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On derivatives of holomorphic functions
on a complex Wiener space

By

Shizan FANG

This note is a complement of the joint work with Professor ]J. REN (cf.
[1]). Let us keep the same notations as in [1]. Recall that a holomorphic
function FEH? (X, ¢t) on a complex Wiener space X is defined by the limit in
L? (X, 1) of holomorphic polynomials on X.

1. H-derivatives
1.1. Proposition. Let FEH? (X, ), hEH, then

F(x+eh) —F (x)
13

DyF (x) =lime—o exists a.e.

Proof. Let P, be a sequence of holomorphic polynomials such that
F:Lp_limnﬂ-'—oopn .

Define G (x, &) =Pn(x+Eh) and G (x, &) =F (x+&hn), EEC. 1t is clear that
Gn(x, *) are holomorphic functions on C. Let R>r>0, by Cauchy formula:

Gule, = [ oDy el

Therefore:
supjg<,|Ga (@, &) | <WR—TI |G, (xx, Re®)|d 6 .
Taking the expectation relative to x, we get:
E (supjec)Gn (x, ) S5 B ([ 716 (. Re)1a0)
Z—Z—E(R_—T)./; E|G, (x, Re'®)|d 6

R 2m o>l
:271(}3—7)]; (LP"(x)eQ'R P ))ab
u(x.#)expi(q—l)R2||h||§1/4§ .
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It follows that there exists a subsequence »ny such that
G (r, &) converge to G (x, &) uniformly in | <7 ae.
So F(x+&h) is holomorphic in |E|<r. In particular, we have:

DF (x) = [:—SF (x+eh) ] exists.

It is natural now to ask if F € H? (X, u) belongs to some Sobolev space
Ws.,(X)? In infinite dimensional case, this is false, as shown by the following
example.

1.2. Example. Let ¢, be a Hilbertian basis of H*®? define:

_ <ka I)k
F(x)*zkm kJ/R

Then FEH?(X, ). However let C be the Cauchy operator on X:
Cuk:ﬁuk

k
where u (x) ='<—Q~k/;k—gli. We have:

CF=2,5,(1/VE)ux

and fx |CF(.r)|2dﬂ(x)=Zk%=+00 .

2. Malliavin derivatives

2.1. A family of Borelian probability measures. Introduce first by
Oo=H ,

on(A) = (2/m) Ldpn—l (x) ful,; (&, x)loglé[do(f). A CX Borelian

where D is unit disc of C and ¢ Lebesgue measure on D. As remarked in
[1], the measures introduced here p, are singulier to the Wiener measure g.
So given a holomorphic function FEH? (X, 1), we have to extend its definition.

2.2. Redefinition of a holomorphic function. Let P, be an appro-
ximating sequence of holomorphic polynomials of F in L? (X, ¢). By proposi-
tion 5.3 of [1], P, is a Cauchy sequence in L? (X, px) for 0<k<u. So taking

u=%&, P, is also a Cauchy sequence in L? (X, v). Now let F =

Limy—+wPy in L? (X, v). Then F satisfies the following properties
(i) F=F g—ae. and F is py-measurable (0<p<n).

2.3. Theorem. Given FEH*(X, y), then

(i) .‘?F=Lim,ﬂ0£Ft—F exists in L%(X, p2);
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- P2 <f 2
(ii) fx |ZFdp.< | |Fau
where Ty is Orstein-Uhlenbeck semi-group on X.

Proof. Let P be a holomorphic polynomial, we have

TP (x) = fx Pler+ (1—e=) 2 du(y) =P (') .

Therefore
2.3.1. fp(x):LimMTt_P@t—_P(r)_zLimMLxl—Pﬁ
=1 P((1—¢)x) —P(x)
=Lime_ge>o c .

It follows from proposition 5.4 of [1] that

[ Ieptap.< [ |PPa
Now by definition of 0; and proposition 5.3 of [1], we get

2.3.2. fX |12P|d 0, < f \Pledy .

Replacing P by £P and integrating the two sides of (5.9) of [1] with respect
to 01, we obtain

2p|2 <f 2
So

2pl|2 2
2.3.3. fxl,‘E P dpzsfxlpl .
Put G (¢, x) =TP(x), we have G' (¢, x) Z%G (t, x) =T, 2P(x). We have:
t
T.P(x) =P(x) +j; PTP(x)ds

supp=, | TP @) P<2 (P @) P+ [ 1270P (o) Fas)

2.3.4. fx supye,< | TP () |2 s (z)

1
32(L|P(x)|2dpz(x) +j; dsL|f£TsP(x)|zdp2 (x)) )
Now taking £P as P in 2.3.4. and using 2.3.2 and 2.3.3, we obtain

2.3.5. Lsupog,sJG'(t, x) Pdp2 (x) S4L|P|2d{,t .

Take P, as a approximating sequence of holomorphic polynomials of F in
L*(X, ¢) and G, (t, x) =T:P,(x). By 2.3.4. and 2.3.5, there exist a subset
ACX such that p2(4) =1 and a subsequence n; such that for x€A G, (t, x)

converge uniformly in t€ [0, 1] and G, (t, ) converge to T.F (x).
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Therefore for €A, %T,F (x) exists and

d ~
LSUDOSAQIETIF(x)lZdPZ (x) S4L|P|Zdﬂ .
’I’T:'F—ﬁ

t
theorem, we get (i). (ii) follows from 2.3.2.

As

<supy < < |% T.F (x) | for 0 <t <1, by Lebesgue dominated

2.4. Higher order Malliavin derivatives.

2.4.1. Theorem. We have:
i) PF exists in L2 (X, O2m);

.. D 2 Sf 2
ii) j; |2 F|2d 00 XIFI dy
Proof. By induction.
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