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A  remark on homomorphisms between generalized
Verma modules

By

Akihiko GYOJA

1. Let g be a complex simple Lie algebra, Ps a parabolic subalgebra, and
f3s the set of (isomorphism classes of) simple us-modules of finite dimension.
For EE),s, put Ms(E)= U(g)Ou(p.)E, where U(— ) denotes the enveloping
algebra.

In many cases, it is known that

(A) dim Homg(Ms(E), M s(F))< 1 for E, FED s

([7],[1],••.). Based on these results, it was once conjectured that (A) is always
valid. But R.S.Irving [3, 9.6] produced an example that

dim Homa (Ms(E), M s(F ))= 2, g=D4,

and this conjecture has been negatively settled. See also [4].

Recently, the author encountered a curious phenomenon. Generalizing
[6], we can show a relation between
(1) irreducible factors of b-functions of semi-invariants, and
(2) intertwining operators between generalized Verma medules.
Thus it would be natural to expect that the dimensions of these Horn spaces
should be related with the multiplicities of the irreducible factors of the
b-functions. Curiously, it turned out that the dimension of these Horn spaces
do not play any role concerning this point. To explain this phenomenon,
arises the following question.

(B) Is H om,(M s(E ), M s(F)) irreducible in some sense?

In this note, we take up example of Irving [3] and give an affirmative
answer to (B) in this case.

2 .  Fix a Cartan su b a lgeb ra  of a complex simple Lie algebra g, a root
basis {6 }, and a root vector X, for each a. Take the root vector E  for the
root —a so that a ,([X z, Y1])=2. Let F  be the stabilizer of (f), fa,l, {X }) in
Aut(g). Then Aut(g) is a semidirect product of F and the inner automorphism
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group of g . Let S  be a F-stable subset of fail, ps the corresponding parabolic
subalgebra, and f)s,r the set of EE138 whose highest weight is J'-invariant.

L em m a. A ny  E E , , r  has a unique [-module structure such that a highest
weight vector is [-invariant and r(ue)= 7 ( u ) r e  ('E r, uE eE E ).

P ro o f  Let eo be a highest weight vector. It suffices to prove that 7(u)eo
(7E1', uEU(P8)) depends only on ueo, or equivalently, that the annihilator of
eo in U(1),) is F-stable. The latter can be proved using the explicit description
of the annihilator [2, 7.2.7(iii)].

For E 8 , 1 ,  define the J'-module structure of M s (E ) b y  r ( u  e ) =
r(u )O re  (7 E r, uE  U (g ), eE E ). For E, FEf )s,r, define the F-module struc-
ture of H : =Homg(.111n(E), Mn(F)) by 7 (h )(m )= 7 (h (7 'm )) (7 E F , h e H  , M
EMs(E)).

3. Let g be the complex simple Lie algebra of type D 4, {ai}0 3 be the
simple roots where ao is ['-invariant, {x- i} the fundamental weights, and {,s,) the
simple reflections. Put x = so, y=sosis2s3so, An= x • ( -  mro- p), and pn= y • ( n7ro
- ro) (n=1,2, - ). Here w • v= w (v +p) - p  with p (Note that A n=(n
-1)zo-(n+1)(71+71 -2+2r3) and pn=(2n - 1)zo - (n+1)(7r1+7r2+7r3).) L et S =
{ab}, E ( r e s p .  Fn) be the simple ps-module whose highest weight is An (resp.
pn), and en (resp . fn) its highest weight vector. In the present case,
Take an element (SET of order 3, put co : =exp(27/ . ./3), and

U 1  :  — ( 0 1 8  i ( Y10203  2 Y10230 Y 1 2 0 3 0 ) ,
i=0

where Vi jk lm  . V4I7-  k  -  V1 - Vm .  Using the relations YoVi = 0, [ Yo, [ Yo, Yi]]=0,• Y: 
[[ Yo, Y1], [ Yo, Y2])=0 and their F-conjugates, we can show that u i® fi is of
weight A1, is annihilated by {Xi}, 6(u10.0= co(u i0f1), and the weight space
Ms(Fi)'1 '  is spanned by the 14 elements Yukon0fi w ith  (ijk/m)E{(01023),
(01203), (02301), (03102), (01230), (10203), (20301), (30102), (10230), (20310),
(30120), (12030), (23010), (31020)). Since dim Ms(Fi) A 1 =14, these elements are
linearly independent, and hence u l a f i * O .  Define a  homomorphism hi :
M s(E1)-M s(Fi) so that h i(1 0 e 1 )= u la t i . Then h i* 0  and a(ho= (oh, BY [5,
1.17], M8(E1) is simple, and hence hl is injective. By [5, 2.11 and 2.25], we get

M ( E )  T 17°-;PMs(E1)=(Ms(E1)0V ( -  (n - 1)70)-

and a similar relation for F . (S ee  [5] for the definitions of T ! , A), and
( ) , v . )  Then h  (identity) induces an injective homomorphism hnEHom,
(Ms(En), Ms(Fn))= : H such that

8(hn).= cohn.

Here we have applied the lemma in § 2 to V( - (n  -1)7ro). Since dim Hn=2
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[3, 9.6], the existence of such hneHn\{0} implies the irreducibility of the
F-module Ii,,.

4. Define h'nE Hn in the same way as hn using c o '  instead of co. Then
Chne Ch;,. Put N :  = M s (E 1 )0 V ( —  (n —  1)7z-0 ,  and N ' :  =

M s(FOOV (— (n - 1)zo). Then h-410(identity ) gives an injection 1/1—>Hom9

(N ,  N ) .  Decomposing N = 0 ,  N ,  and AT' =OEl N  according to  the central
character, we get a projection Homg (N, N')— >lin. Composing these mappings,
we get a linear isomorphism co: 1 /1—Hn such that ço(h1)= hn and ço(hi) =
Calculating the F-action on h1, hn and h ,  we can show that q, is  F -
equivariant. In other words, the F-action on kJ can be also defined from the
F-action on HI, identifying H1 and lin by ço. Thus we can define the F-action
on H without applying the lemma in § 2 to V( —(n — 1)7r0). This remark
enables us to apply the argument in § 3 to the example of Irving-Shelton [4,
5.3], which includes the example of Irving [3, 9.6] as a special case.

5. Let us consider the general case. As for the candidates for the group
acting on the Hom space, the outer automorphism group of g is too small. In
fact, starting from the example of Irving [3, 9.6], and using the transitivity of
the induction [2, 5.1.11 and 5.1. 12], we get examples such that dim Hom 2 and
such that the Dynkin diagram of g is connected and strictly larger than that
of D4. Then the outer automorphism group of g is Z /2 Z  or WI, which can not
act on the Horn space whose dimension is
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