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1. Introduction.

F irst of all w e w ill recall a controlled stochastic differential equation (CSDE
in  sh o rt)  an d  i t s  Hamilton-Jacobi-Bellman equation (H-J-B e q . in short). [2, 4,
6, 13].

Let 1" b e  a compact subset o f  R k .  L e t  B  b e  a  d-dimensional Brownian
motion. A  ['-valued process is called an admissible control, if it is progressively
measurable with respect to  B .  9I denotes the totality of admissible controls.

Consider CSDE for Ua 91,

de(t)=- a((t), U(t))dB(t)-Er(e(t), U(t))dt
(1.1)

E(0)=x.

U nder th e  m ild  conditions, w e  have a unique solution e=e(•, x, U ) of (1.1).
Define a  pay-off function V(t, x, 0, U ) by

(1.2) V(t, x, 0, U)= q e -S ô  cce(e),u(0))ao L ç (S ), U(s))ds

c($ (0), U(0))dOsb(e(0)

w here e(t)=e(t, x ,  U ) .  W e w ant to m axim ize its value by a  suitable choice of

(1.3) V(t, x, 0)= sup V(t, x, 0, U)
uEw

is called a value function.
The operator V(t) defined by

(1.4) V(t)0(x)=V(t, x, 0)

becomes a  semigroup on a  Banach lattice of BUC(R d )(=totality of bounded and
uniformly continuous functions on R d ) .  Its  generatory 6 is given by

(1.5) 60=sup (A(u)0—c(x, u)0+ f(x, u), for smooth 0 ,
u E r
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6 2 a1
w h e re  A(u)=- E a i i (x, u)  „  - 1 - E r j x ,  u ), a n d  a (x , u )= -

2
a2 (x, u) [2, 9,

i i ax i ax ; a x i
1 3 ] .  Moreover V(t)0 (x) is  a  viscosity solution of H-J-B e q . [10],

av(t, x) =sup (A(u)V(t, x)— c(x, u)V(t, x)-F f(x, u)), in (0, T )x  R d

St

V(0, x)=0(x), x  Rd .

Further sm oothness of coefficients and non-degeneracy o f  a  produce more
regularity of solution [3, 7, 11].

R ecently  N. V. K rylov [7] and N. S. Trudinger [15] investigated more gen-
era l Bellman equations, namely they extended A(u)V—c(x, u)V-E-f(x, u) to some
non-linear elliptic operator Fu(17„, i•j=1, ••• d, V„ i=1, ••• d, V, x). Assuming
uniform ellipticity and som e regularity conditions, th e y  sh o w e d  the existence
of a  un ique  classical solution V of the following parabolic (or elliptic) Bellman
equation,

(  av  
= i n f  F u  

av i=1.•• d, V , x )St axiax; j= 1 — d ' ox i '
in (0, T)xRd

V(0, x )= 0 (x ), on R d .

In th is  article we will discuss control problems associated with the following
simple case of Fu,

Fu(V i ,, 1, 1 =1, ••• d, V i  i=1, V, x)=A(u)V— c(x, u )V -I-f(x, V, u) where
A (u ) is  a second order elliptic operator w hich m ay be degenerate. N am ely w e
deal w ith the following H-J-B eq . (1.7) by  the probability method.

{ av 
at u E r
,  =sup (A(u)V—c(x, u)V ± f(x, V, u))

in (0, T )x  R d

V(0, x)=.0(x) on R d ,

Recalling the relation betw een (1.3) and (1.6), a solution of (1.7) seem s to turn
out the value function defined by the  integral equation (1.8).

(1.8) V(t, x)=supE 5
t e- it,  c (

V B ) , U ( 0 ) ) d e f ( " (s), V(t—s, e(s), U(s))ds
u F

±e-T8,(),u(o)) doo(e(t)).

In  82 , w e w ill show the existence of a unique solution of (1.8). Using the
rou tine  o f stochastic control, w e  c a n  p ro v e  the B ellm an principle  and the
solution V of (1.8) provides a semigroup with generator (1.7), [Theorems 2 & 3].
Moreover V  becomes a  viscosity solution of (1.7) [Theorem  4].

If  f(x, v, u)=2(u) Pk(u )v ' w ith  p1(u)=0, Pk(u)>=0 and p k (u)-=1 and

c(x, u)=-2(u)>0, th e n  A(u)V -2 (u )V -F  f(x, V , u ) is  the  generator of branching
diffusion. Therefore w e can construct a solution of (1 .7), u sin g  a  stochastic

(1.6)

(1.7)
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control fo r  branching diffusions, besides the value function V  of (1.8). More-
over w e have a semigroup W (t) w ith generator of (1.7), b y  the routine of time
discre te  approximation. T h e n  W (t)0(x) and V (t, x ) coincide under mild condi-
t io n s .  In § 5, w e  assume that A  and Pk d o  n o t d e p e n d  o n  u. A pplying the
sam e m ethod a s  [8 ], w e can  see  th a t the viscosity solution of (1.7) belongs to
W ',  under the conditions of complementary non-degeneracy and smoothness of
coefficients [Theorem 7].

2 .  Stochastic control associated with (1.8).

L e t  r  b e  a com pact su b se t o f  /V ', c a lle d  a  c o n tro l re g io n . B(t),
denotes a  d-dim ensional Brownian motion, defined  o n  a  probability space
(D, F ,  P ) .  Put F t = a-field generated by B(s), s t  (=a,(B ) ) . B y an admissible
c o n tro l w e  m e a n  a  T-valued F 8-progressively measurable process. $21 denotes
the totality of admissible controls.

Let a  be  a  d x d  symmetric matrix valued function o n  R d  F ,  a n d  r  and
c R d and R 8 -valued functions on R d  x r  respec tive ly . W e assume the following
conditions

(Al) g(x , u )E B U C (R dx 1"), g=a 0 , ri , c
say , I g(x, g=-a, 7, and c(x, > — co.

(A2) sup g (x , u)—g(y, u)1 g =a, r, c,
UE r

Suppose th a t f  eB U C (R dxR ixr) satisfies (A3)

suplf (x , y , u)— f(Y , w ,
U E r

s u p  f (x , y ,
X , V, U

B y  v ir tu e  o f  (A l )  a n d  (A2), CSDE(1.1) h a s  a unique solution e(t)=e(t, x, U)
w hich is F e-progressively measurable.

Theorem 1. E q . (1.8) h as  a unique solution V  cBUC([0, T ]x  R d) f o r any
T >0.

P ro o f .  For simplicity we put

(2.1) F(t, x , 0, g, U)

= E x .çt
oe-Re*e) , u ce» de , sr,.R V  ),  g(t— s, $(s)), U(s))ds

+ e -fL,(;(8),17(8)) d S  0 ( e ( 0 )

w here e(t)=e(t, x , U) and sub  x  of E x  m ean s the starting point o f  e. Define
V,,, k =0, 1, 2 ••• as follows,

(A3)



552 Makiko Nisio

(2.2) Vo(t, x)=- 0(x)

(2.3) Vk(t, x)=supF(t, x, 0, V  k -1 , k-=1, 2, ••
treat

Putting 11011=supremum value of 10i, we get

Lemma
1 — c"

IV k(t, x) 1-11f11 2± 1101! e -

A t

i _ e -2t
where  stands fo r  t  when 2=0.

(ii) V k  BUC([0, T ]x  R d ) fo r  a n y  T>0

P ro o f  ( i )  is clear by (Al).
(ii). Put e(t)= e(t, x, U) and n(t)= ( t ,  y, U).

Recalling the following evaluations

(2.4) Ele(t)--72(012-51x-371201" (say I x — 7 1292 (0)

and

(2.5) Ele(t+0)— ecoI22b2(0±02)

w e have

(2.6) I F(t+ 0, x , 0 , g, U)—F(t, y, 0, g, U)1

e- "K 1(s)-72(s)1
At .Jo

et

4-hIg(t+O— s, (s))— g(t— s, 77(s))Ids

d_q I e
-St, t((0),u ten d o _et_ e t o 2(9),u(e))de ,

d sI lf II

± El e -SVe tcett),uttnat_ e -Sf,t0;,(t),tittndslikg

--F c ' t E 10((t+ 0)) - 0(7)(t))1

Using (2.4) and (2.5) we can easily prove (ii) by induction.

Now we will prove Theorem. From the definition of V  k ,  we see

(2.7) I Vk+i(t, x) - 17 k(t, x)I - ._.supEye - "k  Vk (t—s, e(s, x, U))
UEPI 0

—V 0 1(t—s,x ,  U ) ) I d s

Putting p k (t) =-11V k (t, •)—V •)II, (2.7) turns out

P ki- 1(t) 5 S ee -  h  p  (t —  s)d s= 1'15'oe - 2 (t-fl p  k (s)d s

( j )

i. e,
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(2.8) e"p (t)-h .V oe"pk (s )d s

e " - 1Since e "p k (t )  Ilf II +11011, by Lemma (i), (2.8) implies

(2.9) e2tpk+i(l)5_hkiellk Of II 
e

-
1

 +11011).

OC

T herefore  E (supp k (t)) <00, for T > 0 .  So, V,, converges uniformly o n  [0, T ]k=1 I T

X R d  , a s  k—>00. P u t  V=limV k . T hen  V eBUC([0, T ]x  Rd) by Lemma (ii).
Moreover

(2.10) I F(t, x, 55, V k, U) — F( t , x, 0,V , U )I

.hye- 2 s11V k (t—s, •) — V(t — s, •)lids0

E sup p,(0) .f e -18 ds.
j =k ot 0

Hence, a s  k—>co, w e have

suplIF(t, •, 0, V k , U)—F(t, • , 0, V, U)1I — > 0 .
UE2t

So, we see
supF(t, x, 0, V, U )=V (t, x )
uE5g

i. e., V  is a solution of (1.8).
L e t 17 eBUC(E0, TJXR d ) ,  for any T>0, be a solution of (1.8). T hen , by

the same argument as (2.9), w e have

h k tk
•) — V(t, •)11. k l  11 V(t, •)ii, for k=1, 2, ••• .

Hence 7 = V .  This completes the proof of Theorem.

3. Semigroup V(t).

Firstly we recall the following Bellman principle. Define W by

(3.1) x)=supEs.çte L- ccm,u(o)aogu
e ( s ) ,  U ( s ) ) d suE91

± e -Sft, e(e(o),u(o))aeo(( t ))

where geBUC([0, x R d )  f o r  any T > 0 . Then th e  Hellman principle holds,
i. e.

(3.2) W (t+s, x)=supEçx
t
e - L  (e (o),u ( 0 ) ) d ° g ( t+s — z ,  (z), U(z))dz

U e .4t o

e - 18 c(e(o),u (o) dew  (s, e(0).
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Putting g(t, x, u )=f(x, V  k (t, x), u), w e apply (3.1) and (3.2). T hen  w e  have

(3.3) V k + 1 ( t ,  s, x)=supE4te-iô ce (9),u ce» do f(e(z), V k(t+s— z, e(z), U(z))dz
UE 2t 0

, ( ), u ( e ) ) d o
vk+ I(s, $(0).

Tending k to  00, w e can  see  Bellman principle for V , i. e.

(3.4) V(t+s, x)=sup q t e l l  
c ( e ( 0 ) , U ( 0 ) )  d e  

f(e(z), V(t+s—z, e(z), U(z))dz
UE 0

± e -s6,($(8),u(e»de v (s , e(0).

Stressing the dependency on the initial value 0, w e  w ill d e n o te  a unique
solution V(t, x ) of (1.8) b y  V(t, x , 0 ). Put

(3.5) V(t, x, 0)=V(t+s, x, 0).

T hen  (3.4) turns out

(3.6) V(t, x, 0)=supF(t, x, V(s, •), 17 (•, • , 0), U).
yEat

T h is  m e a n s  th a t  V  i s  a  so lu tion  o f (1.8) w ith  the  in itia l va lue  V(s, •, 04 .
Therefore, by the  uniqueness of solution, w e  have

(3.7) V(t+s, x, 0)=-V(t, x,V(s, •, 0)).

Now define V(t) by

(3.8) V(t)0=V(t, •, 0)

T hen  V(t) is  a transformation on BUC(Rd) by Theorem  1.

Theorem 2. V (t) has the following properties
(i) V(0)=identity
(ii) V(t+s)=V(t)V(s)
(iii) V(t)0— 951i-40 as t—>0
(iv) V(t)0 — V(t)011. e ̀ h  - 2 ) 0 - 01!
(y) V(095 is  Lipschitz continuous, i f  0  is  so.

P ro o f .  ( i )  is c lear and (ii) is nothing but (3.7). Since V(t)0(x) is uniformly
continuous on [0, T ]x  R d ,  (iii) holds.

(3.9) I V (t).75(x) — V(t)0(x)I

_<sup F(t, x, 0, V(., 0), U)—F(t, x, çb, V(., U)I(lest

s u p  e- "hE sIV (t — s)0(e(s)) — V(t — s)0(e(s))ids+c - "110- 011cEw

Put p(t)=I!V(t)0—V(t)011. T hen  p  is continuous and (3.9) implies
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(3.10) p(t) 14:e-"p(t—s)ds+e-2`110-011

So w e have (iv).
Lip(A) denotes the totality of Lipschitz continuous functions o n  R d  with

Lipschitz constant A .  Let gEBUC([0, 7]x Rd) for any T>0 and g(t, •) E Lip(A),
O eL ip (B ). Using (2.4) and (2.6) w e  have

(3.11) F(t, x, 0, g , U)—F(t, y , 0, g , U)I

_<[Ç as(KH- h A)q(s)d If Mit e- 23 K .Ç:q(0)d 0 ds

±Bg(t)e - " ] I x — y H
where  q ( t ) = e t " / 2 .  T a k i n g  0 such that

1(3.12) e-23q(s)ds=,

w e have, for t<0,

(3.13) I F(t, x, 0, g , U)—F(t, y , 0, g , U)I (B p ± r± T
A )lx— yj

w here p and r  do not depend on g  and 0 .  Now putting g(t, x)=95 and A=B,
w e have

(3.14) V i(t, •)E L ip(Bpd-r+ + ) f o r  t<0 .

Suppose V k (t, •)ELip( 1"2  ( 1 ) 2(B P ± r)+ (lY B ), for t< 0 .  Then recalling (3.13),.J=0 2 2
we see

F(t, x, 0, V  k , U)—F(t, y , 95, V k,

[ B p d - r - F ( X
) ( 1 ) -1(BP-F r)± (-1- ) k B)11x—y1

i. e.

(3.15) Vk+14, ) Lip(
/

( - 2-1 Y (BP-Pr)±(-- B), for t<0 .
j=O

1 y+1

Since V k converges to  V  uniformly on [0, 0]xRd, we see

(3.16) V(t)q5eLip(2(Bp-Fr)) f o r  t<0 .

Repeating the  same computation for V(t)(V(0)0), w e  have

(3.17) V (t+ 0 )0 E Lip (2(B i p +r)) f o r  t< 0

w here B1= 2 (B p + r). This m eans that V(00 is  Lipschitz continuous whenever
t- 2 0 . Repeating this argument, we can conclude (V).

Theorem 3. Let S  b e  the strong generator o f  V (t ) .  Then
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ad , a y ,

(3.18) g(6)Dig5EBUC(R d ) ;  a xr , , _axtarx EBUC(R a ), 1, j = 4 ,  • • • ,  d } ( = 2 )

and
(3.19) 6q5=sup(A(u)O—c(x, f(x, çb(x), u)), f o r  0E2.

uer

P r o o f .  We apply Ito's formula for ybE Z .  Then

(3.20) F(t, x, çf ,  V(t)çb, U)--0(x)

, E e -Sgcce(0).o co» al (s))_, (e(s))— c(e(s), U(s))çb(e(s))
0

f(e(s), V (t— s)0((s)), U(s))ds .

By the uniform continuity of a, y, c, ç  and V , w e have

(3.21) V(t)0(x)-0(x)=IsigE.D(U(s))0(x)—c(x, U(s))0(x)

f(x, 55(x), U(s))ds±o(t)

where 0(0 is small uniformly in U  and x. On the other hand

(3.22) the main term  of rigth side of (3.21)

<). supA(u)95(x)—c(x, u)0(x)-F f(x, g5(x), u)ds
OuEr

=t•sup(A(u)95(x)—c(x, u)0(x)-E f(x, 95(x), u))
.Er

<RED (U (s))0 (x )— c(x, U (s ))0 (x )± f(x , çb (x ), U (s ))ds

Therefore turns out = .  Thus we can complete the proof.

Theorem 4. V(t)0 (x) i s  a  unique v is c o s i t y  solution of (1.6) in  BUC([0,
X Rd) fo r  a n y  T > 0 , i f  supllai,(•, u)11w2(m)< 0 0 , ij=1••• , d.

P r o o f .  P u t  V(t, x)=V(t)0(x). T h e n  V eBUC([0, 7 ]x R d ) a n d  w e  can
approximate V  by a  smooth bounded function W k , so that

(3.23) 1V(t, x ) — W k (t, x )  > 2 f o r  a n y  (t, x )  [ 0 ,  T ] x  Rd.

Define W k  by

(3.24) Wk(t, x)=sup e-Lc((o) ." » d e  (e(s), W k(t — s, e(s)), U(s))ds
Ue21 0

± e -E C( ),u(o)) deo(e(0) .

Then, as k-900, W k  converges to  V  uniformly in  [0, T]x R d by (3.23). More-j _
over W k  is  a unique viscosity solution o f (3.25),

—
{ aw

P 
D A(u)W —c(x, u)W -Jr f(x, W k (t, x), u), i n  (0, T)x Rd

(3.25) at . Ey,

W(0, •)=0.
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Since f(x, W k (t, x), u) converges t o  f(x, V (t, x ), u ) uniform ly i n  [0, T]x Rd
x F , a s  k—>00, V  is  a  viscosity solution of (1.6), by virtue of stability of viscosity
solution.

Let WEBUC([0, T ]x  R d) b e  a  viscosity solution of (1.7). Putting g(t, x, u)
= f(x, W(t, x), u), gEBUC([0, 7 1 x R d x F ) and W is  a unique viscosity solution
of (3.26)

aW=s u p A (u )W — c (x , u )W -Fg ( t , x , u )  i n  (0, T)x Rd
ut u E r

W(0, •)=0.

B y  th e  uniqueness o f  viscosity  solution of (3.26), W is  e x p re sse d  b y  value
function of stochastic control, th a t is,

(3.27) W(t, x)=supE x e -tS s0 cce(e),u (e)) c l ° g(t — s, e(s), U(s))ds
UE2.1J O

± e -ft cce(e),u(e)deo(( t ))/ •

This turns out the following equality,

(3.28) W(t, x).=supF(t, x,
UE21

Namely, W is  a solution of (1.8). Therefore W = V . This completes the proof.

Remark. V(t), t O satisfies the following condition, for 95 and sbE2,

(3.29) lim -
1

(V(t)(0-Ftsb)-0)(x)=0(x)-1-650(x), for x  R d.
t-o t

Proof.

(3.30)

E x  T e -S.,1 ccw).u(o) def (e(s), V(t—s)(0-1-t(p)(e(s)), U(s))ds

+e C($(e).0 (8)) 03(95(e(t))+toce(t)))-95(x)]

E x Ee- 18 c (e(0),u (0)) c119 {f(e(s), V(t—s)0(e(0), U(s))+A(U(s))0(e(s), U(s))0(e(s))1ds

+te - 18, (e(e) ,u (e)) desb(e(t))1

±Ex5.:e-R cc(0),u co» d° f(e(s), V(t—s)(0-1-t0)(e(s)), U(s))

— f(e(s), V(t—s)95(e(s)), U(s))ds]

By Theorem 2(iv), w e have

(3.26)

(3.31) th e  3rd te rm  of right side ht eh '11011.



558 Makiko Nisio

So, using the sam e argument as (3.19), w e can derive (3.26).

Besides (A1)•-•-• (A3) w e  assume

(A4) zr w f (x , y , u)_f (x , w , u) for a n y  x , u.

The condition (A4) clearly implies the monotonicity o f V(t), e.,

(3.32) V(t)0 V(t)0 if 0_50.

The following can be shown in  the sam e w ay a s  [12].

P roposition . Suppose that (A 1) (A 4) hold. Let suplIa i ,(•, u)II w2tred, < co and
u E r

S(t), be a strongly continuous semigroup on BUS(Rd), whose generater satisfies
(3.18) and (3.19). I f  S(t) has the properties (3.29) and (3.32), then

S(t)=V (t), fo r  an y  t .O .

Concerning a  classical solution of H-J-B equation corresponding to a family
of quasilinear operators, w e can find neater results in  [7], [15].

4 .  Controlled branching diffusion.

This section is concerned with stochastic control fo r  branching diffusions.
W e assume the following conditions besides (A l) and (A2).

(A5) c(x , u)=2>0
CO

(A6) f(x , v , 0 =2 Pkv k

k=0

CO

w here  p k o, pi =o a n d  E  Pk
= 1

.
k=o

CO 0 0

(A7) M = E  O P k < 0 0 ,k=0
a n d  p u t m = E  kp k .

k=0

L et L. b e  a  d-dimensional branching Brownian motion on [0, 7 ],  [1, 5, 14].
Z (t) denotes the number of Brownian particles at t. Let r i  be  the 1st branching
tim e w ith  the following distribution,

(4.1)
 

P(r i >t1 Z(0)-=1)=e - 2 '

and
(4.2)

 P(Z (r i )= k  z(0)=1)— p k  ,  k-=0, 1, 2,

Namely each Brownian particle has an exponentially distributed branching time
and creates at that tim e independent (k -1) B row nian  new  partic les w ith  pro-
bability Pk, k=2, 3, ••• and disappears with probability p o . H ereafter w e assume
Z (0)= 1 . Since each Brow nian particle has its ancestor, w e connect each new
b o rn  p a r tic le  w ith  its  a n c e s to r  a n d  get B row nian motion up  to  its  life  time.
Let ô  b e  a  t r a p .  W hen a  Brownian particle B  disappears at r ,  w e put B(t)=3
f o r  t . r. N am ely a  partic le  m oves o n  RdU ô}. L e t  Z * b e  the number of



Stochastic control 559

B ro w n ian  p a rtic le s  o n  R d U { 6 }  o f  I-3(T). T h e n  (B T U, 04, ••• B z .( .) ( t ,  co)),
() - t - T , can  express L . M oreover, under the condition B i is expressed
as follow s, before its life tim e Ci ,

Bi(t)=ei(t)X[0,=- 1 )(t) ±(E1(ri) - Fe2(t - 71))7,tri ,,,,(t) +  • • •

+( ekerk — 7 k -1)+en(i — Tn-0)XL- n _p ro (t), if Ci=rn
k=1

w here r k  i s  th e  kth branching tim e of /3 and e i , e 2 ••• are suitable independent
Brownian motions (may depends on i). Hence

P(B .,(tk )EA k, k=1, ••• , Z(71), ••• , r ,  Z (r,), ••• C i)

=P(B z (t k )GA k ,  k=1, •-• , l/C,)

P u t  L (i, t, w )= m in{j; B ,(t, w )=B i ( t , w )  f o r  v s_t} . N a m e ly  B i ( . ,  w )  and
w ) have the sam e ancestor before t. Define z  by

z (t, w )={ L (i, t, w );C i >tl.

T h e n , th e  num ber o f  elem ents o f  z(t)-=Z(t). F o r  exam ple , i f  t < r „  then
B k (t)-=-B i (t) and Ck r i  for any  k. So L (i, t, w )=1 and  z (t)= {1}. Z ( t)=0  for
t s w henever Z (s)=0. Moreover Z (t) is  a Galton-Watson process and

(4.3) E Z (0 = e ( m - i )  A t

M +1 ( e 2(772-1)At_ e (m-1)At for m#1
(4.4) Var(Z(0)=

(M+ 1)1t for m=1 .

So there  exists a constant A  such that

E Z 2 ( t)  e<  At .

Finally  w e can easily  see that, for any i, B (t), O t <C i ,  is  a  Brownian motion
under the condition z (t)= •••

N ow  w e consider controlled branching diffusion s ta rtin g  a t x  GR d, in the
following w ay . L e t  U ; [0 , T)X C([0, T)— >Ra)— +r be progressively m easurable
w ith  respect to  the  a-field on CEO, T)—R'1). U  is called an admissible control
and 91 denotes the  totality of admissible controls.

Consider the  following CSDE, for UG91

{

dX k (t) — a(X k (t), U(t, B k ))dB k + 7 (X  k (t ), B k ))d t

X (0 )= =  X  

under the condition Z *_k .
Using the successive approximation, w e can easily  see the  ex istence  of a

unique strong solution X k =X k ( • ,  x ,  U ) . Moreover X k  has the  same law as X1,
up  to  its  life  tim e Ck and X (t, w )=.(X ,(t, w), jE z (t, w)) has the  same branching
law  as f 3 .  L e t  -=$(•, x, U ) b e  a  non-branching part of X , that is

(4.5)
k
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de(t)=a(E(t), U(t, B))dB+7(e(t), U(t, B))dt
(4.6)

I e(0)=-x.

W h en  U  i s  a  constan t fu n c tio n , say  u e F , X  i s  a  branching diffusion with
generator 63(u),

am,
(4.7) 63(u)¢, u)  a x , L , ri(x, u) : _2b+2295+2 1:i_oPk95k •

Put C={55EBUC(Rd); 0g5-1 on Rd} . T hen  C is  a  convex closed subset
of BUC(Rd). For OEC w e define a  pay-off function W as follows

(4.8) W(t, x, 0, U)=E 0(X,(t, x, U))
,,ez(t)

w h e re  110=1 for z (t)= 0  (= em pty  set)

(4.9) W(t, x, 95)-=supW(t, x, 0, U).
/ le a

According to [5], w e  d e n o te  H  ¢(X,(t, x, U)) b y  93(X(t, x, u)). U sing  (2.4)
iEz(t)

and (2.5) w e see  the  following proposition.

Proposition 4.1. Pu t p=(m -1)2 and g(t)=e"t".
(  i ) w (t, •0, U)OECnLip(aePtg(t)) if 0ECnLip(a).
(ii) W(t, •0)ECnLip(aePtg(t)), i f  0ECnLip(a)
(iii) W(t, x, çb, U) is uniformly continuous in x, uniformly in U 91 , whenever

C.
( i v )  W(t, •0)EC, i f  0EC
( y ) IlW(t, • 95)—W(t, .0)11-45 - 011eP t

(vi) supl1W(t, • 95, U)—W(s, •0, U)II—>0 as t—>s,
uEK

(vii) 11W(t, •0)—W(s, •0)11—>0, as t—>s.

P roo f. It is  enough  to  show (i) (iii) (IT) and (vi).

( i ) W ( t ,  x, çb, u)—W(t, y , 95, U)I

E 10(X i (t, x , U))-0(X i(t, y, U))I

:=EE( i e t > 10(Xi (t, x, U )-0 (X i (t, y , U))I I z(t))

= kE10(e(t, x, U))-0(e(t, y , U))1P(Z(t)=k)

ka I x— Y I q(t)P(Z(t)= k) ,  aq(t)eP t x — YI

(iii) and (v) are proved in  the  same way.

(vi) I W(t, x, ç5, U)—W(s, x, ç5, U)I
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(4.10) 5E I  H  0(X,(t, x, U))— H  0(X%(s, x, U))Iiez(() iE z ( s )

x, U)— iO E1, 10 0(X.,(s, x, U))i ;
8 E 8  ( 8 )

no branching tim eE [s, t])+ P (% ranch ing tim e[s, t])

E  I 0(X (t, x, U))-0(X,(s, x, U)) )+ P ( 3 branching time E [s, t]).icz(s)

Since, for s>0, there exists 5=-5(6)>0 such that

I 0(x)— Ø(y)I <s if I x— y I < 5 ,  we see

(4.11) 1st term of right side EZ(s)+E
8 E s

 ) X( 3.,(I X (t x, U)

— X,(s, x, U)l)

(4.12) 2nd term  of right side of (4.11)

=E E ( E x, U)—Xi(s, x, U)1)13(B))
ie z (s )

= E  E  P(IX i (t, x, U)— X t(s, x, U)I >51cf8(B))
Es (8 )

E  P(Z(s)=k)k
2 b 2 ( t — s + ( t — s ) 2 )

k=1 32

Combining (4.11) and (4.12) w ith (4.10), we can complete the  proof of (vi).

Next we will prove the Bellman principle for W.

Proposition 4.2.

(4.13) W(t+s, x, 0)=W(t, x, W(s, •0))

Proof.

(4.14) W(t+s, x, 0, U)=E.;3(X(t+s, x, U))

=EE(0(X(t+s, x, U))I t(B))

Since, under the conditional probability P(• la t (I3)), Ig (0+0, 64 0, becomes Z(t)
independent branching Brownian motions, say fi t ; /Ez(t), we see

(4.15) EWX(t+s, x, U))1a5(B))5 ,I I 0 147 (s, X,(t, x, U)), 0)

=W(s, X(t, x, U), 0)

Hence we have, from (4.14) and (4.15),

(4.16) W(t+s, x, 0) - W(t, x, W(s, • , 0))

For the converse inequality, we recall th e  regularity o f  W  in Proposition 4.1
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and tak e  E-optimal control a s  fo llo w s. F o r s> 0 there  ex ists 3=-3(e), such  that
i f  1 x -  y l< 3  then

(4.17) 1W(s, x , 0 , U )-W (s, y, 0, U ) <E f o r  a n y  U9.1

and
1W(s, x , 0 )-W (s, y, 0)1 <E

L e t  D i , i=1, 2, ••• b e  a  B o re l p a r t it io n  o f  R a  such  tha t d iam ete r o f  D1 <3,
i= 1 , 2 , ••• . F ix  x j ED i  a rb itra rily  and tak e  U1 e91 so that

(4.18) W (s, x i , 0 )-s< W (s , x i , 0, U t ).

T hen  w e  have , fo r ye D i

(4.19) W (s, y, 0)<W (s, x,, 0)-ke<W (s, x i , 0, U 1 )+2E

<W (s, y, 0, U 1)+3s.

Namely LI, is  a  3s-optimal fo r any y ED,.
Define an admissible control U : [0 , T )xC ([0 , T)--q?d)-->T a s  follows,

{ U(0, w) 0<t
(4.20) w),

E U 1 (0 - t, w(•+ t)-w (t))X D ,( 0(w ))

w here  0 = 0 : C([0, t ] -R d ) -R d ,  so that,

(4.21) 0 (w )= e(t, w)=solution o f (4.6) fo r  B (., w )

Putting 0 1 (0, w)=/./ 1 (0 - t ,  w (• + t) -w ( t ) ) ,  w e have

(4.22) W(t+s, x, 0, (1)=EE(0( ..g(t+ s, x ,(7))1at(B ))

and

(4.23) E(g3(X(t+s, x, CI))1at(B))

= H E  Eç-b(Xt(s, X i (t, x, U), LIi)Xp 1(X1(t, x, U))zEz(t) 1=1

H  (W (s, X ,(t, x , U), 0) - 3E)V0
> /Ez(t)

w h ere  a vb= m ax(a, b). Taking th e  expectation o f both sides, w e have

W (t+s, x, 0 , Cf) W(t, x, (W (s, •, çb) -3 s )v 0 , U)

Hence

(4.24) W (t+ s, x, x , W (s, , 0)-36)VO, U)

A s s 0, w e see , from  Proposition 4.1 (v),

(4.25) W (t+ s, x , 0)_4 7 (t, x, W (s, •, 0), U).

Since U is a rb itrary , (4.25) derives th e  required one and completes the  proof.
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Define W(t); C—>C by

(4.26) W(t)0(x)=W(t, x, g5)

T hen w e have the following theorem, from Propositions 4.1 and 4.2.

Theorem 5.
(i) W(0)=identity W(t+s)=WWW(s)
(ii) W(t)O<W WO i f  050
(iii) IIW(t)Ø—W (t)01I5 O m ') "110 — 011
(iv) Let be the strong generator of W (t).  Then 2 (6 )D 2nC

and

(4.27) 695=surr)A(u)0-20+2 PkOkf o r  g5Egr1C.

Proof  of (iv).

W(t, x, çS , U)—¢(x)

=E(q5(X1 (t, x , U ))-0 (x ); no branching tim e in [0, t])

+E(g3(X(t, x, U))—q5(x); branching time E [0, t])

=E(Ø(X i (t, x, U))-0(x))— E(0(X1(t, x, U); branching time E [0, t])

+E(y3(X(t, x, U); 9 branching tirneE [0, t])

Again using the regularity of a, r ,  .0 and W, w e can  see  in  the  sa m e  w a y  as
Theorem 3

(4.28) W (t, x, 0)-0(x)

=t(supA(u)0-20-1-2 P k O9H-o(t).
uer k=o

This completes the  proof.

Theorem 6. V(t, x)----W(t)0(x) is a  viscosity solution of (4.29),

(4.29)
{ av supA(u)V+217-2 E pk v k =o, i n  (0, T)xRd

atu e T k=o

17 (0, x )= 0 (x ),  on R .

Moreover, i f  W EB U C ([0 , T ]x  R d) is a viscosity solution of (4.29) and W (t, x )I
then V--, 147 ,  under the condition supllaii(•, n)162(Ed)< 0 0 , j ,  j=1, ••• , d.

uer

Pro o f .. L et 6EB U C ((0, T)x R d )  b e  a s m o o th  fu n c t io n  s u c h  th a t
a6 6 and a 2 0   belong to BUC((0, T )x R d ). Suppose t h a t  V -6  h a s  aat ax ia x i ax,

strict maximum a t  (to , x 0 ) E(0, T)X R d . N ow  w e w ill show
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ao (4.30) (to, x 0)—supA(u)0(t o , xo)+2V(to, xo) - 2 E PkT"(to, x o ) oat uEr k=0

For the proof o f (4.30) we may assume

(4.31) 0 (to, x0)=-V(to , xo)

Therefore

(4.32) O V(t, x):<_(0A1)(t, x), i n  (0, T)x Rd .

We apply a  similar argument as (4.27)

(4.33) V(to, x 0)=W(t0)0(x0)=W(0)V(to - 0, .)(xo)

=supEf/\ (t0--0 , X(0, xo , U supE(0A1)(t 0- 0 ,  X(0, xo, U))
Ue2{ UEYI

=supE(0A1)(t 0-0, X1(0, xo, U. ))
uEw

—E{(0A1)(t 0 -0 , X 0(0, x o , U); 'branching timee [0, 0]}

+E{(0A1)(t o --0, X(0, x o , U); 'branching timee CO, OD

(4.34) 2nd term  of right side= —(0 Al)(t o , x 0 )20+o(0)

3rd term  of right side= Pk(OA1) k (to, x 0)20-Fo(0)

where o(0) is small uniformly in  UG9.1. Recalling (4.31) we see (0A1)(t0,
V(t o , x o). Moreover Ito's formula tells us

(4.35) E(0A1)(t0-0, xo, U))-0(to, xo)

. E(0(t 0 -0 , X 1 (0, xo, U))-0(to, xo)

= (to—t, x0U))+A(U(t))0(to—t, X l (t, x, U))dtat0
Thus, combining (4.34) and (4.35) w ith (4.33), w e have

0 sup.E 1: (t, t ,  x i (t, x 0 , u))+A(u(t))0(t0—t, x l (t, x,, U))dt

-4 - 17 (to, x0)+ P kTr k ( to , xo))20-1-0(0)

=( a0  (to x„)+supA(u)0(to, x0)-2 -v(to, x0)+2 p k yk(to, x0))8+0(e)at 1 1 E r  k = 0

CO

This derives (4.30).
I n  th e  sa m e  w a y  w e  c a n  show  th a t ,  i f  V - 0  has a strict minimum at

(to , x o) , then

ao (to , x„)-- supA(u)0(t o , x0)-1-2V(to, x0) - 2 E pkvh(to,at uEr k=0

CO



Stochastic control 565

This concludes the former half of Theorem.
17,

Put g(v )=2 E p o k .  T h e n  e (v ) I  2 7 7 i whenever
k=o

putting f (v)=- g((-1V  v) A 1), we see

f  (v)- f  (v')I —v'

Now Theorem 4 implies the uniqueness of viscosity solution of

av
= s u p A ( u ) V - 2 V ± f ( V ) , i n  (0, T)xRdot 1 L E r

V (0, x )=0(x ) o n  Rd.

This concludes the  later half of Theorem.

(4.36)

Therefore,

§ 5. Regularity o f W (t)0(x).

In this section we assume (A8) besides (A5) --, (A7)

(A8)g ( • ,  u ) E 2 for a n y  u E r  a n d  suplig(-, u)I1„c2(Rd) <00

where g —a i , r i , i j = 1 , • ,  d .

This condition implies that the solution e of (4.6) depends on its starting point
x  smoothly, that is , there exist B-adapted square integrable processes Y i , and
Z1,, such that

(5.1) E (e i(t , x+Oe i , U)—ei (t, x, U) 
Yo(t, x, U))

2

as 60—+0, where 6'1 is  the unit vector (0, ••• 0, 1, ••• , 0)

(5.2) E(  Y ii(t, x O e k „U ) — Y i i (t, x , U) Z t i k (t, x, U)) 2

e --> 0

as 0-4).
aei(t, x, U) x, U)Namely Y i i (t, x , U )= a n d  Z i i k (t, x, U)— ax sax kax ;sense o f L 2 -derivatives.

Proposition 5 .1 .  I f 0 E C A O , then IV (t, • , 0, U)E.OA C. Moreover

(5.3) supliW(t, • U)11c2creco< 00
Ue21

Pro o f . We apply the routine argum ents. By (5.1) we have

aw 
(5.4) (t, x , 0, U)a x i

d ao axi =E E E 0(X i(t, x , U)) (X i(t, x , U)) (t, x , U)q=1 zEz(oiez(t) ax oxi

in  the

Hence
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(5.5)

In the same way we have

(5.6) 1112(T)=- max sup
,  k = l , -  d  t r,11E41

This completes the proof.

aw (t„ 0 , u)axi

a 2w (t, • , u)axiaxj

M i(T )= m a x  su p
j=1 •••  d  t UEV1

<00.

<00.

From (5.3) w e have, for any unit vector X eRd

(5.7) W(t, x-I-OX , 0)+W (t, x— OX , 0)-2W (t, x, 0)

_ supW(t, x+OX, 0, U)+W(t, x— OX , 0, U)-2supW (t, x , 0, U)
Ue21 Ue21

infW(t, x+OX, 0, U)+W(t, x— OX , 0, U)-2W (t, x, 0, U)
Elea

02 M2 (t).

Consequently
&Ty 

(5.8) (t, x, 0)_>_—M2 (t) in distribution sense.ax2

Proposition 5 .2 . For 0 e g n C ,  there exists 1113 (t) such that

(5.9) sup11W(t+0, • , 0, U)—W(t, • , 0, U)11-5_11/h(t)0
UE41

P roo f. F ix  x  and U  arbitrarily and put X t (t)= X 1,(t, x, U)

(5.10) W(t— 0, x, 0, U)— W (t, x, 0, U)

=E (  H  0(X,(t - 1- 0)) —  H  çb(Xi (t)))
ie z ( t ) ie z (c )

— E(f l 95(X i (t-1-8))— 95(X1(t))) ; 3 branching timeE[t, t-1-0])
iEZ (t) tiEZ (t)

+E(O(X(t+ 0 )) - 1 -3 (X (t ) )  ;  3 branching time E  [t, t+0])

(5.11) 12nd term! +13rd term1 2P ( 3 branching time E  [t, t+ 0])

<202e ( m- 1 )

On the other hand, using Ito's formula we see

(5.12) l is t  term1 sup11,4(u)0110e( m- ' )

ucr

Putting M3(t)=(supl1A(u)011+22)en - 1 " t , we can conclude the proof.
/ te r

Now we can show the following regularity according to [8].

Theorcm 7. For gi O nC , we have

( j ) W (• • 0)EW L((0, T)xRd)
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Moreover A(u)W(t, • , g5)E L.(Rd) and

(5.13) sup sup II A(u)W (t, • , 0)11<
t5 U  u E r

( 1 1 )  Suppose the following complementary non-degeneracy,
(A.9) 3 7.)> 0  such that, fo r any  xE Rd there ex ist n, u 1 , ••• , u„E.r and 0 (0, 1)

i=1, ••• , n  such that 0 i = 1  andt=i

(5.14) Okai.(x, uk)e1 le1 2 , for an y  e E R d

p=-1 k=1

Then W(• • , 0)EW1; 2((0, T)XRd).

Since W  is  a  viscosity solution of (4.29), Theorem 7 (ii) means

(5.15)

{ aw 
=supA(u)W-2W-i- PkWkOr 1LEr k=1

W (0 , x , 0) = Ø(X )

a. e i n  (0, T )x  R d

on R .

6 .  Controlled branching semigroup.
CO

P u t S = R d  an d  S--= U Sn . W e endow a n  usual topology o n  S.
n=1

L e t Y(t, u), t 0,  b e  a  branching diffusion on S  s ta r t in g  a t  . E S .  suppose
that its branching system  is {Pk(u), k=0, 1, 2, •••}, i.e.

-(6.1) P1(u)=0, Pk(u)>=0, a n d  E  Pk(u)=-1.
k=0

and its non-branching p a rt is  a diffusion w ith  th e  following generator A(u),

d a2A d
(6.2) ;21-(u) 0 =  E u) E  7 ,(x , u ) ,  2(4)0

ax,ax ) z = 1 ax,

fo r  a  smooth function 0.
Besides (Al) an d  (A2) w e  assume tw o conditions,

(A10)0 <  inf 2(u) -___sup2(u)=C< ,
u er u e r

and
(A ll) po(u )=0 f o r  vu r  a n d  supEkp k (u)<00.

uer

Namely 17 (., x, u), x S  has a n  exponentially distributed branching time and at
that tim e independent (k —1) new  diffusions are created with probability P k (u).
F or .t= (x 1 , ••• , x i i ) ESn, w e h a v e  F(t, î ,  u )= 07 1(t, x 1 ,  u), ••• Y n ( t , x , 11)) with
independent branching diffusions 37 ,  s ta rting  a t x,, E S , i =1, ••• , n. By (All),
th e  number of diffusion p a rtic le s  is  a n  increasing Galton-Watson process and
no explosion occurs.

In  th is section we will construct a non-linear semigroup on a suitable Banach
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space o f continuous functions defined on S , which has a  branching property
and gives a  viscosity solution of H -J-B  eq. for (6.1) and (6.2).

Set pn(5j, 5)=- x , — Y , I  for 2 -= (x 1 , ••• , x n )  and 5=(3 71, • , y„)GS 3 and

1101In= sup I 0(.5J)1 for a real valued function 0  defined on Si'. Put
xE,sn

Lip(a) ,  10  ; S-+R 1 su c h  th a t ( i )  0 / s .  i s  a  symmetric bounded function,
n = 1 , 2, ••• , limlisb/s.11=0, ( i i i ) I 0(i-)-0(..9)i_.5._a pn(x, 5 )  fo r x,

7e—co

n=1, 2 , •••}  and - C = U L ip ( a ) .  W e endow  the supremum norm  on  _C and
a>o

denote its completion by C .  Then C  is  a  Banach lattice with supremum norm
and usual order. Put D= {0 ; S— R '  satisfies the following condition; W  such
tha t 1101In=0 for n_ . /V and 0 / 8 7i eBUC(Sn), symmetric, and derivative EBUC(Sn)
for n < N 1 .  Then D c_C  and D is dense in C.

For O E C  we define T(t, u1, ••• u n ) 0  by

(6.3) T(t, u 1 , ••• , un ) 0 M = E 0 (1 7 1(t, xl, u), ••• xn, un))

for X=(x 1 , •••, x n )E S '  where ••• , –17„ are independent branching diffusions
and F i (t, x i , u i )  is a  copy of F(t, x i , u i ), .x i E S .  Put A=2 - '  and define J=J N

by

(6.4) JO(.77)= s u p  T(A, 24 1 ,• , u n )0(.V f o r  .7Ze S n .
U1,•••, U n E r

Proposition 6 .1 .  Put m(u) , k p  k (u ) and ,i =sup2(u)(7n(u)-1)+1-K.
k=.1

)  I T(t, u 1 , ••• , u ) ( ) —T(t, u1, ••• un)0(5)11<aeP t pn(X, 5) w henev er 0
ELip(a).

(ii) 11T(t, u l , ••• un)011,,—suP11011/
12m

(iii) J O E L ip (a e l"), i f  OELip(a)
( iv ) J O E C , i f  (DEC-

(y) ILTO—JW11-110—T'll an d  11.10— JrIn5_712110 — T li

(vi) J 0 1 / J 0  at each point, if  On / 0  a t  e a c h  point.

P ro o f .  For .t"= (x j , •• , x n ) and • • •  ,  yn)

(6.5) I T(t, u 1 , ••• , u n ) 0(x 1 , , x,1)—T(t, u1, ••• , un)0(371, •-• yn)I

Elg5(17 1(t. x 1 , u1), «•, Yn(t, xn, yn))-0(Y1(t, yi, ••• , Fn(t, Yn, un)

.<a E l r i (t, x i , u1)—Fict, y i ,

.<a I x i— y ileP t= a eP tp n (X ,  5 )

(ii) For x- ESn, (17 1(t, ••• , rn(t, x n , u n )) G S ' fo r some This
derives (ii).

(iii) is clear by (i) and (ii).
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(iv) For O E  w e can  take  T E E  so that

(6.6) I JO(X)—J(fc)I 5_ sup I T(A, u, •., u n )(0 — W)(2)1 5Œ —V)

So JO  can be approximated by Jgf(E..C).
(v) is  clear.
( v i )  Since JO n  is increasing and

lim / (5 -c)_ 0(.7?).

On the other hand, the convergence theorem tells us

T(A, u l , • un ) 0 (X )=IkimT (A, u1 , ••• , u k ( ï )

k(-t- ) •
k

Taking the supremum w ith  respect to  u 1 , ••• , u n E T ,  w e have

J0(. 1imJ0k(fc.).
k - •o s

This derives (vi).

Now we will successively define Jk; C—>C, by
p + io _ j(J k 0 ) .

Proposition 6.2. Jk  has the following properties
(i) j k o < p y r ,0 < yr

(ii) P O n / J k 0  at each point, i f  O n / O  at each point
(iii) 11.P 0 — PT115.11 0 — r 1  and ll.P 0 — PrIn— suP11 0 — T11112n,
(iv) Jk O E L ip (ae P") , i f  OELip(a)
( v )  IlJk O — O lk A A (0 ) f o r OGD

where A ( 0 ) ,  s u p  s u p  IIA(ui, ••• UnM n + 21C110 11nZI ui— u n Er

i f  11011 .=0  for rn l, putting

A (u i , ••• u n 4 ( x i ,  • • •  ,  x n ) = A (ui)0(x1, ••• , x i-i, • , x i+1, •••

P ro o f . ( i  ) ,--, (iv) are  clear from  Proposition 6.1.

(6.7) IIP 0— 0 M  iP 5 O— P - 1 011-k11,10-011p=1
For 2.=(x 1 , ••• , x n ) E S '1 w e  have

(6.8) TC, u l , •-• u n ) 0 (.5e) - 0(-)
=E 0 (3 7 1(A , x l, u1), ••• Yn(A, xn, un)) - 0(x1, ••• xn)

—E(O(Y i (A, xl, u1), Yn(A, xn, un)); branching times )

+E(O (Y 1(A , x l, u1), ••• Fn(A, x n , u n ) ; branching times_,A)

569
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where Y, is  the non-branching part o f V,. By Ito's formula w e have

(6.9)

1st term of right side-A  A(111 , ••• , un)0(Y1(t, xl, u1), ••• , Y.(t, x ,  u n ))dt

Moreover

(6.10) 12nd term 1 +13rd term 1 _ 211011(1— f t  e - 2 (ut")

It nC
So combining these computations w ith (6.7) and (6.8) w e can get (v).

Define W,v (t); C --C1 by

(6.11) W N (t)0 =A 0 f o r  t=k2 - N

Then

(6.12) WN(t+s)=WN(t)WN(s) f o r  t=k2 - N , s=j2 - N

and

(6.13) WN-i(t)0_<WN(t)0 f o r  t=k2 - N÷'

Since W N (t )0  is increasing, as N-400, we can define 1-17(t) by

(6.14) IT(t)0(.77)=IimWN(t)0(x) for binary t.

Then we can easily see

1 W(t)0M — W(t)Yr(Î)1 _.-110

11 W(t)011,/ _.suP11011//g7/

tiR t ) O E L ip ( a e P c ) ,  if Lip(a).

Therefore, W(t)0 E  if  0 G C.

Proposition 6 . 3 .  For binary t, W(t); has the following properties
(i) W(t) W ( t ) ,  if .gf.
(ii) IIIT (t)0 -011tA (0 ) for ø D
(iii) IIW(t)O—W(t)T. 11.110— T11 and  IIW(t)(1)— ROW suPII0 — Y.

i n

(iv) W(t+s)=W(t)W(s), W(0)----identity
( v )  11W(t)0 - 0 hi- - 0 a s  t-40.

Pro o f . We prove only (iv) and (v).

(6.15) W (t+s)0= lim W N (t+ s )0 =  lim W N (t)WN (s)0

lim W N (t)117 (s) IT(t)IT(s)0

For t=2 - Pk, s=2 - nk and p._• _N,
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W.(t)WN(s)O WN(t)WN(s) 0 =WN(t+s) 0

As N—).00, we see, from Proposition 6.2 (ii),

W n(t)W (s)0 W(t+s)0.

Tending n to cc, we get the converse inequality of (6.15). This completes the
proof of (iv).

Since D is dense in C, we can take WED so that < E . Hence, by
(ii),

II MO— II  II Moo —w(t)w II +IIW (OW _?1i' +1T ø I  2 s  A ( W )

This concludes (v).

Using (iv) and (v) we can extend W(t) on tE [0, co), that is, W (t );  C--÷C
is defined by

(6.16) 17V(t)0=lim W(t)0 whenever binary tn —q.
Tt —•os

Then we have

Proposition 6.4. (1) ,-, -, (v ) still h o ld  fo r  W(t),

Next we will show the branching property. L e t  E BUC(S) and 0
Then OE where ç is defined by

q3(x1 , •-• , xn)= fb(xi) on S ' .

(6.17) T(A , ?to  • , un)93(x1, .•, x.)-= E0( - 7 „  x i ,  . , ) ,

Hence, taking the supremum with respect to u1 , ••• , un ,  we see

J93(x 1 , •-• , x „)=.M ( x 1 ) -=( .413)/s(x i , ••• x . ) .

Repeating this argument, w e have

.1253=-J(M)=.1((A3)18)=(J(.193)1s)is=(I 2 5 )is.
Thus we have

i. e.

As N — co,

(6.18)

woro=woyo,s
w o w x i, ,  xo= n w o w x i)

we see, for binary t

W(t).73(xi, • ,  x.)-=  f l  W(t)0(x1)
i= 1

Since W(t) is continuous in t ,  (6.18) holds for any t O. T h is  means the branch-
ing property.
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N o w  w e  w ill show  th a t  W (t) provides a  semigroup w hich turns out a
viscosity solution of H-J-B e q . F ix  pG  (0, 1) arbitrarily and put

{OEBUC(Rd);

Then is a  convex closed subset of BUC(Rd). Define 13-7(t); by

(6.19) W(t)Ø(x)=W(t)ç(x) f o r  OG

Theorem 8. Under the conditions (Al) (A2) (A ll) and (Al2), 117 (t), t 0 , is
a  non-linear semigroucl on el with the generator 6 ;

(6.20) 60=sup6(u)0 f o r  OGO no
uer

where 6(u)0=A(u).25-2(u)¢4-2(u) p ( u ) ç .  M oreov er -14-7(t )0  i s  a  viscosityk=2
solution of (6.21).

{  ?kV 
at uer

=-sup6(u)W i n  (0, T)x Rd

I f  supdai ,(•, u)II w2(Ra)< co, then its viscosity solution is  unique.
Pro o f . The semigroup property is derived from the branching property of

M t). T h a t is

(6.22) 1717(t)(117(s)0(x)= W(t)(W(s)0), s (x)

= W(t)W(s)0 (x).= W(t+s)(x)

=f17(t+s)0(x).

By the routine w e can show (6.20).
Next we will prove that W(t, x)=11-7(t)0(x) is  a  viscosity solution of (6.21).

Let OE C7((0, T)x  Rd)(=bounded smooth functions with any bounded derivatives).
Suppose that W -0  has a strict maximum a t  (to , xo ). We may assume W(to, xo)
-=0(to , xo). Hence W_<0.

First w e assume that z _çb.p— z  with some z > 0 .  For h E(0 , to) , w e have
e(h) such that

(6.23) O(t0—h, x)_5_0(t, x) ( t o ,  x)±hs(h) on R ,

and s(h)-A  as h--40.
Denote the right side of (6.23) by 0(x ) (=0(x  ; h)). On the other hand, for

sE(0, zI2), there exists vECT;(Rd) such that

(6.24) W(to—h, •)_v(•)_<W(t o —h,

Put 17=0 on S, =0 on Sk, le_>_2. Define 0 ; S--q?' by

(6.21)
W(0, •)=0 on R .
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sup v(xi)($(uk)v(xk), o n  Sn,
(6.25) 0(x 1 , ••• , xn)=1.1.-un k=1 tk

sup6(u)0(x) o n  S.
ucr

Then O E C .  L et T (t , u ) b e  the transition sem igroup o f  V(t, u). T h e n  the
generator e(u i )x ••• x6(u n ) of T (t, u ,)x  ••• xT (t, u n )  satisfies

(6.26) 63(u1)x ••• x6(u)D(21, 2,2)-0(X)

w here (i i , « ,  2 n ) e S k  a n d  2 = (2„ ••, .5j n ) = S .  Hence we have

T(t 7 u „ un)0(X)--0(X)

_=T(t, u 1) X ••• XT(t, u n )0(x 1 , • •• , x ) -0 (x 1 , ••• x . )

u i ) X ••• xT(s, u„)(63(u 1 ) x ••• x6(u n ) )D (x „  • ,  x n )ds
0

*tT (s , u1 , •, u n ) 0 (.C ds_<IV (s) Ods
0

Taking the supremum w . r . to  u „  •• , u n ,  w e get, on S \S ,

(6.27) fv---.0. 1i7(s)Ods

where A=2 - N and J = J N . Hence, recalling the definition o f (/) on S , we see

(6.28) JV—V<I417r(s)Ods o n  S.

Putting V i = J V — V , w e have

(6.29) P17 —JV <J(JV — V )= J V i .

(6.30) T (A, U 1 , ••• , u n )V i _T(A, u1, '•, u n )
J

 111(s)Ods
0

_
=  T(A, ••• , u n ) W(s)Od s< . W (A±s)O ds.

0 0

W(s)Ods , o n  S.

Therefore we have

PV —IT W(s)Ods

Repeating the same evaluations, we get

JkV—jk - 1 17 .çk i I T A S ) O d S .
(k-1).1

Consequently we get

(6.31) mov—vq-w(s)ods.
So, w e have
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(6.32) 0(to, x 0)=W(t 0 , x0)=W(h)g7(t0—h, .)(x0)

, W(h)V(x 0) V(x 0)d1.4
0

-147(s)0(x 0 )ds

This implies

( t o ,  x0 ) _s(h)-1--
h  0

W(s)0(x e )ds.at
Tending h  to 0, we conclude that W is a  subsolution of (6.21).

L et (to , xo ) be a strict minimum point of W -0 .  We may assume W(t o , xo)
=0(t 0 , x o ). So W t > .  For h (0, to) we can choose E(h), such that

(6.33) 0(t0—h, x)_0(t 0 , x)—h  a t  (t o , x)d-hs(h), o n  S

and s(h)-40 as h—>O. Denoting the right side of (6.33) by 0(x) (=-0(x ; h)), we
apply the  similar evaluations. Choose vECr(Rd) so that

(6.34) O_W(to—h, •)—v(•)<

and put

{çb

o n  S

D(.V o n  S\S.

Then V E 2 (6 (u )). Moreover, from (6.33) and (6.34), we see

(6.35) 0(t0, x0)=W(h )T37(to—h, .)(x0)

W(h)V(x0)•
and

W(h)V(x 0 )—V(x 0 )>= T(h, u)V(x o )—V(x o )

•

= 4

h

T(s, u) 135(u)V(x 0 )ds.0

Therefore, recalling (6.33), we have

ao (to, x 0)?_6(u)0(t0, x 0).at
Taking the supremum w . r. to uE F , we can show that W  i s  a  supersolution
of (6.21). Hence W is a  viscosity solution of (6.21).

For a  general 0, we can choose an approximate 0„, so that

—1 07,_ p - -1 a n d  IlOn- 011< -1 •

Put Wn (t, x)=FT7(t)On(x) and W(t, x)=17T7(t)0(x). Then Wn  tends to W uniformly
o n  [0, T ]x R d .  L e t (to , x e )  be a strict maximum point of W -0 .  Then there
exists a maximum point (t„, x n ) of W,, -0 , which converges to (to , x 0), as n—>co.
Since W ri,  i s  a  viscosity solution of (6.21) w ith  the initial value O n , W is a
viscosity solution of (6.21) with the initial value 0, by the  stability o f  viscosity
solution.

Since the uniqueness part is derived from Theorem 4, this completes the
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proof of Theorem 8.

Remark. If A and  p k a r e  independent o f  u and p =0 , then we h a v e  two
viscosity solutions V(t)0 a n d  W(t)0 in  § 4 and  § 5 respectively. Using the  time
discrete approximation of an admissible control, we can show that V(t)0=I-17(t)0.
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