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Note on reflection maps and self maps of
Un), Sp(n) and U(2n)/Sp (n)
Dedicated to Professor Teiichi Kobayashi on his sixtieth birthday

By

K. Morisuct and H. OSHIMA

1. Statement of result

Let U(n) and Sp (n) be the n-th unitary and symplectic group, respective-
ly. We denote the complex numbers by C, and the quaternions by H. Let F be
C,Hor (C, H). In order to describe uniformly for three cases, we write

Un) if F=C
Gn(F) =1 Sp(n) if F=H
U(2n)/Sp(n) if F=(C, H).

When F is C or H, we denote by P (F”) and Q. (F) the projective space and

the quasi-projective space, respectively. We write Q,(C, H) = 2P (H") ., the
suspension of the union of P (H”) and a point space. Recall from [1, 6, 8] (cf.
§2 and §4 of this paper) that there is a map, called the reflection map,

7 Qn (F) — Ga (F)

which induces an epimorphism on cohomology. Our result is

Theorem. For any integer k, there exist maps cy : Qu(F) —=Q, (F) and my:
Gn(F)—=G,(F) such that
(1) the following diagram commutes

W(F) —— G,(F)
(11) Ck mg
Q(F) —= G,(F);

(2) ¢k induces the homomorphism of k-multiple on the integral cohomology ;
(3)  my induces the homomorphism of k-multiple on the ring basis of the integ-
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ral cohomology which will be given in Lemmas 2.1 and 4.1 below.

When F is C or H, setting m, to be the k-times multiplication map,
Theorem may be well-known for experts. We give its proof in §2 for complete-
ness, though. Since G,(C, H) is not an H-space for n=>2 (cf. [4]), the exist-
ence of the map m; is not obvious when F= (C, H).

The both authors thank Y. Hemmi for valuable discussion with him in the
preliminary version and the referee for valuable suggestion to the contents of
the section 5.

2. The cases C and H

In this section F is C or H. All vector spaces are considered as right
vector spaces. The standard inner product {,) in F" is defined so that if x=
(%1, ooy %), y= (1, ..., yn) are elements of F” then (x, y) = 2k £wxr. We identify
H” with C*" as follows: every quaternion n-vector (z1, ..., z») =x +jy deter-
mines a complex 2n-vector (x, ....., Xny Y1v oo Yn) =2 @y where z,=x,+7y,. Let ¢
: Sp(n) = U (2n) be the inclusion, ¢: U (m) — U (m) the complex conjugation,
and S (F") the unit sphere of F™ Recall from [6] that the quasi-projective
space is defined by

Qn(F) =S (F") X s S (F) /S (F*) X s {1}
where S(F) acts on S (F") by the multiplication from the right and acts on
S(F) by the inner automorphism. Note that @, (C) = 2P (C"),. Let sES (F"),
yEF” and AES (F). Then the reflection map 7: Q, (F)—G, (F) is defined by
rlx, A1 ) =y+x(A1—1) &, »).
Now, for kEZ, define ¢;: @, (F)—Q, (F) and m;: G,(F)—G,(F) by
celx, A1 =[x, 2*] and m, (x) =%

Then, as is easily seen, ¢; is well-defined and the diagram (1.1) commutes.
The following is well-known (cf. (3.8) in [6] or[7]).

Lemma 2.1 We have

H*(Um); Z)=A,(x1, ..., xn), deg(x;) =2i—1,
H*(Spn); Z) =A, (1, ..., yn), degly;) =4i—1
such that
(1) x; and y; are primitive ;
(2) 7 () and v* (3;) are generators of H** (Q, (C);Z) and H*™' (Q, (H);Z),
respectively ;
(3) *(w) =(—1)'x;;
(—=1) %2 if i is even
* N =

@ ) { 0 if i is odd.
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From this lemma, (2) and (3) of Theorem follow. This ends the proof of
Theorem for F=C, H.

As is well-known [8, 9], there is a map T: Q. (H) —Q2, (C) such that the
following square is commutative up to homotopy

QH) —= Qum(C)

r T

4
Sptn) —— U(2n)
and there is a cofibre sequence

P(C?), 2= PH"), — Qu(H) —— Qun(C) 2= -

where p is the canonical map.

3. Sele map of a symmetric space

Let G be a topological group having an involutive automorphism ¢: G —
G. Let H be a subgroup of G such that HCG°={xE€G; o(x) =x}. Notice that if
G is a Lie group and H contains a path-component of G’ then G/H is a sym-
metric space. Lep p: G—=G/H be the projection, and define a map £:G — G by

E(x) = x0(x™).
Let kEZ. We define self maps g, fx of G by
E(x)! if k=21

=k d ( =
ple) =t and file) E(x)'x  if k=20+1.

They induce maps ¢x: G/H — G/H and &: G/H — G such that g, ©p = p © f,
and éop = £. If follows easily that éogk Op = ux© éoﬁ so that Eogk = Uk
0.

Lemma 3.1 (1) The following diagram is commutative.

¢ -~ em - ¢
S Gk Ui
p 3

G — G/H — G

(2) If GI=H, then & is injective.
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Proof. The assertion (1) has already proved, and (2) is true, since & (x) =
&(y) if and only if x5 EG’.

We would like to determine the cohomology induced homomorphism of g,.
However it seems difficult in general. We will treat this for some nice cases in
the following sections.

4. The case (C, H)

We use the notations in §2. Let J: C** — C?* be the conjugate linear map
defined by the multiplication of j € H from the right. Define o: U (2n) —

U(2n) by a(h) = JohoJ ' In words of matrices,

0(A)=Juc(A) Ji', Jn= (2 _01">

Where I, is the unit matrix of dimension #. Then, as is well-known, U (2n) =
Sp(n). Thus, from §3, we get a self map g4 of U(2n) /Sp (n), which from now
on is denoted by

mi: U@n)/Spm) — U@2n)/Sp(n) .
We will show that m is the desired map.
Lemma 4.1. Under the notations of Lemma 2.1. we have
(1) H*(UQn)/Sp) ; Z) = Azl(ay, ..., 2,), deg(z) = 4i—3, p*(z) = 221
and, for any REZL,
(2) mi (2i) =kz; .

Proof. We refer the proof of (1) to [7]. We prove (2) as follows. As we de-
scribed above, ¢ is the composition of the inner automorphism by J» and con-
jugation, and since x; is primitive, by Lemma 2.1, we see that

E* (vg) =xi—c*(x;) = (1+ (1) *)x;
thus
114+ (—=1)"*Y if b =21

i (x) =
e A+ (=D +1kx; ifk=21+1

Therefore, using Lemmas 2.1 and 3.1, we have the desired result.

To define the map r: 2P (H") . — U(2n) /Sp(n), we recall some construc-
tions. For F = C, H, let V,,(F") be the Stiefel manifold of orthonormal
m-frames in F”, G,, (F") the Grassmann manifold of m-dimensional subspaces
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in F*, and ¢q: Vi (F*) = Gn (F®) the natural projection. Define @: G (C") XI
— U(n) by

P (g1, ooy va); 1) () =x+z:lvk (e™*—1) (v, %) .
Notice that @ (q (vy, ..., vm) ; t) (x®y) =xe™ @y for x € q(vy, ..., vm) = W,y €

W*. There exists a map ¢: 2Gm (H*) 4—U (2n) /Sp (n) which makes the fol-
lowing diagram commutative.

G (H) X1 E @ XTI —— v
q 4
Gm(H") XI/G (H") x{0,1} =—— XGCG.(H"), A U(2n)/Sp(n)

Here ¢ is the inclusion map. Write

r=¢: 26, H"),=2ZPH") ,—~U(2n)/Spn) .

Proposition 4.2. Let p: U(2n) — U(2n)/Sp (n) is the canomical projec-
tion. Then, the following square is commutative up to homotopy.

SPC™, —  U@2n)
b+ b

SPHY), —— U@n)/Spn),
Proof. Define H : IXG,(C?) XI — U(2n) by
H(s, qW), t) (x) =x+v @+ —1) (v, x) +vj ™ —1) (vj, x) .
This induces the map H which makes the following commutative.

H
IXG,(C*") XTI  —= U (2n)

id Xq 4

H
IX2G,(C™)y —= U@n)/Spn)
Then H is a homotopy between r © 23p, and p © ». This completes the proof.
Given k € Z, let ¢, : 2P (H") ,— 2P (H") . be defined by

Ck [v, t] = [v, ie?]
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where kt—kt € Z and 0< kt <1. Note that ¢« [v, A1 = [v, 2*] under the identi-
fication 2P (H") =P (H") X S*/P(H") X {1}.

Proposition 4.3. For any kEZ, the following diagram is commutative.

2P(H") . U(2n)/Sp(n)
2P(H") + U(2n)/Spn)

Proof. Take [W, t] € 2P (H") , = 22G, (H") ,. Let W* be the orthogonal
complement of W in C*. By definitions, 7 [W, t] = (p © ¢) (¢ (W), t) and
Ple(W), 1) (x®y) =xe™" @ y forx € W,y € W-. It follows that

EG[w,t])=Ecpog(c(W), ) =E@(c(W), D) =(c(W), ) a(d(c(W), 1))

which is the multiplication by j ' ""je™*=¢?"" on W and the identity on W+,
respectively. Then, for ¥t € W andy € W*, we have

(Eoroc) W, i]) x @ »)=(Eon W, kt]) & & y)
:erKik‘t @y

=xe2mkl [3) y

and

(Eomeon)[W, t]) x ® y)=((u0 E0n) [W, 1]) (x © y)

=xe27tikt [23) y.

Hence é 0y ¢, =80 my ©v, therefore r © ¢, =m; © r by Lemma 3.1(2). This
completes the proof.

Therefore Theorem for the case F = (C, H) follows from Lemma 4.1,
Propositions 4.2, 4.3 and Theorem for F = C. This completes the proof of
Theorem.

5. M,-structure

For a given path-connected space X and an integer k, if there exists a self
map hx of X such that h¥ (x) =kx for all t€EQH*(X ; Q), then we say [5] that
X has an Mj-structure or that X is an M,-space, where QH* (X ; Q) is the in-
decomposable module of the rational cohomology ring H* (X; Q).

Note that any connected, finite (co-) H-space is an Mj-space for any
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non-negative integer k. So we think that if the space X is an M;-space for all &
€ Z, then X must have some structure near (co-) H-space.
As a corollary of Theorem, we have

Corollary 5.1. U(@2n)/Sp(n) and Q.(H) are My-spaces for any kE L.
Proposition 5.2. U@n+1)/0(2n+1) and E¢/F4 are My-space for any kEZ.

Proof. According to Harris [3], in the above cases, the map ¢: HXG/H —

G defined by ¢ (h, gH) =h& (gH) =hgo (97") is a rational equivalence. There-
fore € induces an epi-morphism: QH* (G ; Q) — QH* (G/H ; Q). Thus, from
the commutative diagram of the right hand side in Lemma 3.1, it is clear that
the map ¢, in Lemma 3.1 gives the desired M;-structure of G/H.

Hence U (2n) /Sp(m), U(2n+1)/0 (2n+1) and E¢/F4 are near H-spaces,
and Q, (H) is a near co-H-space.

There are many symmetric spaces which can be considered far from
H-spaces. An example is the following result of Glover and Homer (2].

Example 5.3. If Fis C or H and ##0, 1, then G, (F") is not an
M-space for the following cases:

(1) 2<m <3andn = 2m+1,

(2) m=4andn = 2m2—1.
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