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O n a property of Nirenberg type operator

By

Haruki NINOMIYA

§ 1 .  Introduction

L e t  X  b e  a  now here-zero C "  c o m p le x  v e c to r  field i n  R " .  Let
= I f  E C "(R "); X u  = f  h a s  a  C I s o lu t io n  n e a r  t h e  origin.}  a n d  Sx =

I f  E C '(R n ) ; X u = f  has a  C 1 so lu tion  near the origin such that du(0) 0).
The following facts are  classically well known:

(1) .91 S x  i f  X  is real-analytic, where d  denotes th e  s e t  o f  real-analytic
functions in  Rn.
(2) S x  =  C°(R 2 )  if  n = 2, and  X(0), X (0) a re  C-linearly independent (In  this
case, X  is  an  elliptic operator).

A nd w e can easily obtain the  following fact owing to H61mander [1] and
Treves [4]:
(3) Sx =  C ° (R )  if  X  is  a solvable operator at the origin.

Though it is trivial, we also know the  following fact:
(4) d  Sx  C ' ( R " )  if  X  is  a non-solvable operator at the  origin and  real-
analytic.

W e thus see Sx = SA' i n  each case of the above. D oes there exist a  non-
solvable vector field X  such that S x  S x ?

This paper aim s at showing that the answer is " Y e s " .  We shall give such
vector fields L OE,  which we call Nirenberg type:

Let ( t ,  x )  b e  a  real-valued C 0 (R2 ) function satisfying t h e  following
conditions:

(A .1) a( t ,x )> 0 in  a neighborhood w of  the origin.
(A .2) T here ex ist positiv e c o n stan ts  c , d , an d  a monotonously increasing

sequence {p n }  of  positive integers such that

f fp (p k )a (t ,x )d td x  9
(Pk + d)(Pk +

f o r every sufficiently large k , where D(p k ) =  ( 0  
P

, -1 )  x  (0 , -1 ) .
k Pk

We shall define L OE in  th e  following manner:

La, = at + 421+ a)ax.

Then we assert the  following
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Theorem A.

Example (This is obtained by modifying an example of Nirenberg [3 ]  ( p. 8)).
1

Let an,p =
+ +

(n ,p  = 1, 2, ....) and {13,,p }  the set of non-overlapping
(n p  -  1 ) ( n  p )

open discs in  the  (t, x ) plane satisfying the following conditions:

(i) The ordinate of  the center of  B n ,p  equals  
11

p +1
+  

2p(p +1) .

(ii) The abscissa of the center of Bn , p equals

(ai, p  + a2, p  + •  + an -i,p  + )•2
a„,p

(iii) The radius of  B n ,p  equals -1 -a

2

P

•

N ex t le t  {f„, p }  b e  th e  se t o f  C  functions hav ing the following properties
(n, p = 1 ,2 ,....) :

(i) 0 < <

64 18 
(ii) f  vanishes outside of B n ,p  and  equals

t ( n  + +1 ) -
 inside of  the closed

T p 
p

disc C,,,, with radius 
 4

'  ,  where the ordinate of the center of  Cn ,p  equals that of  B n ,p

and the abscissa o f  the  center o f  C„, p  equals that of
Next we def ine a  C "  function r(t,x ) as follows:
( j) r(-t, x ) r(t, x).
(ii) r(t, x ) = fn , p  in
(iii) r( t ,x )  vanishes outside of  the union of  all the
Finally we define a(t, x) by oc(t, x) = r(t, x).

Then w e can check th a t the conditions (A.1) and (A.2) are satisfied. The
proof is given in §4.

Now, to prove Theorem A, we first derive a  necessary condition on f (t , x) for
a f t/ + iaax u = f  (t, x ) t o  have a  C 1 so lu tio n  near the  origin such that ux (0) 0
under the following assumption:

(a.1) a = a(t, x ) is a  real-v alued C(R 2 ) function.
(a.2) a(0 ,x ) vanishes identically.
(a.3) T here is a  neighborhood co of the origin such that
(a.3.1) t fa(t , x ) - a(-t, x )}  >0 i n  f t ol n co
and
(a .3 .2 )  a(t, x) + a(- t, x) 0  in  co.

Hereafter for a function F(t, x ) we shall denote by Fe  and  Fo  the even part of
F(t,x )  with respect to  t  and the odd  one.

1



Nirenberg type operator 541

Now we have the following

Lemma 1  ( [ 2 ] ) .  A ssume (a. 1) and (a.3.1). Then there exist a neighborhood
Q ,  of  the origin and a function w (t,x ) e C I (Q )  such that

min(infp„ Re w,, infQ Im w x )  >  0  and  (0 , + ia a (t, x) )w  = 0  in On.•

Hereafter we shall set m(w, S2) min(infQ„ Re w x , info „ Im wx ). T h en , we obtain
the following

Theorem B .  A ssume (al) , (a.2 ), and (a.3). L et w  and  Q  b e  an y  one of  the
couples o f  a function an d  a neighborhood satisfy ing L em m a 1. L et a C " (R 2 )
f unc tion  f (t,x ) be  g iv en . A ssume that

L a u a,u+iaax u= f (t, x)

has a  C I solution near the origin such that u(0)  O. Then, there exist positive
constants C1, N, an d  To, where To is independent of  w  and Q w ,  such that, f o r any
simply  connected domain D  contained in  (0, To) x (— To, To) ns2,, with piecewise
smooth boundary ap, the following holds:

(i) In  case  o f  fe (0) f  0,

fD a, dtdx + Cl i t  { R e  f e (0) + Im fe (0) Im f e  + f e ( 0 )  Im f e

— Im fe (0)R e fe N m (w , Q)Ve(0 )12  + —2  d td x  <  suP°D1w1 I °D1 

(ii) In case o f  fe (0) 0,

2 suPaD 1ODIf p  ae dtdx + (1,Ti + Re f e + Im  fe )  dtdx <  m ( w ,  o w )  

where the N  can be replaced w ith oo and the To is independent o f  N  w h e n  f  O.

This is proved in  §2  an d  by m aking use of the estimate in  Theorem B,
Theorem A  is proved in § 3.

§ 2. Proof of Theorem B

C A S E  f e (0 ) f  O. W e  s h a l l  set u 1 = e (0)u. Multiplying u 1 b y  a  suitable
constant e i 0 ,  w here O  is a  rea l num ber, w e  can  assume th a t  Re(e i û tie

/ ),,(0, 0)
a n d  Im(e i e ue )  (0 , 0 ) are positive, so  f ro m  b e g in n in g  w e  c a n  assume that

0x ue
/ (0, 0) a  and Im ax u,/, (0, 0) fi are positive. Let us set  5 =  min(a, /1).

Let N  be a positive constant. Then, since
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Re f e (0) Re f e + Im  fe (0)Im f e — 11;(0 )12 + —N
1R e  f e (0) Im f e — Im  fe (0)Re fe + —N1

are positive a t the origin, we take a positive constant T1 small such that

Re f E,(0)Re f e + Im  fe (0)Im f e —  Ife (0)12 + —N1

and

Re f e (0) Im f e — Im f e (0) Re f e +  
1

are positive in (— T1, ) x (—Ti,Ti)
Next we take a positive constant T2 such that

L au ' = f e ( 0 ) f  in UT, = ( — T2, T 2 )  X ( T2 , T2 )

6 6
Re 0,,u‘ > axue > 11 U T .  = ( — T2, T2) X ( — T2 T2 ) •

Then we take a positive constant To such that To <  min( T i , T2). By setting un  =

ti1 +  ( 1 (:1)121
 N

+  i ) t ,  it follows that

Lau l l  = e(0 ) f 1.fe(3 )12 1
N
+

6  2
Then setting y =  (20 ) 1 6 ,  we see inf uTo Re Ox ve —

2  
• =  1  and infu ro Im O x V e  >

5 2

Now we remark exV„(0, X )  = O. And also, from

L a y =  (2/5)L a ti l l  =  (216)(—f e( 0 )f +1fe(°)1 2 I
 N

+

we have

(2.1) (at + icio a x )v, = —iae a x ve + ( 2 /6 )  —fe(o)fe + I L( 0 )12 1
N
±  I. } •

So we see

aty0(0, x) = —2(1+ 
i)

N 6  .

Here taking N  sufficiently large and To sufficiently small, we can assume that

1M  =  max (suplatvol, sup la x v —
2

.
tirou r o
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A s it has been remarked,

inf Re 0,u, > 1, i n f  I m  x v e >  1.
uTou T o

Now we obtain the following

Lem m a 2. F o r  any  sim ply  connected dom ain D  contained in  (O. To) x
(— To, To ) (I Q. with piecewise smooth boundary,

(2.2) i ae w„0,v, dtdx + (2/6) tf e (0)ft, — lf,(0)1 2 + I N
±  i } w, dtdx

D D

= tve,vo dt + wax v„ dx.
OD

P ro o f  From  (2.1),

— w„{ (0, + ia0 0.,)v 0 }  = iae w„Ox v , + (2 / 6 )  f  e ( ° )  —  lf(0)l 2 +  I N
+ i }wx•

A nd hence we have

JD —14.-v{(at kl o ax )V „} dtdx

= ittew„0„ve dtdx + i f  (2/6) { f e (0) fe — lf,(0)1 2 + 1 w  dtd
D

x
 D

The left-hand side above =

if — {W.verVo W te x 1 )„ }  dtdx = fiD dov(t, x) du„(t, x)} = 1, D  we t v„ dt + w v0 dx,

ending the proof o f  Lemma 2.

From this lemma we have, by setting C1 = 2/6:

(2.3) f f  [ a e {Re 0,v, Im w, + 1m 0 v Ve Re w,}] dtdx

+ C i

D  
[{Re f,(0) R ef, + Im .0 0 ) fe  —  fe(0 )1 2

 + i }
 1m  w

1
+  {Re L(0) Im f, —  Im f e (0) R e  + 1,T i }  Re w, dtdx

<  f dl + wi) x u„
. ;ID
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Denoting min(inf uTo Re axve, inf uro Im  y 0 )  by  mo, from  (2.3) w e have

(2.4) m(w, Ow ) [ mo f f ae (t,x ) dtdx + C I f  f {  Re f e (0) Re f , + Im  fe (0)Im  fe

D D

+ Re f,(0) Im f, — Im fe (0) Re Ife(0)12 dtdd

livatut, dt + wax v„
OD

Since mo > 1 , a n d  M = max(suP ur
os u P  u To laxvol) w e obta in  th e  fol-

lowing inequality:

ae dtdx + C i f i D  {Re f e (0) Re f . +Im  f e (0)Im  f ,

+ Re f,(0) Im f e — Im f,(0) Re f  — Ife (0)12 + dtdx

< supau 1v1 . 1 aD1 

1 1
—
N

+ Re f e . —
N

+ Im  fe

are positive a t the origin, we take a positive constant T1 small such that —

1  

+ Re f ,

a n d  —
1

+ Im f ,  are positive in  (— Ti,x (—Ti, T 1 ). W e  sh a ll s e t  ti* = —u

(1 + i)t
N

Then w e take a positive constant T 2  such that

1
L ,u *  =  f

+ i
 in U x l  7 '  T 1T , = - 2 ,  -  2 ,  -  -  -  2 ,  -  2 , ,

6
Re ax it: >— Im > —  in U T, =  T2, T2) X  ( -  T2, T2).2 ' 2

2u*
Setting y = '  w e have6  

(it + iaoax)ve = — i(lea.vve (+ (2/6) —

m(w, Ow)

which gives the assertion (i).

C A S E  f e (0) = O. The reasoning is nearly sa m e :  First we may assume that

Re ax ite (0, 0) a > 0 Im a,u e (0. 0) > O.

Let us set 6 = m in(, fl) . Let N  be  a  positive  constant. Since
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So,
—2(1 + i)

atv0(0,x) = N 6  

Then we take a positive constant To such that To < min(Ti , T 2 ) . By the same
reasoning as in the preceding proof, we find the following:

We can take positive constants To (which is independent of w and a y ), and N
such that

, 1
M  =  max ( sup 1 atvol, sup laxvoi - - - 2- ,

UT0 UT0

inf Re exve >
UT0

1, in f  Im  a x ve >  1,
UT0

and for any simply connected domain D contained in (0, To ) x (— To, To) (1 S2„. with
piecewise smooth boundary,

i ae wx 0x ve  dtdx + (2 /6 ) (fe +
N  

w, dtdx = we,ve  dt + wOx vo  dx.
D D

Thus we obtain the asset' on (ii). When f  0 , the conclusion stated in the last
part of the assertion (ii) is easily obtained, completing the proof.

§ 3. Proof of Theorem A

Assume

=

Since S i - 0 , L Œti = 0  has a  C 1 so lution near the origin such that u ( 0 )  O.
Setting ao (t,x ) = 2 t, we easily find that

w = (1 — i)(t 2 + ix) a n d  O w  =  R 2

satisfy Lemma 1; in  this case w e see 114/1 {2(t 4  +  x2 )} 1 / 2  a n d  m(w, (2,,,) = 1.
Taking a positive integer No such that Nc7 1 <  To, for every integer p  such that
p > N o, from Theorem B  we get the following:

ffD

a ( t  x) dtdx < 8p 2

by tak ing  D  =  ( 0 , ! )  x  (0,
1

) .  B ut this contradicts our assumption (A.2),
P P

ending the proof of Theorem A.

§ 4. Proof of Example

We have only to prove that the a(t, x) satisfies the condition (A.2). First we
shall set c  =1 , d  = 2, and Pk  =  1,2, .... By putting Pk = p , the left-hand side of
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the  inequality o f (A.2)

00
ff  a dtdx + E a dtdx

n=i k=p+111 C i,k

n a 2 64 18 E irc k 64. 18n,p•  
16 7 t(n  +p  + 1) -  k _ p + I 16 tr(k + 2) 2

cc
2

2  + 
o o

 1 8  2  12
 E=  E  1 8  [

(n + p — 1)(n+ p)(n+ p+1)] [k(k  +1)(k  +2)] .
n=1 k=p+1

Since

n=1

2
( n + p - 1 ) ( n + p ) ( n + p + 1 )  ( n + p - 1 ) ( n + p )  ( n + p + 1 ) ( n + p )

1 1 f   1 11
n + p - 1  n + p  t n + p  n + p + l j

1 2 1
n + p - 1  n + p  n + p + 1

and

2 1 2 1 
k ( k + 1 ) ( k + 2 )  k  k + 1

+
k + 2 '

w e have

2 2cc 2 co 2 E 18 
[(n+ p — 1) (n+ p)(n+ p+1)1 118 k (k +1)(k  + 2)n=1

n =1 [( n +P - 0 2
+

( n + P r  (n+P + 1 )2 4 { n ±P — I  n +1 P }

cc 1 4 1 1 8

{ 1  4  
1

1 1
n + p - 1  n + p + 1 } n + p  n + p + 1

}1

+ 18
k = p + 1  tc

- ( k + 1 ) `
+

 (k
4

+2)` { k  k  + 1 f
1 4 11  1  1

+

4

{k+1 1 k +1 2 }  ±  kl  k l + 2 1 ]
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= 18
1 4 1

+ ++ p  1  y7 p  0 2}

4 +  f 1 1
P  1 P  

+ 
 + 4p+ 11

{1 4 1 4 4 1i i
+

k` ( k  + 1 ) '
+

 (k  2 ) 2p + 1  p - 1 - 2
+  

p +1
+  

p + 2

= 18[
L=

, +
[ { ( n + p - 1 ) `  ( n + p ) 2 ( n + p +  1) 2 P  P  +

1 4 1 1 3 3  

+  18° É )  

L'

1 + 4 13 3 1

k= p+1 I
c

2
c  0 .

„ + (k  + 2 ) 2 }  p + 1 p + 2

= 181v--.Gc 1 1 6 1 3 6 3  
12 2_, + 2 +

k=p+2 n P (p +1) 2 ( p  
+ 2 ) 2

 P + 1+  2

So we have only to  prove that, for sufficiently large p,

1 1 6 1 3 63
12 —

n2 
+ 

p 2  
+ 

( p 0 2  ( p  4 . 2)2 p  p + p ± 2n=p+2

- S(p)
1

- 2(p + 1)(p + 2) .

N ow  w e see  th e  following Lemma 3  holds, which shows th a t  th e  above
statement is valid, ending the  proof.

Lemma 3. F or every  positive integer p,

S (p) >
2(p + 1)(p + 2)

P r o o f  W e shall show this by mathematical induc tion . First,

3 1) + 1 + i  - § - 3  - 3 - 1

+ +  +  ...............................
9 1= 2[6{(1 - 2  + ) 1-2 _ 2-2 1]9

= 2 [ 6 (  -  1  -  1

4
) ]  -  9

 2

2 (7r2 -  6  -  -3  -  -9 )  -  -12  4 9
= 2(9.86960440 ......... -9 .75) -0 .1111  .........

= 0.1196 ...........

+ 18
k=p+1

S(1) = 12(3-
2  +  4 - 2  +  5 - 2  + ............



 — 1 22(p ± 2)(p + 3 )
11 6 1

-= p+ 3
n 2

▪ (

p + 1)2

▪ (

p + 2 )2 ( p + 3)2
n 

S(p + 1)
1
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O n the  otherhand 12 = 0.083 ..........  A nd so surely,

1 
S(1) > 

2  •  2  •  3
.

1
Next assume S(p) > Then

2 ( p  + 1 ) ( p  +  2 )

. 

3 6 3 1
p + 1  p + 2 p + 3  2 ( p +  2 ) ( p +  3 )

=  1 2  Lp+2 n

1

2 ( P  +  3 ) 21
+  

(I) + 1)2
+  

+ 2 )2

11 6 

1

 

3 6 3

 

1

         

(p + 3) 2 p + 1  p  +  2  p + 3 2(p +  2)(p +  3)

1 3 6 3 1
2(p+ 1)(p +

+  

p

 +  

p + 1

+  

13+ 2+ 2
+

+ 2) 2

6 1 12 1
(p + 1 ) 2  p 2 ( p +3)2 ± ( p + 1)2

61  36

(I) + 2 )2 ( 1 )  + 3 )2 P + 1 p + 2

3 1
p + 3  2 ( p +  2 ) ( p + 3 )

1 3 6
(I) + 1 )(P + 2 )(13 + 3) 

+  

P(P + 1) 
+  

(1) + 1 )(13 +

3 7 5 1 13 

+ 2 )(P + (p + 2) 2 (p  +  1 ) 2 P 2 ( p  +  3) 2

A2 

P (P  + 1 )(P + 2 )(P + 3 ) [p(p +1)(p +2)(p + 3)] 2

where

A1 p  +  3 (p  +  2 )(p  +  3) + 6p(p + 3) + 3p(p + 1) = 12p2 + 37p + 18
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and

A2 =- 7 {P(P ± 1 )(P ± 3 )12 -  5 {P(P + 2 )(P + 3 )12

—{(p+ 1)(p + 2)(p + 3)} 2 — 13{p(p + 1)(p + 2)} 2

7p 2 (p2 + 4 p  + 3 ) 2 5p 2( p 2 + 5 p  + 6 ) 2

13p 2( p 2 + 3 p  + 2 ) 2 _ (p 3 +  6 p 2 + + 6 ) 2

71,2 (194. •  , ,
p 3+ 22p2 + 24p + 9 )

_ 5 p 2
( p

4 •+ 10p 3 + 37p 2 + 60p + 36)

—13p2 (p 4  + 6p 3 + 13p 2 + 12p + 4)

—(p 6 +12p 5 + 58p4  + 144p 3 + 193p 2 + 132p + 36)

= (7p 6 + 56p 5 + 154p 4  + 168p 3 + 63p 2 )

—(5p 6 + 50p 5 + 185p 4  + 300p 3 + 180p 2 )

—(13p 6 + 78p 5 + 169p 4  + 156p 3 + 52p 2 )

—(p 6  +  12p 5 + 58p 4  + 144p 3 + 193p 2 + 132p + 36)

= —(12p 6 + 84p 5 + 258p 4 + 432p 3 + 362p 2 + 132p + 36).

A n d  so

S = [(12p 2 + 37p + 18)p(p + 1)(p + 2)(p + 3)

— (12p6 + 84p 5 + 258p 4  + 432p 3 + 362p 2

+ 132p + 36)]/[p(p + 1)(p + 2)(p + 3)] 2 .

A n d  th e  num erator

[(12p 2 + 37p + 18)p(p 3 + 6p 2  + llp + 6)

—(12p 6 + 84p 5 + 258p 4 + 432p 3 + 362p 2 + 132p + 36)

= p(12p 5 + 72p 4  + 132p 3 + 72p 2 + 37p 4  + 222p 3 + 407p 2 + 222p

+ 18p 3 + 108p 2  + 198p + 108)

—(12p 6 + 84p 5 + 258p 4  + 432p 3 + 362p 2 + 132p + 36)

= 25p 5 + 114p 4  + 155p 3 + 58p 2 — 24p — 36

> 292,

co m p letin g  th e  proof.
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