
J. Math. Kyoto Univ. (JMKYAZ) 353
34-2 (1994) 353-367

Local existence for the semilinear Schriidinger
equations in one space dimension

By

Hiroyuki CHIHARA

1. Introduction

I n  th is  p a p e r  w e  s tu d y  th e  in it ia l v a lu e  p rob lem  f o r  t h e  semilinear
Schr6dinger equations in one space dimension:

(1.1) ut—iusx=F(u, ux) in (0, co) x R

(1.2) u (0, X )  
=

140 (X ) i n  R

where u ( t ,  x ) is complex-valued, u t = au/at, ux = au/ax, and ux x = 0 2 u/ ax 2

We assume that the nonlinear term F : C X C  C is

(1.3) F (u, q) C -  (R 2 x R2 ;  C )  ,  IF (u, q)1 C (612 +1912 )
n e a r  (u, q) = 0 .

W e regard the second variable q as ux. Let a/au= 1/2 (a/ay — ia/aw), a/avï
= 1/2 (a/av + ia/aw), wag = 1/2 (a/a — ia/ao, a n d  a / k =  1/2 (.9/5 +
ia/an) where u=y+iw , q= -1--ir7 and y, w, nER.

T he purpose of th is  p a p e r  is  to  show  the local existence of solutions to
(1.1) —  (1.2). W hen w e try  to  ge t a  classical energy estimate, Im aF/aq (u,
ux )  w hich is im aginary part of coefficient of ux  g ives the  loss o f derivatives,
and then w e cannot derive th e  e s tim a te . O u r idea  to  reso lve  th is difficulity
comes from the  theory of linear Schr6dinger type e q u a tio n s . More precisely,
let us consider the following linear problem:

(1.4) ut—tiuxx±b (x)ux ±c (x )u=f (t, x ) i n  R X R

(1.5) u (0, x ) =u o (x) i n  R

w here b (x) , c (x) E  33°' (R) , u o  (x )  E L 2 (R )  ,  and f (t, x ) (R; L 2  (R )).
A ccording to Takeuchi [1 0 ]  (see also M izohata [6]), a  necessary and suffi-
cient condition for L2 — wellposedness to  (1.4) — (1.5) is

(1.6) su d f  Im b (y )d y k + c o
reR  0
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In fact, if we assum e (1.6), then the following transformation

(1.7) u (x) v (x) =u (x) exp( 1 f o
x b (y) dy)

is automorphic in L2 (R ) a n d  (1.4) — (1.5) become

(1.8) vt—ivxs+F(x)v =7(t, x) i n  R x R

(1.9) y  (0, x) =yo(x) in R

i i Iwhere F(x) = — bx (x) /2 +ib2 (x)/4 (x ) E (R), v o (x ) =u o (x) exp

(y) dy) E L 2 (R ) , and f (t, x ) =  f (t, x ) exp (
f x

-
2  0  

b (y) dy) c Lioc (R; L 2 (R)).
Since the first order term is eliminated in  (1.8), we can easily obtain the ener-
gy inequality in L2 (R ) .  Thus, th is shows th a t  (1.6) is  a  sufficient condition
for L2 — wellposedness.

Studies on semilinear equations have been mainly concerned with the case
of Im aF/aq 0 (Klainerman - Ponce [4], Shatah [8], C o h n  W .) .  T he reason
is that it is difficult even to show the local existence because of the loss of de-
r iv a t iv e s . B u t H ayash i [2 ] succeeded in  trea ting  som e cubic  polynominals
which include the type of ImaF/aq 0, in some classes of analytic functions.

W e prove the local existence of solutions to  (1.1) - (1.2) with general non-
linear term s, by using a  modified method of lin e a r  th e o ry . The m ain results
are following.

Theorem 1. Let m be an in teger 3. Then there exist a constant a0 >0
and a time T> 0 depending only on ao such that for any tto E X"' with iluollxm ao,
an initial value problem (1.1) — (1.2) possesses a unique solution u E L  (0, T;
X'n), where X'n=lfn (R) n E and E= lu E L2 (R) ; E L 2 (R )  with 1611E=11<x>

We introduce the following quantity

(1.10) (Ell alul2exp(fxim a
a

F
q (u, ux) (Y)dy)dx) 

1/2

k=0

which corresponds to  the transform ation (1.7). If f  
x  

Im

 aF

 '  ux) (y) dy isaq 
bounded, then (1.10) is equivalent to 11m n o r m . Namely this condition is  the
same a s  (1.6). To ensure this, we introduced the function space E  (see Lem-
ma 4).

Recently Soyeur [9] has succeeded in  solving the  next type of the semi-
linear equation:
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atu —i d u =  (axi.)2 in (0, 00) x RN .
1±Iu1 2

(Actually he solved the Ishimori e q u a tio n . But this is essentially the same to
(1.11) from  our point of v ie w .)  T he  equation (1.11) is  in  th e  stereographic
representation of Heisenberg ferrowmagnetic m odel equation (H FM ). H e in-
troduced

(1.12) 1E' f  (ii±at 22) 2 d x r
k=0

as a quantity corresponding to conservation laws of H FM . Takeuchi's method
is available to the case of general space dimensions:

(af— id+Eb (x) ax ,d- c (x))u -=f (t, x) in R x R N  ,
1=1

if

ô Im b (x) — (x ) =0 f o r  i, j =  1, N  .

A nd for (1.11) we have

e x p (f  im aF
 ( uxu) y.f, xN)dy.i)

x i   41412 )
d y  ;

) 1  1 = 1 , N  .=exp( - 2 f _ i _o u i2 ( 1 + 6 1 2 ) 2

Thus, the quantity  (1.12) is useful to solve the equation (1.11).

Acknowledgements. T h e  au tho r w ou ld  like  to  express his sincere
gratitude to Professors Ohya and Taram a for their valuable guidance and en-
couragem ent throughout. T h e  au thor a lso  thanks a ll m em bers o f  Professor
Ohya's Laboratory for helpful comments and conversations.

2. Some Lemmata

In  th is  section w e prepare som e lem m ata to prove Theorem  1 by using
viscosity method.

B y Taylor's formula n e a r  (u, q) = 0 an d  th e  assum ption (1.3), w e have
the following decomposition of the nonlinear term F (u, q):

F  , = Q (u, q) C  (u , q ) n e a r  (u, q) = 0 ,

j=1

where



356 H. Chihara

4

q) = (z) =  E  az
a:a

F
z i,  (o)).z,z„

1 ,k = l
4

1  r l  r i a3F  C (u, q) =C (z) L
o  

(1 s )  2

az i azkazi
( s z ) d s ) z , z k z i

i,k ,I=1

near z= (u, i  q ,  T )  =0 . Since we consider only small solutions, we can treat
C  (u , q )  a s  i f  i t  w e r e  a  se c o n d  o rd e r  polynominal. T hus w e  w ill p rove
Theorem 1 when F (u, q) is  a second order polynominal and w e w ill give the
correction for the case of general nonlinear term in  rem ark s . N o w  th e  prop-
erties of F are following.

Lemma 2. Let m  be an in teger 2. For u , v  11 1 (R )  ( c (R)) ,
the following bounds hold:

(2.1) IIF (u, ,

(2.2) RP (u, ux) (v,

where R= max IIIUIIHm, IVIHmI.
P ro o f  Let w, z =u, vT, ux , TTx and k = 0, 1, m — 1. It is sufficient to

treat the product of w and z, namely

11.31F (u, ux) 11/.2 (wz) 11L2 .

Leibniz' formula implies that

Ek 
k  

)11al-lwalzilL2
i=o

By Milder inequalities, we have

(2.3)
k

.
i=0

Gagliardo-Nierenberg inequality yields

(2.4) 1101z111,21di clIalz1104111;" .

Substituting (2.4) to  (2.3), w e obtain (2.1). Similarly we can derive (2.2).

Remark 1. If F (u, q) is general, then th e  properties of F (u, q ) are
following:

(2.5) IIF ( S ,  u x) 1111.-1 ,

(2.6) (u, ux) F  ( v , ,

for any u, v f f n ( R )  ( m  2) w ith 146.-1,-, The proof o f  (2.5),
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(2.6) is similar to Moser's lemma [7 ] (see also Klainerman [3]).

We use the viscosity method with E E  (0 , 1] in some sense:

(2.7) 0— Evtlx— iu'rx=F (Iv e , ver) in (0, co) X R

(2.8) uE (0, x) =14(x) in R .

W e can easily solve (2.7) -  (2.8): namely

Lemma 3. L et m  be an in te g e r 2. For any  Uo H  (R ) , there exixts a
time T E = T (E, Iluollipn) such that an initial v alue problem  (2.7) - (2.8) possesses a
unique solution u E E C ( [0, T E); Htm (R) ) . If  the maximal existence tim e T E is f i-
nite, then

(2.9) lim supliu 6+  0 0  .
t i  T,

P r o o f  T he idea of proof is due to  contraction type arguments in L  (0,
T; Hm (R) ) . Let S E ( t)  be a semigroup generated by the linear equation:

(2.10) Ur— (E-H) Ux ,r = 0 .

Let 3 - be  a  nonlinear map defined by

(2.11) Y U (t) = SE ( t )u o + f (t —  1-) F (u, u x ) ( r )d r - .
0

We have only to show that the map Y  has a unique fixed point in L" (0, T;
(R ) )  provided T  is sm all enough, because it is easy  to  check th a t th e  fixed
point tt e i s  in  C ([0, T ]; 11Th (R ) )  a n d  (2.9) h o ld s .  Let Y T  L °° (0, T; Hm  (R) )
and let B R (Y  = 1u YT;

Assume u E Y r, then we have

11,7u (t) him l I S E  (t)uollum+10
t11,56 (t — ( u ,  ux) (r) IIHmdt ,

with Plancherel's formula

(2.12)
-II<E e Z t

o
(r)L2dr

IIuoIIHm sup(<0e — EP(E—T) II<V m- 1 (1-) Ilvdr-

O  E R

rr
j sup IIF (u, vtx) (r) z-

O  E R

w here < e > = (1 -I-  E 9 1 / 2. Note that

(2.13) sup<OCE2"- C,(1-1- 1 
Vt—r

f o r  t —  r >0
e R

and substituting (2.1) (in Lemma 2) a n d  (2.13) t o  (2.12), we have
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IlvtoIIH. + C E f o
t (1 +  0.

1
 r )1114 (r)Ilmd  r .

If u EBR (YT), we obtain

+C (T+ T1, 2) R2 .

H ere w e rem ark that C ‘ is independent of T .  If u, y E BR (YT ), then sim ilar
evaluations imply that

11.7 I d l y C  (T  T i l  2 ) RIIU VIIY T •

Let R> llUQlHm and le t T  be sufficiently small, then there exists a  contrac-
tion factor d with 0 < 5<1 such that

,

for any u, y EBR (Y T ). T hus, the map g  is  contraction in BR (YT), and there-
fore we have a unique fixed point ue EL -  (0, T; Hi n  (R )) .

As we mentioned before, we need bounds for weights in  (1.10) to ensure
the condition (1.6). Now we define the following two weights:

(2.14)0 0 (t, x ; u ) = exp (f 8(0 (au , aux ) (t, y)clady)

(2.15) (t, x; u) = exp(f xi m t  ( u ,  ux) (t, y) dy) .

Concerning the bounds for 00 and 01, we obtain the following

Lemma 4. A ssume that u is a solution to (2.7) -  (2.8) with uEL -  (0, T;
X'n ) ,  ( m  3). Then there exists a constant C1 which is independent o f  € E (0,

, such that we bound

(2.16) exp (t) (t, x; u) (Cillu (t) bon)

(2.17) (t, x; u))1 c1191(t, .x; (16(011113+1114(011W
f or (t, x) E (0, xR  and i 0, 1.

P ro o f  It is enough to show the case i = 1 because the proof of the other
case is sim ilar to that of i =  1 . Since F  is  a second order polynomimal of u,
q, T, there exist constants a, REC such that

Im 
O F

 (u  u  ) =  (au+  cW) (Rux+RiTx) .a?x

Integrating over (— 0 0, x ), we have

f 0.1 .
°
a

F
q (u, ux ) dy = f _xc o (a. ces)(t , y) dy (13u+ ) (t, .

Then we get
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suplf x  Im (u, ux )dyl —<C (IluIIL1+IIuIIL)
xER

Note that

iktilv= f  ivtidx=f <x>-1<x>iisidi

3 5 9

with Schwarz inequality

(2.18) (f <x> - 2 dx) 1 / 2 (1<x> 2 1/42dx) 1 1 2 Cllulli

where <x> = (1+x 2) 1/2 . B y (2.18) and Sobolev's embeddings, we obtain

OF , , ,s f  . im aqu x ) a y l - - = 1 - - i l l u l l x i n z  •

T his show s (2.16). Concerning (2.17), w e differentiate 01 (t, x; u) with re-
spect to t, then

(2.19) at (01 ct, x; u ))=at(exp (f_x im aaFq (u, us)d y ))

= 01(t, x; it) at(f_xim aaFq (u, ux)d y )

=  ( t ,  x ;  u )  ( f  x
. (aut+aUt)dy + (Sur --1- ATt))

Since u is  a solution to  (2.7) - (2.8), (2.19) becomes

x; u)) =201(t, x; u) R e  [a l 1 I (E - 1- i)u x x +F(u, u x )}d y +

(E±i)uxs - h3F(u, ux)1

=20 1 (t, x; u )Refcr(s+i)u s + a f x
. F(tt, u x )d y +

S (s + i)u x x +  (u , u x )1

Here we note that (0, 1], there exists a constant C1 which is independent of
eE ( 0 ,  1] such that

I at (01(t, x; u))1C 1 0 1  (t, u) .

This completes the proof of Lemma 4.

Remark 2. W hen th e  nonlinear term  F  (u , q ) is general, them  Tm
aF/aq are following:

aF ac Tm
aq

 (u, q) =Im
aq
a Q  (u, q) +Im (u, q)

ô q
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4ac ac1  a r v i i r l a3F Tm (u q) = Im (z )=  Im L  U  ( 1  s) 2( s z ) d s ) . z i z k z i /aq ' aq 2 aq uziuzkvZi
5,k ,1=1

4 a F  (sz)ds).zizk= A im E (f (1 s ) az01 2 32 iazkaq
, k=1

4

+
1

1 1 1 1  E (f (1 a 4 F (sz)ds)zg rkz, •2 aziazkazraq
j,k,1=1

If u E L  (0, T; Xm ) (m  3 )  is a solution to  (2.7) - (2.8) w ith suptEromilu (t)ilw2.-
1 then similarly we obtain

(2.20) exp ( — Ci illu (t) 11)(7nd- 11u (t)Ilx.z2 i )O  (t, x; it)

eXP (C1 I1114 (t) liXm +11Vt (t) lirn2 } )

(2.21) la, (6, (t, x; u))1 c10,(t, x; u) (1Iu (011113+11u (t)I1 2u3)

for (t, x) C (0, T) X R  and i =0, 1.

3. Energy estimates

In  th is  section w e derive the energy estimates f o r  (2.7) - (2.8) to  get the
uniform bound fo r  th e  so lu tio n s . W e use the quantities such a s  (1.10) to re-
solve the loss of derivatives. N ow  let us introduce the following notations:

(3.1) [u (t) ] .= If <x>200 (t, x; u) lu (t) I2dx+ (t, x; u) I au (t)12dxl
k =1

In order to estimates fo r  [O W ] ,  S E  (0, 1], the following lemma holds.

Lemma 5. Let m be an integer m >_ 3, u0EXm , and u E L -  (0, T; Xm )  be
a solution to (2.7) -  (2.8). Then we have

r  t
(3.2) Eu (I)] m  E u ,n+ c  2  j sup 100(r. x; u) + x; u)i

O xER

1/2 x

11+ Ilu (7-) IIH. + lu (r)II2H.1 his (1-) ILmd V ,
for t E  [0 , 7] , where Cy is independent of E E  (0 , .

Proof. We show the ineqality (3.2) in two steps.
Step 1. First w e consider the  first te rm  in  the  righ t hand  side  o f  (3.2).

W e use  the  mean value theorem  to th e  nonlinear term  o f  th e  equation (2.7)
with u in place of uE, th en  (2.7) becomes

(3.3) to— Euxx— tuxx= u f  
aF 

(au  aux )da - H,Tf l a F  (au au ma-° au 0 au
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+uxf o
l a

a
F
q (au, o-ux)da+ufol a

a
F
q (au, aux )do . .

If we multiply 21700(t, x; u) <x> 2 t o  (3.3) and take the real part, then we have

(3.4) (1u12)teo<x>2— s (uxxii+iTxxu) 00 <x>2— i (uxxii - 1Txxu) 00<x>2

= 21u12 00<x>2Refo l a
o u

F d a +  2Re(ft-200<x>2f o
l Zda)

+i(u xvi— vTx u)00<x>2f o
l lm al q  d u+ (Iu12 ) xeo<x> 2f o

l Re a
a

F
q du

-I- Re ( ( ) xeo <x> 2f:  oaFg do-)

here we used the identity a0+0= (a+ c7)( i3+ -4) / 2 + (a —d) (fi —
ig) /2, for

a, p  C to  th e  th ird  te rm  o f th e  righ t hand  s i d e .  W e rem ark  tha t 00 <X>
OF f 0 Tm a q  da= i00<x>21 x - 200x, th en  (3.4) becomes

(3.5) 1lu1200<x>21t—lui2ate0<x>2
(Ux x it-  +17x x l/t) 00 <X> 2(Uxxi— 1/TxxVt) eo <X> 2

= 21/412 00<i>2R e fo l aL d  + 2Re(T,200<x>2f o
l a

a u
F  d (i)

+i (uxii — t itxu) [ 100<x> x M x ]  ± (I1412) xeo<x>2 f l ReaF  do

+Re ( (vT2) xe0<x> 21.
0

1 7:7 do) .

Integrating over R and integrating by parts, the left hand side o f  (3.5) becom-
es

(3.6) L.H.S.= (
c

jwilu1 2 00<x>2dx— flul 2Oreo<x>2dx

+25flux12 00<x>2d x  f 11412 o<x>9 xxdx

+ i f (u xii —itixu) jeo<x> 21 xcix .

Since the third term  o f  (3.6) is non - negative, we can neglect it. A n d  we here
note that

(3.7) I 100 (t, x; u) <x>2} = 100<x> 2f l Ima F da+200x1x10 aq

OF 2= 00 (t, X ; 14)1 <X>2 ( f o IM dCF) +4X .LI IM aaFq  da

<X>2 ( f o
l IMaaF

q da)x ±21

(t, X; 14) <X>2 (1 +1114162,°°±111411WL°°) •
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Substituting (2.17) (in Lemma 4) a n d  (3.7) to  (3.6) we obtain

(3.8) L.H.S. tt f  I/412 00 <x> 2dx — C3 (1 - Fliullu3+11242113) flul 2e0<x>2dx

—2 f  Tm (uxu) l Oo <X>214 x ,

where C3>0 is independent of E  C  (0, 1]. On the other hand, after some com-
putations the right hand side becomes

(3.9) 1u1200<x>2dx

—2 f  Tm (74 )  00 <x>21 x dx +4f Im (uxrï) Oardx

- f  ( 0 0<x>2ERe'9aF
q d  xdx

—Refii2 (00<x>2
.E a

a F
q dc)xdx.

For the third term o f  (3.9), by Schwarz inequality we obtain

(3.10)J im (u/47) 00xdx1

CsupOr2 (t, x; u) (f lux 12dx) 112 (f1/412 00x2dx) 1/2

xER.
-Csup Or 2 (t, x; u)IIuIIH/( f l u 1 2 0 2dx) 112

xER
and similarly to (3.7) we have

(3.11) (00 (t, x; u) <x>21 )
1Rea

o
F
q d a) s  , 1(0 0 4, x; u) <x>21:1 a

a
F
q  d

COo(t, x; u) (t.> 2 (l6162,- +11141li )
Substituting (3.10) a n d  (3.11) to  (3.9), we have

(3.12) (11u11443+16112443) flul2o0<x>2dx

±Csuper2 (t, x; u)1411443(flu12 00x2dx) 112

— 2 f  Im (u s t i)  100<x>2 [ x ctx

Since th e  last te rm  o f  (3.8) is  eq u a l to  th a t o f  (3.12), they  a re  canceled.
Thus we obtain

ddt (flui2e0<x>2dx) 1/2(1+ iluil„3+11u0,3) sx u. .per2 (t, x; u) ,

where C4 is independent of E (0, 1] .
Step 2. Next we derive a  higher order e s tim a te . Differentiate the  equa-
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tion (2.7) with respect to x  up to order k, (k=1, m)

(au) t— E (alu) xx—i (alu) xx — i ( S p i • x + u x +tu x x + a
a
F ux.x)

Leibniz' formula yields

k -1

(3 .1 3 )

_ v  k - 1 a F  ux au u au_ux u
j=0

k -2
k (a _  _  aaF,aa 2 u  + OF 

:1=0

A k + 1 , , ,  4_  aF  A k+147
a q ,„ a q . •  •

Similarly, we multiply 2e1alvi, integrate over R, and take the real p a r t .  Then
the left hand side becomes

L.H.S. = dd t f  I alui2eidx f  I alui2atOidx

2sf 151 + l ui 2 Oidx — E f

+ if  (al - Flualft- - ap - igalu) a x eid x  .

Here we note that

I aA (t, x; u )i C6/1(t, x; u) .

After the same computations as in (3.8) , there exists a constant C 5 > 0 which
is independent of EE (0, 1], such that

(3.14) L.H.S. c
ciw f lalful 2 Bi dx — 05 (liu 111/3-Filuilip) f i alui 2 Oidx

—2f Tm (al + l ualg) ax eicix .

by the way, the right hand side of (3.13) becomes

k -1
•  OF (3.15) R.H.S.=2ReEf .  OF  a p gu a lca + a l- i-
,
d xau 

j=0
k -2

+2ReEf(a1-1-iaaFq aa;_a1+2gali)eidx
i=0

—2f ImaF eldxaq

+ f Re a
a

F
q (ialui 2 )xeidx + R e f aaF, ( 0 )  

2F A idx .
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Now, we estimate the  first and second term s in  (3.15). Let /1, /2=1, 2, y, w=
u, IT.. It is enough to treat only the form al

-21-i1-Jv If j=0, then the
terms of th is type can be evaluated by

12 61idx clluIlH3Eflab41 2 01dx

because 1 — 2 -I- l i  k  and 12 _.2. O n the o ther hand, if 1, th is  type of
term can be estimated by

fla;u12eidx chi.ii,,kEfIalui2oidx
j=1 j=1

because k — 2-  1 1
—  j —1 and 1 12-Fj k. Thus we have

(3.16) R.H.S. IiHnIf I alul 2 0idx

—2firn a
a
F
q im (ap- luall,i)egtx

—fialvt12(Re  ao
F
q 01) x dx — Ref 2  (1101) x dX  .

Similar caluculations to  (3.7) give

(3.17) (Re aq
a F  el) (aF_191) x; u) (1411w,+11ulliv,)x aq x

By using (3.17) to  (3.16), we have

(3.18) R.H.S. (Ilullum+11/411//m) Efialui2eidx
.J=1

—2f Im a
a
F
q Im (al ± l uala) Oi dx

Combining (3.14) a n d  (3.18), and summing up on k, we get

dTit(2 2f  I
1/2

al1412 01d.r) C6 NU ( fhalum idx)1/2
k=1 k=1

where C6 is  independ of E E (0, 1] .

Remark 3. W hen the nonlinear term F (u, q) is general, if we consid-
er the solution u E C ( [0, T]; zen )  t o  (2.7)- (2.8) w ith supte[o,rillu llw .-1,- 1  then
we can obtain the energy inequality such a s  (3.2).
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4 .  End of proofs

In  th is last section we complete the proof of Theorem 1 .  Concerning the

existence, we derive the  uniform bound f o r  lulEeco,ii by using the energy esti-
mates in  Lemma 5 .  And therefore we can construct a solution t o  (1.1) - (1.2)
provided E  0.

Proof of  Ex istence. Since we consider small solutions, there  ex ists a  con-
stant C7>0 which is independent of EE (0, ,  such  tha t (3.2) becomes

(4.1)
E

Eue (t)] m [UO] m - 1- C7f e C d iu  (r ) I114 (r)11Xmd r .0

Here we used (2.16). Let ao=min (1/2, 1/10C1)  and let a=IksoIIxm ao. N o w
we define

(4.2) 71= sup {7. > 01166 (t)IIxm< 2 a  ,  O t < T I

and it is c lear that T :> O. W h e n  te [0, Tn, (4.1) is valid because I4E (t) [ m
U sing (2.16) to  the left hand side o f  (4.1), we have

Ilue (t)11xm e3 c 'a ct - F- C7e4 c i a  f Due (1-) 11xmcir , f o r  tE [0, 71]

Gronwall's lemma yields

(4.3)h u e  (t) Ilx. e3 C 'aexp (C,e 4 c 1 a t ) .

If we put t = T :,  (4.3) becomes

2 a e 3 c 1 aaexp (C7e 4 c 1 a n )

which implies

71_>_ log2 - 3C 1a  log2 -3C 1a0
=  T  > 0cre acia creciao

S ince  lue l e 3,1] is bounded in L° (0, T; X ')  a n d  14 &Emu is bounded in
L -  (0, T; Hm - 2 (R )) , luel EE(o,ii is bounded in  C° '1 (0, T; 1rn - 2  (R) ) , and  then

is bounded in  C " / 2  ([0 , 7 ]; 11m - 5 (R ))  fo r any  5>0 w ith the inter-
po la tion . W e  rem ark  tha t I, -  (0, T; X m ) i s  th e  dual space  o f L 1 (0, T; Xm)
which is a  separable Banach sp ace . T h u s, b y  Banach-Alaoglu theorem, there
exist a  subsequence and u EL -  (0, T; Xm) such that

u6 — >  u i n  L" (0, T; X m ) (as e ,L 0) .

By Rellich's theorem and Ascoli-Arzelà, theorem we obtain

u 6 - - * u i n  C([0, 7 ]; KY ' (R )) (as E 0 ) , (o '>  O )

(c.f. A u b in s  com pac tness theo rem . see  L io n s  [5] Théorèm e  5.1. in  CHA-
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PITRE 1.) It is easy to check that u is a solution to  (1.1) - (1.2), and thus the
proof of the existence is completed.

Finally we prove the  uniqueness of solution by th e  same technique used
in the energy estimates.

Proof o f  Uniqueness. Let u, y E L  (0, T; Xm )  be solutions such that u (0,
x) =v (0, x), let w =u —v, and let R  max 114-m, T. (o. T; rx )I • We here
define the weight:

(4.4) x; u, y) = exp (i x  f i lm (au+  (1—  v ,0 aq
aux+ (1

—
 a)vx ) (y)dady)

and it is clear that the similar estimates in  Lemma 4 for ti (t, x; u, v) hold:

(4.5) e-CR <71 (t, x; u, V )  
<eCR

(4.6) lat 1 71 (t, X ; U, V)I ( R ± R 2 )  (t, x; u, v)

fo r  (t, x) E [O, R .  Taking the difference between two equations, we have

wt
—

iwxx =F (u, ux) F (v, vx)

Mean value theorem yields

(4.7) =w
r i   0

au
F

 (au+ (1— a)v, aux + (1 — a)vx ) da

+ aaF, (au+ a.— v, aux+ (1— vx) d o-

+wxf : aaF, (au+ (1— v, aux+ (1— a) vx) da

+171x  f o
l a

o
F
(1 (au+ (1— a)v , aux + (1— a)vx )do-

Multiplying 20) to  (4.7) and after similar calculations, we obtain

d
Tit

iltvi277dx_fi.12axndx+if(wx,-,-+i-vioax77dx

= 2Ref (lwi 2f :   a
a u

F  d a H - 1.72 f 0
1a

a u
F_d 6)77 dx

+ i (w x1r)- 174w) axriclx

+ f  (412) f 0
1Re a

a
F
q d adx +Re f (0) xn .f o

1
°
a
F
,d o-dx .

Similarly it follows that

7̀
1-i t fiwl277dx_<c(R+R2)fiwi2ox .
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Thus, Gronwall's lemma yields

(4.8) flwl2ndx =0 , tE  [0 , .

Note (4.5), (4.8) shows the uniqueness of solution.
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