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A class of pseudo-differential operators of
logarithmic type and infinitely degenerate
hypoelliptic operators

By

Takashi OKAJI

1. Introduction

Recently, the hypoellipticity for the infinitely degenerate operators has been
intensively studied. ([7], [11], [6]) Here, we call the partial differential operator
P be hypoelliptic in a open subset £ of R" iff for any ucs&’(2) and any 0C &,
Pye C~(w) implies u e C(w).

In [7], by the probabilistic method, they have shown that for a positive real
number n and ¢(t)=exp(—|t|~") if t+0, =0 if t=0, the operator

L=D}+Di+¢(x) D5

is hypoelliptic in R® if and only if n<1. Here D;=—id/dx;.

Inspired by this result, in [11] Y. Morimoto has studied the hypoellipticity
for a class of operators containing L by the method based on some a priori
estimate which has its own interest. Also T. Hoshiro [6] has proved the same
result by a different method. It seems that their works are influenced by the
micro-local methods in the analytic or Gevrey class: The back ground of the
method in [11] is Morrey-Nirenberg method (cf. [2] etc.) and Hormander’s
micro-local method. On the other hand, the back ground of the method in [6]
is Mizohata’s a,f, method.

Thus, the development of the theory of the regularity of solution in the
analytic or Gevrey class animates the study of the hypoellipticity in C= class.

In this paper, inspired by this observation, we shall introduce a new class
of pseudo-differential operators which is viewed as a version in a C* class of
Gevrey pseudo-differential operators of infinite order. Moreover, we shall apply
it to the study of the hypoellipticity of the infinitely degenerate operators by
the method of parametrix. This class enables us to obtain more sharp results
than that in a framework of the class S7 introduced by L. Hérmander.

In section 3, we shall study the hypoellipticity of the parabolic operators.
Our method is similar to that in [4] and [9] but requires us more precise argu-
ment. In section 4, we shall show that the operator

(D, +i¢(x|)Dz)2+¢(x1)Dz
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is hypoelliptic in R? for any n>0. This will be done by the perturbation methed
considering (D,+i¢D,)* as principal term. We remark that in contrast with the
case that the coefficients finitely degenerate, this perturbation method does not
work well in the framework Sg.

We do not know whether their methods in [11] or [6] are applicable to
our case. This is an interesting problem.

We note that F. Treves has obtained the result on the hypoellipticity for
the operators of principal type with infinitely degenerate coefficients. ([13]).
We also mention V.S. Fedii [3] as a pioneering work for the infinitely de-
generate operators.

Finally, we would like to thank Professor S. Mizohata for his advice.

2. Definitions, Calculus and Formal symbols
Let 2 be a subset of R? and m, p, §, v, 8 be a real number such that
0=p=1, 0501, 720, 620, 1—0+6>0 and p+7>0.

Definition 1. (>0, z>0) We denote by .L7°%(2) the space of all functions
plx, £)e C=(2 X R?) satisfying the following condition: for every compact subset
KcCQ there exists constant C and for every ¢>0 there exist constants C. and
R, such that

(L.1) |DEDgp(x, &) < C.CratBiggym-riai(e|al/log <€) ™!
X{1Bl+1&1%|Bl/log <&>)?}' A
for every a, 8 and x€K, é€R? with e|a|+R.Zlog <(&>.
Here, <&>=1+4+|&|%)2

Definition 2. (>0, 6<1) L1(QD)={p(x, &) C(R X R?): for every compact
subset KC£ and every B there exists constant C and for every ¢>0 there
exist constants C, and R, such that

(1.2) |DEDgp(x, &)| S C.C'egd™P1a+31Bi(g|a|/log <€)
for every a, x€K and é€R? with ¢|a|+ R.<log <&).}
Definition 3. (6>0, p>0) LB(2)={p(x, &) =C(2XR*): for every com-

pact subset KC2 and every a, there exist constants C and R and for every
e>0, there exists a constant C, such that

(1.3) IDEDg p(x, &) S C.CELEI™ P1a(|B]+1€1%e| Bl/log (&D)F)#!
for every B, x€K and £¢€R?¢ with R (€.}

Definition 4. (>0, 6<1) LBPHD)=STD)={p(x, ) C(QXR?): for every
compact subset KC 2 every a, B, there exists constants C and R such that

1.4 |DiDgp(x, )| S CEym-rrai+did
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for every x€ K and é€R? with R<|€].}

For pe.Lmr%(Q2), the operator Op(p), P(x, D), with kernel
Seiu_y'e)P(x. §)dé,  (dé=(2m) *d§)

is well-defined and maps C(R) in C=(2) and &'(2) in 9'(2).
We introduce the formal symbols in £7%(2): Let p; be a sequence of non-
negative real numbers such that for some x>0,

Sle Hiloo

We shall say Tp,(x, &) be a formal symbol in £%%2) if the following condi-
tion is satisfied :

When >0 and 6>0, for every compact subset KC {2, there exists con-
tants C and >0 and for every &>0, there exist constants C., R. such that

@1 | DED; py(x, &)1 S C.C'*+#1(Cepr) i(log <ED)-#icgy™ P!
X(elar|/log €)' {|B1+1£1%<| B1/log <0}

for any a, B8, j, x€K and éeR?¢ with e|a|+rpy;+R.Zlog <&.

When #=0, >0 and d<1, for every compact subset KC$, every 8, there
exist constants C and r>0 and for every ¢>0, there exist constants C. and R,
such that

IDEDgp(x, E)| SC.C'*'(Cepj)*i(log <&y) ricgym-piai+dihi

X(elal/log &)™

for any a, j, x€ K and é=R? with ela|+ru;+ R.<log <&.

When 7=0, #>0 and p>0, for every compact subset KC {2, every a, there
exist constants C and »>0 and for every ¢>0 there exists a constant C. such
that

IDEDgpi(x, §)I S C.C'#(Cepry)#i(log <§3)#i(gHme1e!
X (| B1+1£1%(e| B1/1og <€X)’)'P!

for every B, j, x€K and é= R? with r(y;+1)<log <{&.

When r=60=0, p>0 and d<1, for every compact subset KC£2, every a, B,
there exist constants C and >0 and for every ¢>0, there exists a constant
C. such that

| DD p(x, €)1 < C.C(Ceptj)*i(log &) #iKgym-erat+df

for every j, x€K and £ R¢ with r(p;+1)<log <&.
Next, we introduce the equivalence relation: When >0 and 6>0, for the
formal symbol g p; and %(11 in .L£1*%(2) we say these symbols be equivalent
J Jje

(Zpj~2q,) if for every compact subsst KC, there exist constant C and >0
and for every ¢>0, there exist constants C. and R, such that
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DQD?%TV{P;(L £)—q,(x, ©)} | SC.C'**F(Cepy)"¥(log <&y~

X (el @l /log (&)1 %(1 81 +1€1%(c| B1/10g <€3)7)11¢ym=01e

for every a, B, N, x€K and §eR? with ¢la|+rpy+ R.<log <&). When >0
and 0<1, 2p,~2q; in LT*XQ) iff for every compact subset KC®Q every 8,
there exist constants C and r>0 and for every &>0, there exist constant C.
and R. such that

DEDg 2 (py—qp) | S C.C'e(Cepry)*(log <£))"¥
<

X(ela|/log <&) w1 (gymmerairdifl

for every a, N, x€K and é=R? with e|a|+ruy+R.Zlog <¢>. When >0 and
>0, Tp,~2g; in LTP(R2) iff for every compact subset KCQ every a, there
exist constants C and »>0 and for every ¢>0, there exists a constant C, such
that

DEDg 33 (p;—qy)| S C.C'P(Cepy) ¥ (log <ED)"N¢gHm-r1e!
<N

X(1B1+1&1%e|B/1og <€)%) #!

for every B, N, x€K and é=R? with r(uy+1)<log <£>. When p>0 and <1,
Yp~2q; in Lned(Q) iff for every compact subset K, a, B. there exist constant
C and r>0 and for every £>0, there exists a constant C, such that

DéD?j;zN (p;—q5) | S C(Cepn)*¥(log <&))-IN(gym-rrar+dipi

for every N, xeK and é=R? with r(uy+1)<log {&.

For a conic set wXI'CT*(R¢%), we also define L7%°%wxI’), the formal
symbol in £%*%wXxI") and the equivalence relation in .L%(wX ") by an obvious
way : replacing £€R? by &1

If A, B: C3(RY)—9'(R?®) are continuous linear operators with WF/(A)U
WF/(B)Cdiag (T*(R*)\0) and JCT*(R*)\0 is a conic open set, we say that
A~B in 4 if WF'(A—B)Ndiag (9)=@. Moreover, we say A~B in a open set
wCR? if the kernel of A—B is C* in oXw.

Now, we introcuce the auxiliarly function X¥4(¢): It is well-known that if
2,€8, are two open sets, one can find a sequence of functions ¢ysC5(£2;)

and a constant C such that
2.2) ¢v=1on 2, and [D%y|<(Cla]PN'-r)«

for every N, a, |a|<N, where p&[0, 1) is a given number. ([5], [1]) Take
¢nEC=(RY) satisfying (2.2) with 2,={f€R*: |§|<1} and Q,={fcR*: [§|<2}.
Define

x‘}"(&)zl—sbnog 2;1+1(5/]') »

where [ ] stands for the Gauss’symbol. Then, for any ¢>0, there exists a
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constant C. such that
[DAYE = Celal/(1E]log <EX)P'™!

for any a and €€ R¢ with |a|<Zlog {(&). Moreover we have

Lemma A. Given two cones I''&l,CR? and p<[0, 1), there exists g= C~(R?)
and for every e&>0 there exists a constant C. such that g(€)=0 if &« I, or |&|
<1, g®)=1if ¢, and |£|=2, and for any a, EER? with |a|<log (&),

|D*g&)|=C.lelal/|E])'* .

This result follows from lemma 3.1 in [10].
As for the calculus in £ we have

Theorem 1. Let Xp; be a formal symbol in LT5P%2). Set
p(x, &)= ? Xexorppi+1(@)ps(x, §) .
Then, p(x, &) LT*%2). Moreover p is uniquely determined up to the equivalence.

We call p a realization of X'p;.

Theorem 2. [f pe LTr%(2)~0, then for any usée’(Q),

P(x, DyuesC=(Q).
Theorem 3. Let p= L7°%(Q). Then, for any use’(Q),
WF(P(x, Dyu)cWFu.

These theorem are shown by the standard way. The argument is close to
that for the pseudo-differential operators of infinitely order. The key point is
the following result.

Lemma B. Let ue9'(2). Then, (x, &) WFu if and only if there exist
e C3(R) with ¢p=1 near x and a conic neighborhood I' of & and for every e>0
there exists a constant C. such that

| pu(&)] < C(eN/log (&)
for any N, é€l" with eN<log <{&.

This is a consequence of the fact that

(@M Gu(§)= 3 (M log &»)*/k!-pu(®).

20

Now, we consider the composition. To clarify this, we introduce a subclass
Imed of £me. For t>0 and >0, we define Imr%(Q)=.Lm0%R). For =0
and 0<1, we define I7%°%2) by {p(x, &) CH(RXRY):"K&23C and "e>0
3C.?R. such that
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|DEDg p(x, &)| S C.Cla+B1LE ™ 21ai(g| | /log <ED)' !
X BI+181'%1&1%) 8

for every a, 8, x€K and £€R? with ¢|la|+R.Zlog<¢>. For r=0 and p>0,
THed={p(x, ) €C~(QXRY):"K&R3C 3R and Y¢>0 C,,

|DEDgp(x, §)ISC.Ce+BE™ |l /1€ (1 B+ 1£1%e| B1/1og <€)%) A
for any a, B, x€K and ¢€R¢ with Rla|<|£|}. For p>0 and d<1, IT3°%Q)
=7-SH@D)={p(x, §EC=(QXRY: 'K€@ *C *R such that
|DEDg p(x, &)1 S Cre+B (| /1€ (| B 41 B | &) 8!

for any «, B, x€K and é=R?* with Rla|<|§]}.

We also define the formal symbols, equivalence relation in £7%¢%2) by the
analogous way. We use the notation: (g, v)=(g’,v") iff p>p’ or p=p’ and
v=y’. Then the similar argument to that in y'-S53(£2) ([12]) gives us the fol-
lowing results:

Theorem 4. Let ac I7%(Q) and be L), If either p>08" or p=06"<1
and t+0'>0, then the symbol

c(x, )~ 3 (a)(@F a)x, EXDzb)x, &)

is a formal symbol in ITg™e"(Q) for (p”, t”)=min((p, ), (p’, t’)) and (8", —§”)
=max((d, —0), (6’, —0")). Furthermore, for any ¢=CY8) such that $=1 in a
neighborhood of 2,CR and for any realization ¢, we have

op(c)~op(a)gop(b)  on £2,.
Theorem 5. Let Xp; and 2b; be the formal symbols in IT%(RQxT") and
ITrg'(QxI), respectively. Define
Cioralx, E)=(aNT0Fps(x, §)D3gu(x, &) .
If either p>d" or 1>p=0" and t+6'>0, ija Cira 1S a formal symbol in

Lrgm e Qx ) with (p”, ©")=min{(p, 7), (p’, T/)} and (8”7, —0”)=max{(, —40),
(0’, —0")}. Furthermore, for any realization a, b, ¢ of these symbols, for any
d=CND), ¢=1 in a neighborhood of x,, and for any g(&) with support in I,
given by lemma A with parameter p,, 6<p,<1 and such that g(§)=1 for |&|=2,
& in a conic neighborhood of &, we have

op(ge)~op(ga)pop(gh)  at (xo, &o) .

We remark that the composition can be defined from L7P%(Q)X L7 % (2)
to a class of symbol which has the pseudo-local property if p>0¢’ or p=¢’ and
7+6’>0, but this class larger than LI&™ ¢77(Q).
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3. Infinitely degenerate parobolic operators

Let I=(—2T, 2T), £ be an open set in R? and m be a positive even integer.
We consider the operator L given by

L=at-—P(x, t, DI)
P(x, t, )= j?ﬁ pmofx, £, 8) and

Pm-ifx, 1, 0= 3 adlx, 15"

with a.(x, )eC*(Ix ). We assume the following condition: Let r and 6 be
non-negative real numbers and

Ue, B, N)=lalt+|B1O0+)(r+6).
For any compact set KC§, there exists a constant C such that
@.1 |DEDEpm_(x, t, )| SC'**+F 1+ |Re pp |-t F- D g i B D miai~]
for any tel, xeK, é=R? and a, B, j with la, B8, /)1 and
(3.2) |DgDEpm_(x, t, )| SCIo*P+igI L& m 11~

for any tel, x€K, é€R?, a, 8, j with l(a, B8, j)>1.
Moreover, we impose the following condition on Re p,: for any compact

set KCQ, there exist positive number &, » and constant A€ R\0O such that
33 { ARe pn(x, t, £)20 for (x,t, )& KXIXR? and
' [ Re pu(x, 5, szt~ 10g @1

for t—t'=r(log <&>)™* and (¢, t/, x, §)eIXIX KX R¢ Then, we have

Theorem 3.1. Under the assnmption (3.1)-(3.3), L is hypoelliptic in IX R if
m(z+60)<1 and h(z+6)>1.

Example. Let
L,=0,—(exp(—|t|"")D%+D%) and
L,=0,—(exp(—[t|"™+xHDE

If n<1/2, then these operators are hypoelliptic at the origin. In fact, for L,,
t=1/2, §=0, h=1/n and for L,, t=0, 6=1/2, h=1/n.

When the coefficients of L are independent of x, we have more sharp
result.

Theorem 3.2. Suppose that p.-;=0 for j>0, the coefficients of pn are inde-
pendent of x and (3.1)-(3.3). Then L is hypoelliptic in IXR2 if th/(1—1)>1.
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Whee m(z4+6)<1, our result intersects with [4] and [9].

Proof of theorem 3.1. For simplicity, we shall show the hypoellipticity of
L in (—T,T)xQ2. We are going to construct a left parametrix of L in the
following form:

]{u:gei.rfg;K(t, t/, X, E)ﬁ(t,y E)dt’d& ,

where T/=T if >0, T’=—T if 2<0, and # stands for the Fouier transform
in x of u. Hereafter, we only consider the case 1<0. KL~Id implies

{ _at’K(t) t,y X, &)_ 2 (a ')—la?K(t, t,y X, S)DgP(X, z/r G)NO
K@, t x, &€)=1.
Let K(t, ¢/, x, &= DK (¢, t', x, §). Define K by
Jj=0

K, t, x, E):exp(Sz'pm(x, s, &)ds)

Kj(tv t/; X, 5)’—‘ égt Ko(s, t,y X, é)EPl(s: X, E: a$)Kj—l(t’ S, x, &)ds ’

o
where @(s, x, &, ag:la%:l(a DY Dgpm-)x, s, )0F.

Then, we have
Lemma 3.3. For some constant C
(3.4) [DngKo(t, v, x, 5)[_§C'“+'B'“|a+ﬁ| ”EI(m:-l)mHmﬂlﬁl
1t
~h(crai+6:8 el
X (log <g»-rei+00exp( (' Re putx, s, )ds)
for any t=t', a, B, x€K and é€R".

Proof. We see that

[ 1Re palr=ix, s, a5z 1=t (]| IRe pul(x, 5, &1ds) ™"
e o

Therefore, denoting Sz IRe pn|(x, s, &)ds by A, by the formula for the deriva-

tives of the composition of functions, we see that the left hand side of (3.4) is
less than

E,Ia+/9| ‘/(21 1. Z.k !)lt_t/I.—|al+0lﬁ|A|I|—.-|ax—0|ﬂ| ]&l(mr—1)|m+m0|ﬂ|e—/ﬂ

+2”|a+,8| V@, Ve Dt—t'] 11 |E|(mr—1)|a|+m0|ﬂ|-r|a|—0|ﬂ|+|1|e—/1 ,

where I=(i,, -, i), [ IS |a+B|, in 27, [I|Z7la|+0|8], in 27, |I|<z|al+ 6|8,
and m—|a|E(mr—1)|a|+mf|B|, and

(B ZNIGE ) 1, DS Cha+b
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for some universal constant C,. The assumption (3.3) implies
[t—t"| =(A(log <&>)"*+1)(log <&))°*,

so that the inequality:
yVe ¥ CVN! if y=0,
gives us (3.4). Q.E.D.

Lemma 3.4. There exist constants C,, C and R such that
(3.5) IDEDEK(t, t, x, §)| S CoC' B +i(|a+ Bl +5) !
><(log <$>)-h(t|al+0|ﬁl)—h(r+0)j<$>(mr-l)lal+m0lﬁl exp (_A/4)
for any a,, B, j, x€ K€L, t=t’ and (€R* with R(|al+j)<log <{&.

Proof. It is seen that for some constant A

[ IRe pul=itx, 5, &)exp(— 21 IRe pulz, o, 00d57)as

<1t=t14{, IRe paltx, 5, & exp(—@1-0)"

1-1

s
’ ’
%[ IRe pul(x, 57, d5')}
<|t—t'I'A if 1>/=0 and t=t'.

By the induction on j, we observe that there exist constants C,, C, and R
such that the left hand side of (3.5) is less than

CoCi®* P3| a+ Bl +7) A (log <)+ 1}
X(log <$>)—h(r+0)j—h,(rla|+0|ﬁ])<8>-(m:—l)xa|+m0|19|e-(1/2)/1 .
From this, (3.5) follows since
(A%(log <> M+ 1Ye-wI<C if (log <€))"=Rj. Q.E.D.
Let ¢>1, then for every >0, there exist C. and R. such that for any N
Nl(log <€») ¥ < C.(eN/log <&»)°"  and
(log <&)’= RN if log <{)2eN+R..
From this, ?Kj(t, ¥, x, &) is a formal symbol in TR 1"m0(Q) if d(z+6)<1,

uniformly in (¢, t/). Let K(t, t/, x, &) be a realization of this symbol. We note
that if |t—¢'|=v>0, K@, t/, x, &) is rapidly decreasing as |&]—oo.

Let Ii={(g, &R : |o|=|&I™}, I'.={(g, ) ER*': |a|=[&|™/2} and
we(—T, T)X 8 be an open set. Then,

KL~Id in oxI'y and WFnyuNeoxXI'=@
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if LueC=(w). Here WF, stands for the quasi-homogeneous wave front set
([8]). Since L is elliptic in wXI';, we can construct the parametrix Q of L
such that
QL~Id in wX[l,.
From this, we have
WF . vuNoX,=¢ if LueC=(w).
Therefore, we conclude that L is hypozlliptic in (=T, T)X 2).
Q.E.D. of theorem 3.1

Proof of theorem 3.2. The result follows from the fact: that there exist
constants C and R such that

[02K (2, ', &)| S C'*'+'a I'~7(log (&)~ hriai(gytme=bia
for any a, é€R? with R|a|Z(log <)),

4. Double characteristics operators with infinitely degenerate coefficients
We consider the opsrator P on a subset 2 of R?:
P=(D,+ia(x)D,)*+b(x)(D,+ia(x)Dy)+c(x)D,+d(x) ,

where D;=—i9/0x;, a(x), b(x), c(x) and d(x) are in G%,(2) with some s=1.
Here G5, (2)={feC=(2): YK3C |3§f(x)| SC*+'k* for any k and x=K}.
We suppose that for some constants C and positive real numbers r, h,

Sz,a(% x)dyz|t—t'[<&> H(log <EMPF*  if t—t'=r(log <E)",
a(x)=0 and |c(x)| ZCa(x) for x€Q.
Toeorem 4.1. P is hypoelliptic in Q.

Proof. For simplicity, we assume that 20 and show the hypoellipticity
of P at the origin. The equation

—(Dy+igt)u=f(@)
has a solution

u =S;(t—s) exp (S:g(a)da)f(s)ds .

With this observation, the same argument as that in the previous section gives
us to construct the left parametrix K of P:

Ty

Ku:geXP (ixzfz)g K(x,, 2\, x5, &)a(x//, &)dx,'d&,,

T(2/1€21)

where T(+1) is a small constant with the same sign as that of +1, and
K~ 3 Kj(xy, x1/, %5, &). Here K, satify that there exist constant C and R
jzo
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such that
102,08, Ki(x1, x\', %2, &)| SC**B+3+1(log (&0)"M(a/ 16, 1)"

X (B 18158 (1og @ exp (= ™ aly, 7, €04)

for any j, a, B, x€K&ER with (x;—x,)£=0 and R(j+a)=(log (&))"
Therefore, for a small positive ¢ >0, there exist 7, 8 such that K(x,, x,’, x2, §)

E.L% D+ with respect to (x., &). By the same argument as before, we con-

clude that P is hypoelliptic at the origin. Q.E.D.

Remark. If 0<p=1 and 0<4<1, then
r-SH@C N\ LEe4(Q).

e>0 8
Example. a(x)=exp(—|x|™™) or exp(—|x,| ™) with n>0.

If ¢(x) does not satisfy the above condition, in general, P is not hypoelliptic
at the origin. In fact, we have

Theorem 4.2. Let a(x)=exp(—|x,]™") c(x)=exp(—A|x|") and b(x), d(x)
be independent of x,. Then, P* is not solvable at the origin if either 0< A<1
and I=n or [<n.

Proof. We only consider the case [=n. When /<=n, the similar argument
gives us the result. Let

t
0

w(t, p)=—{ {ano—(c(x)p)"1dy  and

s=(log p)"/"t.

Then w(t, p) is written by

(pl—y'"_pZ'l—AII'n)dy(log p)‘l/n .

S‘:(log p)—n
0

From this, we deduce that in s>0, w(¢, p) has only one maximum M(p) at
s=3(p) such that M(p)—oo as p—oo,

On the other hand, by the iteration, for any N we can construct the asymp-
totic solution uy of P(e*2fuy(x, p))~O(p~¥) which essentially behaves like
exp (w(x,, p)—x3p''%). :

Take the intervals J&€I’CR. such that for some >0 and ¢>0, s(p)=]
and 27'—As"=z0 if s=l’. Let ¢(s)=CHR), ¢(s)eCHR) and F(z2)eCWR?)

such that ¢y=1 near the origin, supp ¢CI’, ¢=1o0n I and Se“ﬂF(z)dzzl. Then,
it is easily shown that for

f(x)=F(p(x(log p)"'"—3(p)), px.)  and

v(x, p)=@(x(log p)'/")p(xz) exp (ix20)-u(x, p),



334 Takashi Okaji

the Hérmander’s inequality

| feomadx| il f v+ 1Pol

does not hold as p—co for any given C, N and M. Here, |-|, stands for the
norm of CY2). This proves the non-solvability of P* at the origin. Q.E.D.

Taking into consideration of the connection formula for the solutions of
the equation

—u"+t*u=0
the similar argument shows us

Theorem 4.3. Let a, b and d be the same as in theorem 4.2. Let c(x)=cx",
where ¢ CN\0 and k is a non-negative integer. Then, P* is not solvable at the
origin.
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