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On the bamboo-shoot topology of certain inductive limits
of topological groups

By

Takashi EDAMATSU

§0 . Introduction

Let {(Gntn), chn+i n } n € N  b e  an inductive system o f  topological groups G n

with topology r,„ each On+i n being a  continuous homomorphism of G,, into G,,+1.
P u t G =  fim G,, and  Ti n d  =  lim Tn . N . Tatsuum a— H . Shim om ura T . Hirai [2]
showed by two counter examples that 'rin d  is not necessarily a  group topology
fo r  G .  They also showed that if  th e  given inductive system fulfils th e  "PTA-
condition", there exists for G the finest group topology that makes every canonical
map 6,, o f  G„ into G  continuous. Such a  topology is, of course, coarser than
rind. They called such a  topology the bamboo-shoot topology for G, denoted by
rBs, and gave a r B s-neighbourhood base at the unity e of G as the collection of all
sets

U[k] U„> k  O n (U  00 ,1 -1 (U  n  —I) •  •  •  k (U k )0 (U  k )  •  •  •  O n -1 (U n -1 )O n (U n )

with k = 1, 2, ... and U 's each  of which runs over symmetric neighbourhoods of
the unity ej  o f  (G1 ,21 ), j  k. Here the PTA-condition is  a  moderate one and
stated as follows:

(0.1) Vn, VU, U, V = V - I V m  >  n ,  V W , ]W ',

W'Omn(V) Omn(V)W,

where U, V (resp. W, W') denote neighbourhoods of the unity en  o f  Gi ,  (resp. en , of
Gm )  and = 6mm-i ° ° On-El n. For instance, any inductive system consisting
o f  locally compact Hausdorff groups fulfils this condition and in  this case Ti n d

happens to coincide with TBS. T B S  in  general seems to be a  topological- group-
theoretic analogue of the locally convex inductive topology of the inductive limit of
locally convex vector spaces (see Propositions 3.1 and 3.2 in [2]).

Now let us bring an inductive system of Banach algebras A n (n  E N ) with the
limit algebra A  lim A,, (in algebraic sense). L e t  z 1 denote the  locally convex
inductive topology o f  A  as the  inductive  lim it of B anach  spaces A n . In  an
appropriate circumstance this system yields an inductive system o f  topological
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groups G(A n )  having G (A ) as its limit group, where each G(A n )  consists of all
invertible elements in A n  and inherits the norm topology and G (A ) consists of all
invertible elements in A .  In the present paper we study the topology rns of G(A)
and shows that rns is just identical with nu  relativized to G (A ) (Theorem 1). We
shall also obtain a  similar result for another circumstance of An 's (Theorem 2).
Our treatment yields a s  a  special case, in particular, the result obtained in A.
Yamasaki [3] for the inductive system of toplogical groups G L„(C (X  C)), X  being
a compact Hausdorff space (for details see Example 5 below). Moreover it will
be shown that for the inductive systems of topological groups dealt with in the
present paper the topology Ta w gives a group topology only when all An  are finite-
dimensional. This fact enables us to produce abundance of elementary examples
for which rin d is not a group topology. Here we shall use the following criterion
theorem due to Yamasaki [3].

Theorem Y. For the system  {(G„ -c,),O n +i n } n E N suppose that each ( Gn r i, )  is
f irst countable and that each 0„+ 1 n  i s  a  topological isomorphism o f  ( G ritn )  onto a
closed subgroup of  ( Gn-Firn+1). (  The PTA -condition is not assum ed) Then, r i n d is
a group topology for G if  and only if  one of the following two conditions is fulfilled
with some no c N:

(C1) Each ( G n rn )  (n no) is locally  compact;
(C2) Each On n o ( Gn o ) (n no) is open in (G,,Tn)•

§ 1 . Preliminary: Strict inductive limits o f Banach algebras

Let

tfr.(A111 11 ) (A211 112) &" ( A 311 113) • •

be a strict inductive system of Banach algebras over C (or R ) ,  each din+1 n being
assumed to be a  norm-preserving algebra isomorphism into. L e t  A  = lim A n  =

Utli n (A n )  be its limit algebra in algebraic sense, din being the canonical imbedding
isomorphism of A r, into A , and rie t be the locally convex inductive topology for A
as the inductive lim it of Banach spaces. As known from the theory of locally
convex vector spaces ([1]), the following h o ld : (i) The space (A  r i c t )  is  Hausdorff
and complete; (ii) t i c  induces the norm topology of each din  (( A nil n ) ) , that is, each
din ((4 n 11 11,)) is a closed topological vector subspace of (A  T t ) ;  (iii) A subset of A
is xie t -bounded if and only if it is a bounded subset of some ti/n((An11 Mn)). In the
sequel each (A,11 Li ) and its din -image in A  are identified and every 11 11n is denoted
b y  11 11.

Now, for each decreasing sequence c: ci > e2 > • • • > 0 of positive numbers,
define a  seminorm 11 11, on A  as

(1.2) 11a11, inf{ HakIllek; ak e  A k , a = ak (finite sum)} (a e A),

and put
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(1.3) UE = fa E A ; OM, < 1 }

= {E ak  (finite sum) ; ak  e A k  E
k
< 1 } .

Lemma 1. The fam ily  { U6 }2 gives a neighbourhood base a t  0  in  (A  rie t ).

The routine verification o f this lem m a is om itted. N ote tha t in  this lemma
the sequences e  m ay be confined to such ones that ETLI E k  < 1.

Remark 1. It is eas y  to  s e e  th a t  in  finding th e  infimum in  (1.1) the  de-
composition a = E k a k  (ak E A k )  of each a c A  may be confined to such ones that
k  min{ n; a c A n }  and non-zero ak  corresponding to each o f such k  appears at
most once.

Lemma 2. U,U, U , holds if  e l < 1 .

P ro o f  Let a, b e LIE. Choose their finite decompositions a = E k ak (ak E A k ),
b  = E l k  ( b i  A I )  such  tha t E k

,

11 I ek
 < 1 ,

 E t < 1 .  P u t t in g  n(k , 1) =
ak An}, we have ab = E k 1  akbi = Ei En(k m =i ak bi. Hence

Ilabll, E. ; E n(k,1)=j akbi

    

Ej n(k,1)-jiladllb111 /eke/ (since ek,ei ei  <1 )

k lladiek < 1 -

This proves the assertion.

Lemma 3. The lim it algebra A  becomes a  topological algebra with respect to
net, that is, the multiplication is jointly  continuous w.r.t. rict•

P ro o f  Given any a, a' c A  a n d  U,. Choose U,, with e < 1  so  th a t U, , +
U, , + U, , g  U , and a c  (0  1 ) so  that aa E U,,, e U, , . Then, for the sequence
e "  = le ': OCE > cce >  •  >  0 , w e have U, ,, = oc U,, and  so  aU, ,, = acaU, , g  U €

2,
U,, by Lemma 2. Similarly U,,,a U, , , a'U,,, U,,, U,,,a' Hence

(a + U ,,,)(a' + U ,) a a ' + U „ , + U, , +

g aa' + U, (since U,» g U, , ).

This proves the joint continuity under question.

Lemma 4. T he algebra A  has identity  e  if  an d  only  if , for som e no e N,
each A n  (n  n o )  h as  id e n tity  e n  a n d  din+1 n(en) e n + I h o ld s . I n  this case en  =
e (n n o )  h o ld s  u n d e r the identification of  A n  an d  IIJn (An)•

P ro o f  Since A A ,„ th e  "o n ly  i f "  p a r t  is obvious. Conversely, by
assum ption , n + i( e „+i)  =- „ + 1 (11/ „+] „(e„)) = „(e„) (n no ). Hence, putting e =
tlin (en ) (n no ) ,  w e have the identity of A.
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§2 . Results for the case of A  with identity

As is well known, the invertible elements of a Banach algebra 91 with identity
e make a Hausdorff topological group, which is open in 91, by inheriting the norm
topology o f 21. In  particular each element e + a  for a e i  s . t .  a I  <  1  has the
inverse (e + a) - 1  = e —  a + a 2 — • • • .

Now bring the strict inductive system (1.1) of Banach algebras A n and its limit
topological algebra (A  tic t ). I n  th is section w e assume th a t A  has identity e,
namely, by transfering to a cofinal subsystem if necessary, that all A n (n  1) have
a  common identity e  and each i/J 1 „ m aps e  to  e  (Lemma 4).

N otation . G (A „): the topological group consisting of all invertible elements
of A n inheriting the norm topology of A .

G(A): th e  group in  algebraic sense consisting o f  all invertible
elements o f A.

Proposition 1. The group G(A ) is open in (A  n e t )  and becomes a  topological
group inheriting the topology tict of A. T he fam ily  te + G; Ekcci i  Ek < 1} gives a
neighbourhood base at e o f  this topological group.

P ro o f  Given a neighbourhood e  + G  of e in (A  tict), where E T  Ek G 1. If
a e  G ,  the re  is  a  finite decomposition a = E ak  (ak  e A k ) s.t. Ek Ilak II/Ek < 1.
Hence OH e k  < 1 .  Therefore th e  in v e rse  (e + =  e  —  a  +
a2 — • • • exists in  those A „ to which a  belongs. T hus e + G  g  G ( A ) . N ow  let

1
a c J3- U (=  U ( l / 3 ) ,  g  G ).  T h e n  a" e —

3 n  
U , (n  = 1 ,2 , ...)  b y  L e m m a  2  a n d  so

II E,,11(—a/"Ile E,T-1 E —1_ 3n—  < 1 . H ence E,;1_1 (—a)  c U . Therefore
(e  + U ,) - 1  g  e  + G .  Since e is arbitrary, this shows that the invertion operation
in  G(A ) is ti-continuous at e. Next, for any b e G(A ) and any neighbourhood
b - 1  (e  + G ) of we have ((e  + G )b) - 1 c b - 1  (e  + U ,) . This proves that the
invertion operation is 'n e t -continuous at b. In view of Lemma 3 the verification is
now complete.

Since each 0 maps e to  e, it is obvious that the inductive system (1.1) of
Banach algebras gives rise to the inductive system

(2.1) G (A i ) G(A2) G(A3) L 11 •  •

of topological groups and that lim G(A„) = UG(An) = G(A) holds as set. M o r e
generally suppose that there is given a  topological subgroup G„ of each G(A„) so
th a t G„ g G„± 1 . Then the system (2.1) further gives rise to an inductive system

(2.2) 4'21 '1112 ti/43G1- +  •  •  •

of topological groups. Needless to say, (2.1) is included in (2.2) as a special case.

Proposition 2. The system  (2.2) fulf ils the PTA -condition.
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P ro o f  We check (0.1) for this system . For any n and any neighbourhood U
of e  in  Gn we can choose a  symmetric neighbourhood V  of e  in  Gn  s o  th a t  V  g
U n le + a; a E <  1/21. Given any M  >  n  and any neibourhood W of e  in
G„,. Take 6 > 0 so that

le + a; a e A,„,114 < G ,,, g W,

and put

W I = { e + b; b E A m,1114 < 614}  n Gm.

Then, for u e V  and w' e  +  h E W', we have w'v = v(v- I w'v) = v(e + v - l bv ) and
Ilv-11111b11111)11 < c5 (since II tr IlvII < 2). Hence w'y c vW which implies

W' V  OE VW.

To get the main results of the paper (Theorems 1 and 2 below) we set here the
following technique

Lemma 5. L e t  H  b e  a  subgroup o f  G ( A ) .  A ssum e that f o r each  k  E N
a n d  each neighbourhood 0 „  o f  0  in A n (n k ) ,  th e re  c an  b e  c h o s e n  a
neighbourhood Q„ of  0  in each A ,, (n k )  so that { U ,,, k (Qk + • • • + Qn)}  n H ' g

n >  k  { ( 0 k  rI H ')+  • • • +(0„ n H ') } ,  w here H ' = H  — e. Then, f o r t h e  system
(2.2) with Gn  = G (A n ) n H , the  topology T B s  of  its limit group lim  G,, = U Gn = H
coincides with the topology 'n o  o f  lim  A „ = A  relativ ized t o  H .  ( Hence, in  this

 <  1 }
(see Proposition 1)).
case, a TBs-neighbourhood base at  e H  is given by  { (e + U„) n H;

P ro o f  ( T h is  p r o o f  w a s  s u g g e s te d  b y  P r o f .  H .  Shimomura.) Since
T lc t  relativized to  H  is a  group topology by Proposition 1, it is coarser than TBS.

W e prove the  converse . G iven any TBs-neighbourhood U[k ] = Un > k  U „ U r i - 1  •

U kU k • • • U,,_1 U,, o f  e  in H , where each Uj  is  a  neighbourhood of e  in  GJ  (see §0).
Since each G (A i) is  o p e n  in  Aj ,  w e can choose a  neighbourhood 0 .1 o f  0 in
Aj  ( j  k )  s o  th a t  Uj  ( e  +  0 )  n H  =- e + (0, n H ') .  Then, obviously, U[k]

n>  k  
1 4

 •  •  •  
t i

" U t i> k  fe+  (Ok n H ') + • • • + (0„ n H ') } .  Therefore the  assump-
tio n  o f  th e  lem m a enables u s  to  choose  a  sequence E: C i  E 2 >  • • • › 0  so
that E i

oe_ i e l < 1 and U[k] U n > k  + + • • • + Q n ) n H T  w here  Qj  = c  Ai ;
Ilall < Ei-k+11 (./ k ) .  N o w  su p p o se  a c U, n H ' .  T h e n  a = E I

N_ I a1 and
11a111/E1

(Qk + • • • + QN±k-I) n H ' .  Thus after a ll (e + U,) n H  g  U [k], which completes
the proof.

tiv ized to  G(A ).

P ro o f  Since G (A ) is  open in  (A , r1 ), th e  assumption o f  th e  lemma 5 is
fulfilled fo r H  = G(A ).

Indeed, (G(A) — e) fl A i is  open in A (Vi) and  therefore, for given Gy ( j  k )
in  Lemma 5, one can  take  0 i  r) H ' = O i n (G(A ) —  e) a s  Qi's.

<  1  f o r  s o m e  N  a n d  al E  A l .  H e n c e  al E Qi+ k-I a n d  a c

Theorem 1. T he topology T B s  o f  G(A ) = lim  G(A „) coincides with Tic t rela-,
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Proposition 3. T he topology Tind f o r G(A) = lim G(A n )  is a group topology
(nam ely , rind =  r I 3 S  holds) if  and only  if  all A„ are finite-dimensional.

P ro o f  Each G(A n )  is first countable and closed in  G(A,„) (m > n). But it
is  no t open in  G (A ,„). In fact, A„ is  no t open in A„, because A„, is connected
a n d  A„ is closed in it. Therefore, fo r  any 6 E  ( 0  1 ), there can be chosen a e
Am \A„ s t .  aM  < 6. Then e + a c G(A,„)\G(An). Therefore e is not a n  interior
point of G(A„) in G(Ani ) and so G(A„) is not open in G(A n i ). Thus, by Theorem
Y  in  §0 , the  following equivalency obtains: ri n d  is  a  group topology •4=> every
G(A „) is locally compact (n 170) <=> some closed ball {e + a; Hall < 1} in An
is  compact (n 3no) <#. every A,, is finite-dimensional.

Remark 2. The norms o f An 's altogether define obviously a  norm o n  A  =
U An and A  becomes a  normed algebra (incomplete). G(A) is a topological group
by this norm topology relativized, denoted by r n o r m ,  a s  w e ll. O n e  has t n .  TBS
and the equivalency rnorm  =  r13S <=> 3n 0, V  n no, A,, =  A„„. This equivalency can
be checked easily by the completeness of (A  n e t ) ,  Baire's category theorem and the
definition of the topologies of G(A).

Example 1. Let X =1-1„̀xi i X„ be the product space of compact Hausdorff
spaces X„ a n d  C (X ,C ) b e  th e  Banach algebra consisting o f  a ll C-valued con-
tinuous functions on X equipped with the uniform n o rm . F o r  each n let A„ be the
Banach subalgebra o f C(X,C ) consisting of the functions depending only on the
variables Xi E X, ( i=  1, . . . , n). Then a strict inductive system A I —> A 2  --*  A 3  — 4  •  •

of Banach algebras is obtained, where each —> is the natural im bedding. A ll A„
and A  = lim A t, = U A n have the constant function 1 as the common identity and—>
each —> m aps 1 t o  1. Thus the above results apply to this system . N ote that
each G(A n )  is the totality of never-vanishing functions in A n . It is easily seen by
Proposition 1 that 1- Bs for G(A) is strictly finer than the norm topology of C(X. C)
relativized to  G (A ). Proposition 3 shows that rind —  ri3S  holds if and only if every
X„ is  a  finite set.

Example 2. Given an inductive system H I —> H 2  H 3  •  •  of Hausdorff
groups H,,, where each —> is a  topologically isomorphic imbedding. Let Mo(1-10
be the usual Banach algebra formed of all bouded complex Radon measures on 11,,.
F or each pf , E Mo(H„) define pn + i E Mo(Hn + 1) by p„ 1 (B) = p,(B n H„), B being
B orel se ts of Hn + 1. N ow  take  a  sequence of com pact subsets K1 o f  H„ s.t.

The Borel structure on K = Ulcc 11(1 induced from H„ and that
induced from H n + i coincide. Furthermore, for any real Radon measure p on a
completely regular space X , one has Ikull =suptu(B)—p(Be); B is a Borel set of X I.
Hence 11/1n11 = n+111 follows. Thus each  M o (H )  is imbedded into Mo(Hmi-i) by
identifying each p„ with p 1 , and a strict inductive system Mo(111) M 0 ( I -12)
Mo(H3) • • • of Banach algebras is obtained. Here each Mo(Hn )  has the Dirac
measure 6,. as identity (e denoting the common unity of all Hn ), which is mapped to
(50 E Mo (Hn + i )  by —>. Thus the preceding results apply to this system. Proposi-
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tion 3 show s for lim G (M o (H „))  G(lim M o(H „)) th a t 'rind  =  T B S  holds if and
only if  every H „ is a  finite group.

§ 3 . On the case of A without identity

It is essentially th e  following two cases th a t A  = lim  A „ has not identity
(Lemma 4):

C ase 1. N o  A„ has identity.
Case 2. Every A „ has identity e„ but there exist infinitely many n  such that
n (en ) e,,+1;
In either cases we introduce a  new strict inductive system of Banach algebras

w ith identity . That is, adding a  formal common element ë to  a ll A „ and A . we
make the direct sums of vector spaces Â„ = A„ + Ce, A + Cê and define the
multiplication in them by

(a„ + océ)(b„ +13C) = (au b,, + gb„ + flan ) + Œ/3C (an , b„ c A n , a, )6 e C)

and similarly f o r  A . Then 4„, 4 become algebras with identity é. Further each
An becomes a  Banach algebra by the norm  Ila,, + lé- 11 = Ilanll + Through this
procedure the strict inductive system (1.1) o f  Banach algebras A „ is extended
uniquely to a strict inductive system

- 0 , 1 - 043(3.1) A1 A 2  — 4 A 3 • • •

of Banach algebras 4„. Here each é E 4„ is mapped to é e A--„+ 1 b y  Cyn + ,„. It is
of course that the  limit algebra o f this system coincides with A. 4  is endowed
with the locally convex inductive topology, denoted by i ic t , of th is system . 4 is
then a  topological algebra by Lemma 3. In  this section we intend to apply the
preceding results to the  system (3.1)

Lemma 6. fic t for A -  = A  + CC! coincides with the product topology of  ri c t  for
A  an d  th e  usual topology  of  Ci;

P ro o f  T he seminorms Il L generating ric t a r e  extended to the  seminorms
Ila +  c C  =  lla  +  IOEI o n  th e  space A-  = A  + CC. L e t  denote the stated product
topology. Obviously is generalized by these extended seminorms. On the other
hand, fic t is generalized by the  seminorms

la + Œë =  in f { k k I ek (finite sum);

E ok = a (ok  E  Ak), = a}

each o f  w hich is another extention o f  II II o n  A .  H ere w e have lla+ ell
+ e -1 1 10(1 since Ek kI/tk E k 1411 CI a n d  conversely lia + aélre

11a11,- +11"11:, = llal,. + lleI l l . Hence the assertion follows.
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Now le t us consider the  topological subgroups

(3.2) G, = (A n + -e) n G(4,),Ô  = (A +  n G(A)

of each G(4„) and G ( 4 ) .  Here note that G(4,) = (C\{0})6„, G(:4-) = (C \{0})Ô
and 6,2 = G(A- „) fl Ô . R ecall that an element a of an algebra 21, having identity or
not, is quasi-invertible by definition if there exists b n U s .t .  a + b + ab = a + b+
ba = O. Let qi(A„) (resp. qi(A )) denote the totality of quasi-invertible elements in
A, (resp. A ) .  Then it is evident that

(3.2') 6, = ê + qi(A„),Ô  = C + qi(A).

The system (3.1) induces an inductive system

•(3.3)

o f  topological subgroups o f  G(4„)'s, which fulfils the PTA-condition by Propo-
sition  2 . Its lim it group lim  6,, = U 6„ coincides with Ô.

Theorem 2. Suppose A  has not identity. T h e  set qi(A ) is open in A  = lirn A n

bearing 7
Ict • The bamboo-shoot topology, denoted by i Bs , on the limit group Ô  =

+ qi(A ) is induced from -rid  for A . That is, a i B s -neighbourhood base at C in d is
given by  f é + U,;E k̀

c_ i ek  <11, w here each Ue i s  the sam e as  in  (1.3).

P ro o f  é + qi(A ) = (é + A) n G (4 )  (see (3.2), (3.2')), a n d  G (4) is  open in
fict )  b y  P roposition  1 . Therefore, in  virtue o f  Lem m a 6, it is evident that

qi(A) is open in (A, T t ) .  T h e  remaining assertion of the theorem just means that
f l3 S  coincides with fi ct re la tiv ized  to  G. S o  o u r  t a s k  i s  t o  show th a t for the
subgroup H  = G = qi(A ) o f  G (4) th e  assumption o f  Lemma 5 is fulfilled.
Given any k e N and any neighbourhood O. of 0 in 41 ( j  k ) .  It is obvious that
the set ô  n H ' = O n qi(A ) is open in A1 . Hence, as Q i 's  in  Lemma 5, the sets
CC + (Of  n qi(A )) (say) can be taken.

Proposition 4. The inductive topology for 6 as the lim it of  (3.3), denoted by
i i n d ,  coincides with 7 B S  i f  and only  if  all A n are finite-dimensional.

P ro o f  The verification goes in parallel with the proof of Proposition 3. We
have only  to  replace G(A n )  and e  there by 6„ and J.

Here we give a n  example belonging to C ase 1 above.

Example 3. Bring the inductive system of Hausdorff groups H,, in Example 2
but assume that every group H„ is infinite and discrete. Let H  denote the limit
group of this system bearing the bamboo-shoot topology, i.e., the discrete topology.
For each n, consider the commutative Banach algebra Co(H,), with uniform norm,
o f  all C-valued functions o n  H„ vanishing at infinity. It is obvious that each
Co (H„) can be imbeded in  Co (H) by regarding each f  E Co(H,) as the function in
Co (H ) s.t. f  O  on  H \H „. Thus a strict inductive system Co(Hi ) —+ C'0(112)
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Co(H3) —> • • of Banach algebras without identity is obtained. It is obvious that
lim Co(H„) U  C o (H „) is dense in the Banach algebra Co (H ) .  Hence the role of
e" must be played by the constant function 1 on H .  For this system one has G =
1 + If E  C o (H); Range(f) — 11. By Theorem 2 i 'l3 s  for G  is induced from  T1c1

for Co (H ) = lim C o ( H ) .  Furthermore Proposition 4 shows that f i n d  differs from
f- Bs for the present case because every H „ is  a n  infinite group and  so C o (H )  is
infinite-dimensional.

Now let us consider Case 2 .  (Note that in this case each A,„ has identity et ,
but (2.1) never gives an inductive system of groups because 

n + 1
 ,,(e,,) 0  en ± i for

infinitely many n.) In this case we have equivalency a c qi(A n ) <=> e„ + a c G(A,„).
Hence gi(A „) = G(A n) —  e„ and  so , by  (3.2'),

(3.2") Gn = G(A „) (e — en).

Here note tha t é" — e„ is  an idempotent element o f 4,„ and  therefore it makes a
single group contained in  A- r,

Proposition 5. Suppose each A „ has identity e,, but A  does not. T hen each G „
is given by (3.2") and topologically isomorphic to the direct product of G(A „), which
inherits the norm  topology of ' A ,„ w ith the single group — e,„} in  A „. (  Hence
Ô = U{G(A„)+ (é — en )} . )

P ro o f  Since a(ê — e„) = re — e„)a = 0 for a E A „, the assertion is obvious.

Example 4. Let H  = H 1 + H 2  +  H 3  +  •  •  •  be an orthogonal sum of countably
many Hilbert sp aces . Put H (") = H 1 + • • • + H„ for each n and consider the usual
Banach algebra B(H (") )  formed o f all bounded linear operators o n  H (") . Each
B(H (") )  has identity I ( n ) . By identifying each T ( n ) E B (H (") )  w ith  T  c B (H) s.t.
T  = T (") o n  H (") ,  and  =0  o n  11("4  i n  H , a strict inductive system o f  Banach
algebras B(H (") )  is obtained w hich belongs to C ase 2 .  N ote  th a t  B(1/ (") )  is
identified with P (") B(H (") )P (") a s  Banach space, P (") deno ting  the projection of
H  o n to  H">. l iM  B ( H ( n ) )(=U  B (H ( " ) )) is s t ro n g ly  d e n s e  in  B (H )  because
P (") TP(") converges strongly  to  T  for every T  E B ( H ) .  Hence th e  role of the
common identify "é for this system must be played by I, the identity operator on H.
Therefore, by (3.2"), 6„ =  T E G (B (H ));T  W I )  E  G(B(IP" ) )), T  = I  on
where G(B (H)) denotes the totality of regular elements in  B ( H ) .  Proposition 4
shows for G- = U 6,, in  this case that ;f

:jnd  =  i B s  holds if  and  only if  all H „ are
finite-dimensional.

Example 5. Let A  be a  Banach algebra over C  (or R ) with identity e, and
M „(A ) = {a = ((J )/ J = 1 a i i  E  A I  b e  th e  fu ll matrix-algebra o f  n-th order with

[eelements in  A (n = 1,2, ...). E ach M „(A ) has identity ./„ = ' . L et A"
e

be the product Banach space of n  copies o f A , the norm of which is defined by
IlblIn = maxillb/II = (h i , , h„) E A "), and B(A ") be the Banach algebra formed
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of all bounded linear operators on A". T hen  it is  easy  to  see  tha t each  M n (A)
is  a  Banach subalgebra o f  B (A ") . By identifying each a = (au ) e M n (A ) with
[a  0

0  : 0
. e M oo (A ) a strict inductive system of Banach algebras M n (A ) is obtained

which belongs to Case 2. P u t M (A ) = lim M „(A )(= U M ( A ) ) .  It is obvious
that the role of the common identity for W A Y  and M(A ) -  is played by the matrix

/  a

0

= e 1 .  By (3.2") we have Gn 0
; a E G L (A )  ,  where

• 

GL (A ) = G(M n ( A ) ) .  A s  to a  i B s-neighbourhood b a s e  at I  'n Ô  =
tim  ( =  U  .d a ), denoted by GL(A), Theorem 2  a p p lie s . Proposition 4  shows
th a t  'f in d  = TBS h o ld s  if  a n d  only if  A  is finite-dimensional. T he  case  o f A =
C (X ,C ), X  being a com pact Hausdorff space, was treated in  Yamasaki [3] in a
direct m a n n e r . (Of course C(X , C ) represents fo r a ll commutative C '-algebras
with identity.)

§Appendix

Let H  (n =1, 2 , . . . )  b e  Hausdorff groups satisfying th e  first countability.
Put G , -= H1 x  • • • x  f i n  and let n be the canonical imbedding of G  into  G +1 .
For the inductive system {Gn, 

1' n + l
 ,„}„E A , of topological groups thus obtained, it is

easily seen by Theorem Y that fi n d  is a  group topology for G = liM  G n if and only
if all H n a re  locally compact, or all bu t a  finite number of H n a re  d iscrete . The
first counter example given in  [2] is just the case H1 = Q, H n =  R  (n 2), which
satisfies neither o f these requirements.
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Added in  proof. Corollary A .11 in  Appendix of [4] asserts that every strict inductive lim it of
topological groups is a  topological group w.r.t. T ind• I am afraid this assertion, however, runs counter to
the examples given in  the  present paper and [2].


