
J. Math. Kyoto U niv . (JMKYAZ) 531
37-3 (1997) 531-546

Whittaker functions of
generalized principal series on S U(2,2)

By

Takahiro HAYATA

1. INTRODUCTION

This is  a continuation of the previous paper [1].
F o r  t h e  calculation o f  W hittaker functions o f  irreducib le  admissible

representation on  rea l semisimple Lie groups, the usage of the shift operator
provides u s  a  w ay  to  ob ta in  the ir d iffe ren tia l equations. In  the case of the
discrete series, m any works have been carried out on various groups such as
sp (2,R) , SU (2 ,1 ) SU (2 ,2) and SU (n, 1) i n  [9, 13, 2, 11, 4] , using the  fact
th a t  th e  W h itta k e r  v e c to rs  c a n  b e  c h a ra c te r iz e d  b y  t h e  k e rn e l o f  some
differential operators coming from the  S chm id  opera to r. A lso  in the case of
princ ipa l series, d ifferen tia l equations h a v e  obta ined  i n  seve ra l cases: S p
(2 ,R ) in  [7,8], SU (2,2) in[1].

I n  t h i s  p a p e r , w e  t r e a t  t h e  irreducib le  genera lized  p rin c ip a l series
representation it in d u c e d  f ro m  a  representation o f the  standard  m axim al
cuspidal parabolic subgroup of S U (2 ,2 ) . T his representation is large in the
sense  o f  Vogan ( [12] ) , and  the  d im ension  o f algebraic W hittaker vectors
becomes four, half of the order of the little W e y l g ro u p . Utilizing the Schmid
operator, w e obtained th e  differential equations o f W hittaker functions of
w ith  its "corner" K-type (Theorem 4 .7 ) .  T his system becomes holonomic, of
ra n k  4, hence it characterizes th e  W hittaker vectors. Furtherm ore  w e can
also find an  integral expression of the rapidly decreasing W hittaker function
under a  pa rity  condition of a  nondegenerate character of N  (Theorem 5.1).
This kind of expressions could be seen in  [2, 8, 9].

T h e  a u th o r  w o u ld  l ik e  to  th a n k  D r. T akuya M iyazaki f o r  helpful
communication, Professor Harutaka Koseki, for pointing out e rro rs on §4, and
Professor Takayuki Oda, for valuable comments and constant encouragement.

2. Brief summary: SU(2,2) and its Lie algebra

L et us review fundamental facts on the structure  of SU (2 ,2) and its  Lie
a lgebra  b rie fly . The notation is same a s  in  [1, §2].
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2.1. Restricted root system of 0, u (2,2). Let G = SU (2 ,2 )  be  the
subgroup of SL4(C) leaving the hermitian form defined by  12,2= diag (1, 1, —1,
— 1) unchanged . A maximal compact subgroup K  S  (U (2) X  U (2)) consists
of the elements in  tw o copies of U (2) whose determ inant is one. The Cartan
involution is w ritten by 0 (g) = tg - i .  We make the Cartan decomposition along 0:

g=t+p, (1 )

where, g = Lie (G), t =Lie (K ) and

liv=( _
I x

p= )

 

x12Em2(c)}. (2)

  

Hereafter, th e  blank entries a re  understood to be z e r o .  W e denote by a the
maximal abelian subalgebra i n  p  a n d  A  =exp a. T h e n  th e  restricted root
system A= d (g, a) can be described as:

d = {±2 1 ±2 2, ±22 1, ±22 2),

d+ ={2 1 ±22, 221, 222} (positive roots), (3)

Afund = {21 + 22 , 2221  (fundamental roots).

where Ai (H) )  =5 ,,  Hi= X13 +X31, H2 = X24 +X 42 for X 1 ( 5 k 1 5 1 . 1 )  1 1 ,  th e  (i, j ) -

matrix elements in M4 (C)
For the root decomposition with respect t o  (g, a), we begin with defining

some elements of g. Put,

1 —1 0 0

0 0 1 —1
E2E1= ,/- 1 + 1

1 —1 0 0

0 1 - 1

1 —1 1 - 1

—1 1 1 - 1

E3
1

— 2 1 —1
.1/ - 1

1 - 12

—1 1 1 1

1 1 1 1

—1 1 1 - 1
L , 1 1

— 2 1 1 2 1 1
1 —1 —1 1
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We also denote by Ho the  m atrix w hose (i, i) -e n try  is  ,/ -1  a n d  (j, j) -entry
is

These elements describe the root space decomposition of g:

g = c  (a) + E g 2

AEt1

where,

c (a) =the centralizer of a= {H i , H2, H12 +1134}R,

9221- {E1} R, g222 {E2} R, g 21+22 (E 3 , E 4 ) R r

g21-22- {E5, R, B -# - t tt xlx E gd.

Note that dim g± 21± 22 = 2 and that the little Weyl group W is of order 8.
Fix a  basis of tc:

h'=( h

h2=( h) 1  — (e ±
 , e± —  e i =  12,2,e±

(4)

     

where h=( e+

1 1 ), e_ = (=(\ —1 0 ) 1 are 2 x 2 m atrices. Then,

f I c = h 2, 12,21c is a compact Cartan subalgebra in tc.

2 .2 .  Cuspidal parabolic subgroups of SU(2, 2) . In this subsection,
w e consider a  m in im al parabolic subgroup P = Pm ,  a n d  a  Jacobi parabolic
subgroup Pj  of G w ith Langlands decomposition P.=MAN=M„,A.N., and
PJ =M J AA J , respectively.

Let A+ = exp a *  is  a  split component of P*  ( *  m eans either "m" o r  "f')
with

=11 00 = {H l , H2) R, (5 )

a j =  0 f2.121= {NOR. (6)

In the following, we identify A  w ith  (R > 0 ) 2 by

(ai, a2) =exp ( (log ai )Hi + (log a2)112).

Their unipotent radicals N*=exp (n* )  can be described as follows:

n — g2.1i +g222+g,3H-A2+gAi -22—  {E i li =  1 ..... 6h (7)

111- 9221+gii+A2+gA1—u —  la  - 1 , 3  ..... 6) R (8)

By definition, the Levi parts are M*=ZK(a*)exp ni *  w ith  Lie algebras:

m=RA/-1/o, /0=diag(1, —1, 1, —1), (9)
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M j -  {1/2,

and therefore,

_ f r
\12 2 n -  - r n 2 ) R, (10)r

E2, 110, n24 - 2

M= {exp (eio) • ?HOER, j= 0 , 1), y= diag (1, — 1, 1, — 1) , (11)

1
a BER, a, 'SEC,

M j= exp (Oh).
— IP12 = 1

(12)
1

(=: T • G°) =c(" x su(1, 1).

3. Generalized principal series of SU(2, 2)

3.1. Discrete series of SU (1,1) . Let Go = SU (1 ,1) and K 0C 1> be
a maximal compact su b g ro u p . W e  regard  these groups a s  subgroups of Mj

le\(cf. ( 1 2 ) ) .  Let x m (e i -  ) ° be a  character of C ( 1 ) . The weight lattice
of go =Lie (Go) can be identified with Z with property:

Xm(diag(1, e
0 , 1, e

0 ))  — x m (e 61) , enz.V-o f o r  m  z .

L et D k b e  th e  d iscre te  se ries represen ta tion  w ith  B la ttner param eter ±k.

Namely, the minimal Ko- type of D it (resp.D i) is X k, (1Z . 2), (resp. X -k, —2))
and the other Ko - types are in  the form X k+21, (resp. x-k-2,), with non-negative
integers j. W e say that the  suffix ±  is  the signature of Dk and denote it by

sgn (D i ) .  W e note tha t the contragredient representation of D if . is isomorphic

to Dk-

3.2 . Generalized principal series of SU (2 ,2) . L e t a =  (x .,  D k ) be
a discrete series representation of M. C h o o s e  E 4 , c .  By the symbol e, we

denote the character defined by  ? (ai) = e" 0
a 1 ) .

Define r j = (al O e ' l  1 )  acting by right translation where pj = 321.
W e say r j  the generalized principal (P1- )  series representation of SU (2 , 2).

3.3. Multiplicity o f K - types. W e  b rie f ly  re v ie w  t h e  irreducible

representations of K .  According to [1, Prop. 3 .1 ], k is parametrized by

=Ed1, d2; d3] G Zm) X Zo X Zidi±d2+d3E

The representation having parameter d  is denoted a s  (rd, Vd).
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L et Vd -=-  {fek21 0  k . i c/i}c be the standard basis; the action can be expressed
as follows:

rd (0.4112= (2k j —  d )) fek,, = 1, 2)

rd (ei-f)fif112= (c1) — k i)f (e-Fau,k2+32),

rd (ei—) 11412=k f (kT-au,kz-a21,

rd (12,2)11412-= d3fere2.

Let r E k .  By Frobenius reciprocity, one sees,

[7r.TIK: = E [a I KnMJ : w ][r ixn m j: w ].
C O E uom p -

W e prepare several lemmas to compute the multiplicity of r in
see that

7rIK.

(13)

(14)

First, we

n m, = (eV  0 , eAl ) = exp(@I 0) exp ( H24) I 0, CER}.

Thus the characters of K flAll  can by parametrized along the following:

(„ 13
,  e

ArLcN Ar=luie+120.(gula2)w ) —e

Clearly we have

Lemma 3.1. Let a= (xm , . Then,

1 if m=1 1, sgn (Dk)/ 2 _k and 12 = k (mod 2) ,
[aIhnm,:

0 otherwise.

Since V , decom poses into 1-dimensional K fl Mj - modules, w e have the
following:

Lemma 3.2. Let r= r[r,s  I  be an irreducible representation of K. T h en ,

— u - 2r_<11
- 212 2r — u,

1, u-2s/1-F2/22s+u,
[TIKnm,: —

11-212-4-u-1-2 11±2/2—u-1-2s 0 (mod 4),
0, otherwise.

Summing up, the multiplicity is given by,

Proposition 3.3. [7r/ Ix: r ]  equals the number of integers 12 satisfying
the following:
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(i) (mod 2),
(ii) sgn (Die) /2 k,
(iii) 212

— u +2r —m +2s (mod 4) ,
(iv) max (m —2r, — m -2s) 2 / 2

— u  min (m +2r, — m +2s) .

In  particular th e  necessary and  sufficient condition for multiplicity-one
can be described as follows: (see Figure 1 as an example.)

Theorem 3.4. Let 7-1- 1 = indg ( (X m, Dk) ( 0 e""-,  0 1 ).  Put 5D= sgn (Dk),
5.= sgn (m), (5 0 = 0 ) .  Then the multiplicity [7trIK: Trr,s.ul] =1 if and only if the
pereameter [r, s; u] satisfies 2k — u7--Em +2r (mod 4) and one of the following:

(1) r= 0, s 11711 and 5Du.2k — dpni.
(2) O r. s— Iml and u=25D ( — r+k ) — m.
(3) r+ s=iml and 5D u  — 25D5,0 +2k + 5Dm.
(4) Ir — r+ and

{

- 25Ds+25„ik +m (if  G 5 ...0 ),
— 25Dr - 25,,,k— m (if 5,36.<0).

r — im l_ s 0  and u=25D( — s+k )+m .
s=0 and 5Du 2k+5D m.

Proof. If  r[r,s.u] satisfies one of these conditions, w e can easily check that its
multiplicity in rIK  is  one.

L e t Trr,s. ul b e  a m ultiplicity-one K-type. W e assum e th a t  sgn (De) > 0
and m > 0 for c la r i ty .  If r . s — m, then  Proposition 3.3 says tha t the re  is  a
unique 12 which satisfies

12—
=

le (mod 2) and max (m — 2r, 2k— u) 2 / 2
— u

By the congruence property, 12 s— u attains m +2r. In order that exactly one 12

satisfies the above conditions, it is necessary that m —2r ._2k— u =m +2r or ks
— u .n t — sr m +2r, equivalently

u=

(5)
(6)

r>0,
2r+u=2k—m,

or
ir=0,

so we have (1) a n d  (2 ) .  Next, if Iss r see that m —2r = —m
+2s or 2k— u m —2r= — m+2s, which is equivalent to

12s+u=2k+m, r s = m ,
r+s m,

Or

So we have (3) a n d  (4 ) .  If r s+m, then we have — m - 2 s  2k — u =
—m +2s, or 2k—u —m+2s. This is equivalent to
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I
2s d-u = 2k -Fm,

or
i s = 0 ,

u 2k± m .

Hence (5) a n d  (6) follow.

FIGURE 1 .  Multiplicity - one K - types of indg ( (X-4, a t )  O e ' 7/01).

3 .4 .  Infinitesimal character o f r j . According to [3, Prop. 8.22] ,
the infinitesimal character xn, of irj becomes m-l- sgn (Dk) (k - 1) +

considered a s  t h e  element o f  (t - Fto - F a j)e  under t h e  Harish-Chandra
homomorphism (t =Lie (T)). Thus, for the Casimir operator Q  of G,

= Hi - I-  6111 +4/2 - PE1E1+ 2  tE,E Q D ,( 1 5 )
.1=3

where,

pp 2 H 2  tEzE2

2A/ 1 H24 + 4 X 4 2 X 2 4  H L  24/ — 11/24  - I-  4X24X42

Then the value xn, (S2) becomes,

x,(Q)
= x,( (Hi —3) 2 +6 (Hi -3 )  +4/2— (H24+,/— 1 ) 2 -T2.1-1 (H24 +4/ — 1))
= (m+sgn (Dk) (k 1) +.) (Hi — 9—Hi4—i+n/2)
=1)2+ (k - 1) 2 -  10+11/ 2 /2.

Proposition 3.5. Let Q  be the Casimir elem ent def ined by  (15) and let
X7r, be the inf initesimal character of irj. Then,
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( Q) = 2+  (k — 1) 2 — 10 +m2 / 2. (16)

4 .  Differential equations for Whittaker functions

4 .1 .  Shift operators. F ir s t  o f  a ll ,  we define W hittaker functions.
For a  m om ent, le t G b e  a  real sem isim ple L ie group, K  a maximal compact
subgroup and P  a  parabolic subgroup o f  G .  L e t  ( r ,  H,r ) b e  a n  irreducible
principal P-series rep re sen ta tio n . For the m axim al unipotent subgroup N of
G and its unitary character r), consider the space of intertwining operators,

Hom(R,K) (N\G)) ,

w here  I g  i s  th e  K -f in ite  v e c to r s . W e  c a ll  i ts  e le m e n t  0 ,  a n  algebraic
W hittaker v e c to r .  Choose (r ,  17;-) b e  an  irreducible representation of K such
that its contragredient z-* appears in ItIK. We fix the K-injection
cr.: 14 ,.  Define C,TE C77,7. (N\G/K) by

PIr (i ( v * ) )  (g) = (v * , 0 ( g ) )

fo r  any
 v * E V .

 W e  c a l l  0 „ , ,  a  W hittaker function o f  71- w ith  K - ty p e  r * .
We say Oir,2-1A, t h e  r a d i a l  p a r t  o f  t h e  W h itta k e r  fu n c tio n ;  it  is  fu lly
cha rac te rized  by  th e  re s tr ic tio n  o f  t o  A  b y  v i tu e  o f the  Iw asaw a
decomposition.

N ext, w e define sh if t  o p e ra to rs . L e t  g ,  t  b e  th e  L ie  algebras o f  G, K
respectively, a n d  g t + p   b e  the C a r t a n  decom position . D efine  a
K-equivariant opera tor V, called the Schmid operator,

V: C7,',,(N\G/ C ® A  (N\G/K)

F V  F =  Rx,F ( • ) ®Xi

where {Xli} is an orthonorm al basis o f  p a n d  that A d=  A dpc is the adjoint
representation of K on pc. Let r ' be an  irreducible component o f r  A d and
P r' be  its  projection to  r'. T h e n ,  Pe ° V o r the ir compositions are called shift
o p e ra to rs . Let P ,  b e  the canonical K-injection defined by

(P ' (w *), v X ) = (w * , Pe (v X ) )

for
 w * E V , ,

 v E 17r , X E pc. Note that Ad is self-dual. C onsidering

mul: 14* Opc Dv* OX zr (X) /,* (v * ) E ri n

and a composition mul0P, we see that there is an constant c=c (1-, er*; r', (cry)
such that

mul0/4-',=c • to-).
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b y  vitue o f  irreducibility o f  e .  H ere w e use the convention th a t  i f  t (e )*  is
meaningless (i.e. (1 ')  * is not a K-type of r ), then the constant c is equal to 0.

From this equation, we have, by using (g, K) - homomorphism

(mul °PP,  ( (v ) ) )v'k =cE Or (t(e)* (v'k) =c95g,e, (17)

where { i;k} is  a  basis o f Vy and {(i;k) * }, its  d u a l b a s is . The left-hand side of
(17 ) tu r n s  o u t  to  b e  e q u a l  to  13

7 ,  ° V ,7 . T h i s  in d ica te s  th a t the  sh ift
operators have W hittaker functions as "eigenfunctions".

Proposition 4.1. L et (r, Hi t ) be an irreducible admissible representation
of a real semisimple Lie group G and (r, 1/7 )  be an irreducible representation of a
m axim al com pact subgroup K  such that [ r IK :  r l  * 0 .  L e t  (2 ',  V e ) be an
irreducible component of T  Ad and K 7 , be its projector to V e . F ix  a K-injection

(resp. co-)*) of 17,* (resp. Vol.) to H. Then there exists a constant
c=c (r, ( 7 . ;  , (v ).) such that

P7' °  17 O L T -  C

Here if  c(t-)* does not exist, c is understood to be zero.

From now on, w e let G= SU ( 2 ,2 ) .  Since it is of hermitian type, we can
define the K-equivariant m aps 7±: (N\G/x) c,T.Ad± (N\G/K) by

7 + F =  E  R F (  •  )
i=1,2j=3,4

7 - F= E  R x i,F(  •  )  O X .n .
i=1,2j=3,4

Here, we put Ad±=Adp i  for the canonical decomposition Pc=P++P-.
Let .13 ± •± ) , ( resp. Fq-± '± ) be  projectors to  r- Irtl,s±1. u+21 (resp. r[r±i,s±i. u-2 ] )

defined in  [1, Lemma 3.12]. We define the following shift operators,

+0p (-1-,+)„ 7 +,

down = p(—,—) 0  - .p + ,+ ) 0  7 - ,

g (± ,T )  p ( ± , T ) .  7+, p ± ,T ) - p ( ± ,T ) „

4 . 2 .  Dimension of the space o f th e  Whittaker vectors. The
dimension of the space of W hittaker vectors can be found as follows. Let

1

1

(18)

(19)

1
F # = exp (ac) = (r, a =  —1 ) . (20)

1
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It is know n that F # G = {g eGcl (Ad g) g = g } where Gc is  a  complex Lie group
w ith  L ie algebra g c . L e t  (r, 11,) b e  an  adm issib le  G -m odule . F or aE F I

define another G-module (n-(a) , 11;ra ) )  by,

r (a) (g) v = 7r (a - - 'ga) v, 11 =H , (g E G,

If i t  h a s  a  (g , K ) - module structure, so  does r (a) . Choose {a 1a d  s o  t h a t
{r (a) }  is a  complete system of mutually infinitesimally non-isomorphic classes
of {r w laeF # }.

If Tr= indg((Xm, Dk) Oe + P -1 0 1), then we find that p= 2, i.e.,
a21= {1, a ) with rc(" ) '=indg ( (x ., Dt) O e ') / 0 1 ) .  W e have the following:

Theorem 4.2. Assume r i  is irreducible. Then,

dim Homcgm (1-A, (N\G)) =4.

Proof. If  r i  is irreducib le , then  it is la rge  in  the  sense o f  [12, T h. 6.2, f)] .
Thus we have, from  [5, Th. 6.8.1],

dim H om ()C Z  (M G ))  + dim Homcg io ( r ) ,  CZ (AG)) =8.

On the other hand, the W hittaker models with )7 of r (" ) is isomorphic to those
w ith )7' ) o f  Z. But the dimension of the space of algebraic W hittaker vectors
is determined independently of the choice of 77, whence the dimension is 4.

sgn (Dr) the parameter of r

d1 = [0, m; —2k+m]

d2 = [ — m, 0; — 2k—m]

0 ca= [0, 0; — 2k]

d_1= [0, — m; 2k - Fm]

d_2= [m, 0; 2k — m]

0 d6. = [0,0; 2k]

TABLE 1. Corner K-types r* of indg( (xm, O e 9 1 0 1 )

Remark 4.3. One has n(a)(E2) = (E2) , which will also explain the
relation (33).

4 .3 .  Differential equations for Whittaker functions. A s in §3.2,
let 7rf =indg ( (xm, D r) Oe' + '91 01) b e  a generalized principal series
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rep resen ta tion . T h e  c o rn e r  K - type r d  is  c h a ra c te r iz e d  b y  th e  following
property:

(1) dimr: is minimum in 7r1K .

(2) 71110 has the minimal Ko
- type of D .

(3) If m  *0 , the re  ex ists  a non - compact ro o t ô  w ith  respect t o  (gc, f)c)

such that rd4.6E fe and [rIK: r2+6] =0.
Choose r  so  a s  th a t  its  contragredient representation r

*  
becomes the corner

K - type of 7r,, which is eventually determined uniquely as in  Table 1.

FIGURE 2. The corner K-type in the plane: r± s=m  >0  consisting of
K - types of indg( (Xm, Dk) (ge"-PJ 01)

I n  t h e  fo llo w in g  w e  w r ite  7C 7 r j ,  z- ,(± ) =rai* , f o r  s im p lic ity . F o r  a
nondegenerate unitary character n we p u t  (see [1, §4.1]),

n2 = 1 n (E2) , no= =  (E5)+ A/ - 1 (E6) , (E5) — — 1 n (E6).

Consider the W hittaker function 0 , ,  Then,

Proposition 4.4. (1) If  sgn (Dk) > 0 , we have, for j =1,2,

g(sgn(m),—sgn(m))(pir,ri.= (M 0) (21)

u P  Oir,r(t =  0  (In = 0) . ( 2 2 )

(2) If  sgn (N) < 0, we have, for j= — 1, — 2,

gc-soo(m),soo(m))o =O ( m  0 ) , (23)

(m  _ 0 ) ( 2 4 )

Proof. If m*O, Table 1 tells us that what the parameter of the corner K-type is
and that the unique direction to make the Whittaker function vanish.
If m = 0, w e can easily  find that th e  resu lt o f  th e  a c t io n  o f  u l ' i c i " n  becomes
zero by Propositions 3.3 and 4 .1 .  Thus the proposition follows.

In  [1, Lemma 6.5], the radial part of such shift operators were calculated
in  th e  m ost general w a y .  Therefore, specializing th e  parameters, we obtain
the following:
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Prposition 4.5. L et Orz,r; (a) =Era cii? (a) f'? for j =  ±  1 , ±  2 and let
$7,1(a) =c2' ± ) (a) Jr6± ) . Then we have,
(1) sgn (Dk) >0, m 0  case:

((ai — k —2) (a2—a 2—k) — no( a 1 ) 2)CP0e ) = 0. (25)az

(2) sgn (Dk) >0, m>0  case:

("1 — j )  (a2—ab72—k-I-j)cg)± + 1) ( c —. c V ) +1  =0,Jaz
ai—j)

2
+ (j +1) cal

 — m — k- 1± j)cW,)+ 1 =0.

(3) sgn (Dk) >0, m<0 case:

(m +j) cal — k— j —  2)4 +  (i +1) ( -
c
-
L ) 'cg_)

1,0 = 0,az
( m + i )  ( a l . ) 66 )

 - I-  O. + 1) (a2 —  a b72
 — m— k- 1— j)c41,0= O.az

(4) sgn (Dk) <0, m=0 case:
2

((a 1— k-2) (02±ab72 — k) n o ( a ) ) c o(?)'- )  =O.az

(5) sgn (D) <0, m >0 case:

j) ab7 2—  k j)6 (T 2) +  (i+1.) (aA  6.1410=  0,az

(m —j) ( aA  66)+ 0. +1) (ai —m—k—l±j ) 6 a 0 = O.az

(6) sgn (Dr) <0, m <0 case:

(m+i) 0.+1)(a).0(,-i+ni=o,az

(m ± j)( a )  4 1) ± ± 1) (a2+ai n2—m—k— 1—  j)c 1= O.az

From the  C asim ir operator, we get another proposition b y  [1 , Lemma
5.1] .

(26)

(27)

Let (a) = (a)Pkil), and so 07,,a (a)Proposition 4.6.
=CP06± ) (a)f(Te± ) . Then,
(1) s g n  (Dk) >0, m>0 case:
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o f+ a l- 6 a1-2a2—ald+2770 (ai/a2) 2 +2 (j — k) 722d (28)

+ (2j —m) 2/2) c@) +2 (m — j +1) (ci1/a2)c)--1
—2 (j + 1) 1/a2)côl,)+1-= (v 2 +  (k —1) 2+ M 2 / 2 )  c 1))

W hen m=0, c2' + )  also satisf ies (28).
(2) s gn  (DI ) >0, m<0 case:

ca?+a1-6a1-2a2—al1i+2770 (ai/a2) 2_2 (m +k+j)122ai (29)

+ (2j +m) 2/2) a ) +2 (1 —m (ai/a2) 6221,0
—2 (j + 1) (a1/a2) c4i,o = (v2 +  (k —  1) 2 —  10 +m 2 /2) 66) .

(3) sgn (Dk) <0, m>0 case:

(af-Fal-6a1-2a2H-ai n (E2)2+2770 (al/a2) 2 +2 (k—j) 1 2ai (30)

+ (2j —m) 2/2)4- 2 ) +2 (m +1) (ti1/a2)e (iiTo
—2 (j +1) (ai/a2)6-Ti ),()= (v 2 + (k 1) 2 —  ±M 2/ 2 ) 60 ) .

W hen m=0, c2' - ) also satisf ies (30).
(4) s gn  (Dk) <0, m<0 case:

o f + a - 6 a1-2a2+477 (E2) 2 +40 (ai/a2) 2 +2 (m +k+ j) 772ai (31)
+ (m +2j) 2/2)(744 ) +2 (1—m — j) (ai/a2)e 2 1

—2 (j + 1) (ai/a2) cô5Vi = (v 2 +  (k — 1) 2+ 1 1 / 2 / 2 ) 4 7 1 ) ,

From these propositions, we find that

(a), = (c m  j, — rn) (6 0- 2 ) , = (CÔ-Jg —m), (32)

(C1(3) , 172) = (60- 2 ) , 7)2) , (ciV1) , )72) = (66) , — 172) . (33)

Therefore we mainly treat the typical case: sgn (Dk) >0, m

Theorem 4.7. L et r j  =  indg ( ( X . ,  D k ) 0 e' + ".1 0  1 ) .  Assume sgn

(/:) ) >0, m For T =  rto,nE m - 2k1, consider the W hittaker function

E.; a )  A li) . Put a ) (a) = exp (ain 2/2)ar k +2 - i a r i h? ) (a). Then, V )  ,
(j 0 ..... m) satisfy  the following:

(a1a2—  (at/a2) 2 )70) h?) = 0, (34)

(af+a-F2(m+k —2j — 1) (0 1 + 02) +27 )2aZa2 (35)
k — 2j - 1) 2 V 2 ) h (j1 ) = O.

These two differential equations become a holonomic system of rank 4.

Proof. When m = 0, each equation is a  d ire c t consequence o f Equations (25)
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a n d  (2 8 ) . W hen m >  0, E qua tion  (35 ) i s  a  consequence o f  (28) , while
E qua tion  (34 ) is  o b ta in ed  fro m  E q u a tio n s  (2 6 ) a n d  ( 2 7 ) .  T o  show  the
holonomicity, w e find  tha t th e  left - hand sides o f  E quations (34) , (35) and
t h e i r  P o isso n  b ra c k e t b e c o m e  a  GrObner b a s i s .  T h e n ,  calculating its
characteristic variety, w e find the dimension is tw o, and  the  ra n k  is  four on
the plane without the singular locus.

5. Integral expression of Whittaker functions

In th is section, we obtain an  integral expression of the rapidly decreasing
solution of differential equations in Theorem 4.7.

Put formally,

ait  d t"1/1/ (a) =  f (t) exp( no
0 t 4 a )  t

fo r 0 c  C  (R , 0 ). T h is  is  a  general solution of E quation  (3 4 ) .  T he formal
relation

t 4ai t
(ai+52)1v=f-2ato(t)exp(n° t d ta l

0

tells us, from  (35), that

(4 +4 (m +k - 2j — 1) at +772 t + (m - kk — 2j — 1) 2 - 1)2) 0=0,

with a t= t(d /d o. Put v -=j - a n d  0 (t) =1)-w-1-k-21-D-1)2 (v)  to get

d2 0 +( ( 4 7 72) + 1/ 4 7 2)0=o. (36)
dv 2

T his tu rn s  ou t to  be  W hittaker's d ifferen tia l equation . I f  722 <0, we denote
by 1/1704 ,(2,/ - 772v) the rapidly decreasing solution of (36).

Theorem 5.1. Let rcf  = indg ( (x m , Dk) 6' 0J 0  1 )  be an irreducible

generalized principal series representation of G .  Let =  Ecl) (a) AV be a

rapidly decreasing Whittaker function of 7r1  with the corner K -ty pe r$ given by
Table 1. Then,
(1) sgn (t3) >0, m case: if 172 <0,

4))) (a) = C1 (8 17 2) a ia 2

ix  f  t 2j—m—k+1/2 woo) / • \ exp 4 122120 a  A_ 
t 2

0 t2 16n2cii/ 

d t

t

(37)

(2) sgn (Dk) >0, m < 0  case: if 172 <0,
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( 8) ( a )  = C 2 ( 8 7 )  e ) m - i  
( —  e z 4 / 2 0 + 2 - 0  a ir m  + j

x  f  r 2 i - m - k + 1 / 2 w 0,
 / exp

4772170 a t2 d t  
t21 6 7 2 2 a i i  t

(3) sgn (N )  < 0 ,  m  0  case: if 17 2> 0,

c;0- 2) (a) =C-2 ( —8722)
os t 2 )d t4x  f\ (   Yhno ai exp

t21 6 7 ) 2 a V

(4) sgn (Dk) <0, m <0  case: if 172 >0,

c ( i 1) (a) = C-1 (8772) m-T - u2a//-1-2+jalp-m+,

ix  f  t-2J-m -k+1/2w or„ /•\mexp ( 4n2r)0 a t2
 dt 

t21 6 1 7 2 a )  t

Here, C±1, C ± 2  are comstant multiples determined independently of the choice of j.

Proof. Nondegeneracy of 17  says that 170 i s  a  nonzero negative num ber. So
t h e  p a r i ty  condition of  1 72 im p l ie s  th e  c o n v e rg e n c e  o f  in te g ra ls  in  th e
right - hand  s id e . O n c e  i t  converges, it c lea rly  sa tisfies  E qua tions (34 ) and
( 3 5 ) .  Keeping in  mind the convention for other cases, we can readily deduce
the  o th e r  eq u a tio n s . T h e  proof of th e  rapid decrease o f  th e  functions when
ai/a2— 'co and a 2 — 'co is completely same a s  [9, Theorem (9 .1 )].

Remark 5.2. These expressions are very sim ilar to  those in the case
of Sp (2 ; R ) (  [8, Theorems (9 .1 ) ,  (9 .2 ) ]  ) .
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