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On derivatives of holomorphic functions
on a complex Wiener space

By

Shizan FANG

T his no te  is  a  complement o f the  jo in t w ork w ith Professor J. REN (cf.
[ 1 ] ) .  L et us keep th e  sam e no ta tions as in  [1]. Recall that a  holomorphic
function FE HP (X, t t)  on a  complex W iener space X is defined by the limit in
LP (X, f t) of holomorphic polynomials on X.

1. H-derivatives

1.1. Proposition. Let F  H P (X, ,u), h E H , then

D hF (x) = 1im  F (x+ sh) —F (x) 
 e x i s t s  a . e .

Proof. Let Pn be a sequence of holomorphic polynomials such that

F = LP .
Define Gn (x, =  Pn (x+V i) and G (x, = h), E E C . I t  is clear that
Gn(x, *) are holomorphic functions o n  C . L e t R > r> 0, by Cauchy formula:

G ( x ,  ) =  
1G n ( x ,  n) n 0 :

‘,7Ct fir/1=R
id < r .

Therefore:
R  

—rsuP1ds,1Gn (x, 2n. (R ) j

r

o
2jr1Gn(x, R en Id  .

Taking the expectation relative to x, we get:

2n
E (suPicJGn (x, i) 271. —r ) E  (fo IG. (x, Re i ° )1d 19)

J2rt- — EIGn(x, R enld 0
2rz

27( —r) n
( P (x )  x

4 _

dit(x ))d0

R 7,11Pnili!oc,oexP 1(q - 1)R2 Iihilii/41 .
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It follows that there exists a  subsequence nk such that
Gn k (x , e) converge to G (x , e) uniformly in  Id  r  a .e .

So F  (x  eh) is holomorphic in  I d  < r .  In particular, we have:

DnF (x) -= I—

d
F  (x  Eh) I exists.

dE E=0

It is  na tu ra l now  to  ask  if  F  HP (X, p )  belongs to some Sobolev space
Wp,r (X) ? In infinite dimensional case, this is false, as shown by the following
exam ple.

1 .2 .  Example. Let yok  b e  a Hilbertian basis of H * ( " ) , define:

<gOls X> k  

F k,(x) E '
1 k s/re.

Then FEH 2 (X, g ) .  However let C be the Cauchy operator on X:

Cu k J 2 1 4  k

where uk (x) =  <91c, X> k. W e  have:

CF= (1/1/)U k

and Liu (x)i , d,t(x) =Ek + 0 0  .

2. M alliavin  derivatives

2 .1 .  A family of Borelian probability measures. Introduce first by
P0=11

Pn (A) = (2/7r) f xdpn_,(..) x)104 rd  ( )  A C X Borelian

w here D i s  un it d isc  o f  C  a n d  a Lebesgue measure o n  D . A s rem arked in
[1], the  measures introduced here p n  a re  singu lie r to  the W iener measure g.
So given a holomorphic function FE W  (X, g ), we have to extend its definition.

2 .2 .  Redefinition of a holomorphic function. Let Pn  b e  an appro-
ximating sequence of holomorphic polynomials of F  in LP (X, . By proposi-
tion  5 .3  of [1], Pn i s  a Cauchy sequence in  Lb (X, Pk) fo r  0 So taking

P o + • • . + P o  = nP  is  a ls o  a  C auchy sequence in  LP (X, v ) .  N o w  le t 1' =n+ i 
Limn , P n in  LP (X, .  Then 1' satisfies the following properties

(i) = F a.e. and F  is  p k
- measurable (0

2 .3 .  Theorem. Given F  H2 (X, p ), then

(i) 15F -= Li mr- 0
; f t F

t
—  e x is t s  in  12(X, 102);
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(ii) LIYFI2d P 2 - fx 1F12dp

where T t is Ornstein-Uhlenbeck semi-group on X.

Proof. Let P be a holomorphic polynomial, we have

T tP (x) = fx P (e-
t x  +  ( 1  e - 2 0  1 1 2 y  )  d  ( y )  p  ( e - t x )

Therefore

2 .3 .1 . I P ( x )  = L i m t - o
T tP(x) — P (x) P (e - tx) — P (x) 

=U nit-a

P ( (1 — s)x) — P (x) 
—Lim,_.0,k > 0

It follows from proposition 5.4  o f [1] that

fx IYPI2 d p i f T , IPI2 d p  .

Now by definition of 092 and proposition 5.3  o f [1], we get

2.3.2. f XI pI2dP2 fX p 2 d P
 .

Replacing P  b y  P  and integrating the two sides o f  (5 .9) o f  [1] w ith respect
to p i , we obtain

I.T2P12dp2 .

2.3.3. fx 1y2pi2dp2 f lpi2dtt .

Put G (t, x) = T tP (x) , we have G' (t, x) = d
d

t G (t, x) = T P (x)  We have:

T tP (x) = P (x) f o
t
 s P (x)ds

suP 0t P  (x ) 
2 <

( x ) 1 2  f 0
11-TT sP (x) I2ds)

2.3.4. fx supo,i1TY (x) l2dp2 (x)

2 (f IP (x)12dp2 (r ) + f  d s f IYT sP (x) I2dp2 (x ) )0 x
N ow  tak ing  P as P in  2 .3 .4 . and using 2 .3 .2  and 2 .3 .3 , we obtain

2.3.5. f x supo i1G, (t, x)12d,2 (x ) 4 1x 1/312dp .
T ake Pn a s  a  approximating sequence o f  holomorphic polynomials o f  F  in
L2 (X , p ) and Gn (t, x) = T rPn (x) . By 2 .3 .4 .  and 2 .3 .5 , there exist a  subset
A cX  such that pz (A) = 1  and a subsequence nk such that for x E A  G' n, (t , x)
converge uniformly in t E [0, 1] and Gn(t, x) converge to  f tF (x ).

fx
So



640 Shizan Fang

d  —Therefore for xEA , T F  (x )  exists and

fx suP osiJ  ce r F  (x)12c/p2 (x) . 4 fx 1P12c/tt

,  d   —
A s  t 1dt T  tF  (x ) 1 for 0  t  1 ,  b y  L e b e s g u e  d o m in a te d

theorem, we get (i). (ii) follows from 2.3.2.

2 .4 .  Higher order Malliavin derivatives.

2 .4 .1 . Theorem. We have:

i) Yn F exists in L 2 (X , P2n);

ii) LIPEI 2dP2n- f IFI 2 d,tt

Proof. By induction.
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