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Non-existence of positive eigenvalues of the
Schriidinger operator in  a  domain

with unbounded boundary

By

Takao TAYOSHI

Introduction

In th is  p a p e r  w e  sh a ll c o n c e rn  o u rse lv e s  w ith  the solution of the differential
equation

(0.1) ( -4+q— ku =0

in a domain DcRn(727-2), w here  4 = (5 / 3 x 5 ) 2 , A>0, and q is  a complex valued func-
tion . D efine  a domain Da  o f  Rn by

(0.2) D „,-.{xE R 7 'lx ,> lx  cos(a7/2)}

w h e re  1<ct<2, lx1=(x 1
2 - 1- •••+ x , i

2 ) 1/2 . W e sh a ll prove the following theorem.

Theorem 0.1. Assume th at D  is  larger than  the half  space x 1 > 0  in  the  sense that
there ex ists a constant c w ith 1<c<2  such that

(0.3) D D D „

and assume that q can be w ritten as q -="q1+q2 such that the  f ollow ing conditions (0 .4 )--
(0.6) are satisf ied.

(0.4) q1 is  real v alued , of  class C (D ), and

qi (x )= . o(1) ( x I œ in D e) .

(0.5) 1741(x)1+142(x)1=o(ix ( Ixl—>co in  De).

(0 .6 ) T here ex ist constants d and 5>0  such that 1 < d < c , and

91(x)I + I q z(x)I =0(1 x ( 2 " ) - 3 ) (I x I co in D C—  D d).

In addition assume that q is such that the unique continuation property holds f o r equation
(0.1), i . e .  i f  a solution u o f  (0.1) vanishes in an open set of  D, u  vanishes in all o f  D.
Then if  a solution u  belongs to  O D ), u vanishes identically : u-=0.

H ere it should  be noted that in the hypotheses of the theorem  w e assume no con-
ditions on the values of the solution u on the boundary ap of D.
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The above theorem is a  consequence of a more general result, Theorem 0.2, which
we shall state soon after the preparation of some no ta tions. Define real valued func-
tions e„(x) and 9 a (X ) (xE D a )  by

(0.7) (ea(x)-1-2)7a(x))"=xi-Fiy(x) (y (x )_ (x 2 2 + . . .±  x n 2)1/2,

where we agree that we choose the argument of ea (x)-kir2 a (x ) such that

(0.8)

Define, in addition,

(0.9)

Notice tha t pa(x)51x1

(0.10)

Further define

(0.11)

0__arg(ea(x)-Fina(x))< (x Da ).

P a (X )= ( .(X )Ya ( X  E D ) .

and that pa(x )=I x l  when x  is on the positive x i -axis. W e set

D a (s)= {x ED„1 to a (x)> s} .

e a ( x ) = . (x)2 /(ea(x)2 +72.(x) 2 ) .

Theorem 0 .2 .  Assume that there exists a constant c such that 2>c> 1, and the condi-
tion (0.3) is satisfied. Moreover assume that q can be written as q=q i -l-q, such that the
condition (0.4) and the following (0.12) are satisfied.

(0.12) There exist a constant c' and a function f(t)=o(1) (t-->co) such that c>c'>1,
and for any a  w ith c>a>c'

(;',1 - -"217411+ 1q2I 5-(eaPV±P;t 3 H (P) (in D a (1)).

Then for a solution uEL 2 (D ) o f (0.1) there exists T>0 such that uw0 in  th e  domain
D (T ) .

The theorems will be proved in Section 2 after the preparatory Section 1, where
some technical lemmas are  p ro v ed . Section 3 is devoted to calculation of some quan-
tities w hich a re  used in the discussions in the preceding sections. For some results
p rev iously  know n w e re fer to  Konno [2], M ochizuki [3], M urata-Shibata [4] and
Tayoshi [5].

Here we collect more notational conventions to be used in  the  following sections.

D a (s i , s 2 ; 5 2 )= {x Dalsi<pa(x)<s2, )a(x)<53} ,

Da(si, s2)= E D. I si< pa(x)<s2} ,

(0.13) Sa(s ; {x E Da I Pa(x)=s, n a (x)<t} ,

Sa (s)= fx D a lp a (x)=s1,

„(s i , s 2 ; 5 3 )= {xEDalsi< to a(x)< 52, Y).(x)= s3} •

Denoting the standard flat metric E(a/ax,)®(a/ax j )  b y  G  (w e  u s e  th e  contravariant
representation), we write 7f =(af lax ,)(8 /ax i ) ( f :  a function), J f =div 7 f, G (d f, dg)
=E(af/ax,)•(ag/ax i ) (d f  :  th e  differential o f  f )  I d f , 12 =G (d f, d f)= -17 fI 2 e t c . .  The
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following function appears in  various places in the paper :

(0.14) aa (x )=  dpar (xEDa).

The volume element dx 2 A • • • A dx„ is denoted by Q. If volume integrals over a domain
B and surface integrals over its boundary aB appear in an expression, we choose the
surface element I of aB such that f2=nA Z where n  is the outer normal covector to
aB. T he  con trac tion  o f a  vector field V  with a 1-form w  is written a s  w (V ). We
se t ha  = d pa l'd pa . We use the expression

(0.15)
[ s a( .22) A ge,(, ,,]"•f i a(V )E

for

5„ )  ...ha(v)z— •..ha(v)z.

We le t C, C i , C2, • •• , T , T 1 , T 2  - • •  etc. denote positive constants, and let /(S), 11(S), •••
and J(B), J i (B), ••• etc. denote some quantities given by certain surface integrals over
an  (n -1 )-su rface  S and volume integrals over a certain n-region B .  We shall specify
th e  meaning o f  these notations wherever ambiguity may be caused, while the same
letters with the  same subscripts do not necessarily mean the same things if they appear
in different contexts.

1 . Some Lemmas

Throughout this section w e le t q1 denote a  real valued function of class C'(D),
and put q2 =q—q1, where q is a s  in  (0 .1 ) .  Let B D  a dom ain. Take a  function
C"(B) and set

(1.1) v----Ou

in  equation (0.1). Then we have

(1.2) —4v+20-tG(d0, dv)+(Q+q 2 —.2)v=0 (in B),

where we have put

(1.3) Q=-20-21412-1-0-140+q1.

Lemma 1.1. Assume that DpD a (T ) (2>  3a> l, 3  T > 0), and that q  is bounded in
Da (T ) .  Let 0, OE C- (DO be positive functions. L et B  be a bounded subdomain o f  Da (T)
with piecewise smooth boundary B. L e t  Z  be a real smooth vector field in  a neighbor-
hood of  the closure of B . L e t  u be a solution o f (0.1), and further le t v  and  Q  be as
in (1.1) and (1.3). Then the following identity holds:

(1.4) .raBçbf Re[Lz D • G(n, dv)1 - - - (17v1 2 - -F(Q —  v  2 )n (Z )} f

j B Re[L z D•G(2(pd0-Ed0, dv)]Q
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H- div(oz){1 71v12 +(Q-2) 1v12 }Q

-EU {0(L2G)(d0, av)+0( LzQ) I v12 }Q

—.ÇB ÇG Re[42Lg•v1S2=0.

Here n  is the outer normal covector to aB, and L z  denotes th e  L ie  differentiation with
respect to the vector field Z.

Remark. H ere an d  in  th e  following we interpret the values of y and 7v  on a
piecewise smooth (n-1)-surface s (s=aB in the above lemma) in  the sense of trace,
which is meaningful because y is a solution of the elliptic equation (1.2) ([51 Section
6) and because we use traces of y and 7v  only when S  is  la id  in  a  domain where q
is bounded.

Proof o f Lemma 1.1. Multiplying (1.2) by OLz D, w e have

(1.5) —OLz7) • Z1v+2--Ç b Lg•G (c/O , dv)-FOLg•(C24-42 - 2)v=0.
0

Let us w rite this as V 1 d-V 2 +17
3 = 0 . Integrating —Re[V i ]  by parts over B , w e have

(1.6) Re[V,]Q-=.ç ORe[Lz73•G(n, dv)1E—  Re[G(d(OLg), dv)1Q •
JB as

W e write the right-hand side o f (1.6) a s  / ii(aB )+J i(B ). Using partial integration
again, we have

1
ii(B )= - -  —

2 B
Lz(017v1 2)Q

+f
1

B dv)—Re[L z D•G(dO, dv)]},S2

=— 1
2 BOI7vI 2n(Z)E

— (div(OZ)) I 7v 12Q+ 2 B
—1 0 ( L z G)(dD, dv)S212.çB 

RelL z i)• G(dO, dv)if2 •

Let us write this as

(1.7) Ji(B)=1.12(aB)+Jii(B)+Ji2(B)±./13(B)•

W e set

(1.8) A (B)=— Ren17,[2=- {-2  ç ' Re[L z D•G(dy5, dv)1}Q.
B

Integrating —Re[V 8 ] ,  w e have
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(1.9) JBRe[173],Q= 41,0 Re[q2 L z i3 • Y]Q— -1
B 0(Q - 2)Lz( y I 2 )Q

I2B O (Q -2 )I I272(Z)E

. ) .6(div(OZ))(Q — 2) I y I 2 S2

' B OLzQ v I
 2 Q A 30 Re[q 2L z D • y],f2 ,

We write the last member of (1.9) as 1 3 ( 3 / 3 ) + J 3 1 ( B ) + J 3 2 ( B ) + J 3 3 ( B ) .  Collecting (1.6)-
(1.9), we have

(1.10) f r11(aB )+I12(aB )+I3(B )} -FiJ2(B )+J13(B )}

{,1 ii(B)+J 31(B) 1.112(B)±.192(B)} +J „(B)=0.

This gives (1.4). Q. E. D.

Lemma 1.2. Assume the hypotheses o f Lemma 1.1. Le t 0, 0, v, Q, Z and B be as
in Lemma 1.1. Further assume that there exist a constant (3>0 and smooth positive func-
tions o. (x), 1-(x) such that

(1.11) 231 dc I2(Z OZ)— - L z G . 26.z-G in B .

Let E  be a real smooth function. Set

(1.12) F =div(0Z) —2 E .

Define the vector field W by

(1.13) W=2—
F

70+7F =--0 - 2 7(0 2F)) .
0

Then we have the inequality

(1.14) aB.{
1Re[(0L z i,+ —

2
0G(n, dv)]— (17v1 2 - E(Q - - 2)1v1 z )n(Z)— —

4  
I y I 2 n(W)I-E2

1
B
{0(—(7  dc 12+q  2 1 ) 1  z U 1 2  — Re[L if) • G ( ç b  d d , dv)]}Q

ar
—c7-0±E )I7vI 2Q

+ 1 ,2 0 L zQ + E (Q - 2 ) - E I 991 — R e [9 2 ]±  71
1  div I vI 2 ,Q

>().

P ro o f. Let us write the identity (1.4) of Lemma 1.1 as

(1.15) /(aB)+J1(B)±./2(B)+J3(B)-F./4(B)= 0 .

Then J 2(B ) can be rewritten as follows :
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( 1 1 6 ) / 2 ( " )
D, 

—

c  1 r 1Fil7v1 2 +2Re[ w G(45, dp)v] - 1- (Q - 1- Re[421 - 2)1v1 2}Q

—.Ç
F

B T, Re[G(dO, dD)v1f2

. f B E7V1 2Q+
B
{E(Q - 2 ) - - 2- Re[42]}- 1v120

W e write the right-hand side of (1.16) as J21(B)+./22(B)+./ .22(B)+./24(B). Taking equa-
tion (1.2) into consideration, by the Gauss-Green formula, w e have

(1.17)
1

/21(B)= .1-, ) Re[FD•G(n, d v ) i E —  
1

ReD • G(dF, dv)].S2
3B .ÇB 2

Let us w rite this as j21(B)=121(8B)+ I ( B ) .  In view  of the definition of W ((1.12)),a  211\

we see that
1 1—

F  

ReDG(45, dv]-1- - - Re[ii • G(dF, dv)]= —

2
Re[i7 • Lw v].

Consequently, by partial integration, we obtain

(1.18) ./22(B)-1--J211(B)-= ReD • L w v]S2

c 1= div(W)1v12—)0B74- v 2 n(W)E -11. —1f 2
B 4

.W e write the last member of (1.18) as i2,10Bp_ T221 OE). Then w e have

(1.19) .12(B ) - 1 21(8
B )+ .1 .211(B)+,[22 (B )+ J 2 3 ( B ) + ,/ -24(B)

— 121( a 13 )± 1 221(
8

B ) + 1 .221(B )+J23(B )+J24 ( B ).

By assumption (1.11),

(1.20) 1d0'121LZVI2Q1B0661. 17 7 ) 12Q+ B
-12- 0(LZOIVI 2Q h (B ),

B Y

which we write as

(1.21) J31(B)±.182(B)+.133(B) 3(B).

Finally let us w rite the obvious inequality

1—1
B 2014211Lzv12Q+

B
-
2

0142111)12Q:ZL(B)

J4 1 (B ) + , [4 2 ( B ) 1 4 ( B ) •

Collecting (1.19)-(1.22), and comparing them with (1.15) we see that

(1.23) igan)+121(&B)+1220B)} +IRB)+J81(B)+J41(B)i

+u23(B)+.132(B)i+um(B)+J.(B)+.1 33(B)+J42(B)}

as

(1.22)
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This proves (1 .14). Q. E. D.

Lemma 1 .3 .  Let 2 > a> I3 > 1 . Then we have

(1.24) sup =(cos(pr/2a))-a ,
.TE D 0 pcAx

(1.25) in f e a (x)=(cos(gr/2a)) 2 .
seDp

P ro o f. From (0.2), (0.7) and (0 .8) w e  s e e  th a t  arg(Ux)-ki7)(x) a )<S2r/2a if and
on ly  i f  x E D .  C om bining this fact w ith the definition o f pa  a n d  ea  ((0.9), (0.11)),
we obtain (1.24) and (1.25) through straightforward calculation. Q. E. D.

Lemma 1 . 4 .  L et 2>a> 1, and h a —(a-1)/a. Define

(1.26) Xa=aV7pa.

Then

(1.27) 2haaa(Xa®Xa)— pa Lx a G2haec,G (in D a ).

If  the  space dimension n=2 we have the equality in  (1.27).

The proof of Lemma 1.4 will be given in Section 3.
To proceed further we introduce more notations. Let m, r and ro be real numbers.

Let us put

(1.28) Ea -=r0e.p ra
Moreover in  the  definition o f  Q, F and W ((1.3), (1.12) and (1.13)) let us set

(1.29)ø p ,  0 = p r a , E E a , Z = X a .

Let the functions and vector field thus obtained be denoted by Q«, Fa and Wa .  Strictly
speaking w e should labe l these  quan titie s no t on ly  by  a  but by m, r and yo also.
However, such omission will cause little fear of confusion. Using the fac t tha t d p =
miogi - idp and that d(pn=m(m - 1 )P r 2 G(dpa, dp.)-km 401,7,'4 p ,  w e have from (1.3)

(1.30) Qa= — (m2+m)p7,2aa±mp;14Pa+41.

We shall show in Section 3  that

divXa=2h,(ea—l)pV-Ea<7, 14pa ((3.22) in Section 3).

Using this we have from (1.12)

(1.31) Fa=1T - 2ha+29(ha — ro llo r » —  pra a,VZIpa.

Furthermore, from (1.13) and (1.31), after rather elementary but somewhat cumbersome
calculation we have

(1.32) Wa=p;27n7(p2amFa)

=(2m+ r -1 ){ r -2 h a + 2e a (h a
 — T0)}Pr; 27P.±2(h a —10)p r; i 7 e a

± 
 a
l
a  

(2m-I-7)(4P.)P«17P.+Pra7(1-4P")*aa
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Lemma 1 .5 .  In relation to  p„ we have the following (1.33) (1.35).

(1.33) 17p.12(= I d pal 2 = aa) -= etr i -<-1.

1(1.34 ) (pa—> 0 0  i n  D.).a,,
(1.35) Lxa(4,00 - 0 (p n (p a  — > c o  in D .).

F a , I Wal and  div Wa  are  bounded  in D a (S) f o r each s > 0 . Moreover, if  we choose
there exist positive constants C 1, C2 and C2 w hich depend o n  To b u t  not on ml>_,0

and r  such that in  Da (1) the following (1.36)- (1.38) hold good:

(1.36) I Fa I (1r1+1)C1,0 1 .
(1.37) Wa +1)(171 +1)c2pV.
(1.38) div Wa  I 5 {2aa mr2+ Cs(mI71 +1)}p 7V .

The proof of Lemma 1.5 will be given in Section 3.

Lemma 1 .6 .  Assume that DpD a (T)(2>3a>1, ET>0), and that q in (0.1) is bounded
in  Da (T ) .  L et uEL 2 (D) be a solution of equation (0.1), and m be any  real num ber. Set
v=pna 'u. Then we have vEL 2 (D a (s„ s2)),

(1.39) I 7v I e L 2(Da(si, s2)) (T<s1<sz<00)

and

(1.40) Z)E 1,2 (S a (t)), iV y  I E L 2 (S a (t)) (T <t < 00) .

If  w e assume veL 2 (D a (s i )) (s i > T ) f o r a f ix ed m, we have

(1.41) Vvi e L 2 (Da(si))

f or the same in.

P ro o f . The assertion that yeL 2 (D a (s i , so )) is obvious because p a  is bounded in
D a (s„ s 2 ). We may assum e si <t<so. L e t  u s  choose s o such that T<s o <s i . Note
that y is a solution of equation (1.2) with 0 = p ,  i . e.

(1.42) —4v-1--
2 m

G(d p a , dv)+(Q a +q 2 -2 )v-------0 (in D a (T)) ,
Pa

which is uniformly elliptic. Hence we can apply the  theorem on a priori estimates of
solutions of elliptic equations to obtain

(1.43) {1402-1-17Y12} (2.5C4 v 1 2 Q ,

.fDa (81 , 82 ; 33 )D , , ( 8 3 ,  3 2 + 1 ;  3 3 + 1)

1 

where s3 >1 (see e. g. [1], Theorem 6.3.). In addition, from (1.43) a n d  th e  theorem
concerning the traces of functions in  the  Sobolev spaces we have

(1.44) {1702+1Y1 2 /17 5 C25 11,120.5Sa (t; 23-1) D „(3 0 , 3 2 + 1 ; 8 3 + 1 )
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([1 ], Theorem 3.10.) Notice th a t ,  i n  view of lemma 1.5, the coefficients of equation
(1.42) are bounded functions, and that

infi Ix—x' l xeDa(si, s2; s3), x'e R 4 —Da(s o , s2+1; s3+1)} >0.

Noting that Sa (t ) is  close to  a  cone near infinity, it turns out possible to  choose C,
and C 2  in  (1.43) and (1.44) such that they do not depend on  s2 a n d  s) . Passing to the
lim it  f o r  s3-->00 w e  have (1.39) and (1.40). If  vE L 2(D a (s i ) )  is assumed, in  (1.43) we
can pass to the  lim it fo r s,--co after the  limiting procedure f o r  s3—>00 to obtain the
final assertion (1.41) of the  lemma. Q. E. D.

Lem m a 1 .7 . Assume that DDD a (T )(2 > 3 a > 1 , 3T>0 ). Assume that q, 92 and Lx a qi
are  bounded in  D a (T ) .  Choose To such  that h a > ro> 0 . L et m _0, and let r  be real.
Further let u e L 2(D ) be a solution of  (0.1). T hen for v= ppa 'u  w e hav e the  following
inequality:

(1.45)
a (s2) S  ( s id [ -lac, I Lx a v12 - -

2
-1 (17v1 2 +(Qa —  2)1 v2 1) a (X a )P r a

F 2
a a„ Re[17•Lx a v ]f ia (X )-7 -11  IvI 2 Fla( K ) ]E

proVi —2m- F h a  7 +  '; : a  1921 ac, L x a v12

▪ Da csi .s2)

+1
1 , a ( 2 1 , 8 2 )

Pr;leal —ha+rol 17v1 2Q

▪
Daui " °

[Pr;saai(1—h.-1-(ha—ro)e,,,)m2+Cm}

+,07; 1 {---270e.+ 152-2(1-  Lx a 911+700.91+ - P - 9 - 1921}

F a 1
Re[q2] —

4
div( W ad v 12Q2

(s 2 >s, T ).

Here C  is a positive constant not depending on r and m.

P ro o f . A s a  consequence o f  Lemma 1.4, the condition (1.11) i n  Lemma 1.2 is
satisfied if  we assign p a , h a , ea and X a  t o  6,3, r and Z .  In  th e  inequality (1.14) of
Lemma 1.2 le t us set sb, 0 , E  and Z  as in  (1.28) and (1.29), and put

(1.46) B=Da(si, s 2 ; s 3 ) (T s 1 <s 2 <co, 0<s a <00),

and w rite the inequality thus obtained from (1.14) as

(1.47) /,(Sa(s, ; s3)US.(s2; 5 3 )V1"a(5i, 52; .5 3))

+Ji(Da(si, s2; s3))+J2(Da(si, s 2  ;  53))+.13(D.(si, s2; s3))
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O n the set ,S(s2; .32)  w e  have n=ii a  a n d  G(n, dv)=a a L x a v. In addition w e have
on Sa(si; s 3), and n(Xa )=0  on F a (s„ s2; s 3). Consequently we have

(1.48) /,(S„(si; s 3)US.(.32; s 3)Ura(si, .32; s3))

=[ S a  (82. s3) J
f 

S a (11. 2,1 p.fa a 1 Lx
“
v1 2 — —

2
(17v1 2 -E(Qa - - 2)1v1 2 ))- fia(X.)

1
a « R e [ D • L x a v]fia(X) - -

4
1v12fia( WadE2

F ,1R e [(p r x  a Dd- OG(n, dvd— —
4

10 2n(Wa 4E .
+ çr„„(8,. 32 ; 33 ){ 2

Let us write the right-hand side of (1.48) as in(Sa(s2, s3))+112(Sa(si, sa))+13 (r a (S 1 ,  S 2

S O ). Here 1j 3 is estim ated as follows:

(1.49) /3 3 (P a (5 i , s2 ; r a (81. 3 2; 3 3) 
{(Pra 1 Lxa v l + .1Fav1)17v1+11v1 2 n( Wa)}2'.

Let us w rite the right-hand side as 1331(ra(si, .32; s3)). Because of the setting (1.29),
w e have d 0 = m p 'd p „  and d0=rprVdpa, which implies

(1.50) Ji(D.(si, .32; 0)=5 —2m+1l” 7* - F 2
P
a

a
a  1421}-a,,ILr a v12,(2 .Da csi .82, 3 3)

W e write the right-hand side of (1.50) as j i l (D (s i, .32; s 3)). Recalling that w e have
set E=Ea=ropr - l ea, we obtain

(1.51) ,[2(Ws1, s2; s3))=5 pr« 1e f — ha -F70ll7v1 2Q,
Da csi , 3 2; 3 3)

which we write as J22(Da (si, s2; s 3)). To estimate J 3 w e  have to calculate (1/2)0L 2 Q
+ E (Q -2 ) w ith  Z-=X c, and  Q = Q .  Using (1.30) and the equality Lxa„=2h„a a (1—

ea)p« 1 (see  (3.8)), w e have

1
(1.52) —

2  

praLx a Qad-E,,(Q-2) -F=-(m2 m)(1—h a (1—e a )—earo)aapr - 3

- F M  ( 1
—  + ea ro )p r ;2 4 p ad -1 .1  pr;'L x (Zipa )

1
+ ( -2 - i -q i ) r o p r ; 1 e a + p r a L x a q i.

Combining this with (1.34) and (1.35) of Lemma 1.5 together, we have

(1.53) ./3(Da(si, s2; s3)) [ProT3a. {(1 — ha +(ha — To)ea)m2 + Cm}
Da (s1 .82 ;23)

+ pr,-, 1 { (-2 ± q1 )T oea+  P
2

a L  x a qil - F i c 1421}

— —Re[q2]+ —4-1 div( Wa)1 I v12S2 •
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Let us write the right-hand side o f (1.53) a s  Jai(Da(si, 52 ; s3)). Form  (1.47)--(1.51)
and (1.53) we see that

(1.54) I (s s2 ; s 3)+ J (s s2, s3)+1131(ra(si, s 2 ; s 3 )) 0,

where

(1.55) s „  s 2 ; s2)=111(Sa(s2; s2))+112(Sa(si; s3)),

(1.56) J(SI, s 2 ;  S 2 ) — J 1 1 ( D a ( S 1 y
 s 2 ;

 5 3 ) + 1 2 1 ( D a ( 5 1 ,
 s 2 ;

 S 3 ) ± j 3 1 ( D a ( S I ,
 s 2 ;

 S 3 ) •

Using the facts I X a d p a l - ' = e - a) 1 2  a n d  I dn a l = a - '(e + ) " - 2 ( se e  (1.26) and
(3.7)), w e have from Lemma 1.6

I Lx„v1 1(4 .151X ,, I I7v1 I dna I = a - 1e« - '17v1E- L 2 (Da(Si, s2)).

Accordingly we have

(1.57) prILxav117v1Iy72
J 01-J r acsi.s2; 72)

pTI LxVH VVHd IQ< OO
D a (S 1; 2 2)

By Lemma 1.5, I F a I and I Wa I are bounded in  D a (s i , s 2 ). Hence (1.57) shows that
/i s i(Pa(si, s2; .30) tends t o  0  a s  .93--00 along a  suitable sequence. As a consequence
of Lemma 1.6 and the assumptions we have imposed on q, q 2 and L x a q i ,  we see that
/(s i ,  s2, s 2 ) and J( s i ,  52, s3 ) remain finite when T h u s  in (1.54) we can pass to
the lim it for 5 3—›00 along a  suitable sequence, which proves the inequality (1.45).

Q. E. D.

Lemma 1 .8 .  A ssume DDD a (T )  (2>3a>1, 3T>0), and assume

(1.58) 41=0(1) (Ix1---->00 i n  D a).

In  addition assume that there exists a function f (s)-- --- o(1) (s---co) such that

(1.59) L x aqi1+19215(e + p;'). f (p) (in Da (1)).

L et u E L 2 (D ) be a solution of  (0.1) such that

(1.60) p2an' I u 12 Q <co (V m
Da (r)

Then there exists T i > T  such that u  vanishes identically in  Da(T1).

P ro o f .  Set v =p n :u .  Let us notice that (1.60) and Lemma 1.6 imply p i.(1 v I +  v  I)
L 2 (D „(1)) (V / .0 ). Integrating th e  inequality aa  I L x a (p*Pr'i 2 v)1 2 . 0  o v e r  D a ( T )  we

have

I L x a v I 2 + -Vm Reif). L i a V1pa (t)

+ -
1

mp-2-1-nwaalvI2IS2 0.4

Then partial integration gives
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(1.61) 5„, 2','-"aa lL x a vI 2 S2

1
p-,;2+ ' ' ' { - -

4
aam+-

2
v'm (a a —p a  div(aaXa))} v 1 2,(2Da m

1
aa v irta(Xa)Esa co

In  (1.45) o f Lemma 1.7, le t u s  choose

(1.62) r=1+A/771.

In  addition, let us choose s and To su ch  th a t

1
(1.63) s < -

1 

r o<h a , 1 h  s  +(ha — To)ea -712

w hich is possible if w e take  s and To such  that 1/2—s an d  ha —ro a r e  sufficiently small.
Because o f  (1.58) and (1.59) th e  assumptions on  q  in  Lemma 1.7 a re  sa tisfied . Further
(1.60) allows u s  to  p a ss  to  th e  lim it fo r  s2—*00 in  th e  inequality (1.45), w here  w e put
s ,= t .  Adding th e  inequality thus obtained to (1.61) multiplied by 4ms, w e  have

1
(1.64) jsc,(,)[pL"'nTia.1Lxav12--(1702-E(Q0,--2)17,12)}fia(X.)

+2,0; 1 m Vm  vl 2 Fea(Xa)d- F a  aa Re[ . Lx„vifia (X «)2

--j,-17.10 2 h,(WadE

p2"771-4 —(2 —46)m+ h —1— -V m Pa 1q2I a, I Lx v119.,

• Da (t) 2aa

p eaf — ha+701170 2 ,r2D„(0

+ De,(t)[P2+./'77aa{(1—/2„—s-E(ha 
— 7.0)ea) 1722 + C M

+2sm Vm (1 — d iv (a a X « ) »
aa

+p -11(-2+q1)r0e+ a i Lxaq ii P
2

a 1921} Fi  ReCq21

+1div(Wa)]Iv1 2f2

W e w rite  th is as

I(S„(t))+Ji(Da(t))+.12(D.(t))+T3(Da(t))>=0 (t > T ) .

F ro m  th e  assum ption (1.59) a n d  (1.33) o f  Lemma 1.5, w e see  tha t p a  lq21/aa=o(1).
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Using this and s<1/2 ((1.63)), w e have

(1.65) Ji(Da(t))5 0 (m /17/2 0 ,  t 37'2 > T ).

Obviously

(1.66) J2(Da(t))-0 (t > T ).

From (1.36), (1.38) of Lemma 1.5 and (1.62) w e have

1 —
(1.67) I F a Re[g2] I 5 WiCi+ A/m11921 +CO341 921,

P.

1(1.68)
1

—

4
IdivWa _a„ to-a2+.1'7 1 -

2

m2+C3m-Vm+11.

Here C i , C 2  and C3 d o  not depend on  in. Using inequalities (1.67) and (1.68), we see
tha t the integrand of J , is bounded above by the function

1
(1.69) [P;2'-'6-ff2a{(1—ha—E+(ha-70)9«+ .)1i7Y-F(C-Fp.1421)in

+ 2 sm V m  s +1— P 'a„

-1- ,0;ljn-  {( -2+91)Toe,H-- P
2

a  I L x aqil -A-C2)p.1421i1v12

(Here we have used div(a a Xa )=4p a ). In  view of (1.34) of Lemma 1.5, the assumption
(1.58), (1.59) and the choice (1.63), w e  se e  th a t (1.69) i s  non-positive for sufficiently
large m and t. Thus w e have

(1.70) J3(L),(t))<0 (m>2M 3 > M 2 , t:>_]7' 3 >T2) •

Now let us prove the lemma by reductio ad absurdum . If the  assertion of the lemma
is fa lse , fo r  any  solution u of (0.1) and for any T 1 > 0, there would exist t>T i such
tha t the function obtained by tracing u  onto Sa (t), which function we write u  again,
does not vanish a s  a  function in  L 2 (S a (t)). Let us estim ate /(Sa (t )) in  (1.64) for such
t. We may assume t> T 1 >7' 3 . L et us recall v=pgi, u .  Then, after some calculation,
we see that

(1.71) /(S„(t))=t - 1 +2 - h-r aa l u i2 )1(Xa)f +m Vm(. • .)+7/1(. • • )+ (- )1 ,sa ct,

where (•••)'s are  functions o f  t not depending o n  m . T h is  s h o w s  th a t  /(Sa ( t ) )  is
negative f o r  sufficiently large m, which, in view of (1.65), (1.66) and (1.70), leads us
to  an  absurdity because the left-hand side of (1.64) should be nonnegative. Q. E. D.

2 .  Proof of the theorems

To prove Theorem 0.2 we prepare one more lemma.

Lemma 2 a .  Let us assume the hypotheses of Theorem 0.2. Let c  and c '  be as in
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th e  hypotheses of Theorem 0.2. Take a and  jS such that c. a>1 3 >c '. A ssume that u
is a solution of (0.1) satisfying

(2.1) (1-FparuEL2(Da) (3m_1-10).

Then

(2.2) (1+ p p) 1 4 +( '1 2 ) uE L 2 (1) A), (1- F p , )" ( " 2 ) 17  7 u I E  L 2 (Dp).

P roo f. From (0.11) and I X aI  dpai - i=eqi - - ) R (see (1.26) and (3.7)) w e have

(2.3) I Lx a qil +19215 IXa 17911+1921-5(eapV+pn• f(pa) (in D  .

From Lemma 1.6 and (2.1) we see that

(2.4) 17((1+pa)mu I E  L 2 (Da).

Now let us set y as in Lemma 1.7. Because of (0.3) w e  m a y  ta k e  T=1  in (1.45) of
Lemma 1.7, where we further set r=- 1 and f ix  s1= t> 1 .  T h e n  (2.1) and (2.4) allow
u s to  pass to  the lim it for s2 --- 00 along a suitable sequence. Thus inequality "(1.45) is
rewritten as

(2.5) —1(Sa(t))+Ji(Da(t))+./2(Da(t))+./3(Da(t)) 0.

Here

(2.6) --/(Sa(t))= j s a ( s o [palaa I Lx a v I 2 — 1 7 v  12 +(Q. - - 2) Iv 2 )}ii,o(Xa)

1--
2 aaRe[i)•Lx a v3ii,,(X)—T1 v l 2 )71.(W)1E •

(2.7) Ji(Da(t))=). {-2m ±h a 1 + f
2
9 a
a a  q2 1 }aa LX a V I 2f2

Da(0

(2.8) J2(Da(t))=
D a ( t )

eaf—ha+rol I7v 12D ,

(2.9) J,(Da(t))=--- D a  (o [p ; 2aa {( 1 — ha - F(ha - 70)ea)m2+C m }

+1 - 2Toea+ P2a I Lx a gil+Toeagi+ P
2

a 1921

R e [ q d +  1
4-div( Wa )]lylzf2 .

We have chosen 7 = 1 . Hence by Lemma 1.5 w e have

{i F al M ,
(2.10) W.I.5mip;',

div Wa I —M1,o;;2 ,

where M i  i s  a constant depending on  m . Furthermore, taking (2.3) into consideration,
we can choose ro>O, p>0 and T 1>1 such that the following inequalities hold good :
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ro<ha, —ha+ro<- 1
2±,

p a  (2.11) — 2m ± h. —1+ 1421 <0 (in Da(Ti)),2a a

—2r0ea+I  Lx a qii+roeaq,+ 1q21— F2"  Re Eq21‹ — i i ea+ p 2  (in Da(T i)) •

(Here we have  used aa =eg - '_ e a .) From (2.10), taking sufficiently la rge  M2 >0,
we have

(2.12) —/(S.(t)) p { 17v1 2 +(Qa+ReE421 —  2) v ii(X 0E
Sa lt) 2

1
s a (t) -{M 2(17v1 2 +1v1 2 )—Ï. paRe[q2]1v1 2 }11(X«)E

In addition, by (2.10) and (2.11), we obtain

(2.13) i(Da(t))-0 (t 1) •

(2.14) f2(Da(t))+J a(Da(t))-5 MS D a ( 0 1 021 v1 2 ‘2

_ r eafi7v1 2 +iv1 2 IDDa (t) (t >T1).

Using (2.12)— (2.14), we obtain

(2.15)
,.3,,„)P.i17v12-k(Qad-Re[42]-2)1v12}h(Xa)E

+15  c , ) i M(IVV1 17)1 2)— PaR eEq21 V12 }Ti(Xa)E

-Fili p a c o p -21v1 2 12

p a C t ) (9a(l7V1 2+ IVI 2)(2 ( t > T 1 ) .

Here M  depends on m, but not on t>T  1. Integrating the first surface integral of the
left-hand side with respect to t  over the  interval Et1, t2] (t1>T1), w e  have a volume
integral over D(t i , t2 ), which is calculated as follows. By use of equation (1.42) and
the Gauss-Green formula we have

, . . 1 3 a ( t 1 , 1 2 ) P a
il7v12+ 2 m  naRetii•L x a v1+(Qad-Re[g2]-2)Ivilt2

Pa

—2m.ç aa ReD • x a VW
12)

==[ sa cto .fsactoloaa. ReED• L x a v iii(X .)E

(2m+1)a. Re[V • L x  “v]S2
Dacti.12)
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Therefore integrating (2.15) with respect to t  over the interval [t 1, td ( t i >T i ), we have

(2.16) pan. Re[D • L i a v]ii(X a)E[s„(t 2 )1 s a ct i )]

D , ( t i •
— (21n+l)aa Re[ . Lx a v1+M( I 7v 1 2 + 1 7)12 )—  pa Re[q2] I v 12 } Q

+MS.Da (ti . t2)
(pa—ti),021v1 2 ,0+(t2—ti)M ton  vI 2S2

Da (t2)

./2,f,,a ( ,, , ,2 ) (Pa — t)ea(1 7 v12 + vl 2 )f2

+p(tz—ti) .f p , r ( t 2 ) 0,(17v 12 + 1 7) 12)0

Because of (2.1) and (2.4), the  left-hand side of (2.16) remains finite when we let t2.--›cc
along a  suitable sequence. Thus we see that

(2.17) eapr(1/2>uE L2(Da), 9 p f l 1 + ( i / i )  Vu m  L 2 ( Da)•

On the other hand, by Lemma 1.3, we have

(2.18) 9(x)>c1, 10(x).c2Ix I capa (x) (xED A )

( c1 , c 2 , c 3 > 0 ) .  From (2.17) and (2.18) we have the assertion (2.2) of the lemma.
Q. E. D.

Proo f  o f  Theorem 0.2. Choose a  sequence { a,} ( j=0, 1, 2, • ••) such that c >a,>
ay +1>c'. We have uE1, 2 (D„o ) by the assumption o f  th e  theorem. Applying Lemma
2.1 successively, we see that p.71,2

j uEL 2 (D a,) (j=1, 2, • • •). Thus we have pljuE L 2 ( D c ')

(V m 0 ).  This together with Lemma 1.8 gives u=0 in  De (T ) (3 T > 0 ). Q. E. D.

Proof  o f  Theorem 0.1. Let c, d  a n d  3  b e a s  in  t h e  statement of Theorem 0.1.
Let us choose 3' and c ' such that

2 c  
(2.19) 3>3'>0, c>c'>max (

2
d).

-1-c5'

Let us show that the conditions (0.5) and (0.6) imply (0.12). To this end it suffices to
show that there exists C>0 such that

(2.20) eap«ia:Clx I ' (in Da) (c>Va>c'),

and

(in Da(1)) (c>V a>c').(2.21) eato«1- C x1-
2 ( 2 / c ) - S ,

By (2.18) (in which we replace 13 with d ) ,  (2.20) is obvious. Furthermore we see that

(2.22) erx(x)p .7c-zr i= .1 -2/apT (in Da(1)),a)-I x 1-21a

which together with (2.19) shows (2.21). Therefore we have  from Theorem 0.2 that
any solution uE L 2 (D) of (0.1) vanishes in an open set De (T )(]T >0 ), which with the
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assumption of the unique continuation property for (0.1) implies that u  vanishes iden-
tically in  D .  Q. E. D.

3 .  Calculation o f quantities related to G

Let G, a, D., y, ea, na etc. be as in the Introduction. In w hat follow s w e shall
drop the subscript a  if  it does not raise any fear of confusion. From x l -Fiy=(e±i72)"
w e have

I dx1= a(e 2 +272 ) - 1 I(xie+Y12)de+(xi1) — Ye)d7)},
(3.1)

dy=a(e24-7)2)-1{(Ye— xin)de±(x ied- 3122)dni.
and

(3.2) G(de, de)=G(c4, d)=a - 2 ( e 2 + 7 7 2 ) 1 - a

Let us introduce the coordinate systems (u,', •-• , wn) defined a s  follow s. W hen n=2
w e set the coordinate neighborhood of (w ', u ;') to  be D„, and define

(3.3)at o l = e , w'=r) (x2_0), w '=-72 (x 2 .‹.0).

When let us take integers k such that 2 .1z-n , and consider the domains D k ,,

= { X E D , 1 ± X  k > 0 } .  In each D k .+ o r D k ,_  le t us define,

(3.3)b w1=E, w2 =7), w'=x,_i/Y u P = x ,ly  (k < jn ).

Although the domains Dk ,,_ do not cover the x i -axis, the results computed in the follow-
ing can be extended to the positive x ,-ax is by continuity. W riting g2k =G(duP, dw k ),
we see that

(3.4) g l l , g 2 2 = a - 2 (e 2 + 2 7 2 )1 - a

(3.5) gik=gki=0 (j=1, 2 ;  k j # k ) ,

1
(3.6) gik  — (Ajk w j w k) ( j  k ?. ._3 ) .

y 2v-

For ( ) (x )  and a(x) defined in  (0.10) and (0.13), w e have from (3.4)

(3.7) a=G(dp, d p ) _ V a - 2 ( e 2 + v 2 ) 1 - a _ e a - 1 .

Recalling that the vector field X = X „ is defined by (1.26), w e have

(3.8) Lxa=a-iG(dp, d())=2ha(1—())p - ' (h=(a-1)/a).

Proof o f  Lemma 1.4. In the  system (3.3) the  vector field X  has the components

(3.9) ) 0 , 0  ( J > 2) .

The components of the tensor L z G are  given by

( L x G ) J k =
cy,tag.,k / aw s_ e kax ,i aw s_ e sax k l aw s) .

Through direct calculation we have
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(3.10) (LxG)"=2a-2e-a($2+)72)-a

=2a - 1 (a—l)p - ' (1 -0 )g " ,

(3.11) ( L1G )2=-2a-1(a-1)p-ieg22,

(3.12) (LxG )' 0 (LxG)2=0

(3.13) ( LxG))k=-23)-3(33k—wiwk)ei-a(ey—VX1)/(e2+722)

= -2 p - 1 [1—(v/e)(x i/ y ) le e k( j ,

From (3.9)--, (3.13) w e have

(3.14) 2ha(X0X)— pL1G=2heG+2(a-l— K)0 e k (6/60)0(alaw k ).
h23

Here

(3.15) K=(72/e).(x1/Y).

Set
1

(3.16) b(x)=arg(e+i72)=—
a

arg(x1+iy).

Then

(3.17) K=(tan b) (cos ab)/sin ab.

In Da  w e  have 0<b(x)<7 .c/2, hence we have

(3.18) K l / a in  Da .

Combining (3.14) and (3.18) w e have Lemma 1.4. Q. E. D.

Additional calculation is necessary before we proceed to the proof of Lemma 1.5.
Let us set g , (det(e ) ) _ l .  Then we see that

(3.19) g __ .(e2 +72 2 )2 a -2y2n -4 [...1 .

Here [•••] is  a factor not depending on  the f ir s t  and second coordinates w ' and w2 .
Direct calculation shows

(3.20) 4 $ , —
V g  a w i

=a - 1 (n - 2 ){6 - 77(xi/Y)}( 2 H- V2 ) - ",
which gives

(3.21) 4p=a(a--1)a-2G(de, a)+aea - 1 4e

=ap - 1 {12+(n-2)6)(1— K)}.

Here K  is as in (3.15) and (3 .17). From (3.20) w e have

(3.22) divX=div(a-1G(dp))= —a- 2 (a — 1 )ea -2 G (d e , dp )+0 1 - '4p

= 2h(e-1)p-i+ a-14p

1 a ( ..‘ i g  g i.)
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= h +20 h+(n —2)(1—K)e},

w hich w as used in  Section  1  in  the  computation o f  F a .

Proof  o f Lemma 1.5. F r o m  ( 3 .7 )  w e  h a v e  (1 .3 3 ) . Using (3.16), (3.17), (3.20) and
0=(cos b)2 w e  see  th a t

1 1  sin 2b cos ab  \I
(3.23) —

a
Z —

1

{ h± (n-2)(cos 2b f '2 sin ab

w h ic h  show s (1.34) and (1.36). The assertions (1.35), (1 .37) and (1.38) are obtained
through elementary b u t lengthy calculation from  th e  f a c t s  th a t  t h e  f ir s t  and second
derivatives o f  sin b/sin a b  w ith  re sp e c t t o  b a re  bounded o n  th e  in te rv a l 0 < b < z /2
and th a t  Idbl =--a'lx1 - 1 . Q . E . D .
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