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The Hopf algebra structure of the cohomology of the
3-connective fibre space over the special unitary group
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1. Introduction

Fix a prime p and let SU (n) be the 3-connective fibre space over SU(n) for
n=2.73,...,0. Note that SU (n) is a Hopf space with a inverse since the product
and the inverse of SU(n) induce those of SU (n) respectively.

In this paper, we determine H *(S'Z/(n);Fp) as a Hopf algebra over </, the
mod p Steenrod algebra. The results are stated in §2.

As a Hopf algebra over «/,, H ‘(ﬁ](oo);F,,) can be easily determined by
inspections of the cohomology Serre spectral sequences associated with the
fiberings

CPoo — SU(OO) N SU(OO)
SU(0) 2 SU(w0) — K(Z,3)

except one cohomology operation
@1).’2,;+1 = &pXap-1| (0#¢,€F,)

where X4,_1 is the generator of degree 4p — 1 in the image of the homomorphism
g%, induced from the covering projection ¢, while y,,, is the generator of degree
2p+1 not in the image of ¢’ . This action will be shown in §3 by use of
the mod p decomposability of SU(o0) (Adams [1]) and the information of the
homotopy groups.

For finite n, H *(§f] (n); F,) can be almost determined as a Hopf algebra over
s/, by the results of H*(SU(n);F,) and H* (SU(oo);F,,). However, major dif-
ﬁcultles will be encountered if one wants to know the coproduct and the .7 -action
of y,,, where r is an integer such that p"” '<n<p’" Here Vypr 1s the only one
generator of degree 2p” which is neither in the image of qn nor_in that of 1
where ¢, : SU(n) — SU(n) is the covering projection and iy « : SU(n) — SU(oo)
is the map induced from the usual inclusion i, o : SU(n) — SU(c0). We shall
determine the coproduct of j,,, in §4 by computing the homomorphism induced
from the commutator map of SU(n) in two manners and comparing them. On
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the one hand, we compute directly @m the coproduct, on the other hand, we
decompose the commutator map of SU(n) and apply the results of Bott [2] and
Hamanaka [4]. Here, for a Hopf space with a inverse, the commutator map is
defined as the one which maps (x,y) to xyx~'y~!'. In §5, we shall deduce the
cohomology operations to j,,, from those to the coproduct of y,,.

Remark 1.1. Let %(n) be the 3-connective fibre space over Spin(n) for n =
7,8,9,10,...,00 and :S‘;(n) the 3-connective fibre space over Sp(n) for n=
2,3,...,00. Asa Hopf algebra over &/, where p is an odd prime, H*(%(n);Fp)
and H*(Sp(n);F,) can be determined by the results of this paper together with the
natural inclusions and the p-equivalence

Spin(2k — 1) — SU(2k — 1),
Spin(2k) ~, Spin(2k — 1) x S*='  (k =4,5,6,...);
Sp(n) — SU(2n).

(Moreover, H *(§;(n); F,) can be also determined as a Hopf algebra over </, quite
easily.)

The author would like to thank Professor Akira Kono for his advices
and encouragements. He also would like to thank the referee for some useful
comments.

2. Results

In this paper, for any Hopf algebra, the reduced coproduct map is denoted by

‘b‘):mfb<o or a—b < 0.

We shall show the following theorem.

a*. Let pk =8q%* if p=2 and (

Theorem 2.1.  Let p be a prime and n an integer such that pil<n<pfora
positive integer r. As a Hopf algebra over of,, H*(SU(n);F,) is given as follows.
(i) As an algebra,

H*(SU(n);F,) = Fy[75,r] ® A(Zi(k € Apy), i (k € By.n))
where

Apn={2j+11<j<nj#pp*....p7"},
Bpn={2j+1lj=p,p*....0"}

and deg X, = deg j, = k. (In particular, H *(ﬁ/ (00);Fp) is an exterior algebra.)
(i) The coproducts are given as

(@) if p is an odd prime, @*(y,,) = Y, Xk ® Xk and other generators are
k.k'eApn
k+k'=2p"

primitive,
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(b) if p=2, @*(Jypm1) = Y. Xk ® X and other generators are primitive.
k,k,Esz,,
ktk!=2r+!
k<k’

(In particular, H *(ﬁ] (00); F,) is primitively generated.)
(i) The cohomology operations are given as
(@) for any ke A, ,, BXx =0 and

k-1
is ( 2 )ikw(p—l) (k+2j(p—1)€d,n),
07 Xk = i

J
0 (otherwise),
() By =0,
15 _ [ eXapr (n=2p),

© p Yp+1 =99 (n < 2p) where 0 # ¢, € Fp,
(d) y~2pk+| = ppk*lppk_z e ppy~2p+l (k =2, 3a FRER r)a
@) Byyr =Voprs1>

Ve (k=r),

ek
(f) 9 Fopr = Zl Xy p X, (p=22<k<r-=2),

Jj=

0 (otherwise)

where e =min{2%~! — 1,n— 21 —2k-1} gy =2"+2Kk+1 -2/ and ) =
2r 42k 14 2j.

3. Proof for n = ©

As stated in the introduction, H *(ﬁ](oo);Fp) is easily determined as a
Hopf algebra over .7, except ' Vap+1 = €pXap—1 Where 0 # ¢, € F,.  In this section,
we prove this cohomology operation. Let K{n) be the n-connective fibre space
over K for any space K.

According to Adams [1],

SU(00) () =~ Xi X Xa X -+ X X

where for j > 1, my1(Xk) = Zpy if j=k (modp—1) and 7wy (Xi) =0 other-
wise. Put ¥ =X, x---x X,_;. Then, we have

SU(00)<3Y () = SU(a0),)<3>
~ X, 3>x Y

and H*(X\{(3):F,) = A(¥3,,1, X4p_y--.) where yj,, and Xy, | correspond to
and X4, respectively. Further, we have

SU(0),,<2p — 1> = X;(3) x Y<2p — 1.
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Assume that ! Vyp+1 = 0. By inspecting the cohomology Serre spectral se-
quence associated with the fibering

K(Z,),2p) — X1 Q2p+ 1> — X1{3),

we can easily show that H¥2(X;{(2p+1):F,) #0. It contradicts that
(X1 (2p+1)) =0 (k <4p—2) because of Hurewicz theorem.

4. The coproduct of y,,

As an algebra, H*(@(n);F,,) is easily determined also for finite n by the
fibering

CP* — SU(n) - SU(n).

As stated in the introduction, H *(ﬁ] (n):F,) can be almost determined as a Hopf
algebra over ./, by the results of H*(SU(n);F,) and H*(.ST('J(oo);F,,). Then, we
shall argue the only two problems stated in the introduction. In this section, we
shall determine the coproduct of y,,,. In §5, the last section, we shall determine
the cohomology operations to y,,.. Clearly, it suffices to consider the case n = p”
for each positive integer r.

Here let G=SU(p") and q=gq, : G — G, the covering projection. We
consider the commutator map

c:GxG—-G
which maps (x,y) to xyx~'y~!. For the definition of ¢, we can define a map
:GAG—G
as the one which makes the following diagram commute:
GxG — G
1 A
GAG

where 7 is the natural projection. On the other hand, using the inverse map of G,
we define a map
i:GxG—G

by é(x,y) =xyx~'y~'. The map ¢ satisfies the condition that it makes the
following diagram commute up to homotopy:

G

J”

G.

G x
qqu
G x

c
R

(o))

G —
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Note that any continuous map from G x G to G which satisfies the above
condition is homotopic to ¢ since G x G is 3-connected. Moreover, we define a
map

E:GAG—G

as the one which makes the following diagram commute up to homotopy:

Note that ¢ certainly exists and is unique up to homotopy since G A G is 3-
connected. Then, we have the following diagram:

G

‘q

G
/

where 7 is the natural projection. We can show the following lemma which we
need later.

jod ot c
S

N

X
axq G

GxG

n

GAG

Lemma 4.1. ¢o(g A qg)oRt~¢.
In fact, it follows from
goco(gngq)ori~c'o(qnq)or
~c'omo (g xq)
~co (g x q).
Moving j,,, modulo decomposable, we may put
A" (Fyr) = Y _(primitive) ® (primitive).
Then, by the definition of ¢, we can directly compute that
(4.1) & (apr) = " (Fape) — & 0 " ()

where a: 4 x B— B x A is the switching map for any spaces A, B.
On the other hand, we can compute ¢*(j,,.) as follows.
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For k=2,3,...,p" — 1, we define maps
i SUKk) ASU(p"+1—k)— SU(p")

as the ones each of which is the composition of ¢’ and the smash map of the
natural inclusions. Similarly, we define maps

Ewy s SU(k) A SU(p" +1—k) — SU(p")

as the ones each of which is the composition of ¢ and the smash map of the

natural inclusions. For k =2,3,...,p" — 1, the map ¢, satisfies the condition
that it makes the following diagram commute up to homotopy:
SU(p")

T

SU(k) A SU(p"+1 k) —— SU(p").

o
Note that any continuous map from SU(k) A SU(p"+ 1 — k) to S'f/(p’) which
satisfies the above condition is homotopic to ¢y since SU(k) A SU(p" +1 —k) is
3-connected.
Recall the following homotopy fibre sequence:
QS¥* 2 SU(pT) - SU(p" +1) — S¥'*.

Since SU(k) and SU(p"+ 1 — k) commute in SU(p" + 1) up to homotopy, there
exists a map
Ay : SU(k) A SU(p"+ 1 — k) - QS¥'H!

such that do Ay ~¢/,,. Then, we have the following diagram:
(k) (k)

QS+ _° ﬁ](pr)
k

Qs¥+ 2, su(p)

k)

’

N0

Ak

~ SUk) A SU(p"+ 1 —k)
where J is induced from 9.

Lemma 4.2. ¢y) ~ do Ak)-

In fact, it follows from
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Lemma 4.3. 5*()72p,) = ao(syr+1) (0 #acF,) where syry1 is the modp
reduction of the generator of H*(S¥*'*',Z) and o is the cohomology suspension.

Proof. Note that
Qs¥ 1 2 SU(p") — SU(p" + 1)

is a fibre space up to homotopy. By_the Serre exact sequence, we have
H¥' (SU(p" +1);F,) — H¥' (SU(p ") Fp) = 5 (QS»*1.F,) (exact). Since no
indecomposable element is in H%" (SU (p" +1); Fp), yy,r is not in Kerd* and hence
the lemma follows.

Moreover, we can show the following lemma by the results of Bott [2] in a similar
manner to Hamanaka [4] lemma 2.4.

Lemma 4.4. l;k)(d(sbr.,.])) = X%-1 ® X2(pr4+1—-k)—1
By lemmas 4.2, 4.3 and 4.4, we have the following lemma.
Lemma 4.5. é(*k)(j}Zp') =axy-1 @ X2(pr+1-k)—1-

Accordingly, we have

¢*(Vopr) = a E Xok—1 @ Xopr—1
kk'>2
k+k'=p"+1

by the definition of (). Therefore, we have by lemma 4.1 and (4.1)

Ao(gAg)ody)=a Y X®k
etk =2p"
Kok € Ay pr

= ﬁ*(j}Zp’) —o” oﬁ*(ﬁZp’)‘

Consequently, moving y,,, modulo decomposable again and multiplying y,,. and
Vi(k € By, pr) by non-zero scalar if we need, we can obtain the coproduct of j,, as
stated in theorem 2.1.

5. The cohomology operations to y,,

In this section, we shall determine the cohomology operations to y,,r €
H* (SU (p");F,). We consider the non-trivial cases " Vopr for k <r—1. Let M
be a vector space over F, and aq;e M for /e L. Then the vector subspace
generated by {a;} is denoted by <{a;(l e L)).

Firstly assume that p is an odd prime. By the Cartan formula, ﬁ*(p"k Vapr)
must be of the form

B (0" Do) =D (2®@2 +2' ®2),

while since
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OF Fopr € i (11" € Ap pry 1+ 1" = 2p" + 2p (p — 1))
and
B (Xi%p) = %1 ® Xy — X1 @ X4,

ﬁ*(ppkﬁzp,) also must be of the form

B (0 Tpr) =Y (W@ W —w' @ w).

Hence ﬂ*(ppkﬁzp,) is zero and so is go"kﬁzp,.
The case p =2 is more complicated. By the Cartan formula,

B¢ o) = Y (S M@ % + % @S¢ %)
11'e Ay 5r

I+1'=27+!
<l

since we can easily show the following lemma.
Lemma S5.1.
Sq'% ® S¢*" % =0
where 1,1' € Ay or, 1+ 1" =21 [ <" and 0 < f < 2K+,
Moreover, we can get
(S 7n)

2k

D Fgy, @y, Y 2@ (2<k<r-2),
=1

Zz@z' (k=0,1,r—1)
where degz < deg z’. Since
SG* " oy € CRiFp (11" € Agpe 1+ 1" = 271 4 2K+,
we can obtain Sg2**'j,... as stated in theorem 2.1.
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