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On the index of reducibility of parameter ideals
and Cohen-Macaulayness in a local ring

By

TAKESI KAWASAKI (*)

1. Introduction

Let A  be a Noetherian local ring with maximal ideal in an d  a  be an
m-primary ideal o f  A . Then Northcott proved that the number of irreducible
components of a, which is called the index of reducibility of a, is equal to the
length of HomA(A/m, A/a) [10]. In general, le t M  be a  finitely generated
A-module and N  be a submodule of M such that MIN has finite length. Then
the number of irreducible components of N  in M , which is also called the
index of reducibility of N  in M, is equal to the length of HomA(A/m, M IN ). It
is well-known that if M  is a Cohen-Macaulay A-module of dimension d, then
the index of reducibility of a submodule x M  of M , where x =  • • • , xd is a
system of parameters for M, depends only on M, and not on the choice of the
system of parameters.

On the other hand, it is known that in  a local ring A , if the index of
reducibility of any parameter ideal is equal to one, then A is Cohen-Macaulay,
and hence Gorenstein [11]. But there are examples of a non-Cohen-Macaulay
ring such that the index of reducibility of any parameter ideal is equal to a
constant not depending on the choice of the system of parameters [3].

Concerning these results, the following question may be raised:

Let A be a Noetherian local ring such that the index of reducibility of any
param eter ideal fo r  A  is equal to som e constant. W hat makes A  Cohen-
Macaulay?

The aim of this paper is to answer this question and to generalize it for
modules.

2. Preliminaries

In this section, we state some definitions and recall som e facts on a
dualizing complex and on a module with finite local cohomologies. Through-
out this paper, A denotes a Noetherian local ring with maximal ideal ni. L e t
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M  be a finitely generated A -m odule . We denote by ASSAM the set of associat-
ed prime ideals of M , and we put AsshAM={PEAssAMIdimAhp=dimM}. We
say that M  is unmixed if AssA1121=AsshAR, where Â  (re sp . f t)  denotes the
m-adic completion of A  (resp. M ) [9]. I f  A  is  a homomorphic image of a
Cohen-Macaulay ring, then M  is unmixed if and only if AssAM=AsshAM [8].

Definition (2.1). We set

rAc(M)=supt /A(HomA(A/m, M/AM))1q is a  parameter ideal for M},

where /A(N) denotes the length of an A-module N . A n d  we call r Ac(M ) the
classical type of M.

It is not difficult to derive rAc(M)= rAc(k).

Rem ark (2.2). Vasconcelos used the term "type" to name the d-th Bass
number of M , where d = d im M  [1 9 ]. If M  is Cohen-Macaulay, then the type
of M  is equal to the classical type of M .  But in general, the two types are not
equal, and so, we use the word "classical" to distinguish between them.

L e t  T  be an  A -m o d u le . 11,1(T ) denotes the i-th local cohom ology
module of T  with respect to m, and EA (T) denotes the injective envelope of
T .  T he following proposition is known as M aths duality. W e refer the
reader to [7] or [17] for details.

Proposition (2 .3 ) . ( 1 )  I f  a n  A - m o d u le  M  has f inite length, then
HomA(M , EA(Alm)) has finite length and its length is equal to the length of M.
( 2 )  L et M  be a finitely generated A -m odu le . Then HomA(M , EA(Alm)) is an
A rtinian A -m odule. Furthermore HomA (A lm,HomA (M , EA (A lm))) has finite
length an d  its length is equal to ,aA(M ), where /IA (M ) denotes the m inim al
num ber of  generators for M.

Now we state the definition of a dualizing complex after R o b e r ts . Refer
to [12], [16] or [18] for details.

Definition (2.4). A complex D  over A  is called a dualizing complex of
A  if it satisfies the following conditions:

(1) D 1 = C )  E A (A liP);pEspecA
d i m A / a -

(2) H i(D )  is a  finitely generated A-module for every i.

The dualizing complex of A  is usually denoted by A l, if it exists.

For example, le t A  be a G orenstein local ring and D • be the minimal
injective resolution o f  A .  Then D •[dim A ] is  a  dualiz ing  complex of A.
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Suppose that A  has a dualizing complex D . Then for an ideal a (resp. a
prime ideal lo) of A , HomA(A/a, D) (resp. (D ) ,[ —dimA/lo]) is  a dualizing
complex of A/a (resp. An). In particular, any complete local ring has a
dualizing complex.

Theorem (2.5). (local duality theorem). L et M  be a finitely generated A -
m odule. I f  A  has a dualiz ing complex D ,  then

I-- mi (M) -=' HomA(11 - z (HomA(M , Di)), EA(Al n1))

Finally we state the definition of a module with finite local cohomologies
or a generalized Cohen-Macaulay module, and we give a characterization of
it.

Definition (2.6). A finitely generated A-module M  is referred to as a
module with finite local cohomologies if 1 1 '(M ) has finite length for a ll i
±dimM.

For example, any finitely generated module of dimension one is a module
with finite local cohomologies. It is obvious that M  is a module with finite
local cohomologies if and only if M is also.

Lemma (2.7). ([15]). L et M  be a finitely generated A -module.

(1) If  M  is a m odule with finite local cohomologies, then dimM,+dimA/0=
dimM and, M , is a Cohen-Macaulay A r -module for all in  SuppM\ {m}.

(2) I f  A  has a dualiz ing complex, then the converse to (1) holds.

3. Main theorem and its proof

This section is devoted to a  proof of the following theorem and corol-
laries.

Theorem (3.1). L e t A  be a hom om orPhic im age of  a Cohen-M acaulay
ring  and  M  be a f initely generated A -m o du le . L e t n  be an  integer. If  M
satisfies the following conditions:

i) r Ac(M )= n ;

ii) A l, is a Cohen-Macaulay A ,-module for all sp in SuPPM such that dimM,
<n ;

iii) A sshA M =A ssA M  ,

then M  is Cohen-Macaulay.

Corollary (3.2). L et A  be an  unmixed local ring such that the index of
reducibility o f  any  param eter ideal is equal to  tw o. T hen A  is Cohen-
Macaulay.
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Corollary (3 .3 ) .  L et n 3  be an  integer an d  A  be a complete local ring
such that the index  of  reducibility of  any parameter ideal is equal to n. If  A
satisfies S erre's condition (S ,1 ) , (i.e. depthM,>min{n —1, dimM} f or any I) in
SuppM), then A  is Cohen-Macaulay.

We need the following proposition to prove this theorem. It is difficult to
compute the classical type in  general, but for a m odule with finite local
cohomologies we have the following result.

Proposition (3.4). L et M  be a m odule of  dim ension d with f inite local
cohom ologies. Then we have

(1)

rA c(m )< dz- i (d )
/A(Hm i (M ))+ /A(HomA(A/in, H ( M ) ) )  .i-o

(2) For any system of Parameters xi, ••• , xd f or M , there are some positive
integers al, ••• , ad such that

clA(HomA(A /m, M/(x ial, • ,  xdad) M ) ) =  ( d. ) lA(HomA(A/m, H mqM ))) .
1= 0

d
Therefore r Ac(M) Z `k o()lA (Hom A (A l m , H, (M ))) .

P ro o f  See [4].

We note that, if A  has a  dualizing complex D:4 and M  is a module of
dimension d  with finite local cohomologies, then

lA(H omA(A / m , M / (x ia l, ••• , x d " ) M ) ) =  (l
A

a i(HomA(M, D i))),
i= 0  

holds for any system of parameters xi, x d for M , and for some positive
integers cei, • ••, ad depending on the choice of the system of parameters.

We prove the following theorem which is slightly stronger than Theorem
(3.1).

Theorem (3.5). L et A  be a local ring which has a dualiz ing complex
and M  be a finitely generated A -m odule of  dim ension d. L et n  be an integer.
I f  M  satisfies the following conditions:

i') Fo r any chain of  prim e ideals ocic o ic -••c o d -lŒ o d =m  (strict inclusions)
in  SuppAM, there exists a  system o f  Parameters xi, , xd f o r M , which
satisfies
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{  x i, • • . ,  x E i ,f o r  all j,
(#) lA(HomA(Alm, , ,  x d " )M ) ) < n  ,  f o r arbitrary positive

integers a, • • • , ad

ii) M , is a Cohen-Macaulay A,-module f o r all 1J in  S u p p M  such that dim M ,
< n ;

iii) AsshAM= AssAM ,

then M  is Cohen-Macaulay.

Proof . We work by induction on d . There is nothing to prove if d <n.
Assume that d  n .  L e t  be a prime ideal in SuppAM such that d im illo  = 1 .
We show that M , satisfies the assumption of the theorem . For any chain of
prime ideals 1)011„colA uc•-• cod-iA 0=  )A ,, in SuppA,M , o Œ c i  • Œ _ 1 Œm is
a chain of prime ideals in S u p p A M . Then there is a system of parameters xi,
•- , xd for M  which satisfies (#). A set of elements xi, • • •, xd-i is a system of
parameters for M , .  Let ai, •••, ad_i be arbitrary positive integers and M '=
MI , •-• , .e j` li0 M . Then M ' is a module with finite local cohom ologies, and
xd is a system of parameters for M', and so there is some integer ad, such that

11 lA(HomA(A I m, M' Ixd"M"))= PA(H -1 (HomA(M' , D O )

+ ttA(H ° (HomA(M' , D a )

pA,(H ° (HomA,(M, D i,)))

Since M = M » /(Xi', • ••, has finite length,

/A„(Homii,(AdpA.,„ M )) = tiA„(HomA,(M, EA,(A,hA0))

= tiA„(H° (H o m A ,(M , D ,))) ‹  n.

Hence M , satisfies condition i'). Clearly M , satisfies condition i i )  and iii),
hence M , is a Cohen-Macaulay module, by induction hypothesis.

Therefore M  is  a module with finite local c o h o m o lo g ie s . If M  is not
Cohen-Macaulay, then

c ( d.)lA(HomA(Alm, H. i (M )))> d ,,=0 z

because HomA(A/m, H ,„d (M ))*0  a n d  H ° (M )= 0 ,  which contradicts the
assumption that d  n.

Theorem (3.1) and Corollary (3.2) are immediately derived from Theorem
(3.5). In addition, complete local rings satisfying (S2) are unmixed [2], hence
Theorem (3.1) leads to Corollary (3.3).
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4. Examples

We consider whether we can weaken the assumption of Theorem (3.5),
giving several examples.

Example (4.1). L et k  be a fie ld  and  A= k[[x, y , 21[1(xy, x2)= k[[x, y,
z]]1(x)n (y, z) where x, y, z are indeterminates over k. Then A is a complete
local ring of dimension two, and A, is a Cohen-Macaulay ring for all in Spec
AMm}. Furthermore rAc(A)=2, because, x —  z, y 2 is a system of parameters
for A, and /A(HomA(A/m, Al (x —  z, y 2 ) ) ) = 2 .  On the other hand, there exists
an exact sequence:

0— > Al (y, z)---> A --> Al (x )O .
1 1—> x

Since A/(y, z) and A/(x) are regular local rings, for any parameter ideal q for
A ,

O A / { q :  — > q — > Al {q+ (x )} — > O,

is exact and fq: x} 1(y, z) (resp. (q+(x ))/(x )) is a parameter ideal for A/(x, y)
(resp . A / (x )). Therefore /A(Hom(A/m, A/q))5 2. B u t A  is not Cohen-
Macaulay, because A is not unmixed.

Local rings of classical type one are automatically unmixed, because they
are Cohen-Macaulay. But local rings of classical type two are not necessar-
ily unmixed. Therefore we can not omit the condition "AssAA=AsshAA"
from Theorem (3.5).

Example (4.2). Let A  be a  Gorenstein ring with maximal ideal ni of
dimension d > 1 .  Then m  is  a  non-Cohen-Macaulay unmixed module of
dimension d .  By considering an exact sequence 0--*m—> A —> A/m —> 0, we have

{
H d (A ) , i = d

Hinz(m) —  A/m , i =1 ;
O,i = l ,  d .

Hence A is a module with finite local cohomologies of classical type d +1.

This example shows that we can not weaken condition ii) of Theorem
(3.5) for modules. For rings, can we weaken condition ii) of Theorem (3.5)?
The author has no example of a non-Cohen-Macaulay unmixed local ring A
with finite local cohomologies of classical type dim A  ±  1 . But we have the
following example.

Example (4.3). Let k be a field and n> 1. We consider semigroup rings
A= k[[x 2 , x 3 , xyl, y, • •-, xy., y.]] and S=14x, yi, •-., y7,]. Then, dimA=dimS
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= n+1, and there exists an exact sequence 0—> A --->S -4 -4 ). And so,

- H m n+i( s \) i = n+1;
H ( A ) =  k 1=1;

O, otherwise.

Hence, A  is a ring with finite local cohomologies of classical type dimA +2.

Question (4 .4 ) . Does there exist an unmixed local ring A  with finite local
cohomologies of  classical type dimA +1, but that is not Cohen-Macauly?

If there exists such a ring, then its dimension must be equal to three.
Because if /A(HomA(A/m, H,11d ( A ) ) ) = 1  then A  must be a quasi-Gorenstein ring
and /A (H ,,,i(A ))=  /A (H in d - z+1 ( A ) ) ,  where d=dimA(see [I] and [1 4 ]) . If there is
no such ring, then the following conjecture holds.

Conjecture (4.5). L et A  be a homomorphic image of a Cohen-Macaulay
rin g . I f  A  satisfies the following conditions:

(1) r Ac(A)= 3;

(2) A, is a Cohen-Macaulay ring for all 0 in SpecA such that htp<  n-1 ;

(3) AssAA=AsshAA ,

than A  is Cohen-Macaulay.

Finally we remark the "type" in Vasconcelos' sense. Roberts showed
that local rings of type one are Cohen-Macaulay [12] and Marley showed that
unmixed local rings of type two are Cohen-Macaulay [6]. Furthermore the
author obtains a theorem like Corollary (3.3) on "type" [5].
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