying to prove above Lem m as we can arrive the following general state-
m en ts  o f  Lemma A , w h ich  g iv es  a  common insight into these lem m as. W e
need some definitions to clarify the terminology. Let M  be a  real n-dimensional
manifold.

Definition 1. L e t  Q  b e  an  open  precompact s e t  in  M .  Q is said to be
contractible if there exists a  continuous function F(t, u ): [0, 1] ><Q —*Q such that
F(0, U )= U  and F(1, U )= U 0 fo r  a ll UES2.

Definition 2. L e t { Q ( x ) 1 0 x ‹ , ,  b e  a  fam ily o f  contractible s e t  in  M .  We
say  tha t {Q(x)l o,,x ‹ .  is  a  homeomorph family of contractible sets if there exists
a smooth mapping H (x, U ): [0, 00)X M-->M, such that for each x G[0, 00) H(x, U)
is  a one to  one onto mapping from Q(0) to  Q (x) and H(0, U )= U  in M.

Definition 3. A  fam ily  {Q(x)}0.<00 of open sets in  M  i s  s a id  t o  have a
piecewise sm o o th  b o un d ary  if th e re  e x is t  re a l v a lu e d  fu n c tio n s  ço,(x, U),
(j=1 , 2, • , k) defined on  [0, 00)x/I1 such that

Q(x)= {U : ça,(x, U )<0 , 1 =1, 2, •, k }

8S2(x)= {U: yo,(x, , j=1, 2, •-• , k } — ,Q(x)

for a ll x E [0, co), satisfying

asoi) * 0\au, "  au  „)
o n  a Q (x ), if ço,(x, U)=0.

Definition 4. L e t {Q(x)} c, s<.<, b e  a  homeomorph family o f contractible sets
in  M  w ith  a  piecewise sm ooth  boundary . Suppose t h a t  Q(x, U)=(Q,(x, U),
Q2(x, U), Q n ( x ,  U ) )  is  a  smooth vector fie ld  on  M  depending sm oothly on
xE [0, 00): If  Q(x, U ) a n d  {Q(x)} ogx<. satisfy

a n
(3.1) Dyo/(x, U(x))E-_-

1(x , aw,(x,
Q,(x,

ax au,
fo r  a l l  (x, U, l)G [0, co) x aQ(x)x {/ : 921(x , U )=0} , t h e n  w e  s a y  t h a t  Q(x, U)
directs aQ(x) to  the  exterior.

Lemma A .  Suppose that Q(x, U) and {Q(x)} 0 , < -  satisfy  the conditions stated
in  Definition 4. T hen there ex ists a solution U(x) of U'(x)= - Q(x, U) satisfying
U(x) G f2(x) f o r  a l l  x [0, 00). M oreover w e have the following alternative:
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U(x) Q(x ) fo r  all x E [0 , co ) or U(x)EaS2(x) fo r  all x < x i , co ) for a certain
(0, co),

R em ark . In  our problems the  la tter case  of the  above alternative does not
occur when we treat w '=- 4- (x)—w 2  on Riem ann sphere S 2 .

First we prove Lemma 2.1 then proceed to verify Lemma A.

Proof  o f Lemma 2.1. W e re g a rd  th e  so lu tio n  w (x ) o f  w '= -4(x)—w 2  a s  a
function with values on Riemann sphere with two local coordinates : {w: w EC}
and {d : i;-=1/w  EC} , since û(x) satisfies û '=1--q (x )/70 . Put Q= {w : Im(wJ)>0}
= {û: Im(fba)<01. Then S is compact and contractible. Remark that q(x)—w2
a n d  1 - 7 ( x ) V  direct 8s2 to  t h e  exterior. Suppose that the  solution w (x ) of
w '=q(x ) — w 2 satisfies w(x i ) E a Q  for a  certa in  x i E [0, 09), then w (x ) belongs to
CS). f o r  x E(x i , 00). We prove Lemma 2.1 b y  t h e  method of contradiction as
follows. If  fo r every wo EQ there exists a positive number x0 =x 0 (w0) such that
the solution w (x ) o f  w '=4(x)— w 2 a n d  w(0)=w 0 satisfies w (x )E Q  fo r  x E(0, x0)
and w (x 0) 5 Q .  P u t x 0 =0 fo r  w e E d Q .  Denote by f  th e  mapping from .sJ' to

: w 0 — >w(x 0 ). Then f  is continuous and  f laQ =id e n tity . T h is  is a  contradic-
tion since Q is contractible.

Proof  o f Lem m a A .  A t first we restrict ourselves to the  case  where strict
inequality holds in  (3.1). If  we suppose that f o r  every U0 EQ(0) the solution
U (x ) o f  U / (x )=Q (x , U ) a n d  U(0)=U 0 satisfies U(x0)Eag2(x0), then we have a
contradiction as follows. Denote x o =x o (U o )  since x o is uniquely determined by
Uo . P u t  x0 = 0  f o r  u0Eas2(0). N ote  by t h e  homeomorph mapping from
S2(x) to Q(0). Consider th e  mapping f  : Uo—ill.V0 U(x o (U0)). Then f  is continuous
from Q(0) to as2(0) and f  lasz(0)=identity, which contradicts to th e  fact that Q(0)
is contractible. I n  t h e  general c a se  w e  u s e  a  smooth vector f ie ld  C)(x,

satisfying E Q ,(x , U )>0  f o r  a ll (x, U, [0, 00)xaS2(x)x {1: çoi (x , U)=- 0} .
i i au,

U '=Q (x , U)d-s -(3(x , U ) h a s  a  so lu tion  U ( x )  satisfying U s (x) S 2(x ) f o r  all
x EEO, pc) fo r  s >O. Since s2 is  compact there exists a  sequence si  tending to
ze ro  such that U (0 ) has a  limit Uo E S2(0). The solution U(x ) o f  U '=Q (x , U )
with U(0)=U 0 satisfies U(x ) Q (x ) fo r  a l l  x E [0, cc), because U(x)=1im ( x )

holds from the  continuity of solutions and the uniqueness. In  th e  same way we
have the alternative in Lemma A.

Though Lemma 2.2 is found in  [5] we give another proof applying Lemma A.
A s  f o r  topological treatments fo r  ordinary differential equations, we can

point out historically [3 ] a n d  [9 ] .  We can consult [2 ] .  H ere we a r e  lead to
more general statements o f  Lemma A  through th e  study o n  th e  problem (P ) in
Section 2 and  the  following sections.

Proof  o f Lem m a 2.2. P u t w i(x )=C (x )/v (x ), then w ;=q i (x)— w . N o t e  M
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= lw : w E RI Wu' : =1 Iw  E  R I  and Q(x )={ w ; — 00<w <w i (x)I U {11; : û=1/w,
— 09<w <w i (x), w # 0 }.  Since w'=-4(x)—w 2 a n d  fu''=1-4(x)17) 2 h o ld , th ey  are
regarded a s  a n  ordinary differential equation with values on M , which satisfies
a ll the conditions in Lemma A .  Thus w '= -q(x)— w2 h as a solution w(x) satisfy-

in g  —00<w(x)<w 2 ( x )  f o r  a l l  x E [0 , œ ).  T h en  u (x )= exp  w (s)ds satisfies0
0 <u (x )<v (x ) in  (0, 00) a n d  u'(0)<v'(0 ). Suppose wL----4(w)—wL w2(0)=w1(0)+E.
ti! =qi(x) — t d  a n d  tv2(0)=w1(0)+E f o r  a n y  s > 0 .  T hen  w2 (x)>w 2 ( x )  f o r  all

x [0, 00). Therefore th e  desired uniqueness holds since u2(x)=exp). w 2 (s)ds>0

.52-={W;
t 1—t

2M —
.
'

z Then D (x )= .2  a n d  w'=- 6(x)—w 2 satisfy
2 M  

a ll the conditions in Lemma A .  Therefore w'=-4(x)—w 2 h a s  a  so lu tio n  w(x)
.s

staying in  D  f o r  all x [ 0 ,  co ). T h en  it h o ld s  exp o w(s)ds H e - nt" 2 s. It is

ev iden t that i f  w1(0)E — Q ={(w 1, w2); ( — w2, — w 2 )E Q I. u l (x)=expY  w,(s)ds

satisfies lu1(x)l_ent i i2 x. A ny other so lu tio n  o f  w'=4(x)—w 2 is  d escrib ed  as
we(x)={u'(x) - Feu'i(x)1/(u(x)+eui(x)) fo r a  ce rta in  e# 0 , which approximates to
w2(x) a s  x  tends to 0 9 . Thus we have Lemma 3.1.

Proof o f Lemma 3.2. L et f2(x)=S2 be th e  domain surrounded by

S1 -= {tv; Im(wf)=0},

1 2 0s 2 _ ; _ M-1/2+te28/2, 3 m-1/2s in _24 ,

I n  order to apply Lemma A  to  w'=- 4(x)—w 2 a n d  D  w e verify the  following
inequalities (1), (2) and  (3).

(1) Im {(4(x) — w2)f} =Im(4(x)f) —  w  21m f o r  w E S ) ,
(2) Im {(1-4(x)fb 2)e - i " }  < 0 ,  fo r W ES2,

(3) Im { (1 —4(x)t-62 )e i  (7-8)"} 2
_ c o s

 + 9 M

I 0 (x ) I 
 J> 0, for i i S3,

where J = Tme i ( s  ( 3 / 2 ) ( 3 / 2 ) 0 )  

+ 2 t ( 1 — t ) e
i(tp+(3/2)x-(1)2)0) ±  (1 - 0 2  e i(s0+(3/2) 7 + (1 /2 ) 0 ) }o +  

an d  —(x)=10(x)le i ( " - ° ) ei P, 0<so=so(x)<Tr. T he  proof o f  (2) is quite similar to
that o f (3). To prove (3) we substitute

3 3 (1 +  •  3sin (0— —
2  

0)=sin 0 c o s -
2  

0— s in -
2  

0)cos 0+ cos 0

1 1 .
sin (0T- —

2  
0)=sin 0 co s-0  +  —sin -)cos- sh-T cos 0

2

v,(x)=exp .f  w 2 (s)ds, which tends to 00 a s  x  tends to 00 •
0

Proof o f Lemma 3.1. L e t w=w1+iw2, w here w , a n d  w2 a r e  real. Put
{(w1, w2); w=w1-Fiw2EC}U {(W 1, WO; W i d-ifh 2 =11w EC} . L et D  be th e  in-

terior domain surrounded by S , and S 2 , where S1= lw ; S E R I  and



0 )1/2 0Im(wii i ) -=-(m cos /i31, 7 -0  <arg w_57r--2-} ,S3= {W Im(62,)
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w ith 0=ça+ -
3  

in J ,  then it holds2

(3.2) J=cos(ço+47,),t2-2t(1--t)+(1—t)2} +B(so, O , t)cos-y
e  ,

where B(so, 0, t)=B 1 (9), 0, t)+B2(so, 0, t),

B & , 0 , t)-=sin (ço+ 47)it 2(cos O-2 sin .261 )+2t(1—t)+(l—t) 2},

132 (ço, 0, t)=B-13 1 = —2t2cos(y9+ -2-7r)sin 0

—(2t —1) 2cos (ço+ r ) / ( t a n ; -  (cos Pf) )  .

W e have I B(ço, O, t)I <8 for (ça, 0, t) G(0, r)X (0, 7r)X [0, 11 Since the first term
of (3.2) is  non negative, (3) holds and Lemma 3.2 is proved.

Proof of Lemma 3.3 is quite  sim ilar to  the above proof.

Proof o f Lemma 3.4. Let f2(x)=S2 be  the domain surrounded by the follow-
ing curves S k ,  (k =1, 2, 3, 4):

S 1 = {w: Tm w=0} ,
0S 2 =iw  : w =m i ei( 7c- (6'12"—tei( 7 - °) 12 , tan } ,

/71)= - - 3-1 M - 1 /2H--d -1 /1//- " 2e- t ( 7 - 8 ) (1—t),

Notice t h a t  S ,  is  e q u a l  to  S 3 i n  t h e  proof of Lemma 3.2. In order to apply
Lemma A  w e verify the  following inequalities:

(1) Im(4(x)—w 2)=Im )(x) <0, f o r  w eS„
0 0 0

(2) Im {(q(x)—w 2)e - t ( "- ° " 21 ±2m1t sin -- —t2 cos —
2 2

—m-Fmi(cos e )(1+tan 2 ) = 0 ,  fo r w  S2,

(3) arg(q(x)— /V2 ) ( - 0 ,  2r - 0) h o ld s for W  S „  since arg ej(x) E (- 0 ,  0 ) and
arg(—w 2)E(r —20, ir- 0 )  for wES s,

(4) Im {(1 - 4(x)27)2)e' 8 ) "} >0  f o r  'a) GS,.
In view of Lemma A  w'=4(x)—w 2 h a s  a  so lu tion  w (x ) s ta y in g  in  Q  fo r  all
x  [0, co). Evidently the solution w,(x) of wÇ=0(x)-74 w ith w2(0)E—S2 satisfies

wi(x)E—Q for a ll x  [0, 00). P u t v(x)=exp ,
0

 w (s)ds and vi (x)=exp .r w,(s)ds.0
T h e n  f ro m  (2.14) fo r  v (x ) a n d  vi (x ), w e  se e  th a t I  v(x) I  stays bounded and
I vi (x)I tends t o  c o  a s  x  tends t o  00• T herefo re  any  o ther solution w2(x)-=
wi(x)v,(x)+cw(x)v(x) approximates to w 1 (x ) as x  tends t o  c o .  T h u s  w e  havevl(x)-kcv(x)
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Lemma 3.4.

Proof  o f Lemma 3.5. Define f 2(x) by {w : —00 <Re w < w i (x )} in  S 2 . Then
we can apply Lemma A  to the  equation w'=4(x)— w 2 to obtain Lemma 3.5. In
fact ar2(x)= {w : Re w =w i (x)} : Cu=1/w, Re (W )= 1/wi (x )} satisfies the con-
ditions in  Lemma A  since Re(q(x)—w 2 ) q1 (x)—w i (x) 2 o n  {w : Re w =w ,(x )}  and
Rea — 4(x)re)=-1>0 at '17)= 0 .  Therefore we have Lemma 3.5.

§ 4 . Proof of Theorem 1.

Here we complete the proof of Theorem 1. Remark that the reasoning in this
section is continued from that in Section 2.

4 . 1 .  5(x, p , a ) for aGC—(—co, O. Consider the solution v (x , p , a) of (2.1)
with x (p, a)=x o f o r  (p , a) [0, 00)x {C—(—co, 011, where x o satisfies (2.2).
Put sup q(x)1= Mo and -4 (x )= p + q (x )a . If Re a > 0 we apply Lemma 3.1 replacing

(0,0)
(0, co), in  and M  respectively by (x o , no), p+ 3 Re a and p+moi a I. T h en  the
solution w(x )= -w (x , p , a ) of w '=( x ) —w' exists satisfying

w(x) I <2(P+Afol a I n ,

L Re w(x)< —(p+5 Re a )" 2, x o x <00, Re a O.

F o r  Im 0  we apply Lemma 3.4 and Remark 3.1 replacing (0, 00) by (xo, co)
0and putting 0 = lu g TTI = (p+3 f al)cos —
2  

and M = p + ill o l a l .  Then there ex-

ists a solution w (x )= w (x , p , a) o f  w '= ( x ) —w' satisfying the following (4.2)
for x  [x o , co)

(1) I w(x)1_3M 1/2(cos
2 -= I arg al,

(4.2) (2)
1 0 ) 1/2 im(w(x, p, a)di) ai=— a.

(

m cos
1/91 2 Im(iedi)

p , a)=

, (3) — 0 <-±arg w(x)<7r if 0 < 4--arg q(x) -0  < 7 .

From (4.2) (1) we have

(4.3) wp(x) 6 /1/1/2(cos—° ) -1 , x E [x o, 00).
1'31 2

Using above w (x )= -w (x , p , a )  we define
.2

(x )= 3(x , p , a )= exp ç  w (s , p , a)ds , f o r  x 0 <x„ xo

Integrate i)"(x)i)(x) by parts then for x o _ x i <x

(4.4) —w(x i )ID(x i )12= — iv(x)1P(x)l z ± : i (I D'(s)i '+ (p+9(s)a)15(s)r)ds

P u t  x,-=x 0 a n d  take th e  real part o f (4.4) or component of (4.4) in  (a l , 13)
coordinate, then

(4.1)
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(4.4), —Re w(x,,)= —Re w(x) I V(x)1 2 j C(s)I 2 - -/- (P±q(s)Re a)Ile(s)1 2)ds,
xo

(4.4)2 wp(x0)=wp(x)1V(x)I 2 4- ( - 1)4: 0 (1C(s)1 2 - Fp IV(s)r)ds ,

Im a,where (-1)p= —1p= > 0 . W e can verify from  (4.2) (2), (4.4), (4.4), and

(4.4)2

(4.5) lim v(x, p, a)=0 f o r  (p, a)E [0, 00)x 1C—(-00, 011
X - . 0 0

(4.5)' (ID(s, P, a)1 2 +  c(s, p, a)1 2)ds<00 , for a b o v e  (p, a).
xo

R em ark  th a t v(x, p, a )  i s  the  unique solution of (2.1) w ith  x (p , a )= .x , for
(p, a)E [0, 00)x {C—(-00, O D . I n  f a c t  w e  c a n  v e r i f y  t h e  uniqueness using
Lemmas 3.1 and 3.4, (4.4), and (4.4)2.

N o w  w e  e x te n d  v(x)--v(x, p, a )  a s  a  so lu tio n  o f  i)"-=(p-F-q(x)a)i) to  the
C (x , p , a) reg io n  (0, 00)B x. T h e n  b y  L e m m a  3.3 w(x, p, a )= v (x  p  a )  

belongs to, , 
D (0 , M ). Therefore v(x, p, a) 0 so we can define v(x, p, a)= p, p, a)
for (p, a)E [0, co)x 1C—(-00,

4.2. T h e  c o n tin u ity  o f  v(x, p, a ) w ith  respect t o  (p, a ) .  Let us prove
th a t the above v- (x, p, a )  is  con tinuous i n  (p, a )  f o r  f ix ed  x E[x o , 00). Note
w(P, a)=w(xo, p, a). It s u f f i c e s  t o  p r o v e  t h a t  w(P, a )  is  c o n tin u o u s  a t
each  point (po, ao)E [0, °°)x {C— ( - 0 0 , 0]} . A t  f irs t  suppose Re a0 > 0 .  Then
Re w(p o , a0)< 0  from  Lem m a 3.1. D e n o te  b y  w(x, p, a; w o ) the solution of
w'=(pd-q(a)a)— w2 w i th  w (x 0)=w 0. F o r  g iv e n  s > 0  w e  p u t  U  {w —

w(p 0 , a0) <6, Re w <0} . Note 52= :  Re B y  v i r t u e  o f  Lemma 3.1, for
e v e ry  w0 Ef2—U, th e re  e x is ts  a  p o sitiv e  number x (w 0) uniquely satisfying
w(x, p o , ao : wo )E r f  fo r  a l l  x E(x(wo), 0 0 ). F ro m  th e  continuity  of solutions,
th e re  e x is ts  a  positive  num ber 5=6(w 0) s u c h  th a t  f o r  (p, a ,  wi)E V(Po, 6)x
w(a o : 3)xU(w 0 ; a), w(x, p, a, w o m  fo r  sufficiently large x , w h e re  v(p 0 ; 6)
= {p: p 0, I P —pol <0}, w (ao; 0)-= {a: Re a > 0 , a — aol <3} a n d  U(wo ;
fwes—U s ; m i n  w — wo 1 , 1 1 /w — 1/wo <31. R e m a rk  th a t w e  c a n  ta k e  0(w 0 )
a s  a  lower sem i-continuous and positive  va lued  func tion  on — U ,. Thus
0<3 2 _ 5(w0) for all wo E  — U„ For (p, a)EV(Po ; 31)X w(ao; 31) and all w0 E 5—U,
we have w(x, p, a; w 0)€ES2 for sufficiently large x. Hence by Lemma 3.1, u;(p, a)
belongs to U, for (p, a) e  V (P o  OD X W(ao ; O ). So we have the desired continuity
if  Re ao >O . For Tm a0 < 0  w e  c a n  v e r ify  th e  sam e con tinu ity  i f  w e replace
Lemma 3.1 and i5 in  the above proof by Lemma 3.4 and

—0 2r-6+L„ o=iiv :  ' ° w  - _71-Uffi)=1/w or W=0,  _arg ,2 — 2 —

w here 0= larg a o J . If  T m  a0 >0 w e m ay replace w  b y  W . T h u s  w e  have the
continuity of w(x, p, a) and v(x, p, a ) in  (p, a).
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4 .3 . The continu ity  of 1717,(x, p, a ) in  (p, a)E [0, 00)X {C — ( - 0 °, an(P)i} -
L et us prove the continuity of 3 (x ., p, a ) / ( x ,  p, a ) a t  (p, a)=(po, ao)c

Eo, 00)x(an(p0), 00). F ro m  the continuity o f an (p ) w e  f ix  (p„ a l ) satisfying
(0<c<1 ) and ao>ai>ax(Po). S ince  a i > an(Pi) there exists uniquely

the solutions of (2.1) w ith  x(p l , a 1)= x .  T hen Dx (x , p,, a 1) #0  in  (x., co) and
lim p i ,  a 1)= 0 .  Put w 1( x )= î (x ,  p i , a 1)/ î(x , p i ,  a l )  and

Q(x)={w : Re w< w i (x)} U {z :  = 1 / w , Re w <wi(x)}.

H ere w e denote by w(x, p, a ; wo) the solution of wi=p+q(x)a—w 2 w ith  w (x )
=w 0. By virtue of Lemma 3.5 there exists the unique initial data w(p, a ) such
th a t R e  w(x, p, a ;  w (P, a))<w i(x) i . e .  w(x, p, a ;  w(p, a))ES2(x) fo r a l l  x E
[x i i , 00) i f  p > p , and a > a x ( P i ) .  P u t  U s =  IwES2(x n ) :  w — w(Po, ao)I<EI for
given e > O . For any w0EQ(x.)— U,, w (x, Po, a 0 ; w 0)ECS2(x5 for sufficiently large
x .  As in the above step w e can find a positive number 6,, (0<31<min(Po — P1,
ao —a i ), su c h  th a t  w(x, p, a ; wi )Ea2(x) for sufficiently large x  if p, a  a n d  wl
s a t i s f y  I  — Po I < 3 1 , I a — ao <51 a n d  I w1— wo I <3 1 re sp ec tiv e ly . T h e re fo re
w(P, a)EL1 for I P — Po I <61 a n d  a — a0 1<ai . T h is m e a n s  th e continuity of
w(P, a )  a t  (p, a) -= (Po, ao). Here 3n (x, p, a ) is  co n tin u o us a t (po, a 0) [O, 00) X
{C— (-- 0 0 , a.(Po)]} for every fixed  x [ 0 ,  0 0 ). V (X ,  p, a)-=Dn (x, p, a)/v.(0, p, a)
has the same properties if i,„(o, p o, a,) 0.

4 .4 . The analy tic ity  of 7)(x, p, a) in  (p, a).
T o  v e r ify  a n a ly tic ity  o f  w(x, p, a )  i n  a ,  w e  t a k e  th e  difference of

w'(x, p, a +  h)-= p  q(x)(a h)— w(x, p, a +  h)2 a n d  w'(x, p, a).= p ±q(x)a —
1w(x, p, a) 2 . Put w,„,(x, p, a)=—
h

{w(x, p, ad-h)—w(x, p, It follows

d
(4.6) w(h)(x , p , a)= q(x )--(w (x , p , ad-h)d-w(x, p, a))w ( h ) (x, p, a).

dx

Since vn (x, p, a)=exp .f w(s, p, a)ds holds for aE {C—(-00, a n (p))11, the rela-

tion (4.6) yields

(4.7) w(h)(x, p, a)

= — (i)n(x, 13, a) (x, Pa+h)) - 1 P.(s, 13, a)Dn(s, p , ad- h)q(s)ds

fo r  (x, p, a) E  E X 0 , 0 0 )  X  [O , 0 0 )  X  {C — (-00, 0 1  an d  ad- h  C— (—co, 0], (n =
0, 1, 2, 3, ••• , See (2.10) 2). Rem ark that (4.5)' assures the integrability of the
right hand side of (4.7). Making h tend to  zero w e have

a1  
(4.8) w(x" p  a )=Sa pn(x, p, a) 2 .rx

i . ) n ( s ,  p ,  a ) 2 q ( s ) d s

for (p, a)E [0, 00)x {C— (-00, 0]}. Since the right hand side of (4.8) is continu-
o u s  i n  a  f ro m  Lebesque theorem , w(x, p, a ) is analytic w ith respect to  a  in
C—(-00, 0] for xE [x ., 00 ). Extend v(x, p, a) as a solution of i4=(P - Fg(x)a)3.
to  [0, 00), then  Di i (x, p, a ) is analytic w ith respect to a in C—(-00, 0] for every



Second order equations of v ariable type 319

fixed x  [0 , 0 0 ). Now the continuity of iin ,(x, p, a ) in a  y ie ld s  the analyticity
w ith  respect to  a belonging to C—(-00, a(p)1 if w e use Painlevé theorem.

Now we prove (4.5)' replaced b y  i57,  for (p, a) [0, 00)x {C—(-00, a n (p)]}.
From (4.4) and (4.5)' w e have for a ll x e (0 , 00),

(4.9) w(x)IN(x)12=—.r.DID(s)12c/sJ:(p+9(x)a)lvn(s)12c/s,

w here w(x)=w(x, p, a ) ,  i5.(x)=45.(x, p, a )  and Im  a#0 . T a k e  the imaginary
part of (4.9) and devide it by Tm a , then

ce.„
Im w(x, p, a)) x

 y n( s '  p, a)12q(s)ds
(4.10)

Im a P, a)I 2

As Im a  tends to  zero, Cauchy-Riemann relation shows th a t the le ft h an d  s id e
aw converges to a a  (x ,  P, a )  fo r a  satisfying Im a=0 and D7,(x, p, a) 0, since

Im w(x, p, a )=0  for Im  a=0 . Apply Fatou theorem, then

p n (s, p, a) 2q(s)dsaw(4.11) aa ( x ,  p, x î ( x ,  p ,  ( 1 )2 , a E ( a n ( p ) ,  00),

if i').„,(x, a )# 0 .  Taking x =x „ w e have

(4.12) p, a)I 2ds<00 , fo r  (p, a )e  [0 , 0 0 )X  {C — ( - 00, an(P)1},

since  tin  i s  a solution of the linear equation v "= (P ± q (x )a )v . From  (4.11) and
(4.12) w e  c a n  o b ta in  (4.7) a g a in  e v e n  fo r  a E C —( - 00, an(P)1• Therefore
(4.11) h o ld s  w ith  e q u a lity , i.e . (4.8) h o ld s  fo r (p, a ) b e lo n g in g  to  [0, 00)X
{C—(-00, ai(P)1}.

F in a lly  w e  p ro v e  the analyticity  in p .  H ere w e rem ark that Lem m a 3.5
p e rm its  u s to  c o n s id e r  w(x, p, a )  fo r  com plex  value p. w(h) (x, p, a ) =

1
{w (x, p+h, a)—w(x, p, a)} satisfies

d  
dx  w

( h ) (x , p, a)=1—  w (x , p+h , a)-k w (x , p, a)} w(n)(x, p, a)

for a ll (x, p, a )  [ x , . ,  00)x [0, 00)x {C—(-00, a ri (p )] },  then it follow s sim ilarly
to  (4.8)

e•°11.-)7,(s, p, a) rd sa 
(4.13)

ap 
w ( x , p ,  a ) =  x

p ,  a)I 2

which means w(x, p, a ) is analytic in p  for above (x, p, a).
In conclusion Dn (x , p, a) is analytic in (p, a) if (x, p, a ) b e lo n g s  to  [0, 00)

x[0, 00)X { C— (-00, iin(P)il. T h ere fo re  v(x, p, a )  is  a n a ly t ic  in  (p, a) for
every (x, p, a)G [0, 00)x [0, 00)x {C—(-00, a(P)11 if aEEZ(P)=UZ, i (p ), where

zn(p)= fac(an(P), c o ), v .(0 ,  p ,  ( ) =01.
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4.5. P roperties o f  Z (p ) .  N o w  w e  se e  th e  s tru c tu re  o f  z n (p ). L e t a0 E
Z (p 0)  i .e .  vi,(0, po, a0)=0. (4.8) and (4.13) make

a (4.14) aa V.(0, po, ao)=0;(0, po, a0) - 1 Y:V.(s, Po, ao)'q(s)ds

a(4.15) . )'/-5.(0, Po, a,)-=ï4(0, po, ao) S o N(s, Po, ao )2 ds ,

a a
respectively, because ( a a h o l d s  i f  lin = 0 .  Since ig(x, p, a)=

(p±q(x)a)7)„ i s  sq u a re  integrable i n  (0, 00), w e  have from  th e  integration by
parts  o f "i>17)„

p., aords+Y'(po+q(s)ao)b- n(s, Po, ao)2 ds=0.

W e rew rite  (4.14) as

a
(4.14)' a i (0 ,  Po, ao)

=—a cT1D'.(0, Po, ao) j  (i) (s, po, ao)'+PoDn(s, po, a0) 2 )ds.0

From  (4.14)' Z n (p ) i s  a  s e t  o f  d iscre te  p o in ts  fo r  e v e ry  pE[0, co ). S in ce

a an (0, po, a0)#0 from  (4.14)', D(0, p, a)=0 is so lved locally  by a = a (p ) satis-

fying a o = a ( P o )  and
d a (p ) _  a v n (o, p, a(p)) /aN(o, p, a(p)) 

(4.16) dp ap / aa •

From  (4.15) and  (4.14)' replaced (po, a0) b y  ( p, a(P)) w e have

d p, a(p))2+pi-)„(s, p, a(P)) 2 } ds
(4.17)

a(p) 
d p  = a ( P )  ° 1:V„(s, p, a(p)) 2 ds

W e can see that a(p) is increasing if a(p)>0 and  decreasing if  a(p)<0. Let us
consider th e  c a s e  w h e re  p  is  close to  z e r o .  Since 50 q(x)<M  in  (x o , co) we
have from Lemma 3.1,

—2(p+Ma) , /2 <w(x„, p, a)< — (P+50a) 1/2f o r  a > 0 .

Since D(x, 0, 0)=-1 is  the solution of V"=0, V(x 0)= 1  a n d  D'(x 0)=0 , the solution
î(x , p, a ) o f ?".5"=(p+q(x)a)D, V(x0)=1 and i'Ax 0)=w(x o, p, a) is close to V(x, 0, 0)
=1 i f  p a n d  a  is sufficiently small and  a > 0 . Therefore we can find a positive
constant a,(0) satisfying

D(0, 0, a)#0 f o r  0<a<a 1(0).

O n the other hand we can verify from Sturm 's separation theorem that for p=0
a n d  a < 0  a l l  th e  so lu tio n s  o f  v"=q(x)av oscilla te  in fin ite  tim es i n  (x o , 00).
Therefore a(0)=d 7,(0)=0, n=1, 2, 3, ••• . For p >0, a n (p)<0 for n 1  and  (2.8)
h o ld s . S im ila r ly  to  th e  continuity o f  D(0, p, a ) a t  (p, a)=-(0, 0), 1 „(0, p, a )  is
c lose  to  1 i f  (p, a )  is sufficiently  sm all. C onsidering th e  c a s e  o f  n=1  for
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example we have
sup a- i(P)< 0
9>0

i f  w e take  care  the  m onotone property o f a , ( p ) .  Thus fo r  sufficiently small
p>0, a_ 1 (p) does not appear in (ã(p), 0). From Sturm's separation theorem we
see that a 1 (p ) appears in  (d(p), 0) for sufficiently large p  if

sup q(x)>lim q(x) .
(0,w)

More precisely {a ,(p )} 1
.71(

in-P) appear in (a n (p), 0) fo r la rge  p  i f  it holds sup q(x)
(o, X.)

>  sup q(x), where m(n, p ) is  a  non  negative integer tending 00 a s  p  ten ds to
(xn ,w)

00. We note m(p)=1im m(n, p ) .  Then m(p)<00 o r  m (p)=00, that depends on

the  given q (x ) .  Thus we have

Z(p )o= :0 P)1 {ak(P)} U m :C) a ( P ) }l -, 

Here we remark that la k(P)11°=1 appears in  (0, 00) if  a n d  o n ly  i f  q (x ) becomes
negative i n  (0, x 0 ), w h ich  is  verified  b y  co m p ariso n  th eo rem . F ro m  (2.9)
we have p-F(lim q(x))6i(p). 0. Suppose that

(4.18)' sup q(x)=-1im q(x) (=lim q(x))(o..)

ho lds. T hen  (4.18)' im plies p d -q (x )a .0  f o r  (x, a) [0, co)x(ei(a), 0). Hence
nt(p)
U {a-.7(P)} = Ø  if q(x ) satisfies (4.18)'.
3=1

4 .6 . S olu tions o f 7)" , (p+q(x)a )v for a ( -00 , d (p ) ) .
Here we prove (D-4) using th e  following lemma.

Lemma 4 .1 . Suppose t h a t  p (x )  an d  q (x ) satis f y  (C0). L e t  q (x ) satisfy
0<5<q(x) in  (0, 00). T hen there ex ists a real num ber a, satisf y ing the following
1) and 2).

1) For a> a 0 , u"=-- {p(x)d-q(x)a} u h as  a unique solution u (x ) satisfy ing
u(0)=1, lim u(x)=0 and 0<u(x) in (0, 00).

X-■co

2) For a<a 0 a l l  the solutions of u"= {p(x)+q(x)a} u h as  at  le as t  one zero
in (0, 00).

Proof  o f Lemma 4.1. Denote by A  th e  se t o f  real num bers satisfying the
inf p(x) sup p(x) property 1). A D ( . cx:), C A D (  00,  a n d  a o = inf A .  Then

mf q (x ) ' sup q(x)
A— {a0 }  =(a 0 , co) from Lemma 2.2. Since 1) holds we prove 2) b y  t h e  method
of contradiction. Take a<a 0 and suppose that there exists a  number a i E(a, ao)
su ch  th a t uf=(p(x)d-q(x)a i )u ,  h a s  a solution  u 1 ( x )  satisfy ing u1 (0 )= 1  and
O.< u1 (x ) in  (0, 00). (Otherwise 2) holds f o r  a  by comparison theorem.) Denote
by ui (x ; t) the solution of u;.'=(P(x)-Eg(x)ai)u, satisfying u1 (0 ; t) =1  and u (0 ; t)
= t .  P u t ti =inf it : u i (x ; t)>0 in  (0, 00)1. Then we have

(4.18)
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(4.19) 0<lim uax ;x—

w hich w e prove later. A t  first using (4.19) w e prove that 2) holds fo r a. Put
u (x  ; t1 )w,(x)=  then  tu-=(p(x)-kg(x)a„)— w .  N o w  w e  c a n  showuax ; ti)

(4.20) w1(x)-5max{w1(0), , f o r  x  [0, oc),

where M=sup1P(x)+9(x)a, 1 /2 .

T h e  proof is given a s  fo llo w s. Suppose w1 (x 1 ) <— M— e fo r a  ce rta in  positive
n u m b e r  x 1 , then w ( x ) < 0  a n d  wax)< — M— e fo llo w  a s  l o n g  a s  w'i =
(P(x)+ - 9(x)a1) — w7 holds for x > x i . T h e n  i2 1—M 2 /(MH-e) 2 >0 since W, satisfies
iv;=1—(p(x)+q(x)a 1 )1767. T herefore  W1(x 2 )= 0  f o r  so m e  x 2 >x 1 ,  which means
u1(x 1 )= 0 .  T h is  i s  a  con trad ic tion , t h u s  — M w ,(x )  f o r  a l l  x EEO, 00). If
wi ( x ) > M  t h e n  wax)=(p(x)d-q(x)a,)— w7(x)< O. H e n c e  w e  h a v e  wax) -

max{w 1 (0), M }  a n d  (4.20). D en o te  b y  w(x ; t )  a n d  wax  ; t) the solutions of
w'=(p(x)+q(x)a)—w 1 a n d  w1=(p(x)d-q(x)a 1 ) — w w ith  w(0; t) = t  and w1 (0; t) = t
respectively. Rem ark w(x ; t) <wax ; t ) holds fo r x > O . Notice wi(x)=wi(x ; t1).
From  th e  definition o f  t1 ,  fo r  any t< t , there exists a positive number x,=x ,(t)
satisfying wax, ; t) =7,1(x1 ; t)/ui(xi; t)= - 0 0 .  T h is  implies w(A: 2 ; t) =—o0 fo r  a
ce rta in  x2E(0, x , ) ,  w h ich  equ a ls  u(x, ; t)=0. H ere u(x ; t )  i s  the  solution of
u "= (p (x )±q (x )a )u  satisfying u(0; t)=1 an d  u'(0 ; t) = t .  Even fo r t t„  w e can
fin d  positive num bers x ,  a n d  e  sa tisfy ing  w(x, ; t) <w i (x l ; tl —s) a s  follows.
Note w(x)=w(x ; t ) in  short. Suppose w(x) w,(x)=w,(x ;1'0 fo r a ll x > 0 . Then

w e a re  led to the  following contradiction: Note u(x)=u (x ; t) =exp ‘ç w(s)ds and0

(4.21) {u(x)u,(x)(w(x)—wi(x))1 '=u(x)u 1 (x)q(x)(a—a 1 ) .

(4.23) u(x)u1(x)(w(x)—wi(x))=(a—a1).Ç:u(s)u1(s)g(s)ds+(t—t1)

fo llow s. S ince th e  left hand side o f  (4.22) is  positive w e  have
I x t—t,(4.23) u(s)u,(s)q(s)ds  fo r all x (0, o c ).

a1 —a

O n the o ther hand, since u(x) u,(x) holds in  (0, o0), (4.19) and  (4.20) make

(4.24) lim.ç u(s)u,(s)ds=co,0

w hich contradicts to (4.23). T h u s  w e  h a v e  w(x, ; t) Gw,(x, ; t i ) fo r  a  ce rta in
x 1 >0, which implies w(x, ; 0<w 1 (x ; tl —e) fo r sm a ll positive  e  fro m  t h e  con-
tin u ity  o f  so lu tio n s  o n  in it ia l d a ta . T herefore  a s  w e  have considered in the
case t< t i ,  2) holds f o r  a  also in  the  case  t ti . F in a lly  w e  sh o w  (4.19). The
definition o f  t ,  g iv e s  uax ; t1) > 0  i n  (0, co). Suppose lim uax ; t1)= 0 .  Since

a i <a o ,  from  the  definition o f  a o th e re  e x is ts  a n o th e r  solution uax ; t2), (t2>t1)
satisfying fim uax ; t2 ) =-0. Then we have {u,(x ; ti)u,(x ; t2)(w1(x ; t1)—w1 (x ; t2))}

u,(x)=u,(x ; t1) =exi:4 w a s ; t i )d s .  W e have0
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= 0  similarly to (4.21), an d  uax ; ti )uax ; t2)(w1(x ; t1) — w1(x ; t2))=t1 — t2. There-
fore it follows

lim ( w i (x ; t2)—w1(x ; ti)) =00

Since we can verify that wi (x ; ti)--=//),(x) satisfies (4.20), wi (x ; t2 )  must diverge
to 0 0 . However w ax  ; t,) = (p (x )+q (x )a i) — wi(x ; t2) 2  sh o w s  that w ax ; 12 ) must
decrease i f  w ax  ; t2) > M .  T h is  i s  a  contrad ic tion . Hence (4.19) holds. Thus
the  proof of Lemma 4.1 is completed.

W e u s e  Lemma 4.1 replaced (0, C O )  a n d  p (x ) b y (x., ° ° )  an d  p, then ao

corresponds to et„(p). Therefore fo r a<c-i n (p ), th e  so lu tio n  o f  v"=(pd-q(x)a)v
has z e r o  in  (x„, co). T h is  implies (D-4) i n  Theorem 1  f o r  a<C i(P ), since
E(x, 7), 7)=v(x, 1721 2 , 72 ). T h e  proof o f Theorem 1 is finished.

§ 5 .  Proof. o f  Theorem 2.

In order to estimate v(x, p, a ) we use  (2.15). Therefore it is important to
evaluate th e  m a x im u m  a n d  th e  m in im u m  o f  wp(x, p, a )  i n  (0, c0 ), where
wp(x, p, a )  i s  t h e  p  component o f  w(x, p, a ) in  (a 1 , is) coord ina te . It is con-
venient to devide the estimate for (p, a)E [0, 00) into local estimates in  three
parts : a  neighbourhood of orig in , the  region satisfying p 2 M 0 a ,  where Mo=
sup lq(x)I, and other general region.0<x

5 .1 .  The case where (p, a ) belongs to a  neighbourhood of origin.
First we consider 5(x, p, a ) in  (x o , 0 0 ). From (4.2), (4.3) and

I ( x  p a)I <1W ( a)w 1313 (X; , a )  

which follows from (4.4) 2 , there exists a positive constant C, such that

Iv(x, p, a)1 C1 f o r  (x, p, a ) [x 0, co) x (U(0)n[0, 00))x(U(0)nr 2 ),

where U(0) is a  neighbourhood o f origin zero  in  complex plane  and  C, depends
on U(0). Then (4.2) (1) gives
(5.1) I nx, 1), a)I -C2(PH-

f o r  (x , p, a) [x 0 , co) x (u(o)( Co, co)) x (u(0)(--)F 2 ) ,
where C , depends o n  U (0). From t h e  continuity o f  th e  s o lu t io n s  o f  w'=
(p+q(x)a)—w 2 w ith  respec t to  in it ia l d a ta  a n d  coefficients, we see that the
solution 5(x, p, a )  i s  c lo se  to  1 for x  [0, x o ]. Because v= 1  satisfies v"=
(p+q(x)a )v with p=-a=0, v(x 0 ) = 1  and vax 0)= 0 .  Hence i f  w e refine U(0) it
holds with a certain positive constant C

(5.2) i5(x, p,
f o r  (x, p, a) E [0, co) x (u(o)nEo, 00)) x (u(o)nr a) ,

in  both cases (C+ )  and  (C _ ).  A s  f o r  th e  c a s e  ( C )  we also take account of

1/2
f o r  X Œ [X0, 0 °)

ID(x, p, cr)l exp. . Re w(s, p, a )ds f o r  x E [X o , 0 0 ) a n d  (4.1). T hus w e have
xo
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(E + ) a n d  (E _ ) f o r  sufficiently small (72, r) belonging to Rn - ix T  • We remark
that can be modified satisfying the  cond ition  concerning t h e  continuity at
(0, 0) indicated in  (E-1) o f Theorem 1.

5 .2 . The case where p. -2iV/0 I a I holds. We apply Lemma 3. 1 with 4(x)-=
PH- 4(x)a, nv= P — Mola I and M=P+Mo I a I. T h e n  w e  h a v e  f o r  x EEO, 00) in
both cases (Cf )  an d  (C_)

(5.3)
liw <2m0112(p+ I al) 1 1 2

1Re w  <  - -
2

moi"(p+ I a I)"

From (5.3) we have (E t )  and  (E_) for p 2 M 0 la l.

5.3 . The general case involving p<2M o l al. We take the p component of
(4.4) in  (a„ 43) coordinate, where a1 =— a in  (Cf )  a n d  a, , a  i n  (C_). Then we
have for O x i <x

(5.4) wis(x1)13(x1)12=wp(x)1D(x)12+(-1),4:i(ID'(s)12+pl3(s)12)ds,

where wp(x)—wp(x, p, a )  a n d  3 ( x ) î ( x ,  p ,  a). P u t  x1= 0  then  w e have
I P(x)/i)(0) I (wp(0)/wp(x)) 1"  fo r all x > 0 because (-1)p >O. Therefore we have
(2.15). T h e  estimate o f  W p(X , p, a )  fo r  x  [x o, 00) is given a s  follows, i f  we

0apply Lemma 3.4 with 4(x )=p+q(x )a, M =P+M o a I, 7n=(P-1- 5 I a I) cos—  and

0=7 -  l arg a i l  replacing (0, 00) by (x o, 00) : For both (C+ ) and  (C-), 2

1 a, . r g I(5.5) w (x, p, 1)(p + 3 1 a" - sin 
2

x  Exo , 00)
1131 '

6 
E 00(5.6) wts(x, p, a)<

I I (P+Mo I a 1)1 /2(sin  I a r g
2

a l ) x [x o, ).,

Now le t u s estimate w A(x, p, a ) in  (0, x o). Apply Lemma 3.3 with Ç=a if
Tm a >O. Since 11w(x 0 , p, a ) belongs to D(0, M), it holds

(5.7) 11w(x, p, a)ED(0, M) f o r  x E [0, x01,

in  both cases (CO an d  (C_). We may replace iv by 0  i f  Im a < 0 . I f  I Im a  #O,
from the  figure in  Lemmas 3.2 and 3.4 we have for x (0, 00)

3(p+m 0
la1) 1 1 2

[ i v  ,3 (x , p, a)<
. larg ail arg

IP I (sin 2 ) cos 2  
(5.8) )

wp(x, p, a)<
u s i ( s in   arg2 a 1

6(P+M01 a I)" 2  

in  the  case  (CO,

in  the  case  (C_).

Now we want to estimate 1lw i3 (x , p, a) for x E [0, xo].

we have

Since d
dx w P w) ,
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d
(5.9) W  p(X  , p , a)=(p+q(x)a—w 2) =(p—w 2

a i a-2wa i w pai p)p
dx

—Im a,T m  a l  

using (p p )= p 1 = p
l a l l m  IS

,  ( a T ) A = I a l
 Im p  ' (a ,P),g=lal and

p  Im a,d1 m  a,  /T m  i3\
p

dx lal il /3 +ial 
Tm

 I mfi
2

(5.9)' W ( X ) =   
h i iv l a ' p ' ' '+  I w 0 'ma,

we have the differential inequality concerning wg (x) :

dp  i m a iI m  19 2

(5.10) d-
dx a  Im lal wg,

w  is(x) Im a,l l p

which does not contain q (x ).  We compare (5.9)' and

d  , .  (1 a IIm p 
) j
.f ,, f ( x \

1)
0 1  ( , + 5 1 )1a , s i n   lug ad 

dx JT m  a 1 USI 2

Here the nonlinearity concerns and from f (x 0) w(x 0) we have

(5.11) f(0)-=1/( 171 +ax o )_< f(x)__ wA(x, p , a) f o r  xE [0, x 0 ],

where a ---- I a I Im p/Im a i  a n d  b= f(x o ). From (2.15), (5.8) and (5.11) we have

(5.12) I v (x , p , a) 12<_. (A  1; (
1s
P

i
±
n (t i

g
a

a
l )1/

1
2
/2 )(I a I /

I:  I:  x o+ I
s
i3

inr ar
3
g

1: 1)
7

-
2
" : ),

where A=2 for (C_) and 1/cos( arg a1 /2) for (C+).

larg aI 1Re z-Icos
ri . a g aisin 2

sin a
. rg a 

2 171

2 171

1 cos =sinarg ai. rg a 7
2 2

Im 1 1 / ( 2  Re 7)
Tm a12  Re p 1/2r

Since it holds

in the case (C+ )

in the case (C_)

in the case (C+ )

in the case (C+ )

in the case (C_)

(5.13)1

(5.13)2

from p = z, a= 7 2 a n d  7= Tm r ,  E (x, )7, r)=v(x, 1722 , r2 ) is estimated as
follows. There exists a positive numbers depending on Mo, 3 and x 0 such that
we have for r=lim71* 0 and x Œ [0, œ )

I E (X , )7, r)1 C r ' 2 Iz- 1((1)71+171+ 1)/IRez- 1)1" in  the  case (c,-),
(5.14)

E(x, )7, r)I
lz-1

(1)71+171+ 1)1" in the case (C_).
7

Finally remark that in the case (C+ ) we can use also (4.1) in  (xo, 00). In both
cases (C+ ) a n d  (C_) th e  estimate (5.3) is better than (5.14) i f  17712- 2/1/01712.
Thus we have Theorem 2. Using these results we have Theorem 3 in  next
section.
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§ 6. Proof o f  Theorem 3.

In  order to obtain th e  estimates in  Theorem 3, we modify slightly th e  path
I ' according to the  cases (C+ )  and  (C_). For this purpose we consider at first
th e  properties of g'(77, r).

6.1. Function spaces. For r >0 w e note

t 0r

(6.1) e(t, r )=1
t t>o

è-(t, r )=
I l,

e-",

t<0

Then we have for a ll t R

(6.1)'

(1) 'è(t, ff_1 e(t, r )
(2) e(t, r)

é(t, r)

(3) é(t, r), if

and  the  norms in  §1 a re  written a s  follows

lIghz,={ l i k

a- a , P  1/p

e ( t
'  r)  ay - at g ( Y

a-  a, P }1/7)

e(t, 7) ya a t , v(y, t)

aa a ,

"e"(t, r) a ya a t ,  vcy ,sup
E R

2 E R  - 1

Suppose that g(y, t) belongs to L 1 , (k.>:0), then from (6.1)' (3)

g(y, t)d ydt

is continuous o n  (72, -r)GRnx —7 .1m 7- 01, where (17) I + ly I + 1)"1k1 07, 7)1 is
bounded uniformly. gr(77, r) is analytic  w ith  respect to 7 i n  {7: —r<Im r<0}.
Therefore (1.1) holds if n +1 and r c  {7 ; z. 0} . Suppose that g(y, t)
belongs to a r , i. e. e(t, r)g(y, t)c L 2. Since L r nL +,,, is  d e n se  in  Lt we
have

(6.2) g(y, e 
i

" g;(72, r)d)7dr, ,27r r .ÇR n - l e i 'Y  -

where gi(y, t) E L { , T converges to g(y, t) in

6.2. The case where g(y, t) belongs to L n+2, r• Then from Theorem 2
w e have in  both cases (C+ )  and  (C_)

C L ..+ n + 2 ,r  (6.3) iE(x, 77, 7 )k( 12, r) < (1771+1z..1+1)n+k+E

where s=1 in  case (C+ )  and  s=1/2 in case (C_). Therefore from (6.1)' we have
in  both case

lé(t, r)u(x, y, t)1_<C(k, r)11g114+7,+2,1.
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This means (1) in  Theorem 3.

6 .3 . The case (C+ )  fo r  gE.L4,, 7 . In v ie w  o f  (D -1 ), (D -2) and  (E-1) in
Theorem 1 we modify r  as follows.

( 6
T = E T k ,

k =1

;  T E R ,

(1.4), , T5 = {7; v=s— ir, — 00<s —p1 (0)}, r>0

r 3 = ir ;
1E i =fr ; 2=1- (0, z-(0)= — r(1)= — p i (0) ,

r 5 = { r; —Re z-d-i Im vEr4},

where T4 i s  a  sm ooth curve which is situated away from  (-00, — pi(0)] and the

imaginary a x is .  Now we take smooth functions on [ ' as follows. X.,(7)—=1 on
2 =1

X2 (z-)_>_0, supp x ,cr,, J=1, 2 ,3  and  supp X, and supp X, are contained respec-
tiv e ly  i n  neighbourhoods o f  T4 a n d  T5 w h ic h  have positive distances from
( - 0 0 , — pi(0))Utti(0), 00) a n d  t h e  im ag in a ry  axis. D ecom pose u(x, y, t) =
u+ (x, y , t) as

u(x, y , t)=.- u; (x, y , t)

ui (x, y , t)=(--2 7 r
1 ) 1 r e't n _i e";YX; (z-)E(x, )2, r)k(72, r)driclz-

for g(y, t)ELli+i, r nL+k+2,,,. If the estimate (E + )  is proved, then from  (6.2) we
obtain the strong solution u(x, y, t)  for gE (E t) is proved as follows.
By virtue of Plancherel's theorem  we have
(6.4) • )11H (Rn - 1 x C511,0 H k  (R n - ix R ), x E  [ 0, cc ) ,

since (5.3) makes

(6.6) (1r1+1) 5 X5 (z-)I E(x, 72, 7)1 .Ck 1=1, 4, 5 .

For j= 2  and 3, Plancherel's theorem gives

a- az u.gx, •, •)ay - atz
2  =  (  1  \  2 n

L 22 7 r ) narIX,(7)E(x , •, •),g-'(• , •)
2

L 2

w h ere  th e  r ig h t  h a n d  s id e  is  L 2 n o rm  in  (72, Re z-)ERn - i x R .  From  (6.1)' (1)
w e have

(6.6) (11(x, •, .) 2 j= 2, 3.

For j= 4  and  5 w e rewrite ui (x, y , t) as

ui (x , y , t)=( 2
1
7 r ) 1 7,4 i ejvY .r  K i (x, 77, t, s)(g„g)(72, s)dsdr),
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where Ifi(x, )7, t, s)= .r r e i '" - s l i (z-)E(x, )7, r)dr

1/
(t - s )k  jr e (XJ(r)E(x, )2, z-))dr ,

k=0, 1, 2,
It holds

a-  at 
r)  a y a  a tz  u ) (x, y , t)

n

= ( C ;"(x, )2, t, s)e(s, r)(i)7)"(g,g)()2, s)dsd)7 ,

aiw here RY ) (x, t, s)=e(t, r) 1() (x, )2, t, s)e(s, r y i .

(6.7) IRT(x, )7, t, s)
It - + 1 '

j = 4 ,  5 ,  1 =0, 1, 2, •••,12 

holds fo r som e constants C1 i f  w e  tak e  k=0 and 2 in above formula. Apply
Plancherel's theorem then

aa  ai é ( t ,  7 )  
ay - a ti

y ,  t)
L2) y , L )

/ 1 \ n+112
00K  j i ) (X ,  7 ) ,  t, s)e(s, 7)(1. 77)"(g y g)(27, s)ds1/27) L2 ( , , c).

T hen the square of the right hand side is estim ated by

P n x ,  77, t, .)11L267 . lk (x , )7 , t , s ) I  e(s, r)(i)2 r(g y g)(77, s)1 2 d s)d td v

(C17) 2 11014,„ 1, 1 ,
if  w e use Schwarz inequality, (6.7) and Fubini th eo rem . T h u s w e  have

(6.8) 1111.(x, • , •)114, 1. C (k , 7)11g114 7 , j= 4, 5 .

The estimate (2) in Theorem 3 follows from (6.4), (6.6) and (6.8).

6 .4 .  The case (C_) for geL L . 2 . R em ark that in  th e  case  (C_) w e  have
th e  resu lts  in Theorem  1 replacing r  by ir. Here we m odify the path  F  such
th a t  F is situated aw ay from  the real axis and (4/1(0), /0 0 )U( - 1. 0 0 , - 411(0)) on
the imaginary ax is . F o r exam ple we take r = r 1 + r 2 F F 3 ,  where

r=r(t), r(--T1)=-Tr - i y ,  r(0)=  ,2

r2 =  { r ; r= o - -ir , -00< (75_ -r} ,
Fa= IT ; -R e z - ir  E r 2 } ,

w h ere  r ( t )  i s  a  sm ooth  curve  i n  lz-; Im z- <01 w hich does not pass (-co, 0 0 ) ,

- pi(0)i1 and  E (0)i, boo). D e c o m p o se  u(x, y , t) a s  befo re  u(x, y, t)=

u i (x, y , t )  fo r g E  L42, r n - L l t + k + 2 , r u sin g  sm ooth  functions Zi (r), (j=1, 2, 3),

w here supp X; (z-)c r i ,  1=1, 2 and supp Zi (r) is involved in  a small neighborhood
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of ui(x, y, t) is estim ated sim ilarly to u4 (x, y, t )  in  the  case (C+ ). As for
u,(x, y, t), (j=2, 3) w e have similarly

u.,(x, y , 1)114,5.C3(k, 7)11g114,,,,.
Thus by completion we have the estimate (3) in  Theorem 3.

§ 7. Some comments to Theorems E  an d  H.

Theorem E  and H  are  proved in the sam e w ay of proofs of Theorems 1, 2
and 3. Namely it suffices to regard x0 = 0  in  previous sections. Especially the
estim ates in  Theorem s E  a n d  H  follow from (5.5), (5.6) and (5.13) . W e  c a n
prove estimate (3)11 from (4.4)2, (5.6), (5.13) 1 a n d  (5.13) 2 . In fac t w e  have

1712 
0 E(x, 77, r)1 2 clx-

2 -0 ax 2r2

which yields (3) 11 .
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