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A necessary condition for Hœ-wellposed Cauchy
problem of Schrtidinger type equations

with variable coefficients

By

Shigeomi TIARA

§ 1. Introduction

T h e  linear partia l differential operator of second order

1 1(1.1) L = E  a,(g , k(x)6,,)± E b(x)3 . +c(x) (tE /  x E R n)
z z f,k=1 3-1

is called Schrtidinger type  operator w ith  variable coefficients, w here  gik (x ), bl(x ), and
c (x )E g - (R " ) .  W e  suppose t h a t  gin(x )=A rk i(x ) (j, k =1 , ••• , n ) a r e  rea l v a lued  and
satisfy the  uniform ellipticity

(1.2) 6-1Hp12< E  g ik( x ) p i p k  <6 pzf o r  a n y  x , p cR ",

fo r  some positive constant a. In  th is  paper, w e study  th e  necessary condition in order
th a t the Cauchy problem

(1.3) L u(t, x ) ,  f (t, x ), u (0 , x )=u 0 (x)

is  H"-wellposed (see Definition 1.1). In  [3 ], W . Ichinose succeeded to find and verify
a  necessary condition for V-wellposedness o f (1.3) u sin g  th e  Maslov's method o f  [6].
H ere w e apply his idea to H -  case under an  assum ption below . W e denote the set of
all H ( J )  valued continuous functions in  t E [0, T ]  by  e?([O, T ];

Definition 1.1. W e say  tha t the  Cauchy problem (1.3) is  1-/- -wellposed o n  [0, T o]
(T 0 >0 )  (resp. [To, 0] (To<O)), if  th e  follow ing is valid  fo r an y  TE(0, T o]  (resp. T E
[ T  0)). F or a n y  u o (x )E  H "(R ") and  any f ( t ,  x ) E 6 1 ( [0 ,  T ] f l ' s (R n )) (resP. e ( [T ,  0 ] ;
H ( R ) ) )  there  exists one and only one solution u (t, x) o f  (1.3) in  4 ([0 , T ]; 11 "(R 7 ))
(resp. e2([T, O]; H —(R n ))).

W e shall define a  H am iltonian function by

(1.4)
f f i x , i g j k ( t ) P ' P k

and  the  canonical equations fo r  th e  Hamiltonian function H (x , p) w ith  an initial value
(x, p) a t  t---0 by

C om m unicated by P rof. N. Iw a sa k i. O c to b e r  11, 1989



288 Shigeomi Hara

dX,d p k(1.5) =  (X , P), ( X ,  P ) , (j, k=1, 2, ••• , n),dt ap, dt axk

(X , P)It=0=(x,

B y the  uniform ellipticity (1.2), w e can  see  that fo r  each (x, p) R 2 " there  ex ists one
and  only one solution (X(t, x, p), P(t, x, p)) o f (1.5) fo r a ll tE R .  F o r th e  present we
d o  n o t k n o w  m u c h  a b o u t  th e  property  o f  th e  so lu tio n  o f  (1.5) in  genera l. S o  w e
consider subsets Fc/?' x S " '  w hich satisfy th e  following propery [Al.

[ A ]  T here  ex ist constants a, C, m>0 such that

(1.6) m a x  su p 13v px(t, x, p)1+1.3f;,,P(t, x, p)1)p,E, z

fo r  any tE R .  Here we denote
Fs ={(x, p )ER"XS" - - ' ;  th e re  e x is ts  y e R "  s u c h  th a t  (y , p), F  and

In  Remark below, we explain a  little  m ore the reason w hy w e consider such F.

T h e o re m . I f  Cauchy  Problem  (1.3) i s  H"-wellposed o n  [0, T o] (T0>0) o r [T o , 0]
(T o <O) f o r  a  7-‘0 0 , then  f o r  an y  FCR"XS" - 1  w h ich  satis f ies  [A ], there  ex ists  a
positive constant M  such that

1 x 1 <E.}.

(1.7) sup
(x. p)EF

g2.,bi(X(s, x, p))P,(s, x, p)ds <A l log(1+ It1)±111, f o r any  1̀, 1-e.

W . Ichinose [2] a n d  J . T akeu ch i [7 ]  stud ied  t h e  necessary  c o n d itio n  fo r  H"-
wellposedness o f  th e  C a u c h y  problem  (1.3) in the constant coefficient case, th a t  is,
g)k(x),a,k (Kronecker's delta) in  (1.2). O ur re su lt  is  a  generalization o f  th e ir  one to
the variable coefficient case (see Example (1)).

E x am p le . (1) H(x, p)- --(1/2)E 7j=ip; (the constant coefficient case). T h en  X (t, v, p)
= y + p t,P (t, y , p )= p .  In  th is  case , [A ] holds fo r  F=--RnxS" - 1 .

(2 )  L et n=2 an d  H(x, p)=(1/2)IPTH- a(x0/41, where a(x 3 "(R ) satisfying
a(x i ) a fo r some 5 > 1 . B y the  canonical equations (1.5), w e have

(1.8) H(X(t, x, p), P(t, x, p))=H(x, p) fo r  a n y  (t, x, p) R xR 2 ><S1 .

From  (1.2) and (1.8), we get

(1.9) x,

N oting that P2(t, x, P)=P2, if w e se t fo r some positive constant b<1

= {(x, p)E_ R 2 x S' ; I P2I b 1,

then  w e have from  (1.9)

(1.10) I x, p)I VA/1—i) fo r a n y  (t, x, p)ERxF.

L et z be one of x 1 , x 2 , p 1 a n d  PI , then using (1.8) w e have

aH
Pi(ataxi) — (a,Poa,x,=a,H(x, p) (X , p)5,p2 .

aP2
T h e  right side o f above equation is bounded uniform ly i n  (t, x, p)ERxR 2 ><S', and
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w e denote  it by  f  z (t, x , p). S o  w e  have

a ,x ,(t, x , P)=Pi(t, x, mipvazxi(o, x, p)+Çafz(s, x, p)Pi(s, x, p)-2dsi.

By (1.9) and  (1.10), we obtain from this equation

s u p  la,xict, x, /41 c(1.-1- Itl) fo r  a n y  tE R .
(z•P)EF

A nd w e can easily  prove that a,X2, 6,1-1 is also estim ated by the  po lynom ia l o f t  for
(x, p)EF.

(3 )  L et n=2 an d  H (x ,  p)=1/2lPT-F(0(x1)4+1)PD, w here 0(x i )E C (R ) satisfying
(,b 0 and (p(x1)= 1 ( i f  I x11 fo r  a  c o n s ta n t  r > 0 .  F o r  a n y  sE (0 , r) a n d  bE(0, 1),
w e set

F = { ( x ,  p)E_R 2 x.S ' ; (1 .0 + ) 2 +(P1/P2) 2 r 2 o r  I  P21 , (3- 1 A/

w h ere  3  i s  a  c o n s ta n t  sa tisfy ing  (1.2) f o r  t h i s  c a s e .  W hen IPo we can
adopt the argum ent of exam ple (2). When (I xi I +6) 2 +(p1/P2) 2 r 2 ,  w e  have

X i (t, x, p )=x, cos (P2t)+(Pi/P2) sin(P2t),
x iP i   + ( p  +  1 ,v2 p  + x2

X 2 (t, x, p) = x 2 + 2p 2\  22  ' 2 ) 4  ( (Pi/P2)2 ) sin (2p20

—(x1p1/2p2) cos (2p,t),

x, p)---- -x ,P 2  sin cp ,o+ p i cos (No, Po, x, p)— P 2 .

Hence [A ]  holds fo r th is  F.

W e shall explain th e  outline o f  th e  p ro o f. F o llo w in g  [ 3 ] ,  w e  p ro v e  it  b y  c o n -
tra d ic tio n . A t  f i r s t  w e  c h a n g e  a  v a r ia b le  t t o  r = - 2t w ith  a  la rg e  param eter 2>_1.
T hen  the  operater L  is changed to

r 1 1 n 1 7 1 1
(1.11) ji,b2(x)71-D,;--(i,1)-2c(x)1,

w here D, , (1/i)a_, Dx,=(1/i)a(i=1, 2, ••• , n ) .  Suppose th a t the Cauchy problem (1.3)
is  1-1- -wellposed o n  [0, To], w e can obtain a  p rio ri estim ate by Banach's closed graph
theorem . N ex t assum ing  tha t (1.7) is not valid, we can construct asymptotic solutions
fo r the  equation

(1.12) L  V(7, x) = 0 ,

which contradict th e  a  p r io r i e s tim a te . Thus we obtain Theorem.

R e m a rk . W . Ichinose [3] proved that if Cauchy problem (1.3) i s  V-wellposed on
[0, 7' 0]  (T 0>0) o r  [To, 0] (To<O) fo r  a  To# 0, then

t n
sup E gz,b)(X (s, x , P ))P ,(s , x , p )d s1 <+0 0

(x,p)ER .s..nx -1 ,f0j=1
tER

must b e  fu lfilled . In  its  p ro o f , it  is  e n o u g h  to  c o n s tru c t a sy m p to tic  solutions on a
bounded interval o f r. O n the  o ther h a n d , in  th e  p roo f o f  o u r  T h e o re m , w e  must
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construct asymptotic solutions on [0 , p ]  fo r any  p > 0  (see (d )  in  Lemma 2 .2  and  (4.2)
in  th e  present p a p e r) . T h is  leads to the  difficulty, so we consider subsets F cR " x ,S ' - 1

satisfying th e  property [A ].

Through th is paper w e u se  th e  follow ing n o ta tio n s . N  i s  a  s e t  o f  a ll na tura l
num bers. ll,== ItER; t ()}. For x E R "  and a > 0  w e  s e t  11x11=  max x H ,

 a n d  Q n (x ; a)
1 S i5 n

= { yE R " ;  ) y — x il< a} . F o r  yo(x)E,S(R") (Schw artz 's rapidly decreasing functions),
we denote

lIço(.)110=(,0 1g0(x)12 d 4 / 2

lya(•)I,,= E sup laelça(x)I
z E R .

fo r each s E N ,  w here a  is  th e  usual m ulti-index. L e t K = fk i , k 2 , ••• ,
•••< k i n )  be  a  subset o f  {1, 2, ••• , n }. W e denote t h e  com plem entary s e t  o f  K  in
{1, 2 , ••• , n}  b y  K ' .  W e denote 1K  1=1, and

a a a i a
XK=(Xk i , Xko, 7 D  =

ax K ( a x k i ' ax k , ax k i)' i  a x K
.

L et f(x )= (f i(x), .f2(x), •••  f .(x )) be a  C" function  o n  1 ? '  w ith  v a lu e s  i n  /? ". We
denote

a f a
(

1, 1, 2, •" , D f a f
)= \ n ' (x ); , (x )= d e t (x), ( if  m = n).

OX "x i j—>l, 2, ••• , n "J' ax

W e set
ht(x, p) —(x (t, x , »), P (t, x , p)),

F(x, P)= b i (x)P.i,3=0

0(t, x , p )= D Z ,F (V (x , odo.

T h e  author to  express his sincere gratitude to  P rofessor S . T a ra m a  fo r  valuable
adv ices and encouragements.

§ 2. Lagrangian manifold

Lemma 2 .1 . For any  2n dimensional multi-index a ( l a l . : 1 ) ,  there exist positive con-
stants C a  and m ,, w hich satisfy

(2.1) s u p  {1a7. px (t, x , +1 ,3.pP(t, X ,  P)I -5C,(1+
( z ,  N E F ,

fo r  a n y  t E R .

P ro o f .  W e shall consider only about 3 X. } a n d  a l y ;  ( j = 1 ,  2 ,  • • •  n). Others can
be proved in  th e  similar w a y . F o r  th e  sake of simplicity, we shall denote

a2

x,(t, x,ax,ax„, n(t, x, p)k ,  1 ,  in = l,  2, ••• , 71 etc..
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By (1.5), we have

d
d

t 1 - 1X  t = ,i„(X, P).20 1 +  A l l p i p k (X,

±4 P 1 = —  H x  (X, P )X i —  H x  (X, P )P 1 ,
dt ' k =1 iX  k I k iP  k 1

dd t x ,
1 s , , A f i n , x k ( x ,  p ) x k x , x ,  

1

Hp i pk (X, P)13
1 x1 + P),

k -

d   p  j

d t  x kEI P)X 1X k (X , P)P k
x i x i ± g i( t ,  x ,  p),

j=1 , 2, ••• , n .

Here, f,(t, x, p) and  g,(t, x, p) include only at m ost first order derivatives o f  X, P  in
x i . So, from  (1.6), we get

(2.3) sup f x ,+ I  g o ,  x, p)1}5c(1+ 1t1)- f o r  tE R ,
( X • P)EF

fo r  some positive constants C, m.
In  view o f  (2.2), w e  c a n  se e  th a t (X ,, z ,, sa tisfies t h e  sy stem  o f  ordinary

differential equations which has th e  same principal part as one for (X x 1 , Px 1 ). W e set

z(t, x, p)=(xx i „ , Pr 1 x1),

b(t, x, ) ( f ' , , f n , g i , , g.)
a(x, P) 

r t ,  x ,  p)= a(x, p) •

T hen , from  (2.2), w e have

(2.4) z(t, x , p)=W(t, x, p)ç W(s, x, p) - '1)(s, x, p)ds.

From  (1.6) and  (2.3), there  ex ist constants C  a n d  in independent o f  (t, x, p)ERIxF,
such that

(2.5) I T(t, x , p)1, 11)(t, x ,  p)I_C(1-Flt)m fo r a n y  (t, x , p) R ix F s .

From  (2.2), w e have

det gr(t, x, p)=det T(0, x, p)=1 fo r a n y  (t, x, p)ERIXF,.

So, we obtain

(2.6) T (t, x, p) - 11 c t ( i + I t  r ' fo r a n y  (t, x , M E R ix

w h ere  constan ts  C ' a n d  i n '  a r e  independent o f  (t, x, p) 1?'><F,. Therefore, from
(2.4), (2.5) and (2.6), we obtain

Iz(t, x, -. -C"(1+ t1)"" fo r a n y  (t, x, p)'E R ixF„

w here constants C" an d  i n "  a re  independent o f  (t, x, p)E2 1 ><F,. T h is  is the  estimate
(2.1) fo r (X , Piri ,r 1 , 1)• q. e. d.

(2.2)
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Lemma 2 .2 .  I f  th e  inequality  (1.7) i s  n o t  valid, th e n  f o r  an y  v E N  w e  have
(p u , x(' ) , p ( o )E R ., .x R "  which satisf ies the following.

(a) (C ase-P ) (x (' ) , p ('')E F ,

Or

(Case-N ) (x ( , p('))=h - P, (y('), q(')) fo r  s o m e  ( y ) ,  q ) c F .

(b) O(p,, x ( ' ) , p('))>v  log (1 + p)+1)

(c) 0(p„, x ( , p (')) 0 (r , x ( ') ,  p(')) fo r  a n y  rG [0, p ] .

(d) lim p — +°o .

P ro o f .  In view  of (1.4) and (1.5), w e have

(2.7) (X (— t, x , p), P(— t, x ,  p))=(x(t, x, —p), — P(t, x, —p)).

Therefore w e m ay assume for F  that

(2.8) (x , p )E F im plies that (x , —p)E. P.

If (1.7) is  n o t valid, then  for any  vE N  there  exists (t, x , p )E R x F  such that

(2.9) 10(t, x , p)i>1., log(1+1 tp±v.

Hence, if  w e note the following two equations;

0(t, x , p)=-- 0(— t, X , —p),

x , p )= -0 (t, x ', p') f o r  (x', p')=-11 - t(x , —p),

which are derived from  (2.7), then  w e can  ob ta in  (a )  a n d  (b ) b y  (2.9). In  order to
make (c) hold, w e have only  to  change p  in  (b) into such that

x(, p(0)-= m ax 0 ( r ,  x ( ,  p " ) .
7e[0. p , ]

( d )  is clearly obtained from  (b). The proof is complete. q. e. d.

In view  of (d), w e denote  by  vo th e  number which satisfies  p l
 f o r  any

T h e  reasoning in  (Case-P) i s  a  lit t le  d if fe re n t  f ro m  th a t  in  (Case-N ). T o  argue
(Case-P) and (Case-N) in  parallel, we introduce the following notations.

ri, ( y ) =( X ( r,  y, p()), P ( r ,  y , pc'))) (in Case-P)

=(X (r— p,„ y, q(')), P (r— p ,, y, q('))) (in Case-N)

77■, (T, Y )=(r, 7),,,(3 ))

Following [3 ], we denote

.M . ' =17),,,(Y )ERP.p ; y ERnI

An+';'={77,(r, y )E1 4 +,ip ; rE R , y  R n }  .



D(xi, Pi) )

iE K f lK iAn , P + 1 . °

D(x d , Pd) 1 > 2
D(x i , p i ) ) 1K . K n •

(a)cd)
\ap, )e

(2.15)

Therefore

(2.16)

Hence we have

(2.17) m ax i (ax d  

there  ex ists d K ;n 1 -( such that

( Pd (9Pd)
■ a»,
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It is  w e ll know n  tha t 4 '  is  a  Lagrangian m anifold in R 2,7,lp , th a t  is,

j= 1  
dPiA dxj=0 on

Lemma 2.3. There exist positive constants C and m such that for any  (t, y, p)-.-ERx F

(2.10) max
K C f It

D(X.K , (t, y, p), PK (t, y, 
Dy

.__.C(1d- I t1) - '

H ere the constants C and m are independent o f (t, y, p).

P ro o f .  A s w e  have seen in  th e  proof o f  Lemma 2.1, w e have

(2.11)
D(X(t, y, p), P(t, y, p))

D(Y, p)
=1 fo r a n y  (t, y, p) R 2 7 1 ÷1 .

W e apply Laplace expansion theorem  (see  e .g . [4 ], p . 238) to  (2.11), then  w e have

D a l (  v  PK  2 )  TAX P(2.12) K  2
K I , K 2 c ( 1 , • • • , n i Dy Dp

w here sK 1 K 2  i s  1 o r  — I. F ro m  (1.6) and (2.12), w e  c a n  se e  th a t th e re  e x is t  positive
constants C, rn a n d  K1 , K 2 C11, 2, ••• , n}( + IK 2 I=n ) such that

(2.13) D(Xici(t, y , p), PK 2 ( t , y, 1, )) 
Dy co.+ It1)- m fo r  a n y  (t, y, p )E R xF .

Here K, and  K, m ay depend o n  (t, y, P ). L et (t, y, P) Rx14' be fixed . W e set
{(X(t, x, p), P(t, x, p)); x .(- 1?"} w h ic h  is  a  n  dim ensional Lagrangian manifold in

th a t is,
17

(2.14) d p iA d x 0 on
.)=-1

B y (2.13), (xic v  P K ) becom es a  lo c a l  coord inate  system  i n  t h e  neighborhood o f  $=
(X(t, y, p), P(t, Y , I))) o n  A P .  N o w  le t  i lf 1 n1(2 . I f  su ch  i  d o e s  n o t  ex is t, th e

proof is  com ple te . W e sha ll substitu te  a  p a ir  o f  t a n g e n t  vecters «aax i ) e (a
ap ),)

to  (2.14), w here (xK,, PK 2 )  is  no w  considerd as local coordinate system near $ on
then w e get
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For example, if (
)

ax d ,  then we shall em ploy the new local coordinate systemax i e n
(xk i , PK,) w here  1--Ci=(KI\ then we have

D (X R ,(t, y, Y, P)) 
Dy

D(xk i , PK 2 ) ) D ( X i c i (t, y , p), P K ,(t, y , p))
\ D(xK I , PK 2 ) Je I Dy

W e can treat other cases sim ilarly . R epeating th is argument, we obtain Lemma 2.3.
q. e. d.

Proposition 2.4. F o r each y an d  r oE [0, p,,], take K c  {1, 2, ••• , n} which
realized the inequality (2.10) with (t, y , p)=(7 0 , x (", p ( ' ) ) R ± x F  (in  Case-P)(=(70—p,
y o -) , q (o )E R x F  (in Case-N)). Then, there exist positive constan ts a, b ,  d  a n d  C  in-
dependent o f  y  which satisfy the following (a)-(d).

(a) For r satisfying 17-7 0 1< ( 1 + p ,  the !napping

y y , p(')), P l c ( ,  Y , P " )) (in Case-P)

y ,  e ) ), PK(T — p ,, y y  e ) )) (in Case - N))

becomes d iffe om o rp h ism  i n  C -  c la ss  from  Q n (x " ; (1 4 -p ,) - a )  (in Case-P) (Q,(Y ( ' )

(1-Fp,) - a) (in Case-N)) in to  Rn.

(b) For r  satisfying 1 7 -7 0 1 < (1 -k p )" , it holds that

QXXK , (r, p(')), P(7, x( ),  p(0)); (l+ p„) - b)

{(XK
, ( r ,  y, p( )), P K (7, y , p( ) )); ly—x(')11<(1H-p,) - - al (in Case-P),

(c{(Xx,(7—p„ y, (1 ( ' ) ), PK(7 —  p , y 7  e ) ) ) ;  Ily—y"11<(1+ a}

(c) For 7 satisfying 17 - 2 . 01 <(1 + v) -  " , it holds that

d e t  
a(iy,c,(7, y, P( ' ) ), 13K (r, y , P(')))

ay
f o r a n y  yE Q „ (x ( ') ;  ( l+ p ) - ") (in Case-P),

y, q ( ' ) ), P ( r - p ,  y ,  q" )  
ay

fo r a n y  YEQn(Y ( ' ) ;  (1+p,) - ") (in Case-N).

(d) Fo r s  and T satisfying O s< .!-_ p„ , it holds that

TR,F(y),,, o (y ))d0 1 :R e F ( h 8 (x ('), p( 0 ))cle

f o r a n y  yE Q , i (x ('); ( l+  p ') (in Case-P)

(yE Q „ (y (o  ; (l+ p ,) - a) (in Case-N)).

P ro o f .  B y the inverse m apping theorem , w e can see that the width of the neig-

(in Case-N)).

det    



det
Dv

j ) ,(z- —  p ,, y, q ),y ,  9 ( ' ) ))
Dy

f o r  r= (r, y )E -(2 'j.

./K)(r
a (X u c)) , (z- ,  y, P ( ' ) ), PK'j ( r  y, P( ' ) ))

det

(in Case-P),

(in  Case-N))
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hborhood, on  w hich the  mapping becomes diffeomorphism, is determ ined by the  upper
estimate o f the  derivatives o f  th e  mapping and  the  inverse  o f Jacobian m atrix of the
m apping . W e note th a t  in  Lemma 2.1 constants Ca  and ma  a re  independent of (t, x ,
E R 1 ><F ,  a n d  in  Lemma 2.3 constants C  an d  in  a re  independent o f  (t, y , p)ERixF.
So, using Lemma 2.1 and  Lemma 2.3, w e  c a n  p ro v e  th is  proposition b y  t h e  inverse
mapping theorem and  the  d irec t calculation. q. e. d.

W e shall construct the open covering o f  th e  path {(r, h :(x", P ( ' ) ))10, , p, on
for W e  d e n o te  b y  s ,  the minimal positive in teger such  that p ,/s (1-l-p,) - 1 .
L et d„, p d s ,  and z t ) =jd„ (j=0 ,1 , ••• , s ,,) , then clearly (1/2) ( 1 + p , ) '< d ( 1 - E - p , ) '•
W e set

Q)=i)2, (r, Y )E izi"t" ;  IKr, Y)— (rP, x")I1<d,} (in Case-P),

(a )={72(r, y )E 11 "+ ' ' '; (r, Y) — (r)' ) , y
( . ) ) <ds} (in  Case-N)),

(j=0 ,  1, • • • , s„). W e  d e n o te  K c {1, ••• , n }  w hich  rea lizes t h e  inequality  (2.10) for
x ('), p( ' ) )E- R ± xF  by in  (Case-P), (in  (Case-N) (c —p, y ( ') ,  q ( ') ) E l t x F ) .  It

clearly holds that

(2.18)

W e set

Dy1(0, A '4-')=0

if2 )f l(P , , A )= 0

g 'i n a j = 0  for

f o r  j=1 , , s,

f o r  j=0, 1, ••• , s , - 1

i — J I 2.

B y (c) in Proposition 2.4,

(2.19) f- fo r any

In  view  of Proposition 2.4, t h e  mapping r,-(r, x, p)G,(2;, to (r, Pej)---Rn+' be-
com es th e  diffeoomorphism. T h e  in ve rse  diffeomorphism is denoted by re ) ,  th a t is,
r e i er, P e i ) = - r .  F o r r=(:- , x , p)G A "+", w e denote its projection into R 2 4 +` by
(i=(r), ,Z(r), 13(r)).

L et f  E C V ,V j) . It follows from  Lem m a 2.1 and  (2.19) t h a t  f o r  a n y  nonnegative
integer s

(2.20) (1H- p,) - "'slf(7(r, •))185._ I f ( r) ( r, • , • ) ) Is
- (1 H- p,)"''11(72,(7, •))1s, fo r a n y  rE (r ) — d ,, rd - du ) ,

is va lid  for a  constan t ms > 0  independent of j  and r.
W e set

=-172(2- , y); rECO, p i ,  11Y— x( ' ) M<0 + NY"' (in C ase-P).



296 Shigeomi Hare
(= i 72(r, y); ze [O, pA , 113)— y( ") 11< ( 1 + p " } (in  Case- N)).

Here a  constan t a '(>a ) independent o f  v w ill be determ ined in  t h e  proof o f  Lemma
3.4 (see Appendix (1)), w here a  is  a constant in Proposition 2.4 . Now we can easily
construct the  partition  of u n ity  le (r)1 8A0 corresponding to ID)};=0:

(1 ) e .;' ) (r) C,W(0)), 0 < e j o l ;
s,

(2.21) (2) 
J=0 

ej v V )= 1 fo r a n y  r E k in ,

(3) I e)' ) (12,(r, .))18<=(1+ 10 ) ' fo r a n y  r•E [0, p , ]  and

w here the constant m, is independent o f  v.
Following [3 ], w e can see that

dpAdx—cITI Adr=0 on

By Poincaréls lem m a, w e obtain real valued C-  function S ( r )  o n  i1 "+ " such that

(2.22) dS(')=pdx—Hdr on

If w e  set

(2.23) S ei (r)=----S '( r ) — (r)•i5 ei (r) f o r  r E g j ,

then  w e have
a s i ej (rio (r, x(Kvi )', Pei ))

- fi(e .,) ,(r ) ,

(2.24)
aPei

asK(rio(r, xcic •),, pe.)
' HC.(r), 13(r)),

fo r a n y  r -=, r e i (1- , x<ei r , P ej )ES2'j.

§ 3 .  Canonical operater

W e shall o m it th e  suffix  1) .1)0 up  to  L em m a 3.1 . F o r /1_. 1 We define 2-Fourier
transform  and inverse 2-Fourier transform  over a  part o f variab les by

g  x  K _.pK E U (X )] --=(2/27) 1 K  1 2 e - "s K 'P lcu (x )d x .Ec

(3.1)
g1,1pK -x j , [v(P)] _ ( 2 /2)IK II2Çe2 x K v(P)d

f o r  u(x), u(p)ECT,(R'') a n d  Kc 11, ••• , n1.

L e t  S2;  b e  a  component o f  th e  o p e n  covering If2WA, constructed in section 2, and
(r, X K , p i c j )_ (r , /K ,) b e  a  local coordinate on Q . F o l lo w in g  [3 ],  f o r  goc C (Q ; )  we
define pre-canonical operater ,X(Q i , /K i ) by

axcei ) ,

aSej (r i o(r, x(K  )', Pei »

ar
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ei  S K (r)
,K (pj, 1K  i )W(r, X )= JK

L em m a 3 .1 . For yoECV,(2 1 )  and r c ( r i —d„ r +d „), we have the following.

(a) irci)49(1, •)110=119902,er, •))110.

(b) For any  nonnegative integer s  there exists a constant m 0 > 0  which depends only
on s  such that

ILIC(f2f, )W(r, •)110--2 s (1-1-- p )m Hço()Mr, •))13.

P ro o f . ( a )  B y Parseval's formula,

K Ao(r •)Ilô

Ai r » exp(i 2S c i (r))(ii c i (r)) - 1 "w(r)1 K x  K 9 p d x lc;  dPK

41 ,,Iga(rif fr, xx ,
J , PK ; ))1 2 .hc i (rif ir,

=1„14D(Iii, (r, Y ))1 2 d y .

(b) By Lemma 2.1, (2.19), (2.20) and (2.24), w e  g e t fo r  an y  multi-index a ( a  15_s)

/K )w (r, •)} II.
, A I â I , 6 „ [e xp (i2S K ; (r))

Pk,ux.re; hci(r) (7-)1 r i ( r,K :i .P1
,x K j , p

er'=ax,i)

.--28(1+,0,)'s I so( • ))

fo r  some constant m 8 >0 w hich depends only o n  s. q. e. d.
W e shall define a  first o rder linear d iffe ren tia l opera to r W i") o n  C"(A  + n  ,) in -

dependent o f 2  by

d
IVP' ) W (r)=i d r F ( 7 2 . . , ( 3 7))hD(72,,(r, 31))

a t  r = 7 ( r ,  y )E A "+"  fo r g9(r)E C "(A "+"). Follow ing [3], w e now  introduce th e  can-
onical operator K . acting on so(r)ECT ,(j"+"') by

sv
If„ço(r, x )= E  e '' < f2 '1) ,X ( Q ) , rd [6 ' ) (r)yo(r)7(7, x),=0

H e re  a(S 2:0(0.j s )  a r e  r e a l  constants th a t a re  g iv en  b y  a (a j)=
a(Q )= 0 , w h e re  r e a l  constants a(SIY„ Q k̀ _1 )=— a(f4_ 1 ,  g 'k )  (k=1, ••• , s )  will

be determined in  Lemma 3.4 below.

P ro p o sitio n  3 .2 . For any  2 . 1, and yo(r)E CW(J"+"), it holds that

(a) 1,2K,A o(r, x)= (i,1) - L K [W iw (r)](T , x )-PR 'IPço(1-, x)

f o r  N =1 , 2, • • •
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where W I') (1 2) are  linear differential operators in A ' ' '  of  order at most 21 independent
of  A. Furtherm ore f o r any  n on n ega tiv e  integer s  and N 1 ,  there ex ist constants m 1 ,,
and q1 .1 (2. N ) independent o f  y  and A  such that

(b) Wy)(77,(T, • ))13 -5- (1+p.)"''.slga(72,(r, • ))I q i . „

(c) 1110*(7, •)11-52 - ' 1 - s (l+p ,) N . 8 199( (r, •))1qN. B

f o r a n y  1.)zi 1, 2_1 . N —1, and vE [0, p i .

Using the  follow ing tw o L em m as, w e can prove this proposition b y  t h e  similar
argument as Proposition 3.4 in  [3 ] .  W e shall give the  proof in  Appendix (2).

Lemma 3.3 . Fo r any  jE{0, 1, ••• , s,} and iV 1, we can see

(3.2) L2,K(S2'.;, I r i )ço(r, x)

N  1-
= eiC (S 2), 1 K, )[(i2) - I W no(r)-E  E  (i2) - 1 2 " ) 42`3, 1 10 ,.* ( r ) ] e r ,  X)

1=2

d-R,, N (S2), 1 K■:, * ( r ,  x ) f o r a n y  so(r)E C(S2),

where .0 ( 1 ) (S2), 1 10) (2_._1 N —1) are  linear dif ferential operators o f  order at m ost 1 in
variables I ii ,

i -=(x(ic't ), , Px ,
i )  and  are  determined independently of  A. Fu rth e rm o re , f or

each n on n ega t iv e  integer s  and N 1  t h e re  e x i s t  constants m 1 . 8 (2 1 N ) and i n -
dependent o f  y  and A  such that

(3.3) I 0 ( ' ) (a), lo»SD (7b,(r, •))18 (1+p ,)'"Iço ( , • ))18+1,

(3.4)R 1  N ( Q ) ,  x ,
i )sp(r, •)118-- N  + 8 (14 p ,) " • 8 1w(ii(r, • ))1, N ,

f o r an y  1.) y o , 2 < 1 N - 1  and rE [0, p i .

P ro o f . (3.2) is  th e  same equality a s  th a t  in Proposition 4.1 o f  [3 ].  w h ic h  is  in
essentia l p roved  in  t h e  s im ila r  w a y  to  t h e  proof o f  Theorem  8.4 in  [ 6 ] .  We can
obtain th e  explicit forms o f  .0( 1 ) (f);, /.10; )  a n d  R I , N ( . ( 4 ,  i n  t h e  a r g u m e n t  to prove
(3.2) along the  a rgum ent o f [3 ] a n d  [ 6 ] .  T hen w e can  prove th e  estimates (3.3) and
(3.4) by using Lemma 2.1, (2.19) and (2.24). q .  e .  d .

Lemma 3 .4 . L et S ly -)S 2 y* 0  and T hen, there ex ist real constants o ( a i ,  a ; )
satisfy ing a ( a i ,  a))-=- - a ( S 2 ,  a i )  such that f o r  any  y o ( r )E C V a in a in j" + " )  and any
N 1  we have

(3.5) J C ( a i t  I IC'i )çoe r X ) = f j ' i )  J C ( a i )

N -
• [ i l +

1

 (i2) - T 0 )(1,0,.  /K , )}ço(r)](r, x)-ER2,N(1ic , ., I ic ,.)sp(r,
1=1 J

where V( i ) (1.x .i , 110, (1_<1 N —1) are linear dif ferential operators o f  order at m ost 21
in  variables (x , p )  and are determined independently o f  2. Furtherm ore f o r  any non-
negative integer s  and N 1 , th e re  e x is t  constants m 1 ,5 (1_<1<N), and qN , ,  independent
o f  y  and 2 such that
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(3.6) V ( 1 ) ( 1 1 0 ,  
I i

 ' * ( )7 ( 7. •  ))18 (1 + p ,)` ' s ign(77,,(7, ) ) I 0+21,

(3.7) II R 2, N (I /C:i l  I K ) g 0 ( 7 1 •  )11.---2- N nld-p,Y" N "Iso(7),,(r, •))I ON, s'

fo r  any —1 and rE [0, p i .

T his Lemma is also proved in  th e  sim ilar w ay to  th e  proof of Proposition 4.2 in
[3 ] .  W e shall give th e  proof in  Appendix (1).

§  4 . P roof o f  Theorem

Following [3 ], w e prove Theorem  by contradiction. Namely we shall assume that

(A s. 1) the  Causchy problem (1.3) i s  H - -wellposed o n  [0, T o]  (T0>0) o r  [T o , 0]
(7' 0 <O) for a T 0 ° ,
and

(As. 2 )  th e  inequality (1.7) is  n o t valid.
T hen , w e m ay assume w ithout loss of generality,

(A s. 1)' The Cauchy problem (1.3) i s  H - -wellposed o n  [0, T 0] (T  o >0),
instead o f  (A s. 1).

Sim ilarly to th e  proof of Lemma 3.1 in  [3 ], we get

Lemma 4 .1 . A ssum e (A s. 1)'. T hen there ex ist constants C(T 0 )._1 and n onn ega tiv e
in teger q  su c h  th at f o r  e ac h  A 1  an d  e ac h  T ( 0 ,  2 T  0]  w e hav e the f o llow in g . I f
v2 (7 , x )E e?([0 , T ]; II - (R ")) and I, 2(7, x)E8!2([0, T]; H - (R ) ) ,  then the inequality

(4.1) max 1h),/(7, •)I10-5.C(To)()v(0, • )1I q +2 2 max ( Lo2 (r, •)II q )-7•57'

i s  valid.

W e shall construct asymptotic solutions of equation (1.3) w ith f ( t ,  x)=0 in the form
[ 0 + 1

(4.2) x )= K , E (1 .2) - ) ço)' ) (01(7, x) (rE [O, p i ,  xEl?")

where ço;' ) (r)EC°,;(,1"±"l) 1.)_ •ido) and  q  is  a  constant determined in  Lemma
4.1 . W e shall determine (p. ') ( r )  by using (a) in Proposition 3.2 . We obtain

(4.3) L , x)=(i Â) -- ' l i .„[Ifl')çp (r)]er , x)

±(i2) - 2 1 forW f'çcV (r)+ W  SN (r)1 (7 , x )

+(i2) - ( g+ 2 ) K,,[14/1'ço41(r)+ ••• -1-14/'-„lw ,;(r )] (r, x)
0+1

+ E (1 .2) --3 R(;',123-.69, (r, x) •
i=o

We determine ç (r) q+ 1) b y  the  solutions of

(4.4) W 0 ) ( r ) = 0  ,

IVIogrt)(r)±14 q - )y9,r(r)=  O,
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J'V ço 1(r)+ • • • -FW  Vzw(r(r)= 0, fo r  any

w ith  the initial conditions

(4.5)

where

(4.6)

40 4') ( 7 (0 , Y))==e ) (Y),

g)1') (7(0, y))= ••• =- çoV 1(r)„(0, y))=0, fo r  a n y  y
Ri.

e ) (Y )= n G ((l+ (y 4 . 0 )) (in Case-P),J=1

( =  G(( 1 +PO v (Yi - 3T ) )) (in Case-N))

H ere a '  is  a  constan t in  the  definition o f  ;1 " 1. ' ,  and  GE C (( -1 , 1 ) )  is not identically
zero.

Lemma 4.2.

(4.7) 0 )0 7 ,(7 , Y ))= e )(y )exp r .
o F(77,,o(y))d0 ,

(4.8) e V )  -OE CVA-1" - " ) f o r 1=0, 1, •• • , q +1 .

Furthermore f o r each 1=0, 1, ••• , q+1 and any nonnegativ e integer s, there exists a
positive constant mi . , independent of  y  and r  such that

(4.9) I Y9 (7),(7, •))1 ,__(1±p,)rni. 8 eç'(r.x ( '''P ( ' ) ), f o r any TOED), p i  and any

P ro o f .  From  (4.4) and  (4.5), w e can easily obtain (4.7) and

(4.10) 0)(7),(7 , y))
^ r  )= 1

E Y))exp-6
s  

F(77, o(3)))dOdo•
JO C=0

fo r each 1 = 1, 2 , ••• , q+ 1. In  view  of (4.6), (4.7), and  (4 .10 ), w e  se e  th a t (4 .8) holds.
W e shall prove (4.9) b y  in d u c tio n . By (d) in Proposition 2.4 and  (4.6), w e obtain (4.9)
for 1 = 0 .  Suppose th a t (4.9) a re  valid  up  to  j - 1 .  T hen , using (d) in Proposition 2.4,
(b ) in Proposition 3.2, and  (4.10), w e  c a n  se e  th a t th e re  e x is t  positive  constants m;,,
and  m ,  independent o f  v  such that

I ça,r(7 ) , ( 7 ,  • ) ) I s

•D lsexp 1  gR,F(// ° (x('), p(')))dt9} dai=0 0

p 2 r i . s e o “ . . ( 0 ,p( 0 ).

T his completes the  proof. q. e. d.

By (4.3) and  (4.4), w e have

L o V (r, x )= q...:(i2) -1 1-?g _i+ 3yoj (r, x ).
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Noting (c) in Proposition 3.2, w e have

V (7 , • )1 0 - 1
° 2- 1 11Rq -,+.3y0;' ) (7, • )

4+1
2- 3 (1-kt9i,)'" 13 I 0 ) (7),(r, •))1p,,=0

w h e re  in  a n d  p  a re  p o sitiv e  co n stan ts  independent o f  v, r and  2. Hence, by (c) in
Lemma 2.2 and (4.9), there  ex ists a constant nz(1 ) >0 independent of v, r and A such that

(4.11) U-22),P(r, •)11,5_2 - 3 (1H-p )"' eçb ( P ''' ) P C ) ) fo r  any 'CE [0 , pJ, ).) v o a n d  /1 - 1.

By (4.5), w e have
v2(0, x )=JC (Q , -1.K)[Tô ' ) (r)1(0, x ).

Hence, by (b) in  Lemma 3.1 and  (4.6), there exists a constant in(2 > 0  independent o f  v
and  A  such that

(4.12) 110(0, •)11,7 2q (1-i- to,,)"̀ ( 2 ) f o r  a n y  v_>_vo and

O n the  other hand, noting (2.18) a n d  (a )  in  Lemma 3.1, f o r  a n y  1. 1.)0 a n d  2 1
w e have

v.f ')(io, • )110._ Kl[çoil' ) (r)](N , •)II

1Io— 0± 1•)) 1149)')(7),,(p,, •))11o.

By (d) in Proposition 2.4, (4.6) and  (4.7), we obtain

110')(77,(p,, •))11.=11g(' ) (.)exP P:F(1),o(•))d0110

p,) • "̀  exp x('), p( ))),
and  by (4.9) fo r  each 1 =1, 2, ••• , q+1

Ily);' ) (7),(P,, •))1105_(1+p,)"i exp(0(p,, x " ,  r ) ) ) ,

w ith som e positive constants in  an d  in ,  independent o f  v. H e n c e , th e re  e x is ts  a  con-
s tan t in( 3 )>0  independent o f  v and  2 such that

(4.13) •)110 -{(1+p —(3)-2-'(1+p,)" ' 3)} exp (0 (p ,,  x " , p " ) )

fo r  any v_v o, and 2 1 .  I n s e r t i n g  (4.11)-(4.13) into (4.1), w e get

(4.14) (1+p ,) - m( 3 )

2 - 1 (1+p , ) ( 3 ) +C(T .)12 q (1+pu )" `Z "e - sb ( ' ' ' P `' ) ) +2 - '(1 +p , )°' ( 1 3 }

By (b) in  Lemma 2.2, w e have

(4.15) e < (1+ p Y f o r  a n y  ».-1)0•

Now, w e  se t 2=(1+p s,) 1 ) +2 "“ 3 ) +1 . T hen , noting (d) in  Lemma 2.2 and (4.15), we can
see  tha t (4.14) cannot hold, if  v is  la r g e .  This com pletes th e  proof o f  Theorem.

q. e. d.
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Appendix

(1) P r o o f  o f L em m a 3.4. L e t a  a n d  b  be constants in Proposition 2 .4 . F or j =
0, 1, ••• , s ,  and  rE (r)') — d„, z i' ) -1-d,), we set

x ( ') , P ( ') ) , P K (7 , x ( ') , p (o )) ;

x`" ) , P ( ' ) ) ,  P K y r, x('), p( ))); (1-k

--Q,L((x(n) , (7, x ('), p"), PK.,; (r, x ('), P ') ) ;

We determine a  constan t a '(> a > 0 ) in the definition o f  j " "  which is independent of
1.), so that (r, x ,  p ) . / -PH- i -  implies (x (K ) , , PK ,.2 ) Pic ,

i ,,. This is possible by Lemma
2 .1 . We can easily construct the cutoff function P x , f ) E C ` ( E K , J , D )  satisfy-
ing that

(A.1) X10,,--=1 on P I C -
i ,7 and •)185_(1+p,)"'s

fo r  any nonnegative integer s ,  where the constants  i n  is independent o f r  and  v.
In  what follows, we shall fix satisfying

li — j 1 = 1 ). For simplicity, we se t f2=--Q'1 ,
Knit', e = - K 'n k ,  d =-K 'n f c . We have

(A.2) ,x(S2 ,  11,)ÇD(r ,  x)

= - g ,
V pft_..cf ,, ° ,1 . x k - 1 4 ° 9 1

,
1PK -x l< L e

lz•— r t ) z - - r ' < d ,
6=- 14 R = K ` j ,  and

fo r  ço(r) C.°0s(S2n.(..))

iA S K (r)

( i ,  j=0 , 1, ••• s,,
a = K n k ,

( , ) W(r)Ir=ric(1-,x1{ ',P101

iA S K (r)
= g,T, Ip k - x e g

'V .1 K(r)

2 (1 i-i-1,012 ,, çn(r)
À 1p r k[Xk. , ( X k' ,P e iP1 )(x c .v o ;'

) / i x ( r )

r= ' KO% PK)dPbdXci

2 \ obi-I-1,0/2
+ 2 ) k [ 1 1 — X f t , , ( X pk)içe'215(re•nb Pft)(

çP(r)
■/.11,-(r) Pic Pô

11(r, x )+ 12 (r , x ) ,

where
0 ( X c ,  p b ;  r ,  X  f c ',  P k ) = - - P c 'x e d - x b • Pb+S K (ric(r, 'cif', P ic)) •

estimate 12(r, x). B y  (2.24), w e  h a v e  f o r  any (xic , , PK)EA t  first we shall
supPW(rx(r, •, •))

ai
 X e ,  Po ; 1- ,  X  f i ',  Piz)
axc

ao
( X e ,  P b , pfdaPb
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=  — Pc+Pd c(rK (T , xK
,
, pK))1+1x1,— i"b(rKez-, xK

,
, PK))1

=1
—

PR±fitt(rK(r, xK
,
, PK))1±Ixtz

,--
.4

,
(rK(r, PK))I.

T h e  last equality follows from  th e  property of the projection (i-
-
(r), "i(r), 13(r)). Noting

th a t  suppwC A n + I ' '  a n d  th e  definitions o f  A n ÷ " ,  E, r a n d  tk r , f o r  (x ic , ,  Pic)
suppço(rx(r, • , •)) an d  (xk , ,  Pk)ŒR n \ Pk ,, w e have

11(.4 , (rK(7, xe , PK )), 13A rK (r, x ic, PK)))

—(Xk• , (r , p(0), P R(7, x ( ' ) , pc"))11>

2
11(xic, Pk) — ( Xk , (7 , x ( ' ) ,  p ( , ), P g(7 , x (.), po)))11= >  —

3
(1+  p ' •

Hence, there exists a  constant m > 0 independent o f  Li and  7  such that

aoa 0
(A.3) (x e , p h :  7 ,  x ,  PR) ' + a p b  (x „  Ph, 7, xfi , , Pk)ax,

{1+ I (x i ', PR)—(Xft , (7 , x " , p ( ) ,  Pk(r, x ( ' ) , Pc")11,

fo r any (xk , , Pk )E R n\P .k .,, and  an y  (xk , ,  PK )esuppço(rk(7, •, •)). Set

7 ,_•= t  aø z a i  2 \ - i (  8 0 6 0
D , + —  D ,),

ax ea P b  ) apb b

and  w e have Te "
°
=
.
-2e " .  U sing th is form ula, w e take in tegral by  p a rts  in  M r , x).

Then we obtain the following estimates from Lemma 2.1, (2.19), (2.20), (A.1) and (A.3).
F o r any nonnegative integer s , N ' and  any u u , ,  w e  have

(A.4) 11/2(7, /1-3P (1+ p,)""' N ' I ço(72,(7, • )) qs, '

w here the constants m s ,N
,
, as , N ,> 0  a re  independent o f  i.) .2)°, 2 - 1, and  rE  [0, p j .

F or M r , x), w e m ay consider that (xf,, ,  P k )E -su p p 4 ,c E k ,,. S et r=---- /-k(r, xk, Pk)
E Q n 6 .  Following [3 ], w e can easily obtain th e  fo llow ing  resu lts . F o r any (xp,, pp)

fixed, 0 (x , ,  ph ; r, PR) h a s  unique stationary point ( (r), 13b(r)), and we have

(A.5) 0("X(r), T h( r ) ;  r, x,, PO= S k(r)

Moreover, setting

A(r)=

820
( ( r ) , b (r); 7, Xti', axcap, (5e c(r), fib(r); r, PR) 1a.4 

8 20 a 2 0
C .ic ( r) ,  1 3 b ( r) ; 7, XR, PR ) a m (i'e(r),Pb(r) ; 7, XR', PR)aPbaX,

J R(r) 
det A(r)I= .1 K(r)

we have

(A.6)

N ow  w e apply the stationary phase m ethod to the integral in  1,(7, x). Since, we need
th e  explicit form  o f  each term  in  th e  asymptotic expansion to  o b ta in  (3 .6) a n d  (3.7),
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w e  w ill use  the  argum ent in  page 70 to  73 o f  [ 1 ] .  T h en , using (A.4) and  (A .5 ), we
g e t fo r  any

(A.7) 11(r, x)
3N-1

=e 12. ° ) X (6 , I R)[yo(r)- -N / K (r) E
L-1

;,) g 9  x •
K

1 
1! (2i 2) -1 (D x,. PbY

P K 4 p b = 1 5 ,( ,)1 + R N (T , x  ; Â ) ,

w here a(Q, D)=(7r/ 4) sgn A (r) (sgn A(r) denotes th e  sygnature o f  m atrix  A (r)), and

C x e , p b ; r ,  x ,  P R ) = 0 (X 0  pb ; 7 , x , P k ) — S R (r )

— —
1

(x ,— (r), Pb — i5b(r))A (r)•(x, — (r), P0 - 15b(r)) •2

T h e  rem ainder term  R; N (r, x ;  A ) has t h e  fo llow ing e s t im a te . F o r  a n y  nonnegative
in teger s  there  ex ist constants m independent o f  1.) .1.,,„ 2 1 , and r  such that

(A.8) IIR(iN(7, • : 2)118 ;1-"N + s ( 1 - FP,) m N ' s lgo(Yar, •))1 q N  s •

From  (A.2), (A.4), (A.7) and  (A .8), we can obtain Lem m a 3.4. q. e. d.

( 2 )  Proof of Proposition 3.2. H e re  w e  o m it th e  su ffix  v . U sing  0")(S2,, b c , )  in
Lemma 3.3 and  V (`)(/ K ) , I K ,)  in  Lemma 3.4, w e set

N-1
0 0 2  »  1ic 3 )= (i2) - 'W 1 +  E  (1.2) - `2 ( `) (Q ,  / K ) ,/-1

N-1
V N (I K  KI ) = 1 + (i 2) — 7 (1) (1 K p I I

1=1

fo r  N=1, 2, ••• , and i, j=0,1, ••• , s,, ti— j1 1. By Lemma 3.3, w e  have

(A.9) L1(Kço)(1-, x)
s, s,

=  E  ell(QP,X(S2 i , /K )gN (Q i, /K "(.de i cp+ 1 QPR,,N(Q i , / K i )e i cp.
J -0 i=o

Now, it is easily seen that there exist differential operators

17 ( 1 ) (Qi, 1ic i )(/=1, 2, ••• , N - 1 )  and -1-7(1 ' ) (Qi , / K ) )(/' =- N , ••• , 2(N-1))

acting  on  C (S -2; )  such  tha t fo r  any  f (r)E C (S 2 i )  w e have
s, 2(N-1)

(A.10) E  VN (1K p lic„,)em lN (Q ), 1/0f=- ( 1 +  E  (i2) -
1 17 (Qi, IK ; ) ) fm=0 1=N

w here w e set
N-1

1.7 N (Q ,, b c ,)= 1±  E  (i2 ) -1 1"( `) (Q ), 110  •1=1

From  (3.6), w e can  easily  see  that there  ex ist constants m 5 6  5 independent of
such that

(A.11) 'V(1)(Q.i, i1( i )go(72‘,(7, •))18-5(1+p,)""PRIÇo(1)‘,(r, •))1rt.s,
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(A.12) IV(1)(Qi, iN 1 )ç0(72,(r, •))18-( 1 ± p , ) '/ " ISD(77,,(T , •))1vi ,3 ,

where ço . C7s,(S2
1

" ) ,  j=0, 1, ••• , s ,  and /=1, 2, ••• . Using (A.10) and Lemma 3.4,

w e obtain from  (A.9)
N-1

(A.13) L a(Kyo)(1- , x)= (i3O'KEW war, x ) + RN ,wet-, x ),
1=1

w here for /=2, 3, ••• , N - 1

S y  / - 1

(A.14) W 1 p r E  E  i s/( (S2 i N 1)0 " - i ) (Qi• //c . )ei40 ,
1 =0.-1

2(N -1)S , N -1
(A.15) R  N g 0 =  E  ( 2 '2) - 1  E E  K V ( m) (q i ,  1 1 0 2 ( 1 - ?"(Q1, -1 K  )e .69

1=N j= 0  m =1-N+1

S ,  

0 "( Q m)R0, N(IN 1 ,  I N 7„,)e n ,f
7

N(Q i ,  IN ) g N (Q i ,  IN 1 ) e i4a

I O N - 1 )  S I,

—  E  E  (i2) - 1
1 =N  j=0

“ (2, X(S11 , ) --17. " ) (Q ), 10g  N (Q 3, (,)e)go

,-0
s, ei'<9 .2)R 1 , N (Q „ 1  » e , a.

Here, w e denote for goEC(Q 1n21- " )

(°)(Q1 /„)*--- w  a n d  .D" ) (Q„ ./x.)ya=W0P •

From  th is, w e get (a). Estimates (b) and (c ) a lso  fo llo w  fro m  th is , u s in g  (2.21), (b)
q. e. d.in  Lemma 3.1, (3.3), (3.4), (3.6) and (3.7).
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