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Some functional equations which generate both
crinkly broken lines and curves

By

Jun KiGaMmi

§0. Preliminary.

Since the discovery of Peano’s plane filling curve, we have known many irregular
curves as von Koch curve [5], Pdlya curve [11] and Lévy curve [6]. In recent years,
these curves have found to be related to Mandelbrot’s Fractal theory and studied
by many authors. They have shown that these curves can be defined as limits of
sequences of broken lines generated by a kind of transformation. In fact, such
an idea has already given in [9] by E. H. Moore.

A sequence of complex numbers a={a,} % € CN generates a broken line L(a)
in the comprex plane whose turning points {z,}}%, are given by

n—1

2o=0, z,=3 a, n=1,2,...

Definition. For (yo, yy,..., Yo-1) € C"—{0}, we define T,: C¥— C¥ such that
T(ag, as»...)=(Y0A0> V1805 Yu—190> Yod1> V14 1>--+) -

This transformation T, replaces a segment a; by segments yoa;, y,a;, 7,4;,...,
Y.—1a;. We will treat such a type of transformation in a new view point, which is
different from previous studies, in the following sections. In §1, we will direct our
attention to the broken lines which are invariant under T,. Roughly speaking, the
invariant broken line is the eigen vector of the linear map T, and in the course of the
discussion, the eigen vector turns out to be the solution of a functional equation on
the formal power series C[[z]]. In §2, it will be also shown that the solution of
the functional equation has the natural boundary at the unit circle. In the rest of
this section, we will review the previous results in our formulation.

The following theorem gives the process of generation of the irregular curves
by T.

n—1
Theorem 1. Leta={a;} € CN and y=(yo,.... V.- €C". If ¥ y;=1, ly;I<1
j=o

for all j=0, 1,...,n—1 and L(a) is a compact subset of the plane, then L(T’(a)) is
compact and converges as n— + oo in the sense of Hausdorff metric.
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In the book [7] by Mandelbrot, such y is called the generator of Fractal curves

Example 1.

(1) Lety= (»lii, L;’) and a=(1, 0, 0,...)e CV, then L(T"(a)) is convergent

<

to Lévy curve as n— + oo.
1 \/3 V3 _ 1+\/3l —1—\/31
@) et y=(g. g +V 0 g Y5 ioy) and a=(1, 7V
0) then L(T%(a)) is convergent to the snowflake curve (i.e. von Koch vurve).

(3) Let =<é— —éz — é—z —2—>and a=(1,0,0,...), then L(T%(a)) is convergent

to Polya’s plane filling curve.

a

Similar theorem is shown by Dekking [2]. His theory of recurrent sets is able
to apply some of the curves generated by T,. Hata [4] has studied different type
of transformations viewing from the point of self similarity.

Proof of Theorem 1. We will show that
dy(L(Tya), L(T3a))Srdy(L(a), L(T,a)), (0.1)

where r=sup {|y;|: j=0, I,..., n—1} and dy(-,-) denotes Hausdorff metric. For
the simplicity of the discussion, we assume a=(1, 0, 0,...). In this case, T,a=
(Yos Y1r-+» Yu—1- 0, 0,...).  Let a7=(0, 0,..., 0, y;, 0,...), then

dy(L(T,a). LUT3a)S  sup  dy(L(al), L(T,a%)).
j= 1

.....

Here dy(L(a’), L(T,a’))=|y;|dy(L(a), L(T,a)). Therefore we obtain (0.1). Now,
using (0.1) inductively, we have

dy(L(T}a), (T} 'a)) S r'dy(L(a), L(T,a)).
Hence, for n<m, we have
dy(L(Tja), L(Tya)) S Tk} dy(L(Tha), L(Ty*'a))
(252 r¥)dy(L(a), L(T,a))

T“‘ dy(L(a), L(T a)).

Thus, L(T4a) is convergent in Hausdorff metric as n— + co.

§1. Invariant broken lines.

We will establish a new viewpoint on the transformation 7, from the fact that
T, is a linear map from CW to itself. At first, let us consider a broken line which is
invariant in shape under T,. Here, the shape of a broken line is determined by a
equivalence in CN: a, be CV are equivalent if and only if there exists « € C—{0} and
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a,=ab, for all neN. Now, a broken line a is invariant in shape under T, when T,a
and a are equivalent in above sense, in other words, a is an eigen vector of T, for a
nonzero eigen value.

Proposition 1. T, has a nontrivial eigen vector if and only if y,#0. And in
this case, T, has only one eigen value y, and the eigen vector corresponds to this
eigen value.

Proof. First, we rewrite explicitely the definition of T,. Let T,a=(b,, b,...),
then Vi p=bpg i (1.1)
for k=0, 1,..., n—1 and p=0, 1, 2,....

Let a=(ay, a,,...)#0 be an eigen vector of T, with an eigen value 2. By (1.1), we
have Vel p= A, p 4 (1.2)
For some k and p, y,a,#0 and this implies A#0 by (1.2). Now using the formula
a,,+x=4"'y.a, inductively, it turns out that a, =0 implies a,,=0 for all m. There-
fore, ay,#0, and hence by a,=y,ay, we have 1=y,. Thus, we obtain y,=1#0,
and the eigen vector is determined inductively from a, by the formula a,,.,=1""y,a,.

By Proposition 1, it turns out that y,7 0 must be assumed to study the broken
lines invariant in shape under T,. And then, the eigen vector of T, is the fixed point
of (yo)™'T,=T, where y'=(1, y,/70, ¥2/Y0s-++» Vu-1/70)- S0, let w=(1, w,, w,,...,
w,_,) and study the fixed points of T,

It is convenient to identify CM with the formal power series C[[z]] as
(ag, ay, ay,...)ag+a,z+a,z2+....

In this expression, for fe C[[z]]

Tof(2)=¥.(2)f(z"),

where Y, (z)=1+w,z+w,z2+...4+w,_,z""'. Therefore, the fixed points of T,
are the solutions of the functional equation in C[[z]]

Vu(2)f(z)=f(2). (1.3)

Remark. Such a functional equation as (1.3) is seen on several occasions. In
the kneading theory of iteration of the interval maps, the functional equation
(1—=0D(f, 2)=D(f, t) is used to characterize the kneading determinant D of the
unimodal map f lying on a critical state. See §9 of [8] for the details. In [10],
QOdlyzko has studied functional equations

f(2)=P(2)+(Q(Z)) (1.4)

from the interest in the enumeration of 2, 3-trees. Naturally, this type of functional
equations are closely related with the famous works of Fatou and Julia (See [1]).
We will treat the details in §3.

Using(1.3) for f(z"), the solution f of (1.3) turns out to satisfy y ,(z)¥ ,(z") f(z"*) =
f(z). So, repeating this process infinitely, we can find the solution of (1.3) as follows.

Theorem 2. Let [ ,(2)=T1;% V(2" ), then f, is well defined as an element of
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C[[z]], and the solution of (1.3) is given by af ,(z) for a € C.

Proof of Theorem 2. Let f*)(z)=TT*Z} y,(z"), then
Yo(z")f®(2)=f**1(z). Here Y (z")=14+wz"™ +...4+w,_,z("" D" therefore
we have

J8(2)—f** ) (2) ez C[[2]]. (1.5)

Hence f¥)(z) is convergent in the formal power series topology and the limit f (z)
has the property

Jul2)=f®(2) ez C[[=]]. (1.6)

By (1.5) and (1.6), we have ¥ ,(z)f ,(z")—f ,(z) € z"“C[[z]] for all k. Hence f,(z)
is the solution of (1.3). By (1.2), for a solution f(z)=3 %% a;z/ of (1.3), a, is
uniquely determined by a,. And so, we obtain f(z)=aqf ,(z).

Definition. For me N, ne N—{0} and j=0, 1,..., n—1, we define S(m: n, j)
as follows. If m=3f_, j,-n* such that j,€{0, 1,..., n—1}, then

S(m: n, )=Kk: jy=j},

where |- | represents the number of elements of the set.
Especially, S(m)=S(m: 2, 1).

The following lemma is immediately verified by above definition.
Lemma. S(nm+k: n, j)=S(m: n, j)+6;, for k=0, 1,2,...,n—1.
Making use of S(m: n, j), f,(z) can be expressed by its coefficients.
Theorem 3. f,(z)= 32 (IT}=] wStmini)zm,
Remark. In this paper, we define 0°=1.
Proof of Theorem 3. Let a,=T1"z}{ w$™:"- /), then by the lemma, we have
wya,= i@z @SR
=I5} 0f0PHhm D =a,y.y, (L7

where wo=1. Using (1.2) in the proof of Proposition 1, (1.7) implies that 3}, a,,z™
is a solution of (1.3). By Theorem 2 and the fact that a,=1, we obtain

w20 dm2" =fu(2).
Example 2. Let w=(l, e27*) where o € R, then the solution of (1 + e2"i*z) f(z2)

=f(2) is f ,(2)= D} &, e?riaStmizm  f a=%, then w=<1,}—;§> and f(z) represents
the broken line which is invariant under T, of Example 1-(1). For arbitral «, Dekking
and Mendés France have studied the broken lines represented by f,(z) in Example 4.3

of [3].
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§2. Radious of convergence and natural boundary of f,,(z) .

We have considered the functional equation (1.3) on the formal power series
C[[z]]. The solution of (1.3) is given by theorems in §1 as a formal power series.
Now, we will discuss some properties of the solution f,(z) as an analytic function in
this section. By the way, if w=(1, 0, 0,..., 0), then f (z)=1 and this case is often a
trivial exception in the below discussion. Therefore we will eliminate this case from
our consideration.

Proposition 2. The radious of convergence of f, is 1.

Proof of Proposition 2. Let a,, be the same as in the proof of Theorem 3 and

w= sup |wj| where w,=1. By the definition of S(m: n, j) we have 3 "Z}
Jj=0,1,.

S(m: n, J)<10g,.m+1 Therefore, |a,,| =TT72} lw;|Stmn i) Swlesnm*1 Hence we
have Ilmsup|am|'/"'< lim wlognm+1)/m—1{

m—+ o0 m-+
On the other hand, if w,#0 for some k, then a,,,,=w, where m(p)=knP. Hence

we have lim sup |a,,|'/m< Ilm |@ppyl/mP=1. Thus we obtain limsup |a,|!/"=1.
m—+ m—+00

It is also obtained thatf“‘)(z) converges uniformly on the unit disk D={z: |z| <1}
and for |z|> 1, f*)(z)— + o0 as k— + 0. And then, the next question is naturally
on the possibility of analytic continuation of f .

Theorem 4. f, has the natural boundary at the unit circle C={z: |z|=1}
with the exception of the following case.

Exception. Let {,_,=e?"/""1 and w=(1, {™_,, {3 ,..., ({32m 1) where m=
1,2,...,n—1, then f (2)=1/(1 = {m_,2).

The natural boundary of f, can be thought to represent the complexity of
the corresponding broken line. For example, f,(z) in Exception corresponds to a
regular (n—1) polygon. The rest of this section is filled with the proof of Theorem 4.

Proof of Theorem 4. We will show that if f (z) can be continuated on an open
set V2D, then f,(z) is one of the exceptional cases.

Lemma 1. If f (z) can be continuated to an analytic function on an open set
V2D, then f(z) can be continuated to a rational function on an open set U>D.

Proof. Let P(z)=2z", then for all { € P(U) n C, there exists z, € U n C such that
P(zy)={. Taking a branch of P~! as Q(z) such that Q({)=z,, we can continuate
fo(z) to a rational function on a neighborhood of { by f,(z)=f,(Q(2))/V¥.(Q(z)).
And so, it is easily verified that \_2/1 P"(U)=C, therefore for all {eC, we can

continuate f,(z) to a rational function on a neibhforhood of { by repeating above
process. And then, all of the function element on a neighborhood of { are compatible
as the direct analytic continuation from D. Thus we can continuate f,(z) to a
rational function F(z) on an open set U > D.
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We can choose an open set W such that U>W>D and P(W)c U, then for all
ze W, Yo(2)F(P(2))=F(2). (2.1)
Now, the radious of convergence of f(z) is one and there is a pole n of F(z) such that
In|=1.

Lemma 2. 5 is a periodic point of P.

Proof. By (2.1), we have y,(n)F(p(n))=F(n). Hence, if F(n)= oo, then F(P(n))
=00 and P(n) is a pole of F(z). The same discussion shows that P"(n) is also a
pole of F(z) for n=0, 1,.... Here, if 5 is not a periodic point of P, then {P"(n)}}2,
has some accumulated points on C. This contradicts the fact that F is a rational
function on U.

Let n be a g-periodic point of P and ny=P9 '(n). Then P~!(y) has exactly
n-different points n4, z,, z5,..., Z,_;.

Lemma 3. y,(z;)=0 for j=,1,...,n—1.

Proof. 1f Y,(z;)#0, then by (2.1), F(z;))=y,(z;)F(n)=oc0. Therefore, z; is a
pole of F. Then by the same discussion as Lemma I, we have z; is a periodic
point of P.  This contradicts the fact that  is a g-periodic point and P9~'()=n,#z;.

By the above lemma, ¥ ,(z) must have at least n—1 different zeros. On the
other hand, y,(z) is a polynominal of degree n — | at most. Hence we obtain  (z)=
IT%=1 (1—z/z;). And now, making the same discussion as above, we also obtain
P (ny)={P9 '(No)s 21> Z35---» Zy—1}. Therefore no=n and n is a fixed point of P.
Hence we obtain y,(z)=TT14=} (1 —z/z;) where P~Y(P(z;))={P(z)), z;, z3,..., Z,— 1}
By the elementary caluclation, the above condition implies that y,(z) is one of the
exceptional cases.

§3. The natural boundary and Julia set.

In the preceding section, we show that the solution of (1.3) has the natural
boundary at |z| =1 except for a few cases. It is also known that Julia set of z—z"
is |z|=1. This correspondence will lead us to a new problem. Let us consider a
functional equation

f(2)=y¥(2)f(P(2)), 3.1

where ¥ is a given entire function and P is a given polynominal which satisfy y(0)=1,
P(0)=0 and |P'(0)]<1. A continuous function f on an open set U is said to be
the solution of (3.1) if P(U)c U and f(z)=y(z)f(P(z)) for all ze U. The problem
is the relation between the natural boundary of the solution of (3.1) and the Julia
set of P.

Definition. The stable set of 0 is the set

§={z: P"(z)>0as n— + o0}.
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The immediate stable set A, of 0 is the component of W§ containing 0. J(P) denotes
the Julia set of P.

The following proposition is the known fundamental facts about W§, 4, and
J(P). See [1] for the proofs and the details.

Proposition 3. (1) W$§ and A, are open sets. The frontier of W§ is con-
tained in J(P) and the frontier of A is also contained in J(P). (2) W} is com-
pletely invariant by P and A, is foreward invariant by P.

We can find the solution of (3.1) on W§ by the same method used in Theorem 2.

Theorem 5.

(1) TlIz-o ¥(P¥(2)) is uniformly convergent on W§ as n— + o0.

(2) The limit F(z)=T1;% Y(P(z)) is the solution of (3.1) on W3,

(3) Every solution of (3.1) on a neighborhood of 0 coincides with «F(z) for some
o € C on some neighborhood of 0.

Proof. (1) We can choose A and a bounded open set V30 so as to satisfy
|P'(0)| <A< 1, P(V)< V and |P(z)|<A|z| for all ze V. Then let R=sup |z|, we have

zeV

[P"(z)] <A"R forall n=1,2,.. and zelV.

Hence, log|y(P¥(z))|<cA* for some c¢>0. Therefore, e°4* is the majorant of
V(P (2)). r& e is obviously convergent to e°#/2-! and this implies that
I1; -0 Y(P*(z)) is uniformly convergent on V. Now, for all compact set K< W3,
we have PXK)cV for sufficiently large k. Hence we can also obtain that
[} -0 ¥(P*(2)) is uniformly convergent on K. Thus, [7_, ¥(P*(2)) is uniformly
convergent on W3,

(2) This is obvious by the definition of F(z) and (1).

(3) Let f(z) be a solution of (3.1) on an open set U>0. We can choose
an open set W30 such that U n Ao>Wand P(W)c W. Then for all ze W, we have
J@)=U(2W(P(2))... y(P"~1(2)) f(P"(z)). Here, TIjz4¥(Pi(z)) and f(P"(z)) are

uniformly convergent to F(z) and f(0) on W respectively. Thus, we obtain
f(2)=f(0)F(z) on W.
Now we can state our problem precisely.

Problem. When does the natural boundary of F(z)|,, coincide with the frontier
of A,?

The following theorem is one of the sufficient conditions to our problem, which
is very simple and meaningful.

Theorem 6. If there is ne Ay such that Yy(n)=0, then the natural boundary of
F(2)l 4, is the frontier of A,.

Proof. Lemma. Let (€ A, and P™({)=n, then F({)=0.
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Proof. This is obvious by the equation

FQO)=y(0)...y(P(O)F(P1(L)).

It is easily verified that P: A;—A, is surjective. Therefore, we have
(Pl4,) ™(m)#¢ for all m=1. Then, by the above lemma, the accumulated points
of \U (P|,,)"™(n) is the accumulated points of the zero’s of F|,,. By the theorem

m21

of identity, the accumulated points of the zero’s of F|,, are contained in d4,. There-
fore we obtain the following lemma.

Lemma. There exists € 0A,y such that F|,, can not be continuated to any
rational map on a neighborhood of &.

Now, if F| 4, can be continuated to some analytic function on an open set U=
Ay, then making use of the same arguement as is used in the proof of Theorem 4,
F| 4, can be continuated to a rational map on an neighborhood of . This contradicts
to the preceding lemma.

Remark. In [10], Odlyzko has studied the functional equation (1.4) and
encountered a problem similar to ours. To avoid the confusion with our notation,
we rewrite (1.4) as

9(2)=¢(2) +g(P(z)). (3.2)

Odlyzko assume that P(z) and ¢(z) are nonzero polynominal with real nonnegative
coefficients, which satisfy ¢(0)=P(0)=P'(0)=0. If we consider the exponential
form of (3.2), e?(x)=¢%(2)e9(P(z)) gand let e9(*)=f(z) and e??)=y(z), then it comes
to our functional equation (3.1). Odlyzko has proved that the natural boundary
of the solution of (3.1) is the Julia set of P under some extensive assumptions.

Remark. If y(z) and P(z) are formal power series, we can define a linear map
TY: C[[z]]1-C[[z]] by T{(f)z)=y¥(2)f(P(z)). The eigen vector of T is given

by the formal power series [T} ( ﬁ@) l//(P"(Z))) when y(0)#0, P(0)=0 and P'(0)=0.

This formal power series represents an invariant broken line under T5. So, we can
generate a broad class of crinkly broken lines by the transfomations T'F.
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