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Degeneration of K3 surfaces

By

Kenji NISHIGUCHI

Introduction

Let 7 :  X---11 be a  proper surjective holomorphic map of a three-dimentional
complex manifold X  to  a  disk 4= ItEC I It I <s}  with connected fibers. Assume
that r  is smooth at each point of r - 1 (4*), 4*=4— {0 }. We callsu ch a holomorphic
m ap r: X — *4 a  degeneration of surfaces (a degeneration, fo r  sh o rt) . By the
singular fiber X0, we mean a  divisor on X  defined by t = 0 .  A  smooth surface
X t = r - i(t)(t*O) is called a  general fiber. We call 2r:  X — ZI a  degeneration of
K3 surfaces if a general fiber X, is a  K3 surface.

A  degeneration iv': is called  a  m odifica tion  o f a  degeneration r :
if  there exists a  bimeromorphic map t :  X .•.+X ' such that the diagram

X  - - - - - - - -

is commutative, and r e s  : r - 1(4*).— >e - 1(4*) is biholomorphic over d*.
In this paper, we shall study degenerations of K3 surfaces up to modifications.
A  degeneration 'r: X - 4 is called semi-stable, if the singular fiber X, is  a

reduced divisor with simple normal crossings. Note that by Mumford's theorem,
every degeneration can be made semi-stable after base change and modification.

K ulikov [7] and Persson-Pinkham [17] studied a sem i-stable degeneration
X - *ZI o f  K 3  surfaces under the assumption that r  is projective, or under

the weaker assumption that every component of the  singular fiber X 0 is a lge-
braic. They showed that under the above assumption there exists a modification

:  X '-->d of 7r : X — >4 such that r '  is also semi-stable and the canonical bundle
of X ' is trivial.

A main purpose of the present paper is to study semi-stable degenerations
of K3 surfaces, in general, without the above assumption. Some results of this
paper have already been announced in Nishiguchi [131

In § 1, we shall generalize th e  theorem proved by K ulikov  a n d  Persson-
Pinkham (see Theorem 1.1). § 2 will give a classification of semi-stable degenera-
tions o f  K 3  surfaces with trivial canonical bundles. In these sections, results
about surfaces of class VII due to E noki [1], Nakamura [9, 101 a n d  Nishiguchi
[14, 151 play a fundamental role. In § 3, we shall discuss which surface can be a
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component in the singular fiber of a sem i-stable degeneration of K3 surfaces
w ith  th e  tr iv ia l can o n ica l b u n d le . I n  connection with this problem, we also
consider the smoothing problem of simple elliptic singularities and  cusp singu-
larities. This section has a deep relation w ith  the w ork of Looijenga [8].

§ 4 begins w ith the construction of the easiest exam ple  of a semi-stable
degeneration of K3 surfaces for which no semi-stable modification has the trivial
canonical bundle. N am ely, w ithout assum ing the algebraicity or Kdhlerity on
the degenerations, the  result of Kulikov and Persson-Pinkham does not neces-
sa r ily  h o ld . D egenerations like this exam ple contain a  blown-up Hopf surface
o r a  blown-up (CB)-surface in  the ir singu lar fibers. § 4 a lso  tre a ts  a  problem,
which blown-up Hopf surface or blown-up (CB)-surface c a n  b e  a  component in
the singular fiber of a semi-stable degeneration of K 3 surfaces. T his problem
is connected with the existence problem of K3 surfaces with a certain configura-
t io n  o f  c u r v e s .  T his section  ends w ith  a  criterion of smoothability of some
Gorenstein normal surface singularities with geometric genus two.

In § 5, we shall systematically construct examples of semi-stable degenera-
tions of K3 surfaces which contain some series of (CB)-surfaces in their singular
fibers. W e m ake use of a  result about the canonical bundles of (CB)-surfaces,
w hich  w as stud ied  in Nishiguchi [14, 15]. W e also give a  sufficient condition
tha t such  a (CB)-surface become a  component in  th e  singular fiber of a  sem i
stable degeneration of K3 surfaces. This condition is reduced to  the existence
problem of a surface w ith  certain configuration of curves, as considered in § 3
and § 4 .

The deformation theory due to  Friedman [2] is fundam ental and plays an
important role throughout this paper.

The author w ould like to  express sincere thanks to Professors M. Miyanishi
and K . U eno for their invaluable advice and encouragement, and to Professor
M.-H. Saito, who showed the author tha t the lattice theory due to  Nikulin [11]
can be applied to the existence condition of certain K3 surfaces.

Notations and Conventions

W e use the following notations for a compact complex manifold M.

b i (M ) :  i-th Betti number
a ( M ) :  algebraic dimension
IC(M ) :  Kodaira dimension

in-th plurigenus
p g (M ) :  geometric genus
q (M ) :  irregularity.

By a surface (resp. curve), we m ean a  connected reduced compact analytic
space of dimension tw o  (resp. o n e ) . U nless o therw ise  m entioned , w e assume
t h a t  i t  i s  s m o o t h .  In  the configuration of curves on a surface, an integer
attached to a  curve indicates its self-Intersection number, a small circle indicates
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a  p o in t to  be  b low n-up, and a  dotted line means an exceptional curve of the
first kind.

Let A=-. A ,+••• +A . be a  linear chain o r  a  c y c le  o f  curves o n  a  complex
manifold of dimension tw o . T hen  Zykel (A) is a sequence of integers (a 1 ,• , a.)
when the self-intersection number of A i  is  -  a i . L et C and D be linear chains
or cycles of curves on  a  complex manifold of dimension tw o . T h e n  C -FD  has
the type (p i , q1, b2 ,  q2, Q n - i r  p . )  when the self-intersection numbers of com-
ponents o f  C  and D  are  given as follows :

(1) if p 1 3,  then

Zykel (C)=-(Pi, 2, ••• , 2, p 2 ,  2, ••• 2 , •••  
q t - 3 Q 2 - 3

Zykel (D)=(2, • , 2, qn - i ,  2, •• • , 2, q n - 2 ,  • ' •  ,  2, •• • , 2) ,

P. - 2 P .-1-3

for certain positive integers n (.2 ), p ;  ( 3), q ;  ( 3) (1 n -1), and
(1 ) ' if  p2 3, and n=1, then

Zykel(c) --- (p 1 -2 ),

Zykel (D)=-(2, • •• , 2)
'57-1T

for a certain positive integer P1( 3).
(2) if  p1 =2 , then

Zykel (C)=(2, ••• , 2, p2 , 2, ••• , 2, P 3 ,  • • •  r  P n ) ,

q , - 2 q z -3

Zykel (D)=(2, ••• 7 2, 4.-1, 2, 4.4 1  
2

1 q 1 1 - 2 ,  • • •  ,  2, ••• 2),
p u - 2 P n - 1 - 3 P 2 - 3

for certain positive integers n(___2), p, qi (2S j5n -1), q 1 ( 43), and
pi i ( 2, and3  if  n=2).

A  rational cycle means either a  rational curve with a  node o r a  cyc le  o f
non-singular rational curves on  a  complex manifold of dimension two.

B y  a  su rfa c e  o f  c lass V II, w e m ean a  smooth surface w ith b1= 1 .  If a
surface of class VII has no exceptional curves o f  th e  f ir s t  k in d , w e  c a ll it  a
surface  of class VII,. N ote th a t  a surface of class VIL is, in fact, minimal.
By a  (CB)-surface, we mean a surface of class VII ° with (CB), where a  (CB) is
an effective reduced divisor consisting of a cycle of curves a n d  some trees of
curves sprouting from the cycle . A  (CB)-surface contains just one (CB) and the
cycle in the (CB) is a  rational cycle and the trees in  th e  (CB) consist o f  non-
singular rational curves. See Nishiguchi [14, 15] for more about a (CB)-surface.
We refer to Nakamura [10] for definitions of several classes of surfaces of class
VII° , 1. e., a  Hopf surface, a  hyperbolic Inoue su rfa c e , a n d  a  parabolic Inoue
surface.

By a  Hirzebruch surface I n  o f  degree n ,  we mean a  P'-bundle over I "  of
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degree n, i. e., 1 =-- P(OpiE3Opi(n)).
W e confuse a divisor o n  a  complex manifold with the associated line bundle,

a n d  w rite  ten so r p ro d u c ts  o f  line bundles additively. W e denote by K x  th e
canonical bundle o f  a  complex manifold X.

A  variety  X o w ith  o n ly  normal crossings is denoted by X0 =V 1UV 2 ,  when

X0 has two irreducible components V , and  V , which intersect each other trans-
versally along a  divisor E .  A  o ne-po in t un ion  o f tw o topological spaces T,
and  T 2 a lo n g  a  poin t P is  w ritten  a s  T1VT2.

§ 1 .  Classification of degenerations o f  K3 surfaces

Let 7r: X — >J be  a semi-stable degeneration o f  K3 su r fa c e s . W e shall look
into it w ithout assum ing that X  is Kdhler. Then we have the following theorem
which is a generalization of the result o f  Kulikov [7] and  Persson-Pinkham [17].

Theorem  1.1. Let 7r: X — >4 be as above. Then this satisf ies one of the fol-
lowing conditions.

(i) There exists a modification Jr': X '— *i o f 7 :  X—>4 such that 2r' is also
semi-stable and K 1 . =0.

(ii) In the singular f iber X ° o f  17 , there exists a component which is a HoPf
surface or a surface obtained by blowing up a Hopf surface.

(iii) In the singular f iber X 0 o f  27, there exists a component which is a (CB)-
surface or a surface obtained by  blow ing up a  (CB)-surface (see Notations and
Coventions for the definition of a (CB)-surface).

R e m a rk . (1 ) I f  every component o f  th e  singular fiber X ° is  a lg eb ra ic  (or
Kd.hler), only the case ( i ) o c c u rs . T h is  is nothing b u t a  result o f  Kulikov and
Persson-Pinkham.

(2) In  § 2, w e shall classify semi-stable degenerations o f  K3 surfaces with
trivial canonical bundles.

(3) T here  a re  examples in  each case (i), (ii) o r  (iii) ; see §§ 2, 3 and 4.
(4) W e have examples which satisfy both (i ) and (ii) ; see § 3. T here  are

a lso  exam ples w h ich  sa tisfy  (ii) b u t  n o t (  i ) .  These examples show  th a t the
result o f  Kulikov and  Persson-Pinkham does no t necessa rily  ho ld  w ithou t the
assumption o f  projectivity o r  Kdhlerity.

(5) The cases ( i ) and (iii) a re  d is jo in t f ro m  e a c h  o th e r , a s  se e n  in  th e
proof o f  this theorem.

(6) Theorem  1.1 ho lds fo r  a  se m i-s ta b le  degeneration o f  su rfa c e s  with
trivial canonical bundles. Nam ely it holds for a semi-stable degeneration whose
general fiber is either a  complex torus of dimension tw o  o r  a  Kodaira surface.
B ut the  author does not know any examples satisfying (iii) w ith a complex torus
o r  a  Kodaira surface  as a  general fiber.

(7) T h e  canonical bundle o f  each component in the singular fiber X 0 h a s  a
non-zero meromorphic section, as seen in  the  proof below.
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Proof  o f  Theorem 1.1. Let X 9 =17
1 + •••+ V N  b e  th e  irreducible decomposi-

t io n  o f  th e  singu la r fibe r X o , a n d  C i i =V 1 r1 V , a  double  c u rv e . S in c e  the
canonical bundle on  a  general fiber X , is  trivial, the canonical bundle K x  o f  X
can be w ritten  in the fo rm  Er i V i (r,E Z )  as a  d iv iso r . H e re  r i ' s  are uniquely
d e te rm in ed  u p  to  addition of a constant, i. e., Er„V i  is linearly equivalent to
E (r i +s)V i , w h e re  sE Z .  W e ca ll r , the m ultiplicity o f  a  component V i . A
component V ;  w i t h  maximal r i  a m o n g  r z 's  is  c a lle d  a maximal component.
Moreover, if a  m axim al com ponent intersects a non-maximal component, we
ca ll it a  stric tly  maximal component.

B y the adjunction formula, w e have

KT,  = E (r,— r,-1)C„.

(See remark (7) a b o v e .)  H e n c e  a m axim al com ponent has an effective anti-
canonical divisor. If it is a stric tly  maximal component, then the anti-canonical
divisor has a  com ponent w ith m ultiplicity greater than one.

W e  sh a ll look in to  a  s tr ic tly  maximal com ponent which is not a  Kdhler
surface . W e have the following :

Proposition 1.2. Let S  be a  non-Kdhler surface w ith a non-zero effective
anti-canonical divisor D, j. e.,

Then S  is a surface of class VII. Moreover, if  D  has a component of multiplicity
greater than one, then S  is a Hopf  surface, a (CB)-surface, or a surface obtained
by blowing up such surfaces.

Pro o f . F irst w e  rem ark  tha t a  non-Kdhler surface h a s  a  m inim al model
and  th a t e v e ry  d iv iso r  on it has on ly  normal c ro ss in g s . This was proved by
K odaira [6] in case of non-Kdhler surfaces which are not of class VII, and by
Kato and Nakam ura [10] in case of surfaces of class V II. Let V  be the minimal
model of S .  T hen  the canonical divisor K v  o f  V  is  w ritten  as

KV— — Do

w here Do is  a lso  a non-zero effective d iv iso r . B y  th e  classification of analytic
surfaces due to  K odaira  [6], w e know  that V  is a surface of class VII ° . M o re -
o v e r  i f  D  h a s  a  component of m ultiplicity greater than one, then so does Do

because Do has a divisor with normal crossings by the above rem ark. Therefore,
b y  v ir tu e  o f  Theorem  2.1 of Nishiguchi [15], V  is  a  Hopf surface or a  (CB)-
surface. Q . E . D .

The next step  of the proof of Theorem  is the following :

Proposition 1.3. I f  every strictly  maximal component is a  K dhler surface,
then one can find a generically contractible component o f 7r: X -44 after modifica-
tions of type I and II (called Mod I and Mod II briefly). For the definition of generic
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contraction, see Persson-Pinkham [17], and for those of Mod I and Mod II, see
Kulikov [7].

Pro o f . This is a m ain result of Kulikov [7].

Let us now return to the proof o f  Theorem 1.1. I f  th e re  is  n o  strictly
maximal component, then K x  is  a lre a d y  trivial ; so this is the case ( i ). We
assume that there is still a  strictly maximal component. If none of them is a
surface of class VII, then we may assume the existence of generically contrac-
tible components by Proposition 1.3. Therefore, by the induction on the number
of irreducible components of the singular fiber, the theorem follows from Pro-
position 1.2.

Concluding this section, we prepare the following result for § 2.

Proposition 1.4. Let r: X — >4 be a semi-stable degeneration of K3 surfaces.
I f  S  is a maximal component and a surface of class VII, then S  can be made
minimal in the degeneration by means of Mod I, Mod II and generic contractions.

Proof. S in c e  S  is a  maximal component, —Ks  i s  an effective divisor and
the  support R  o f  —Ks  i s  the union of all double curves on S .  Let C be an
exceptional curve of the first kind on S  if  it exists a t all. We have

(—K8 ). C=1.

Case 1. We assume tha t C  is not a  component o f  R .  T h en  C  intersects
R  in  only one point which is not a double point. Hence one can move C off
S  to another component of X o by means of Mod I.

Case 2. We assume tha t C  is a  component of R.
2-1) We consider the case w here C  intersects R — C in  on ly  one point.

L e t S i b e  a  component o f  X 0 w hich in tersects S  along C .  Then we have
(C 2 )8 1 =0 by the triple point formula (see Kulikov [7]). Hence S i  i s  a  ruled
surface and C  is  its  minimal fiber. Thus, by definition, S, is generically con-
tractible and the generic contraction blows down C  to  a point.

2-2) When C  intersects R — C in exactly  tw o points, w e can contract C
to  a point on S  by means o f Mod II along C.

2-3) We consider the case w here  C  intersects R — C in  m o re  than two
p o in ts . Recall that any divisor on a surface of class VII has only normal cross-
ings in the support (see Nakamura [10 ]). But the surface obtained from S  by
contracting C  to a point has a  d iv isor w ith  non-normal c rossings. This is a
contradiction, and this case does not occur. Q.E.D.

§ 2 . Classification o f  degenerations o f  K3 surfaces with trivial canonical
bundles

This section gives the classification of degenerations of K3 surfaces in case
(i ) of Theorem 1.1:
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Theorem 2 . 1 .  L et 2 r: X--Z1 be a semi-stable degeneration o f  K 3 surfaces.
W e assum e that the  canonical bundle K x  is triv ial. T hen af ter suitable M od I
and Mod II performed on X , the singular f iber X 0 becomes one of  the following:

I. X o is a (non-singular) K3 surface.
II. X0=- V,-1-•••±V N(N-2), w here  V , an d  V  N  are  rational surfaces and

V 2 , • • •  ,  V 1  a r e  relatively  m inim al elliptic ruled surfaces. The double curves
are elliptic curv es. The dual graph II(X o ) is given as follows.

v i  V 2 V  N

X o
-=V ,+•••+V N(N w here  V , and  V  N  are  rational surfaces and

V 2 , • • •  , V  1 - 1  are relatively minimal elliptic ruled surfaces or Hopf surf aces. The
double curves are elliptic curves. The dual graph [1(X 0) is given as follows.

V 1 V 2
 V N

III. Xo=V,+••• +V N ,  w here all V 's are rational surfaces. The double curves
form  a rational cycle on each surface V .  T h e  dual graph II (X o )  is a triangula-
tion o f  a 2-sphere S2 .

X 0 = V 1+ •••+ V N ± V V ) + • • • + V P ) ,  where V i 's are  rational surfaces and
V P's  are hyperbolic Inoue surfaces. The double curves form  a  rational cycle on
each rational surface V 1 and  exactly  two rational cycles on each hyperbolic Inoue
surface V .  The dual graph I I (X 0) is a triangulation of  a one-point union of
h+1 S"s, where a point P ;  joining tw o S 's like S2 VS 2 corresponds to  the  com-p;

ponent V P  and points in S2 other than P;  correspond to components V-.
X 0= 17

1 ± •••± V N , where V 4 is a rational surface, a relatively minimal
elliptic surface, a hyperbolic Inoue surface or a parabolic Inoue surf ace. T he dual
graph II(X o )  is a triangulation of  a one-point union of  sev eral spheres 5 2 and
several line segments L, where L  must appear as an edge of  the dual graph 11(X0).
A point P i  joining tw o S"s like S2 VS 2 corresponds to a component V 4 which is a

Pi

hyperbolic Inoue surface, and a point P;  jo ining L  and 5 2 like S2 V L correspondsp;

to a component V ; which is a parabolic Inoue surface. A  point on S2 o f  th e  tri-
angulation other than P i a n d  P ;  abov e corresponds to  a component which is a
rational surface, and a point on L  other than P;  corresponds to a component which
is a relativ ely  m inim al elliptic ruled surface, unless it is an edge point of  the
triangulation of  L  w hich then corresponds to  a  rational surface. T h e  d o u b le
curves o n  each component consist o f  a s in g le  elliptic curve or f orm  a rational
cycle.

Proof. I f  every component of X o i s  a  K dhler surface, then  Persson [16]
and K ulikov [7] proved that one of the cases I, II and III occurs fo r X o a fte r
suitable Mod I and Mod II performed on X .  So we may assume that X 0 contains
a non-Kdhler component. First note that every component S  o f  X 0 h a s  the
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canonical divisor I( s =— D, w h e re  D  i s  a  reduced effective divisor with only
simple normal crossings consisting of all double curves on S .  W e shall study
a surface like this.

Proposition 2 .2 .  Let S be a surf ace w ith  the canonical div isor Ks =— D,
where D  is a non-zero reduced effective divisor with only simple normal crossings.
Then we have:

( i )  I f  S is a l in t e r surface, then S is either
(1) a rational surface w ith an elliptic curve or a rational cycle as an anti-canonical

divisor D,
(2) an elliptic ruled surface with two disjoint sections as an anti-canonical divisor

D.
( i i )  I f  S is not a Kiihler surface, then the minimal model V o f S is one of

the following:
(1) a Hopf surface, where D  consists o f two disjoint elliptic curves,
(2) a parabolic houe surface, where D  consists of an elliptic curve and a rational

cycle,
( 3 )  a hyperbolic houe surface, where D  consists o f two rational cycles.

Pro o f . The case ( i) is proved in  K u likov  [7 ]. S o  w e  c o n s id e r  the case
(ii). B y Proposition 1.2, S is  a surface of class V II . A s seen in  the  proof of
Proposition IA ,  S  h a s  a minimal model V, and  the  canonical divisor Kv  o f  V
can be w ritten  as

Kv=— Do ,

w here Do i s  a non-zero reduced effective div isor. T hen  th is Proposition follows
from  Proposition 3.1 in Nishiguchi [15].

N ext, fo r a  general semi-stable degeneration n- :  X  Z I  of K 3 surfaces, we
have

Proposition 2.3. Let X0 =EV i be the irreducible decomposition of the singular
f iber Xo , C V i n V  double curves, and T the number of triple points in Xo . Then
we have

2= E X (0v1)— E go)+T

For the proof, see Kulikov [7].

W e return  to  the proof of Theorem 2 .1 .  F irs t  w e  ta k e  a  component S of
a  non-K ah le r su rface . T hen , applying Proposition 1.4, w e m ay assume that
the component S is  minimal after suitable M od I and Mod II. H ere w e do not
need a  generic contraction as required in Proposition 1.4, because every com-
p o n e n t h a s  a  reduced anti-canonical divisor and such a  component cannot be
generically contractible. N ow  note th a t in  the singular fiber X ° , any component
which meets S is  a Kahler su rface  excep t fo r  th e  c a se  w h e re  S  i s  a Hopf
su rface  and  the  com ponent w hich m eets S is also a  (blown-up) Hopf surface
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whose exceptional curves o f  th e  f irs t k in d  d o  n o t in te rse c t the double curve.
T h is  is  e a s ily  s h o w n  b y  th e  t r ip le  p o in t form ula (cf. K ulikov [7]) and the
property of self-intersection numbers o f cu rv es o n  a  s u r f a c e  o f  class VII (cf.
N ak am u ra  [1 0 ]). T he re fo re , w e  can  m ake  an o th e r co m p o nen t S ' o f  a  non-
Kdhler surface minimal by suitable Mod I and Mod II, while keeping S minimal.
Hence we do such modifications inductively, and we m ay assume that any com-
ponent of non-Kdhler surfaces is minimal after suitable Mod I and Mod II. T h e n ,
combining Propositions 2.1 and 2.2, this Theorem  is proved as in  Persson [16]
and K ulikov [7] for K dhler case.

§ 3 .  Smoothing of simple elliptic and cusp singularities

In  th is section, w e  sha ll study  a sem i-stable degeneration r  :  X — >4 of K 3
surfaces w ith  trivial canonical bundle, which is classified in  the previous section.
Especially, we discuss which type of surfaces can be a  component in  th e  singular
fiber o f such a  degeneration 7r :

First w e shall give exam ples o f th e  d e g e n e ra tio n s  r  X--4J which contain
non-Kdhler surfaces in their singular fibers, i. e ., the  cases II', III' and
in  Theorem 2.1 actually occur.

Example 3 . 1 .  ( 1 )  K . U eno constructed a n  example of the case II' with the
singular fiber Xo= VI+ V2+ V 3 , w h e re  V , a n d  V , a re  ra tiona l surfaces and V2
is  a n  elliptic Hopf s u r fa c e . Roughly speaking, his construction i s  a s  follows :
F irst one takes an  elliptic Hopf surface, blow s it up at tw o points w hich lie on
distinct elliptic curve, and  obtains a  n o rm a l su rfa c e  w ith  tw o  sim ple elliptic
singularities o f  deg ree  o n e  (see  P inkham  [18] f o r  th e  defin ition). N ext one
proves that this norm al surface is  deform ed  to  a  K 3  s u r fa c e . (W e can prove
this fact by  using Propositions 3.3, 3.4 and Lem m a 3.5 below.) Finally a  semi-
stable degeneration we need is obtained by performing base change and Mod I.

(2) In  a  w ay sim ilar to  the  construction  in  (1), K . U eno also constructed
an  example of the case which contains a  parabolic Inoue surface.

(3) Friedman-Miranda [3] constructed a n  example o f  th e  c a s e  III' w ith  a
component o f  a  hyperbolic Inoue surface with a small number o f  cu rv es. T h ey
used the  deformation theory o f  varieties w ith normal crossings as developed by
F rie d m a n  [2 ]. Moreover, by using such semi-stable degenerations, they studied
the  problem of smoothability of cusp singularities, and proved Looijenga's con-
jecture in  the  case  of sm all length (cf. Looijenga [8] and  Problem 3.6 below).

Rem ark. The constructions by Ueno and Friedman-M iranda are converse
to  e a c h  o th e r  in  th e  sense that Ueno used the smoothability of certain simple
elliptic singularities to construct semi-stable degenerations and Friedman-Miranda
used certain semi-stable degenerations to show  the sm oothability  of some cusp
singularities. These tw o m ethods w ill becom e a  m ain  them e o f  th is  section.
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N ow  w e shall discuss w hich type of surfaces can be a  component in the
singular fiber of a semi-stable degeneration of K3 surfaces with trivial canonical
bundle. In connection with this problem, we shall consider also the smoothability
of simple elliptic and cusp singularities.

Let S be a  rational surface and D  a  reduced effective divisor o n  S  with
only simple normal crossings. W e assume that D  is  an  anti-canonical divisor
on S, e., the canonical divisor Ks o f  S is given a s  Ks = — D . We call such
a pair (S, D ) an anti-canonical rational surface, and simply say that D is on an
anti-canonical rational surface S. B y  Proposition 2.2, i f  (S, D )  i s  an anti-
canonical rational surface, D  is  e ith e r  a n  elliptic curve o r  a  rational cycle.
Accordingly, we call (S, D ) an anti-canonical rational surface of elliptic type or
cusp ty p e . I f  (S, D ) is  a  component in the singular fiber of a  sem i-stable de-
generation of surfaces w ith D  the double curves on S, we simply say that (S, D)
is a  component of the degeneration. W ith this terminology, we can raise the
following problem in  th e  c a s e  o f  degenerations of type II (the numbering of
type accords w ith that in  Theorem 2.1) and simple elliptic singularities.

Vroblem  3.2. (1 ) Let (S, D ) be an anti-canonical rational surface of elliptic
ty p e . When can (S, D ) be a  component of a  sem i-stable degeneration o f  K3
surfaces of type II?

(2 ) Let (V , P ) be a simple elliptic singularity of degree k. When is (V, P )
smoothable?

These problems have already been answered (cf. Friedman [2] and Pinkham
[18 ]). Namely, with the same notations as in Problem 3.2, w e have

Proposition 3 .3 .  ( 1 )  (S, D ) is a component of a semi-stable degeneration of
type II o f K3 surfaces if and only i f

(0) — 9.--(D2 )5 9.

(2) A simple ellipic singularity  (V , P ) of degree k is smoothable if and only i f

R em ark . In Problem 3.2 and Proposition 3.3, the statement (2) is considered
as the local version of (1). Actually, in order to prove Proposition 3.3, w e use
the following proposition which connects the local deformation (i. e., the smooth-
ing o f a  germ o f a  singularity) with the global one (i. e., th e  smoothing o f  a
compact normal surface).

Proposition 3 .4 .  Let S ' be a compact normal surface with exactly one singu-
larity  P .  W e assume that the germ (V , P )  of the singularity  P  i s  smoothable.
Then a smoothing of (V , P )  can be extended to that o f S', i f  we have

For the proof, see W ahl [19].
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Next, if a normal surface is  smoothable, then one would like to know what
th e  general fiber o f  a  smoothing is. I n  f a c t ,  w e can see it in  the following
lemma, where we also compute a  cohomological invariant of a normal surface.
These results are made use of in the proof of Proposition 3.3.

Lemma 3 .5 . L e t S ' be a com pact norm al surf ace, and S  a non-singular
model with an exceptional divisor E  with only normal crossings. Then w e have:

(i) I f  H°(E, Sh®O s (mE))=0 f o r an y  m 1  and H°(S, Qk)=1, then we have

H°(S', Q ,)=0.

(ii) W e assume that the normal surface S ' has a smoothing 7c' : I f
S' is a  Gorenstein surface w ith triv ial dualizing sheaf  Û S ' O ' and  H°(S', SA ,)
=0, then the general f iber X t o f  n' is a  K3 surface.

Pro o f . ( i )  It is enough to prove that

(*) H°(S, Qk(mE))=0 for a n y  m 1 .

We show this by induction on m. We consider the following two exact sequences
(cf. Kodaira-Spencer [6]):

(*) 0  --> K --> Sh(mE) —> S2100 s (mE) --> 0

(** ) O —> ‘21((m-1)E) ---> K —> OE ((m -1 )E )-->  0.

First w e put m = 1 . Then the connecting homomorphism 3

a
c.[P(oE) ---)-111(f2k)

derived from (**) is nothing but the one which maps the fundamental class E
into IP(K21). Hence the c lass E  is not num erically  trivial, so  ô  is  injective.
O n  th e  o ther hand , re c a ll th a t H °

(E, Q1005(E))=MS, p k )= 0 . Therefore,
using the cohomology exact sequences derived from (*) and (**) for m=1, we
obtain

H°(S, 12k(E))=0.

Next we assume tha t ( * )  holds for the  case m -1  (m 2 ) ,  namely H°(S,
f2k((m-1)E)-----0. B y  th e  hypothesis, w e have H°(E, Qk(D0 s (mE))=0 for any
m 1 .  Note tha t H°(E, 0 E ((m -1 )E ))=0 for an y  m 2 , b ecau se  the intersection
matrix of E  is negative definite. Therefore, as before, we obtain

H°(S, Slk(mE))=0.

( i i )  The proof is straightforward, by the upper semi-continuity of numerical
invariants (irregularity etc.).

Now we shall return to Proposition 3 .3 . By using Proposition 3.4 and Lemma
3.5, one can prove Proposition 3 .3 . In fact, the subsequent argument was given
essentially by Friedman [2 ] and Friedman-Miranda [ 3 ] .  So we shall only give
a sketch of the proof of Proposition in the "generic" case to be explained later :
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(1) F irs t w e  assume th a t (S, D) is  a  component of a semi-stable degenera-
tion  o f K 3  surfaces o f type  II. L e t (T, E) be a  ra tional surface appearing on
th e  other end  of the  singu la r fibe r. T hen  note th a t E is isomorphic to D , and
we identify them  (denoted still by E ) .  B y the  trip le  point formula, w e have

(P )8d - (P )T = 0 .

O n the  other hand, the anti-canonical divisor — K = E  o n  a  rational surface has
self-intersection number,

(E2)3-5-9,

which follows from the  N oether fo rm ula . Therefore w e have (0).
Conversely, we assume th a t D  satisfies (0). T h e n  w e  c a n  f in d  a n  anti-

canonical rational surface (T, E), where E  is isomorphic to D, which we identify
w ith  E  and denote by E, and

NEIT = (NEIS)* •

Let X 0= SUT  b e  a  two-dimensional variety with only normal crossings along E.

B y the deformation theory due to  Friedm an [2], one can show X 0 is smoothable
to  a K 3 surface under deform ation . M ore  precisely, X 0 c a n  b e  th e  singular
fiber of a semi-stable degeneration of K 3 surfaces, w hich is of type II.

(2) L et (f7, E)— (V , P ) be a  resolution of the singularity P with exceptional
curve E .  We embed (V . , E) into a n  anti-canonical rational surface  (S, E) (cf.
P in k h a m  [1 8 ]) . L e t  (S ', P ) b e  a  su rface  obtained by blowing down E  o n  S.
F irs t w e  assume t h a t  k - 9 ,  e . ,  — 9(E 2 )8 - 1 .  T h e n , b y  th e  proof of (1),
o n e  can find a semi-stable degeneration r: X—>4 of K 3 surfaces with singular
fiber X0 =S yT , w here (T, E) is  a lso  an  anti-canonical rational surface. N o t e

th a t  Arryx=(0T(E)) * . W e  h a v e  (E 2 )T =—(E 2 )s >0 b y  the triple point formula,
and  hence (E•C) T O f o r  every curve C  o n  T .  W e assume th a t (E • C)T >0 for
every curve C  o n  T .  W e call this case "g e n e r ic " . T h e n  N i v x  i s  a  negative
line bundle and  T  is contractible in  X , by  a  theorem o f G rauert. L e t

7C : X

be  the contraction of T .  T h e  singular fiber X ', o f 7 C is nothing but the normal
surface (S ', P ). Therefore X ' gives a  smoothing of th e  singularity P .  I f  there
is  a  curve C  w ith  (E- C )-- -- 0, w e cannot prove th is part of Proposition in this
w ay (see Pinkham  [18] fo r  th is case).

Conversely, we assume th a t the  singularity  (V, P )  is  sm o o th ab le . B y  the
above argum ents, embed (V, P ) into a normal surface (S ', P) which is obtained
by contracting E  o f  a n  anti-canonical rational surface (S, E ) .  Note then that
the dualizing sheaf cos , o f  S ' is isom orphic  to  Os , • T h e re fo re , b y  the  Serre
duality, w e have



Degeneration of 1(3  surfaces 279

H 2(S ', , S2k , ))*  •

O n the other hand, the cohomological conditions of Lemma 3.5 ( i ) for DA, and
E  are  easily verified, and so we obtain

Q )= 0 .

Hence a  smoothing of (V , P ) can be extended to  that o f  (S ', P ) b y  Proposition
3 .4 , a n d  th e  g en e ra l f ib e r  X ; o f  a  sm oothing 7' : X '—*ZI o f (S ', P ) is  a K3
surface by L em m a 3.5 (ii). A fter perform ing (if necessary) resolutions of singu-
larities, base changes and Kulikov modifications (i. e., generic contractions, Mod
I and Mod II), w e obtain a  sem i-stable degeneration 7 :  :  X—>4 of K 3 surfaces
o f  ty p e  II w h ic h  h a s  a  component (S , E ) in  its singular fiber (cf. Friedman-
M iranda  [3 ]). T herefo re  w e have (E') 8  — 9 , i. e .,  k 9. H e n c e  w e  gave  a
sketch of the proof of Proposition 3.3.

W e  c a n  ra ise  a  problem  sim ilar to Problem  3.2 fo r  degenerations of type
III and smoothings of cusp  singu la ritie s. In  th e  re s t o f  this section we discuss
this problem.

Problem 3 .6 .  (1) L et (R, D) be a n  anti-canonical rational surface of cusp
ty p e .  W hen can (R, D) be a  component of a sem i-stable degeneration o f type
III of K3 surfaces?

( 2 )  L et (V , P ) be  a  cusp singularity . W hen is (V , P ) smoothable?

These problems, especially (2), have been studied by many people (Looijenga
[8], Friedm an-M iranda [3], etc .), but have n o t b e e n  so lv e d  yet. W e  have a
conjecture  due to  L oo ijenga  [8 ] concern ing  P rob lem  3 .6  (2 ). T o  p rove  th is
Looijenga's conjecture, Friedman-Miranda [3] proposed a  conjecture which is a
global version of Looijenga's one in the s e n s e  th a t  i t  t r e a ts  th e  smoothing of
com pact surfaces. These conjectures require the  notion  of the  dual cycle of a
rational cycle, so we define it first.

Definition. L et D  be a  rational cycle with

Zykel (D)=(p 1 , 2, • • • , 2, P2, 2, •• • , 2, • • • , P., 2, • • • , 2)
41 - 3 42 - 3 9. - 3

where /3, 3  and q 3 (1 n) ; hence the intersection m atrix  o f  D  is negative
d e fin ite . T h en  the  dual cycle of D  is defined to be a  rational cycle D* with

Zykel (D*)=(2, 2, 91, 2, ••• , 2, 42, 9.) •

P1- 3 P2-3

A  rational cycle and its dual cycle appear in  th e  following context :

Proposition 3 .7 .  (1 )  A  hyperbolic Inoue surface has exactly  tw o rational
cycles with negative definite intersection matrices, which are dual to each other.

(2) A ny rational cycle with negative definite intersection matrix can be realized
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on a hyperbolic Inoue surface.

See Nakamura [10] for the  proof.

N ow  w e fix the notations as fo llow s : Let (V , P )  b e  a  cusp singularity,
and (17 , D ) its  minimal reso lu tion . Let D* be the dual cycle of D . By Proposi-
t io n  3 .7 , w e  c a n  ta k e  a  hyperbolic Inoue surface w ith  tw o  cycles D  and D*.
Let S ' be a normal surface obtained from S  by  b low ing  dow n  D  t o  th e  cusp
singularity P.

W e shall state Looijenga's conjecture about the smoothability of cusp singu-
larities.

Conjecture 1. W ith  th e  above nota tions, a  cu sp  s ing u la rity  (V, P )  is
smoothable if and only if

( # )  the dual cycle D* of D  lie s  o n  an  anti-canonical rational surface T
w ith  KT= —D*.

Looijenga [8] p roved  tha t (# ) is  a  necessary condition. Namely we have

Proposition 3 . 8 .  W e assume that (V , P )  is sm o o th a b l e .  T hen the condition
(# ) is satisfied. M ore precisely , a  smoothing of (V , P )  can be extended to a
smoothing pr': X'—>4 of the normal surface S ' such that a general f iber o f  n ' is
a rational surface T  w ith the anti-canonical cycle D*.

Friedman-Miranda modified the smoothing 7r' : o f  S '  obtained above
by Looijenga to a semi-stable degeneration and a lso  p ro v e d  th a t  the converse
process is possible as follows :

Proposition 3 .9 . (  i ) Let n ' :  X'—*4 be as in Proposition 3.8. Then with
resolutions of singularities, base changes and Kulikov modifications applied suitably,
the smoothing 7r' can be made a semi-stable degeneration ir: X—>4 of the rational
surface (T , D *) such that its singular f iber X , is described as follows.

(# # ) X 0 = MV i  is a variety  w ith normal crossings such that

(0) V i =-S,
(1) the dual graph of X0 i s  a triangulation o f S 2 ,
(2) the double curves on V i = S  f orm  D, and those on V  ( i . .2 )  form

a rational cycle Di ,
(3) V i (i 2) is a rational surface w ith K v i = —D i ,
(4) X , satisfies the triple point formula.

(Such a variety  X , is called a variety satisfying (# # ) w ith (S, D).)
(ii) Conversely, let r : X—>ZI be a semi-stable degeneration of the anti-canonical

rational surface (T , D *) whose singular fiber satisfies (##) with (S , D ) .  Then the
div isor UV  i  in the threefold X  can be contracted to a point, and af te r the con-

traction 7  becomes a smoothing r ' :  X '—+J o f  S ' whose general f iber is (T, D*).

Furtherm ore, Friedman-Miranda [ 3 ]  p ro v e d  th a t a  v a r ie ty  X 0 sa tisfy ing
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(##) is smoothable, using the deformation theory due to Friedman [ 2 ] .  Namely
we have :

Proposition 3.10. L et S , D and D* be as abov e. T hen a variety Xo satisfy-
ing (##) with (S , D) can be the singular f iber o f  a semi-stable degeneration of  an
anti-canonical rational surface (T, D*).

Combining Propositions 3 .9  and 3.10, w e ob ta in  the following conjecture
which is equivalent to Conjecture 1.

Conjecture 1' (Friedman-Miranda). Let S  b e  a  hyperbolic Inoue surface
with two cycles D  and D * . If (#) is satisfied, then there exists a  variety Xo

satisfying (# #) with (S , D).

Rem ark. This conjecture is  true  if the number of components o f D  is
less than 4 by virtue of Friedman-Miranda [3].

Next we shall consider when an anti-canonical rational surface of cusp type
c a n  b e  a  component of a semi-stable degeneration of K3 surfaces of type III
(i. e., Problem 3 .6  (1 )). We do not have any answers, even a conjecture, to cover
the general case. However, in a special case, w e have

Conjetcure 2 .  Let (R , D) be an anti-canonical rational surface of cusp type
w here D  h a s  a  negative definite intersection m atrix . T hen  (R , D) is a com-
ponent of a semi-stable degeneration o f K3 surfaces if and o n ly  if the dual
cycle D* of D  satisfies (#).

Similarly we can ask when a hyperbolic Inoue surface can be a component
of a degeneration of type III':

Conjecture 3. Let S  be a hyperbolic Inoue surface with two cycles D  and
D * . T hen  (S, D ± D *) i s  a  component of a semi-stable degeneration o f K3
surfaces of type III' with exactly one hyperbolic Inoue surface, if and only if

(# ) ' both of cycles D  and D* lie on anti-canonical rational surfaces T  and
T * with K T - - D  and KT*--- = — D* , respectively.

In Conjectures 2 and 3 , the "only if" part is  true  as in Conjecture 1. In
fact, we have

Proposition 3.11. ( i )  L et (R , D) be as in Conjecture 2. I f  (R , D) is a com-
ponent of a semi-stable degeneration of K3 surfaces, then the dual cycle D* satisfies
(# ) in Conjecture 1.

(ii) L et S , D and D* be as in Conjecture 3. I f  (S, D +D *) i s  a  component
of  a semi-stable degeneration o f  K 3  surfaces, then D and D* satisfy  (# )' in Con-
jecture 3.
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W e can prove this proposition by using Proposition 3 .1 0 . In fact, from  the
semi-stable degeneration given in  P roposition  3 .11  ( i ), w e  o b ta in  a  variety
w h ich  h as  o n ly  norm al crossings and satisfies (##) w ith  (S , D), w here S  is  a
hyperbolic Inoue surface realizing D .  In Proposition 3 .1 1  ( ii) , f ro m  th e  semi-
stable degeneration given there, we obtain two varieties which have only normal
crossings and satisfy (##) w ith  (S , D) and (S , D *) respectively.

As in Proposition 3.10, the  deformation theory due to  Friedman [2 ]  implies
the  following

Proposition 3 .1 2 . ( i )  Let (R , D ) be an anti-canonical rational surface of
cusp type. Then a variety Xe satisfying (# #) with (R , D) can be the singular
_fiber of a degeneration of type III of K 3  surfaces.

(ii) Let S  be a hyperbolic Inoue surface with two cycles D and D*. We as-
sume that there exists a variety Xe ( r e s p .  X t)  satisfying (# #) with (S, D) (rasp.
(S ,  D * ) ) .  Then the variety Xe U X t, which has only normal crossings can be the

singular fiber of a degeneration of type III' of K 3  surfaces.

R em ark . B y  u sin g  Propositions 3.8, 3.9 and 3.12, one can prove that Con-
jectures 2  and 3 follow from  Conjecture 1 (or equivalently from Conjecture 1').
Moreover, from Propositions 3.11 and 3.12, w e obtain th e  following conjectures
which a re  equivalent to Conjectures 2  and 3 , respectively.

Conjecture 2'. L et (R , D) be as in Conjecture 2. I f  (# ) is satisfied , then
there exists a  variety  Xe sa tisfy ing  (##) w ith  (R , D).

Conjecture 3 ' .  L et S , D and D* be as in Conjecture 3. I f  D  (re sp . D*)
satisfies (# ) , th e n  th e re  e x is ts  a  v a rie ty  X 0 (re sp . X t) satisfying (##) with
(S , D) (resp. (S, D*)).

R e m a rk . F o r Problem 3 .2  concerning t h e  e llip tic  ty p e , w e  c a n  t r e a t  i t
similarly a s  w e did in Conjectures 1, 2 and 3 , interpreting th e  meaning of "dual
cycle" as follows : L et (S , D) be  a n  anti-canonical rational su rfa c e  o f  elliptic
ty p e . T h e  dual cycle D* on a  surface S *  is , by definition, an elliptic curve iso-
morphic to D satisfying ND./s.=(NDis)*. T hen  Proposition 3.3 can be rephrased
a s  follows

(1) (S , D ) is  a  component o f  a  degeneration of type II of K3 surfaces if and
only if

( # ) e l l I p  the  dual cycle D* o f D is  on  an  anti-canonical rational surface S*
w ith  K s *= — D*.

(2) Let (V, P )  and (S , D) be as in Proposition 3.3 and its proof. Then Pis
smoothable if  and  only if  D* satisfies (#)eilip.
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§ 4. Examples o f  non-Kdhler degenerations o f  K3 su rfaces an d  smoothing
o f c e r ta in  singularities

In  th is section, we shall give two typical exam ples of semi-stable degenera-
tio n s  o f  K3 surfaces w h ic h  have no  sem i-stab le  m odifica tions w i th  trivial
c a n o n ic a l b u n d le s . T h e se  tw o  do  not belong to the  case ( i ) in  Theorem  1.1,
but one belongs to (ii) an d  th e  o ther to  (iii).  Moreover, a s  in  § 3, we shall con-
sider which Hopf surfaces or (CB)-surfaces can be a  component of a semi-stable
degeneration o f  K3 su r fa c e s , a n d  a ls o  s tu d y  t h e  smoothability o f ce rta in
Gorenstein singular points with geometric genus two.

First w e shall construct a n  example o f  a  se m i-s ta b le  degeneration o f  K3
surfaces which contains a  Hopf surface in its singular fiber.

Example 4.1. L et T  be a  Hopf surface defined as follows : T =C 2 —{0}/<g>,
where g  is  the  automorphism o f  C2 — {0} in  th e  form :

g: (z 1, z 2)1--->(a1z 1+z T 2 z2 ); a i ,  a2 C  , 0< I all, lad <1 , a72' =a1

L et E  be a n  elliptic curve o n  T  defined by z2 = 0 .  E  is isom orphic  to  Cgai>
and KT = —(m+1)E (see Kodaira [6]). L et S  be a  surface obtained from T  by
the  blowing-up indicated a s  follows :

It is easy to  see that

if s
, — (n2+1)E- t=1k=1

L et VI 1_<i_n) be a  Hirzebruch surface E k  o f  d e g re e  k  w ith  tw o
sections and a fiber named a s  follows :

Vk
i

o
A k

1

- k

w here the  canonical divisor is written a s  K v 1=(k -2).2 ,1t-2B ik. Let VI (1<i<n)
be a projective plane P 2 w ith  tw o curves nam ed a s  follows :
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A ii

where K v f= —Af —2BI. We assume that there exists a minimal elliptic surface
V  over F " with exactly one multiple fiber E  of multiplicity m and with n multi-
sections B . ( 1 S in )  isomorphic to P ' as shown below :

V :

where Kv , --- (m -1 )E . Note tha t if nz=1 then V  is an elliptic K 3 surface, and
tha t if m -.2 then x (V )=1 and V can be obtained by m  times logarithmic trans-
formations from an elliptic K3 surface which has mutually disjoint n  sections.

We construct a variety X0 w ith  o n ly  normal crossings, by glueing S , Vik
(1 k m,  1 i n) and V  along the correspinding curves follows :

Proposition 4 . 2 .  Under the above hypotheses and notations, X ° c a n  b e  the
singular f iber of a semi-stable degeneration 7r : X -L I o f K3 surfaces. The canon-
ical divisor K x  o f  X  is w ritten as

K 1 =-- (m-1-1)S+V± i '  (m—k+2)V1.
i=1  k = 1

Moreover, by suitable modifications we can make it': X ',1 1  whose singular f iber
X o '  is given by  X0'=VUS.
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V

      

In  fac t, w e  s ta rt w ith  th e  variety  X 0 '. T h e n ,  a s  in  Nishiguchi [12], one
can prove that X o '  is  th e  singular fiber of a semi-stable degeneration 7r' :
by virtue o f th e  deformation theory (cf. Friedm an [2]). N ext, by blow ing-up
and Mod I , we obtain 2r:  X—+4 as in Proposition.

R e m a rk . In  the  above construction, n  m ust be  less than  20, fo r  V  is ob-
ta in ed  from  a  K 3 su rface  b y  th e  logarithmic transform ations as seen above.
But w e do not know  a  m ore  precise upper bound o f  n fo r  th e  e x is te n c e  o f  V
(see Remark after Theorem 4.4).

N ext w e shall study a n  example of a sem i-stable degeneration o f  K 3 sur-
faces which contains a  (CB)-surface in  its singular fiber, i.e ., an  example of the
case (iii) o f Theorem  1.1.

Example 4 .3 .  L et S  be a  (CB)-surface w ith  th e  following configuration of
non-singular rational curves P 1 :

S

W e assume th a t  the  canonical divisor K s  o f  S  is  w ritten  as

K 8 =-- -2 (A 1 + ••• +A.)--(B i+ ••• +B .)•

In  fact, one can construct such a surface S  containing a  g lo b a l spherical shell
(GSS f o r  s h o r t ) ,  a s  in  K ato  [4]. Such a  surface S  containing a  GSS is also
obtained a s  a  deformation o f  th e  blown-up Hopf su r fa c e  in  Example 4 .1  with
m=1 (cf. Nakamura [10]).

W e consider the  following configuration of non-singular rational curves C,
and D i  (1_. .m) on  a surface.



Ei

w here w e have K =— B 1 - 2 E 1 .
Let V i  b e  a  rational surface w ith  the following configuration of P ' s :

-1

F. ( F m i F1 )m+1 1

O

w here w e have K v z —Fj —F1 + i —G1 -2 C j . S u c h  a  su rfa c e  V , is  o b ta in ed  b y
blowing up P 1 X P ' a t  the points indicated by 0  in  th e  following picture:

Ty

O

0 0

L

O

L+T
O •2
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T hen  w e have

Theorem 4 . 4 .  W ith the above notations, we assume that th e  div isor C 1 +
+ C .+ D i + ••• -FD 7,, on a surface is realized on a K3 surface V .  Then S can be
a component in the singular f iber of a semi-stable degeneration o f  K3 surfaces.

Pro o f . Let U i b e  a projective plane P 2  w i t h  th e  follow ing configuration
of lines:

(W e use the same symbol fo r a  curve and its proper transform.)
Let W i  b e  P 2  w ith  the following configuration of lines:
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D j .

1

1W  : G
1.

w here w e have K 0 =— G---2D.
W e construct a varie ty  X 0 w ith  o n ly  normal crossings by glueing S, V t, Wi

(1.- i m) and V along the corresponding curves. W e give a picture of X 0 only
in the case m=3:

Then w e m ay assume th a t X 0 i s  d-semi-stable (see Lemma 5.14 of Friedman
[2 ]), and w e can  prove, as in Theorem 5.10 o f  [2 ],  t h a t  the v a rie ty  X 0 i s
smoothable t o  a  K3 surface, more precisely, that X o i s  the singular fiber of a
semi-stable degeneration of K3 surfaces. Q. E. D.

Remark. ( i ) Let r :  X—>4  b e  a semi-stable degeneration o f K 3  surfaces
whose singular fiber is isomorphic to X 0 a b o v e . T h e n  the canonical divisor K x

of X  is  w ritten  as
m no

K 1 =3S+3 r±171+2 W i + V .i=1 1 = 1  j = 1

( ii)  W e  co n sid e r  a K3 surface V  w ith  the configuration of cu rv es  D=C,
+ ••• +C.+D i + ••• +D m  a s  a b o v e . S in c e  the intersection m a tr ix  o f D  has
signature (1, 2m-1), 2m is  n o t more than  the Picard num ber p(V) of V , where
p (V )2 0 .  Hence we have m.<10. Professor Masa-Hiko Saito showed the author
that for there exists a K3 surface w ith  D , by virtue of the lattice theory
due to  Nikulin [11]. But it  is  s t ill an open problem  w hether there exists a K3
surface containing D  w ith  m=10.
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To conclude this section, we consider the smoothing of singularities obtained
from  the above surfaces of class VII by blow ing dow n curves. In Example 4.1

n n o
(resp . Example 4.3), the divisor E + B t  o n  th e  blown-up Hopf surface Si=1 k 1

(resp. 2 1 3 , o n  th e  (CB)-surface S )  c a n  b e  b lo w n  d o w n  to  a normali-1 i=1
singular po in t. T he  singularity obtained from Example 4.3 is  the  "degenerate"
case of that obtained from Example 4.1 w ith  772= 1 .  W e study these tw o cases
a t  the same time, and use the same notation for Examples 4 .1  a n d  4 .3  in  the
fo llow ing . Let (S ', P) be a normal surface w ith  the singular point obtained by
the blow ing-dow n. One can easily show th a t P  is  a  Gorenstein singu la r point
w ith  geo m etric  g en u s pg = 2  (c f . N ishiguchi [15]). It is natural to  ask w hen
the singularity is smoothable under deform ation . F irst w e h a v e  th e  following
result about the globalization of a  smoothing :

Proposition 4.5. Under the above hypotheses and notations, we assum e that
P  is sm oothable. Then a smoothing o f P  can be extended to a smoothing 7r': X '
—4 of the normal surface S ' .  Moreover, a  general f iber X ,' o f  7 '  i s  a  K3
surface.

This is  a  straightforward consequence of Proposition 3.4 and Lemma 3.5.

Finally, w e give a  sufficient condition for the singularity P to be smoothable :

Proposition 4 .6 .  For the singularity  P  on S ',  we assume that there exists an

elliptic surface V  w ith the curves D =E + iB ;„, as in Example 4.1 (re sp . a  K3
no no

surface V  w ith the curves D =  C i +  D ,  as in  Example 4 .3 ) .  Furthermore,i=1 i=1
we also assume that the line bundle —D on V  is negative, i .  e., D is ample. Then
P  is smoothable under deformation.

Pro o f . W e show both cases a t  the sam e tim e . By virtue of Proposition 4.2
and Theorem 4.4, one obtains a semi-stable degenera tion  r: X — >4 whose sin-
g u la r  f ib e r  X ° conta ins the surface S  as a  com ponent. Let W be  the union of
components of the singular fiber X ° o th e r  th a n  S .  T h en , b y  th e  assumption,
th e  d iv iso r W  is negative in the sense of Grauert, and W  can be blown down
to  a point in X , b y  a  theorem of G rauert. Let i t ' :  X'—>ZI be a  deformation ob-
tained from  7r : X—>ZI by blowing down W . T h en  7r' gives a  smoothing of the
normal surface S ' and a fortiori a smoothing of the singular point P.

§ 5 . Construction of degenerations of K3 surfaces

In th is section, w e shall system atically  construct exam ples of semi-stable
degenerations o f  K 3 surfaces containing (CB)-surfaces in  their singular fibers,
i.e., examples of the case (iii) of Theorem  1.1. A ll know n (CB)-surfaces contain
global spherical shells (G SS). So w e restrict ourselves to (CB)-surfaces contain-
ing a  G S S . T hen  the canonical bundles of su ch  surfaces are  given explicitly
provided they have exactly one branch (cf. Nishiguchi [14, 15]).
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We shall freely use the notions and results in Nishiguchi [14, 15] concerning
surfaces of class VII ° . Let S be a  (CB)-surface containing a  GSS. W e assume
that the (CB) on S has exactly one branch. L et C , C ,±D , be the (CB), where
C, , E A , forms a cycle and D i =-EB i  form s a  b r a n c h .  Nakamura [9 ]  proved
that there are no curves other than A i 's  and Bls, and tha t C=Ci-I-D i  has the
type (pi, 41, P 2 ,  y  PO/ where the first component o f  C, meets the first one of
D , .  By Remark (7) after Theorem 1.1, th e  canonical bundle Ks  o f  S  h a s  a
meromorphic section, i.e ., is  a  divisor, provised S is a component in the singular
fiber of a semi-stable degeneration of K3 su rfaces. Then we may assume that
C  has only simple normal crossings, i.e., n 2. H ence , by  v irtue  o f Theorem
6.1 in  Nishiguchi [15], we know that the type of C is one of the following :

(1) (3, 1, 2)
(2) p1 =2.
First we consider the case (1) :

Example 5 .1 .  Let S be a surface as above of type (3, 1, 2 ). Then we know
that the canonical bundle K s  o f  S is numerically a  divisor by Nishiguchi [15].
W e assume th a t  K s  i s  a  divisor. Such a surface exists as shown in Example
4.3. Then we have

••• —2A1 _,

A 1 1

-2

S

(cf. Proposition 6.3 o f [15 ]). Then we have the following sufficient condition
for S to be a  component of a semi-stable degeneration of K3 surfaces.

Theorem 5 .2 .  Let S be as above. W e consider the following configuration of
non-singular rational curves P I  on a surface:

W e assume that there ex ists a K3 surface V  w ith the div isor C+D i d- •-• -FD1 _1

as above. Then S can be made a component o f the singular f iber of a semi-stable
degeneration o f K3 surfaces.
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Proof. T h e  p ro o f  is  v e ry  s im ila r  to  th a t o f  Theorem 4 .4 . S o  w e  on ly
describe each component which is in  the  singular fiber.

L et U ,  ( l i < 1 - 2 )  be a  Hirzebruch surface X,_, w ith  the configuration of
P "s  as follows :

1-1

w here Ku i -=- -B ,— B., + ,- 2 E i . Let u1_1 b e  a projective plane P 2 a s  follows :

w here Ku 1 _1 , - --- - B1-1 - 2E1-1.
L et V , be a  rational surface w ith  the configuration of P "s  a s  follows :

V i

      

G

 

-2

            

-2  F
2

       

A

l

       

w here Kv 1 = — F 1—F2-2D 1 — G . Such a  surface V, is obtained by blowing upY 2

a t  points indicated a s  follows by o:

w here A, and r, a re  lines and F, is  a  conic  w hich  m eets A , transversally at
tw o  points and tangents F, a t  a  p o in t . L e t  V , (2._i 1-1 )  be a rational surface
w ith  the configuration of P "s  a s  follows :

o

( F
/ 1  

)
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where K v ,= - 2 D i — F,— F, + ,. Such a surface V . can be obtained by
blowing up a  Hirzebruch surface 2 ', a t  a point on a positive section F1+1.

Finally le t W  be a  projective p lane P 2 w i t h  th e  configration o f  lin es  as
follows :

w here K = — G - 2 C .  Now glue these surfaces together along th e  correspond-
ing curves. Q. E. D.

R e m a r k . L et Ir : b e  the semi-stable degeneration o f  K3 surfaces con-
structed in  the  ab o v e  p ro o f. T h en  w e  have

K 1 =3S+311 1 ±  • • •  + 3 U 1 + 2 V ,+  +21/ 1 +2W-I-V.

Next we consider the case (2) p,=2 w ith  the notation explained first in this
section . First w e treat th e  easiest case n = 2 , i.e ., the case w ith  type  (2, al, P2).
T hen w e have

Zykel(C1)=(2, ••• , 2, P2)
q ,- 2

Zykel (D,)=(2, , 2) .
1)2 - 2

B y  v ir tu e  o f  Example in  Nishiguchi [15, § 6 ], t h e  canonical bundle Ks o f  S  is
numerically a  divisor if  an d  only if  the  type  is

(2, (p-2)(a-1)+ 1, p) a • 2 ,  p 3 .

In  th is case, K s  is  w r it te n  as

K 5
- - ( a - 1 ) B 1- 2 ( a- 1 ) B 2 —  -(p-2)(a-1)B p-2

— (P-1)(a-1)A 1— ((p - 1)(a - - 1) - 1)A2 —  ••• — aA N-p+2,

where N =b 2 (S )=-(p-2)a.

Exam ple 5 .3 .  W ith th e  above  notations, w e  p u t  p = 3 , i .e . ,  th e  ty p e  is
(2, a, 3) ( a _ 3 ) .  T hen  the configuration of curves o n  S  is g iven  a s  follows :

S :

W e  assum e th a t the  canonical divisor Ks  h a s  a non-zero meromorphic section.
Then

If 8=— (a-1)B 1-2(a-1)A 1—  •••
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W e  have the following sufficient condition for S  to  b e  a  component o f  a  semi-
stable degeneration o f  K3 surfaces.

Theorem 5 .4 .  Let S  be as above. W e consider the follow ing configuration
o f P " s  on a surface:

-2 Da-1
-1D

a - 2
- 2 Cl

D
1

-a-1

.
D

2

•
•

C-2 a - 1

W e assum m e that there ex ists a blown-up K 3  surface V  w ith the divisor C 1+ ••-
+C a_ i+D i+ •••  +D a -, as abov e. T hen S  can be made a component o f th e  sin-
gular f iber of a semi-stable degeneration of K 3  surfaces.

Pro o f . A s in  the  proof o f  Theorem 5.2, we only describe each component
w hich is to  be in  the  singular fiber.

L et U  be a projective plane P 2 w ith  the  following configuration of lines :

U

B

I

w here w e have K u = ( a - 3 ) B 1 — aE.
L et V , be a  rational surface w ith  the configuration of P " s  a s  follows :

D,
o

• • •

G

a - 1

F
2

4 -2 a

A
l

w here K v  c=2(a — 2)A 1+ (a — 2)E+ (a —3)F1 -2D 1 —G1 —G1—  • • — G „ _,. Such a rational
surface V , is obtained a s  follows : In case a is even, w e take curves o n  P 2 a s
indicated below :

D
1



(Fa F 1 )

D

a-1

oF

a-1
F
a

a1 •a -  -
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where D i  i s  a (singular) curve o f degree a /2  w ith only nodes, F, is  a  line and
F, is  a conic, F i and F2 being tangent to each other ; hence Kp2=-2D1+(a - 3)F1.
Then the surface V, is obtained by blowing up P 2  su ita b ly . W e  om it the detail
of th is p rocess . In  case  a  is odd, we take curves D i , E and F2 on P 2 as follows :

p

2

D
1
r . . .

w here D, is  a (singular) curve o f degree (a+1)/2 w ith only nodes, E  is  a  line
and F2 is  a  conic, E  and F2 being tangent to each other at a point of D 1 ; hence
Kp2=-2D 1 +(a — 2 )E . T h e n  th e  su rfa c e  V ,  is  o b ta in e d  b y  b lo w in g  u p  P 2

su itab ly . W e om it the detail a s  before.
N ext le t  V, —2) be a  Hirzebruch surface X2 ( a _i _l )  w ith  th e  follow-

ing configuration of P"s :
Di

o

Fi 2(a-i-1)

F i+1
o

-2(a-i-1)

Ai

w here K v 1 = -2 F 1 —(i+ 1)Di + (2a — 3—i)A i .
w ith  the  following configuration of P " s :

--1

L et V a _i  b e  a Hirzebruch surface f i

Aa-1

where K v a _i -= -2F ,— (a  —1)Fa + (a 1.
Let IV , (1. i a -1 ) be a projective plane P 2 w ith  the  following configura-

tion o f  lines :
c

i

where K 1 - - G 1 - 2 C 1 .
Note th a t  if  there  exists a  blown-up K3 surface V  w ith  a  d iv iso r  C 1 -1- •-•

H-Ca_i+Di+ ••• ±D a _i a s  described in  Theorem 5.4 , then  w e have

Kv=D2+2D2-1- ••• + (a - 2)Da-2

and the m inim al model o f  V  h as the  following configuration of curves :
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D
1

w here the  proper transform  D ,' o f D , is  a  rational curve with node. Q. E. D.

R em ark . In Example 5.3 and Theorem 5.4 , w e gave  a  sufficient condition
fo r  a  (CB)-surface of type  (2, a, 3) to  b e  a  component of a  sem i-stable  degene-
ra tio n  o f  K 3 s u r f a c e s . However the  author does not know  w hether o r  n o t a
sim ilar result holds, in general, fo r a  (CB)-surface at type  (2, (p —2)(a -1)+1, p),
a 2  and

Next we consider a  (CB)-surface S  in  c a s e  p1 = 2  a n d  n = 3 .  W e restrict
ourselves to the  type  (2, q1 , 3, q2 , 3), w here q1 , q2 -3. T hen  w e  have

C= --(2, • , 2, 3, 2, ••• , 2, 3)
q - 2 q2-3

D, (2, q2 )

B y  v ir tu e  o f Theorem  6.4 in  N ishiguchi [15], the  canonical bundle K s  o f  S  is
numerically a  divisor if  and  only if  the  type  is

(2, 2(q-2)(a —2)+2a —1, 3, q, 3) w i t h  a 2, q 3,

w here N =b 2 (S)=2(q— 2)(a — 2)+2a +q— 2.

E xam ple 5 .5 . W ith t h e  above notations w e  put a = 2  i . e . ,  th e  ty p e  is
(2, 3, 3. q, 3) with q 3 . T h e n  the configuration of curves on S  is given as follows :

 

-2 Ag
A

q - 1
-3

 

S :
-2

•
-2 -4
B

2

B
1

 

A
]A

3
_3

-2 A
2

W e assume th a t the  canonical bundle K s o f  S  has a non-zero meromorphic sec-
t io n . T h e n  w e  have

K s =— B 1 -2 B 2 -3 A 1 -2A 2 -2A 3 — ••• —211,

and furtherm ore, w e have the following

Theorem  5.6. Let S  be as abov e. Consider the follow ing conf iguration of
curves on a surface:
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w here D , is a non-singular elliptic curve and D i  i s  a non-singular rational curve
f o r  2 < i< q .  W e assume that there ex ists a  rational surface w ith  a  divisor

•-• +D, and K =— D 1 . T h e n  S  can be a component of the singular f iber of
a semi-stable degeneration o f K 3  surfaces.

Pro o f . A s usual, we only describe each component which is to be contained
in  a  singular fiber.

L et U f (1 < i< q -2 ) be a  Hirzebruch surface X q 1 w i t h  t h e  following con-
figuration o f  P " s :

i  -q

Bt.

: 0 E.

q -  i

(B
o

=1 B 1

i - 1B

1

w h ere  Ku l= —Bri —BI-2E i . L et U r  be a projective plane P 2 w ith  the  fol-
lowing configuration of lines:

E

q - 1

B?

 2
B

1

where Ku 7-1.-- -B y - 2 -2 E 2 _1.
Let U  b e  a  rational surface w ith  the  following configuration of P " s :

-q+1

F

1

0 
B

2

- 2

w here K u 1 = --B -2 F 1 . Such a  surface is easily constructed by blowing up P 2 .
Let U  ( 2 < i< q -2 )  be a  Hirzebruch surface X 2 . w i t h  the  following configura-
tion o f P l's :



0
2

O G
2

G
3
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i - q

2

Ui  •2 ' F i

q-i
Bi-12

where Ko-=--/3 - 1 — B -2 F 1 . L e t U r  be a projective plane Pjwith thejfol-
lowing configuration of lines :

F
q - 1

B
q - 2

2

w here Kur1=-2F,_,— Bg - 2.
L et V , be  a  rational surface w ith  the  following configuration of curves:

w here D , is  a  non-singular elliptic curve and  the  other curves a re  non-singular
rational curves ; hence K 1 — A 1 —D1 . S u c h  a  surface V, is obtained by blowing
up  P 2 su itab ly  from  th e  following configuration of curves :

P
2

1 2

w h e re  G , i s  a  c o n ic , G2 i s  a  line , and  D , is  a  non-singular cubic, G , and  G2
being tangent to  each  o ther a t a  p o in t  o f  D,. L e t  V 2  b e  a  ra tiona l surface
w ith  the  following configuration of P"s :

- 1

V
2

A
2



D

9

o G

1
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where K v 2 = -2 G 2 -2 D 2 —G 3 . Let V i (3.<i<.q — 1) be a  rational surface with the
following configuration of P"s :

o

where Kv i = -2D i —G1 —G1 + 1 .
configuration of P " s :

V

A i

Let V, be a  rational surface w ith  th e  following

A

w h e re  K v  g = - -G , -2 D ,-2 G i . The surfaces V , and  V, (resp. V 3 , •-• , V 3 _1) are
obtained by blow ing up I, (resp. I Q).

Let V  b e  a  ra tio n a l surface w ith  th e  d iv iso r D i +  ••• +D, described in
Theorem 5.6 and K = — D 3 .Q .  E .  D.

Similarly, We obtain an  example for other (CB)-surfaces. Here we state the
following results, w ithout proof, only for (CB)-surfaces of four types.

Example 5.7. Let S i , S2 , S, and S, be (CB)-surfaces o f type (2, 3, 4), (2, 4,
3, 3, 2), (3, 3, 2)1e(3) and (2, 4, 3, 3, 3, 3, 2), respectively . For the notaion e, see
Nakamura [9 ] (S 3 h a s  tw o  branches). T hen  Si  h a s  the following configuration
of curves :

S
3

A
2
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S 4

B y  v ir tu e  o f  Theorem  6 .4  in  Nishiguchi [15] o r  b y  a direct computation, the
canonical bundle Ks ,  (i=1, 2, 3, 4) is num erically a  divisor. W e  assum e that
K s ,  has a non-zero meromorphic se c tio n . T hen  w e  have

K 3 1 =— B 1 -2 B 2 -3A 1 --2A 2 ,

K 3 2 = —2B 1 -5A 1 -4A 2 -3A 1---4A 4 ,

K s 3 =— B 1 —B 2 -2A 1 -2A 2 -2 A „

K 3 4 =— B 1 -2 B 2 -4 A 1 -3A 2 -2A 3 -2 A 4 -3A 5 .

Each S , (i=1, 2, 3, 4) can  be  m ade a component of a semi-stable degeneration of
K3 surfaces provided

( j )  f o r  S i ,  there  exists a  blown-up K3 surface V 1 w ith  the  following con-
figuration o f  P "s

V
1

w here K v 1
, D2 ;

( i i )  fo r  S2, there exists a  rational surface V 2  w ith the following configura-
tion  o f curves :

V
2

w here D , is  a  non-singular elliptic curve, D2, D, and D, are non-singular rational
curves, and w e have Kv 2 =—D 1 d-D3 ;

(iii) fo r  S3 ,  there  exists a  K3 surface V , w ith  th e  follow ing configuration
o f  P"s :

V
3  •

•
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where K 3 = 0;
( iv )  fo r  S ,, there  exists a  rational surface V , with the following configura-

tion o f curves :
D

4

-2 D
1 1

2( D -  1 )

D
2

w here D , is a non-singular elliptic curve, D2, D, and  D, are non-singular rational
curves, and w e  have Kv 4 -- =-D1.

Finally, we consider a  (CB)-surface w ith sm all second Betti n u m b er. Let S
be a  (CB)-surface containing a  GSS w hose  canonica l bundle  has a non-zero
meromorphic se c tio n . W e assume th a t the second Betti number b2 (S) is less than
s ix . T h e n , by  v irtue  o f  Theorems 6.2 and 6.4 in  Nishiguchi [15], the  type of
S is  one of the  following :

i ) in  case b2(S)=2,
(ii) in  case b2(S)=3,
(iii) in case b2 (S)=4,
( iv )  in  c a se  b2(S)=5,

A ll these cases have already been treated in  Examples 4.3, 5.1, 5.3, 5.5 and
5.7, w here the  sufficient conditions are obtained fo r  them  to  be  a  component of
a semi-stable degeneration o f K3 s u r fa c e s . M o re o v e r , it  is  e a sy  to  s e e  th a t
these conditions are satisfied, i.e., one can find K3 surfaces or rational surfaces
required in  th e  sufficient conditions in Theorems 4.4, 5.2, 5.4, 5.6 and  Example
5.7. So w e have the following

Corollary 5 .8 .  L et S be a (CB)-surface containing a  GSS whose canonical
bundle has a non-zero meromorphic section. W e assume that b2(S) 5. Then S can
be made a component of  the singular f iber o f  a  semi-stable degeneration o f  K3
surfaces.
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