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A class of pseudo-differential operators of
logarithmic type and infinitely degenerate

hypoelliptic operators

By

Takashi CisKAJI

1 .  Introduction

Recently, the hypoellipticity for the infinitely degenerate operators has been
intensively studied. ([7 ], [ 11 ] ,  [6 ] )  Here, we call the partial differential operator
P  be hypoelliptic in a open subset Q  of R n  i f  for any  u Ee/(Q) and any cuCt2,
PuEC - (w ) implies u  C- (w).

In  [7 ], b y  the probabilistic method, they have show n that for a positive real
number n and 0(t)=exp (— 'W iz ) if  t*O , = 0 if  t= 0, the operator

L=D?-1-M-F0(x 2 )Dg

is  hypoelliptic in R 3 if  a n d  only if  n  < 1 . Here D.,=—ia/ax,.
Inspired by this result, in  [ 11 ] Y . Morimoto has studied th e  hypoellipticity

f o r  a  c la ss  o f  operators containing L  b y  the method based on some a priori
estim ate  w hich  has its ow n in terest. A lso  T . Hoshiro [6] has proved the same
result by a  diffe ren t m ethod . It seem s tha t the ir w orks a re  influenced by the
micro-local methods in  the analytic or Gevrey class : T he back  g round  of the
m ethod i n  [1 1 ]  i s  Morrey-Nirenberg m e th o d  (c f . [2 ]  e tc .)  and H6rmander's
micro-local m e th o d . On the other hand, the back ground of the method in  [6]
is  Mizohata's a n i3n  method.

T hus, the development of the theory o f  th e  reg u la rity  of solution in  the
analytic or Gevrey class anim ates the study of the hypoellipticity in  C-  class.

In th is paper, in sp ired  by  th is  observation, we shall introduce a  new class
of pseudo-differential operators w hich is view ed as a  version in  a  C - class of
Gevrey pseudo-differential operators of infinite order. M oreover, we shall apply
it  to  the study of the hypoellipticity o f  th e  infinitely degenerate operators by
the method of param etrix . This class enables us to  o b ta in  m ore sharp results
than  tha t in  a  fram ew ork of the class S TA introduced by L. Hôrmander.

In section 3 , w e shall study the hypoellipticity o f  th e  parabolic operators.
Our m ethod is sim ilar to  that in [4 ] and [9 ] but requires us more precise argu-
m e n t .  In section 4, w e shall show th a t the operator

(D ,-F iç b (x 1)D2)2+95(x1)D2
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is  hypoelliptic in  R 2 f o r  any n > O .  This will be done by the perturbation methed
considering (D 1 +i0/32 )2 a s  p rinc ipa l te rm . W e rem ark that in  contrast w ith the
case th a t the coe fficients finitely degenerate, this perturbation method does not
w ork w ell in  the  fram ew ork S .

W e  d o  no t know  w hether the ir m ethods in  [11] o r  [6] are applicable to
our c a s e . T h is  is  a n  interesting problem.

W e note th a t F .  Treves has obtained th e  re su lt  o n  t h e  hypoellipticity for
th e  operators o f  p r in c ip a l ty p e  w ith infinitely degenerate coefficients. ([13]).
W e also mention V. S. Fedii [3] a s  a  p ioneering  w ork  f o r  t h e  infinitely de-
generate operators.

Finally, w e w ould like to thank Professor S . Mizohata fo r  his advice.

2 .  Definitions, Calculus and Formal symbols

L et Q be a  subset o f  R d  a n d  m, p, 3, 7, 0 b e  a  rea l num ber such  that
O 4 1., 0 O 1 , r 0 ,  0_0, 1— ô+ 0> 0  a n d  p-Fr>0.

Definition 1 . (0>0, r>0) We denote by ..C V (Q ) th e  space o f all functions
p (x , )E C- (S2 x R d ) satisfying the following condition : fo r  every compact subset
Kcf2 there exists constant C and for every s>0 th e re  e x is t  constants C, and
R, such that

(1.1) I DDgP(x, :-C X 1" 191 <e>m - PI N E I a l/ lo g  <>)r I a l

X11/31+11 3(61/31/log<>) °
}

1P1

fo r  every a, A and  xEK, e R d  w ith  slal+ R s <log
H ere, <e>= (1+ I  12)1/2 .

Definition 2. (r>0, 0<1) -CAP'(Q)=-- {p (x , )E C- (Q xRd): for every compact
su b se t KCS) a n d  e v e ry  19 th e re  ex is ts  co n stan t C and  fo r every  s >0 there
exist constants C, an d  R, such that

(1.2) I JANP(x, e a I /log <>)1.1

fo r  every a , x K a n d  ERd w ith  s la l  R e 5_ log <e>.}

Definition 3. (0>0, p>0) SAPa(Q) , {p(x, e)E C- (S2 x Rd) :  f o r  every com-
p a c t su b se t K c Q  a n d  every a, there  exist constants C an d  R and  fo r every
s>0, there exists a  constan t C, such that

(1.3) ID.1DiP(x, e)1—.-5C,C I f i x e r - P l a l (1 1- i- le13(s1,8 10g <W )
1 1

fo r every 13, xEK and  eeRd w ith  R.-<le }

Definition 4. (p>0, 0<1) _Cao(Q)=S7, 1,„(Q)= p(x, e) C- (S2xR 0 ) :  fo r every
compact subset Kcf2 every a, 13, there exists constants C and  R  such that

(1.4) IDIDgP(x, e)I. C<e>m-eiai+ausi
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fo r every x E K  and eERd w ith  1?. lel.}

F o r pE_CAO(Q), th e  operator Op(p), P(x, D ), with kernel

. e.i( x- Y•e) p(x, e)de , (de=(27r) - dde)

is well-defined and maps C (Q ) in C°°(Q) and e(Q ) in  gY(Q).
W e introduce the formal symbols in _Cnr V ô ( Q ) : Let p , be a  sequence of non-

negative real num bers such that fo r  some x>0,

E e - qii<0.• .

W e shall say Ep,(x , e) be a  formal symbol in  .170
0 (Q ) i f  t h e  following condi-

tion is satisfied :
W hen r>0  a n d  6>0, f o r  every  compact subse t KcQ, there exists con-

tants C  and r>0 and  fo r every  E>0, there exist constants C,, R, such that

(2.1) IDqDiPi(x, e) I C s C a+g I (Cep,)Pi(log <e>) - tii<e>nL - P l a l

X(Slal/lOg <e> ) alflÉn+1$16(EIPI/lOg <e›).911/31

fo r any a, IS, j, xE K  and eERd w ith  sla d-rp,--ER s .  log <e>.
W hen 0=0, r>0 and 3<1, fo r  every compact subset KCQ, every jS, the re

exist constants C  and r>0  and  fo r every s>0, there  exist constants C , and  R,
such that

lalDgPi(x, e)15_C,C'a'(Cep,)Pi(log <>) - 1 '3<e>m - a1 a l  +31191

X(Elal/lOg <>) r i a l

fo r any a, j, x E K  and eE R d with £ <E>.
W hen r=0, 0>0 and  p>0, fo r every compact subset KcQ, every  a, there

exist constants C and  r>0 an d  fo r every E>0 the re  ex ists  a  con stan t Cs such
that

ID'IMP;(x, e)1_C EC' ,31 (Cett i )Pi(log <>) - Pi<e>m— Plal

X(I/Si+11 6(6 1PI/1 0 g<> )
9)119!

fo r every IS, j, xE K  and eE R d w ith  r(pf --I-1) _ log <e>.
W hen r=0=0, p>0 and 3<1, fo r  every compact subset K cQ , every a, A,

th e re  e x is t  constan ts  C  a n d  r>0 and  fo r every  E>0, there  exists a constant
Cs  such  that

1.13 D p i (x, e)I<C,C(Csp,)P1(log <e>)- ) <e>m  - P I  a l  + 6  I P I

fo r every j ,  x E K  and eE R d w ith  r( ju5 -1-1) log <e>.
Next, we introduce th e  equivalence relation : W hen r>0 an d  0>0, for the

form al sym bol E  p, a n d  E q, in  _C7
s.7h0 (Q) we say these symbols be equivalent,a0 Igo

(Ep .,,--Eq .,) if  fo r  every compact subset KCQ, there  exist constant C  and r>0
and  for every  s>0, there  ex ist constants C , an d  R, such that
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DO? j EN {P; (x, e) - 9;(x, C,C'a+ NC ep N )" (log <$>-"

x(1 a i/log <e>) - - --(1131 + lei5(E pHog <e>>0), P1<e>7.-0—
fo r  every a, 13, N, xEK and eE R d  with e l al +rpN+ <e>. When r>0
and b<1, f p f --E q ;  i n  _CIAP'(,Q) i f  f o r  every com pact subset KcI2 every 13,
there exist constan ts  C  and r>0 and  fo r every s>0, there exist constant C .
an d  R, such that

Mpg E (p i — q ; ) C,C 1al(CspN )"(log <>) v
j<N

X  (S  l a l /log <e>)- r i  a  I <e>m - pl a 1 4 -5 1 fi l

fo r  every a, N, xEK and CER d with 6 l a  d-rpN + R,_< log <C>. When 0>0 and
p>0, Ep i --, Eq1 i n  l l orbo(S2) i f  fo r every compact subset K c Q  every a ,  there
exist constants C  and  r>0 and  for every s>0, there exists a  constan t C, such
that

D m g C, C1 gl (C ep N )PN(log <e>)- "<e>m- P
x (1131 +11 5(61P1 /iog<>) , )0 1

fo r  every /3, N, x K  and eE R d  with r( duN+1)5_ log <e>. When p>0 and b<1,
Ep i

, , , Eq i  i n  _ rP 6 (Q ) i f  fo r  every compact subset K, a, there exist constant
C  and r>0 and  fo r every s>0, there exists a  constan t C , such that

1D.ID'ex (p .,—q1)1_<C,(Csp N )"(log  <C>) -  P N<e>m- Pi a  l + 6 1
 '

5 1

fo r  every N, xEK and eE R d  with r(p N +1)log <e>.
F o r  a  conic s e t  soxTcT*(Rd), we also define _L'AP6 ( c o x F ) ,  th e  formal

symbol in  .17,40 ( co x F ) and  the  equivalence relation in  _L9,110 (0)XF) by a n  obvious
way : replacing eE R d  by eET.

I f  A, B : C(Rd)—>gY(Rd) a r e  continuous linear operators with WF'(A)U
WP(B)cdiag (T*(Rd)\0) and ,5cT*(Rd)\0 is  a  conic o p e n  s e t , w e say that
A-43 in  ci i f  WF(A—B)ndiag(05)=0. Moreover, we say A ,- -B  in a open set
w c R d  if  th e  kernel o f  A—B is  C-  in  cox co.

Now, we introcuce the  auxiliarly function Xe3(e): It is well-known that if

(21 ,Q2 a r e  tw o o p e n  se ts , o n e  can find a  sequence o f functions ON EC7,(Q2 )
and a  constant C  such that

(2.2) ON-=1 on S21 and ID V N I(C 160 Np 1-p)lai

f o r  every N, a, lal 5.N, where p [O, 1) is a  given number. ( [5 ], [1 ]) Take
ONE C"(R d )  satisfying (2.2) with S21 ={eERd: lel 1} and  ‘22 = f eE R d : lei _<,21.
Define

X5(e)= 1 - 0[10g  2,]+ i(e/l)

where [  ]  s ta n d s  f o r  th e  Gauss'symbol. T h e n , fo r  any s>0, there exists a
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constant C. such that
I Daxl(e) I 5_ C(E la I /( le I log <e>))P'al

for any a  and  eERd with a i lo g  <e>. Moreover we have

Lemma A .  Given two cones r, r2i=e,  and pE[O, 1), there exists gEC"(Rd)
and for ev ery  s>0 there exists a constant C, such that g(e)=0 if  eE E T 2  o r lel

g(e)=1 i f  eGr, and lel and for any  a, eERd w ith lai <>,

I Dag(e)I lal/lel )P 1' .

This result follows from lemma 3.1 in  [ 10].
A s for the calculus in  _CA" we have

Theorem 1. Let I p i  b e  a formal symbol in ..CAO(D). Set

P(x, e)-= E r—,(,-, ; )]+,(e)Pi(x, C) •

Then, p(x, e)E.L",4 0 (,(2). Moreover p is uniquely determined up to the equivalence.

We call p a  realization of Epi .

Theorem 2. I f  pE.C 7,50 (0) ,-, -,0, then fo r  any  uEe'(Q),

P(x, D)uEC - (Q).

Theorem 3 . Let pEz5 0 (f2). Then, f or any  uEe/(Q),

WF(P(x, D)u)EWFu.

These theorem are shown by the standard w ay. The argum ent is close to
that for the pseudo-differential operators o f  infinitely order. T he key point is
the following result.

Lemma B .  L et uG 2 '(,Q ). Then, (x, C)Er WFu if a n d  only  i f  there exist
yDEC(S2) with yo=1 near x  and a conic neighborhood r o f e and for every s >0
there exists a constant C, such that

sou(e)l C ,(s NI log <e>) Y

fo r  any  N, CET w ith  sNS. log <e>.

This is a  consequence of the fact that

<e>nou(e)= E (M log <e>) k / k ! • çDu(e) .kzo

Now, we consider the composition. To clarify this, we introduce a  subclass
:CAP" o f  _CAP'. F o r  r>0 and 0 >0, we define ZA 0 (Q)=..E5 0 (f2). F o r  0=0
a n d  3<1, we define ZAP'(Q) b y  { p(x, $)e Ca(Qx /V ): vK,f2 3 C  a n d  v s >0
3 C, 3 R, such that
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ID.I.DgP(x,e)1 CsC I '+P l <e>7 4 - Pi 'l(slal/log <e>Y1 a l

X (1/31+1/31 1 - 3 1$16P s '

fo r  every a, 19, xE K  and eE IV  w ith  slaid-R,log <C>. F o r  r=0 a n d  p>0,
2 3 ( ,(2)={P(x, e)EC - (D xR d): 0 K f 2  3 C 3 R an d  vs>0 3 C„

IMiDgP(x, e)1 C,C 1" + '91 <e>m (lal/le1)"'"'(1A1+1$1 3(s1131/log<e>) ° ) I P'

fo r  any a, 13, xEK a n d  G/51d with Rial }. F o r p>0 a n d  a<1, -TAP3(Q)
=1 1-S (Q ) ,  {p(x, $)EC - (S2 X Rd): 0 .1( Q  C  R  such that

lalpgP(x,e)1 Cl a + ts 1 + 1 (1a1/1e1)P l '(1131+1191 ( 1 - 6 ) 1e1)1P'

fo r any  a, 13, xEK and C Rd w ith  RIcel IVI•
W e also define the  formal symbols, equivalence re la tio n  in  -L W(Q) b y  the

analogous w a y .  W e  u s e  th e  n o ta tio n : (p, V )  i f  ,a> tc' or p = p ' and
T h en  the  sim ilar argument to  th a t in 1 1-S7a(D) ([12]) g iv es u s  th e  fol-

lowing results:

Theorem 4 . Let aE I T / 3 (Q) and bE11 1,50 (Q ) .  I f  either p>.(3' o r  p=6'<1
and r+0 '> 0 , then the symbol

c(x, (a!)-1(5ga)(x, $)(1 b)(x, $)

is a formal symbol in m,9"'"(Q) for (p", r")=min((p, r), (p', r')) and (3", —61")
=max((5, —0), (3', —0')). Furtherm ore, fo r  any yiE C (Q ) such that 95=1 in a
neighborhood of Q 1 c Q  and for any realization c, we have

op(c) ,-s-wp(a)g5op(b) on

Theorem 5. L e t Ip ;  a n d  lb ;  b e  the form al sym bols in  2 7,40 (Q x T ) and
_ZW '''(Q X T ), respectively. Define

C J k ,  e r ( X  e)=-(a !) - 'aiP;(x, e)D lqk(x, e).

I f  e ith e r p > 5 ' o r  1> p=3' and r+0 1 > 0 ,  E  c i , k , ,  i s  a  form al sym bol in
j ,  k ,  a

P"'"(QxT) w ith (p", r") ,  min {(p, r), (p', r')} and (3", — 0")=max{(6, —0),
(a', — 0 ')}. Furthermore, fo r  any realization a, b, c o f  these symbols, f o r  any
O E C (Q ), 0=1  in  a  neighborhood o f  x e ,  and fo r  any  g(e) with support in I',
given by lemma A  with parameter p i , 5<p,<1 and such that g(e)=1 f o r  1$1 2,
$ in a conic neighborhood o f Co, we have

op(gc) ,--op(ga)Oop(gb) at (x0, Co).

W e rem ark that the composition can  be  defined  from  l'APÔ(Q)x_Cr ld'(D)
to  a  class o f symbol which has the pseudo-local property if  p>3 ' o r  p=5 ' and
r+0'>0, but th is c lass larger than ...C.V.m'ic"3"(S2).
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3 .  Infinitely degenerate parobolic operators

Let /--, -(-2T, 2T), Q be an open set in Rd and in be a positive even integer.
W e consider the operator L  given by

L=6,—P(x,t,Dx)

P(x, t, e)=. 13,7,_; (x, t, e) and
i=0

p„,_,(x, t, ) =  E  aa (x, t)ea

l a i m - j

w ith  aa (x, t)EC - (I X S )).  W e assume the following condition : L et r and 0 be
non-negative real numbers and

1(a, )3, j)= laIr+11310±j(r+0).

For any  compact set KcQ , there exists a constant C such that

(3.1)I  DV311/3._,(x, t, )1 C'a+ PI +1 1Re Pm11 - 1 ( a . '9 . ) ) 11m t ( a

for any  tE I, xEK , eERd and a, p, J. w ith  1(a, 19, j) 1 and

(3.2) I D VA P.-,(x , t,

for any  tE I, xEK ,eERd, a, 13, j w ith  1(a, 13, j)>1.
M oreover, we impose the following condition on Re p m  : f o r  a n y  compact

set K c(2 , there  ex ist positive number h, r  and constant 2ER \ 0 such that

Re pm (x, t, e).0 for (x, t, e)EKx IX Rd and
(3.3)

Re pm (x, s, e)ds_(t—t')(log <e>)2 "v

for t—t' r(log <e>) - " and (t, t', x ,e )E lx IX K X R d . Then, w e have

Theorem 3 . 1 .  Under the assnmption (3.1)-(3.3), L  is hypoelliptic in  IX Q  if
m(r+0)<1 and h(r+0)>1.

Example. Let

Li=a,—(exP (— t - n)D.,-FD,%) and

,L2=a,—(exp(—iti - .)+4 )D 1

If n< 1/2, then  these  opera to rs  are hypoelliptic a t  the  orig in . In  fac t, for L 1,
r= 1 / 2 , 0 = 0 , h=1/n and for L 2 ,  r= 0 , 0 = 1 / 2 , h=1/n.

W hen  the coefficients of L  a r e  independent o f  x ,  w e  have more sharp
result.

Theorem 3 . 2 .  Suppose that p„, =0 for 1 >0, the coefficients of  Pm  a re  inde-
pendent o f  x  and (3.1)-(3.3). Then L  is hypoelliptic in  IX Q  i f  rh/(1—r)>1.
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Whee m(r+O)<1, our result intersects w ith [4 ] and [9].

Proof of  theorem 3.1. For simplicity, we shall show  the hypoellipticity of
L  in  (—T, T )x S 2 . W e  a r e  going  to  construct a  le ft parametrix o f L  in the
following form :

Ku= .fei K (t, t', x , e)dede ,
T'

w here T '=-T  if 2>0, T '=— T  if 2<0, and it stands for the  Fouier transform
in  x of u .  Hereafter, we only consider the case 2 < 0 . KL , Id  implies

{ —acK(t, x , E  (a V a .1Yg K(t, t', x , e) 1P(x , t',
a

K (t, t, x , e)=1.

Let K(t, t', x , e) ,  Eat ' ,  x ,  e ) .  Define KJ by

K o (t, t', x , e)=-exP(Ç,P.(x , s, e)d, )

K i (t, t', x ,
r

e) ,  E Ko(s, t', x, e)g)/(s, x, e, s. x, e)ds ,1=1 v

w here ga t (s, x , 6, a, ) -= s, )ay.
Then, w e have

Lemma 3.3 . For some constant C

(3.4) IDgD.Wo(t, t ',  x ,  )1 -. -- C l a + 1 9 1 + 1 1a± 1 3 1 !I V 7 7 " 7 - 1 ) I a l " " " '

x(log <e>) - " 'a l+ 8 '19 1 ) exp( 1 R e  p i n (x , s, e)ds)

f o r any a,
 3 ,  x K  and eElid.

Proof. W e see that

Re s, e)ds_lt — t'1`6 t , I Re s ,  e ) d s )  .

Therefore, denoting .ç !Re p„,,l(x, s, )ds b y  A, b y  the form ula for the deriva-

tives of the composition of functions, w e see that the le ft hand  side  of (3.4) is
less than

Hal+01PIA1/1-71a1-6,1/31 Cmr-1)1a1+7nOlgle-A11

-FEfila-F/31!/(i,!•••ik

where 1/15_1a+PI, in  I ' ,  III_T-Ial+01 131, in X", 1/1<rla1+61/31,
and in— I a I . -(1127-1)1 +m011, and

(E'd-E")1/ 1 !/(7. 1! i kC T H -PI
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for some universal constant Co. The assumption (3.3) implies

t—t' (A(log <e>) - h+1)(log ,

so that the inequality :
yNe-Y"_-<CivN! if  y ,

gives us (3.4).

331

Q. E. D.

Lemma 3.4. There exist constants Co ,  C and R such that

(3.5)I  DgalK i (t, x, e)1 C0C1"/51 +i(la+18 I +1)

x ( l o g  <e>)- h(s1 a l +0 I h(r+0)i<e>Cmr-1) exp  ( — A / 4 )

fo r  any  a „  8, j ,  x e K S 2 , t_ t ' and eeRd w ith R( I a I j)-<- log

Pro o f . It is seen that for some constant A

t r
I Re s, $)exP (— I Re pm l(x, s', e)ds')ds

Re p.1(x, s, e) exP( — (2(1 — 0) - 1

X Çt, I Re p(x, s ', e )ds ')} 
1-1

—t' I1A. if  1>/ 0 and

By the  induction on j ,  we observe that there exist constants Co,  C, and R
such that the  left hand side of (3.5) is less than

CoCia+P+J( la-P/31 +1) NA 8 (log <e>)-40+1}i
x (log <e>)- h ( r + O ) i - h(ri.i+eigo<eyon,-01.1+melpie-00).4

From this, (3.5) follows since

(A 8 (log <e>-1t6P + 1 ) j e A : if (log <e>) 4 >R j Q. E. D.

Let a >1, then for every s >0, there exist C, and R, such that for any N

N Klog <e>)- a N C,(EN/log <e>)°' N a n d

(log <e>) i f  l o g  < >  sAT±R, .

From this, E K,(t, t', x, is a  formal symbol in n °( S?) if  d(r+0)<1,

uniformly in  (t, t'). Let K(t, t', x, be a  realization of this sym bol. We note
that i f  I t—t i  I K(t, t', x, e) is rapidly decreasing a s  I I .--+0 0 •

L e t  r {(0 e)ER d + 1  : 10. 1 1EIN ,  r2-= {( 6r, : 11'/21 and
T)><S2 be an open set. Then,

K L I d  in cox r i  a n d  WF ( ,,,, ounwxri=
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if  LuEC - (w ). H e re  WFm  s t a n d s  f o r  t h e  quasi-homogeneous wave front set
([8 ]). Since L  is elliptic in  w X rz, w e can  construct t h e  parametrix Q  o f  L
such that

Q L , I d  in  w X r2 •
From  this, w e have

WF ( ., D u (- Vox F2= 0 if  LuE C- (o)) .

Therefore, w e conclude that L  is  hypoelliptic in (— T, T)x Q).
Q. E. D. o f theorem 3.1

P ro o f o f  th eorem  3.2. T h e  resu lt fo llow s fro m  the  fact : that there exist
constants C and R  such that

wo(t, , e)iC I  a i +l a  p-,-(lo g h r i  al < V 7 7 1 . 7 - 1 ) I  al

fo r  any  a , eERd w ith  R I I  (log  < C V '.

4 .  Double characteristics operators with infinitely degenerate coefficients

W e consider th e  operator P  o n  a  subset D of R 2 :

P , (D1-Fia(x)D2) 2 ±b(x)(D1-Fia(x)D2)-Fc(x)D2-Fd(x),

w here D i -=—ialax i , a (x ), b (x ), c (x ) and  d(x) a r e  i n  G.',2(Q )  w ith  so m e  s 1.
H ere Gs,2 (D)-= { f E C - (Q): vKBC latf(x)I C" -"k  ! ' fo r a n y  k and  xE K }.

W e suppose th a t  fo r  some constants C and positive real numbers r, h,

a(Y, x2)d.Y I t— t' <$› - l (log <e>)2 h i f  t— t r ( lo g  <e>) - 4  ,

a(x) 0 a n d  I c(x)15_Ca(x) fo r  xES2

Toeorem  4.1. P  i s  hypoelliptic in  Q.

P r o o f .  F or sim plicity, we assume th a t Q DO a n d  sh o w  th e  hypoellipticity
o f P  a t  th e  o r ig in . T h e  equation

—(D t -Fig(t)) 2u = f(t )
has a solution

u = Tt (t— s)exp (:g (c)da )f (s )ds

W ith th is observation, the same argum ent as th a t  in  th e  previous section gives
u s  to construct th e  le f t parametrix K  o f P:

Ku =exp  (ix2e2r K(xi, x1', x2, $2)ti(xi', e2)dxi'de2,rce2ne2 1)

w h e re  T( ± 1) i s  a  sm a ll constan t w ith  th e  sa m e  s ig n  a s  th a t  o f  +1, and
K,(x i , xi', x2, C O . H e re  K i  satify th a t  th e r e  e x is t  constan t C  an d  R

.120
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such that
I ai2a.1,K,(x 2 , x1', x2, C2)1 Ca+P++ 1 (log <e2>) - " (a 8/ e2 )"

X ([38 + I 1 2 ( 2/(log <C>)" 2 )19 exp (— a(y, x 2 , e2 )dy)

fo r any j, a, [3, xEK,S2 w ith  (x1—  xi')e250 an d  R(j+a).5(log <C2> )'1.
Therefore, for a small positive s >0, there exist r, O such that K(x i , x,', x2, C2)

Ezo 1,(112)+1 w ith  respect to  (x ,, C2). By the same argum ent as before, we con-
clude that P is  hypoelliptic a t  the origin. Q. E. D.

Rem ark. If  0 < p  1  and  0 (5< 1, then

18 -S7,gQ)C f l  u
1> o  re

Exam ple. a(x)=exp (— x I - n ) o r  exP (— x2 I ' )  w ith  n >O.

If  c(x) does not satisfy the above condition, in general, P  is  n o t hypoelliptic
a t  th e  o r ig in . In  fa c t, w e  have

Theorem 4 .2 .  Let a(x)=exp (— x i I ') c(x)=exp(— A x 1 ')  and b(x), d(x)
be independent o f  x2 . Then, P *  is not solvable a t  the origin i f  either O<A<1
and 1=n or 1<n.

P ro o f .  W e only consider the case 1= n .  W hen 1< n , th e  sim ilar argument
gives u s  th e  r e s u l t .  Let

w(t, p) , q {a (y )p --(c (y )p )' 12 }dy and

s=(log prin t .

T h en  w(t, p) is w ritten by
,2)-n

p2-1-AY')dy(log p) 1 .30

F ro m  th is , w e  d e d u c e  th a t  i n  s>0 , w(t, p) has only one maximum M(p) at
s = (p )  such  that M(p)—>00 a s  p—*00.

O n the o ther hand, by the iteration, for any N  w e can construct the  asymp-
to tic  solution UN  o f  P (e x 2 PuN(x, p)) - 0(to - N ) w h ich  essentiaIly behaves like
exp(w(x i , p) — A p " 2 ).

T a k e  t h e  in te rv a ls  / /7 C.R+  s u c h  t h a t  f o r  some 6>0 and  s >0, E(p)EI
a n d  2- 1 —As -- n _a  i f  s it. L e t  0(s)EC(R), g5(s) C (R )  a n d  F(z)E Ccon(R 2 )

such that 0=1 near the origin, supp O cF, 15 
= l

 on  I  a n d  e0 F (z )d z=1 . Then,

it is easily  show n that for

f (x )= F (p (x ,(lo g  p ) i i n— §(p)), px,) and

v(x, p)=0(x 1(log p)"n)0(x 2 )exp(ix 2 p)•u(x, p),
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the Hilirmander's inequality

f(x)v(x)dx C ( f I N-F1Pvl m)

does not hold as 13- 0 9  for any given C, N  and M .  H ere, I • I z stands for the
norm of C (ã ).  T h i s  proves the non-solvability of P * at the  o rig in . Q. E. D.

Taking into consideration o f  th e  connection formula for the solutions of
the equation

u
the similar argument shows us

Theorem 4 .3 .  L et a, b and d be the same as in  theorem 4.2. L et c(x) , c.x,
where cEC\O and k is a non-negative integer. T hen, P *  is not solvable at the
origin.
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