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A necessary and sufficient condition of local integrability
By

Haruki NiNOMIYA

§1. Introduction

Let X, be a nowhere-zero C* complex vector field defined near a point P in
R”. We shall say that X, is locally integrable at P if the equation X,u = 0 has C!
solutions uy,us,...,u,—; near P such that du; A duy A -+ A du,_1(P) # 0 (see [3],
(4], [5], and [12]).

Generally, the following is known: X, is locally integrable at P if X, is real-
analytic or locally solvable at P (see [14], for instance) but there exist non-solvable
vector fields which have no local integrability (due to Nirenberg [9]).

In this article we are concerned with the case where n = 2.

The equation X,u = 0 near P can be transformed into that of the form

Lu = (0, +ia(t,x)0x)u =0

near the origin in R?, where a(t,x) is a real-valued C* function.

Though there are several partial results ([7], [8], [10], [11], [12], [13], [14] for
instance), the problem is open to get a necessary and sufficient condition for Lu =
0 to have a solution near the origin such that d,u # 0:

Suppose that a(¢,x) is real-analytic with respect to x. Then the equation
Lu =0 has such a solution by the existence theorem of Cauchy-Kovalevskaya-
Nagumo.

So let a(¢,x) be not real-analytic with respect to x. In the case where the
function ¢ — a(¢,x) does not change sign in {f;(z,x) € O} for every x by taking
a neighborhood @ of the origin, we see that the equation Lv = —ia,(t,x) has a
C*® solution v near the origin by the local solvability of L; thus we find that the
function

X

J| ~iate 0 expute 0y + [ expiot0.mjan

is one of the solutions satisfying the equation Lu = 0 with d,u # 0 near the origin.
In the last case where the function 7 — a(t, x) changes sign in {z; (¢, x) € 0} for
some x by taking any small neighborhood @ of the origin, there exists an example
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of the equation* which admits no non-constant solutions in any neighborhood of
the origin ([9]). In the very case, a necessary and sufficient condition is yet to be
founded.

Concerning the Mizohata type vector fields, however, the following results due
to Treves and Sjostrand are obtained:

Theorem A ([11]). Assume that L satisfies a(0,0) = 0 and 6,a(0,0) #0. L is
locally integrable at the origin if and only if there exists a change of local
coordinates such that L becomes a non-vanishing C® function multiple of the
Mizohata operator 0y, + ix|0y,.

Theorem B ([10]). Assume that L satisfies a(0,0) = 0 and 8,a(0,0) # 0. Then
there exist C*® functions u*, which is defined in t >0, and u~, which is defined
in t <0, such that u*(0,x) are real, dxu*(0,x) >0, and Lu* =0. L is locally
integrable at the origin if and only if the function u*~ Your (0,x) is real analytic at
the origin.

Remark. X; is called a Mizohata type vector field if the following conditions
hold:
(i)  X2(0) and X,(0) are C-linearly dependent.
(if) X2(0) and [X3(0), X(0)] are C-linearly independent.

In this article we give a necessary and sufficient condition of the local
integrability for the class of L satisfying that

min.{k; 3*a(0, x) # 0} is constant and odd,
which involves the result of Theorem B.

Remark. Let us set X(’) XY x] (j=2.3,..), X (1) = X,, and XV =
X>. Suppose that min.{m; Xz) and X, () are C- lmearly mdependent} is locally
constant and odd. Then X, becomes a non-vanishing C® function multiple of the
operator L satisfying the above condition.

§2. Result

From now on, we shall assume
a(t,x) = (tZd)’b(t,x),

where d is a positive integer and b(z,x) a positive C® function.

* If X, is locally integrable, then the equation X,u = 0 trivially has a non-trivial solution. But the
converse is not necessarily true; the reason is as follows According to Holmander ([2], Theorem 8.9.2),
there exist functions v and o belonging to C*(R?) and vanishing when r < 0, such that

v, + a(t, x)v, = 0, suppv = {t;1 > 0}.
If the equation u, + a(f,x)u, = 0 has a solution such that u,(0,0) # 0 near the origin, then the function

v can be expressed as a holomorphic function of u, whence v must vanish identically near the origin; this
is a contradiction.
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We may suppose that b(¢,x) has the following form ([15]):
b(t,x) = a(r?, x) + 1B(¢*, x),

where a(t,x) and B(t,x) are the real-valued C* functions and a(t,x) is positive.
Let us set L; and L, as follows:

Ly = 0, + i{a(|t|"*, %) + 12*B(|1) 14, x) Yo,
Ly = o, + et x) — || 72B(12)'*, x) o

Now let us assume that L is locally integrable at the origin. Then we find
that there exist a positive constant T and a function ug(t,x) e C!'([-T,T]x
[T, T)) such that d,up # 0 satisfying the following in [0, 7] x [T, T}

{0, + ib(1"7%4 x)0, Juo(t'/* x) = 0
and
{0, + ib(—1"/% x)d, Yuo(—1"/*, x) = 0.

Hence we find that the equations

(1) Ly = {0, + ib(t'* , x)o}ui (t,x) =0 in [0,T) x [T, T
and
(2) Louy = {0, + ib(—1""% x)8, }uz(t,x) =0 in [0,T] x [T, T)

have C! solutions u;(z,x) and u,(t,x), respectively, such that u;(z,x) and u,(t,x)
have the same initial value uo(x) on ¢ =0 such that uj(x) # 0.

Conversely, assume that (1) and (2) have C' solutions u(t,x) and uy(t,x),
respectively, in a semi-neighborhood UN{r > 0} of the origin, where U denotes
a neighborhood of the origin, such that u;(0,x) = u3(0,x) and 0,u;(0,x) # 0.
Defining the function u(t,x) by u(t,x) = u;(¢*?,x) when t >0 and by u(t,x) =
uy(—1?4,x) when t <0, we easily find that u(z,x) e C'(U) and Lu=0 in U.

Here, in order to make a statement simple, we introduce the following

Definition. The Cauchy problems

L|u=0
ul_g = uy (x)

Lzu =0
Ul g = u2(x)

are compatible on ¢ = 0 if each equation of Lju = 0 and Lou = 0 has a C! solution
in a semi-neighborhood UN{r > 0} of the origin such that u;(x) = uy(x) and
uy(x) #0.

and
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Then we have the following

Proposition 1. L is locally integrable at the origin if and only if the Cauchy

problems
L]Il =0
u|1=0 = u;(x)

Lzu =0
ul,_o = uz(x)

So, we will investigate this compatibility condition.
Now, since «(z,x) > 0, we can assume that the vector fields L, and L, are
elliptic with the coefficients of Hélder continuous functions in a neighborhood

and

are compatible on t =0

of the origin with exponent % Hereafter let & denote 1 or 2. Let S denote

the set {(Z(t,x),Z2(t,x), T); Zi(t,x) € C'*V24([~T,T) x [-T,T)), Zx(0,0) =0,
LiZi(t,x) =0in [-T,T) x [-T,T), ROxZk(t,x) > 0, and I0,Zx(t,x) > 0}, where
T denotes a positive constant.

Here we remark that the following fact follows from a classical theorem on
Beltrami equation:

Lemma 2. S # (.
Our main result is stated as follows:

Theorem 3. L is locally integrable at the origin if and only if there exist an
element (Z,(t,x),2Z5(t,x), To) € © and a function f which is holomorphic in J =
{zeC;z=25(0,x),x e (—Ty, Ty)} and satisfies Z,(0,x) = f(Z>(0,x)).

Remark. Theorem B follows from Theorem 3.

Now, let n and p be arbitrary positive integers. Set a,, =1/
{(n+p—-1)(n+p)}. Let B,, be the non-overlapping open disc in the (t,x)
plane with center (p~! — (@a1p+arp~+--+ay1p+a,p/2),0) and radius a, /2
and C,,, the closed disc in the (,x) plane with radius a, ,/4 and the same center
as B, .

Denoting by f, , any one of the non-negative C* functions satisfying that
Ju.p = 0 outside of B, , and f, , > 0 inside of C,,,, we shall define the C¢® function
r(t, x) as follows:

(i) r(t.x)=f,, in By,

(i) For >0, r(z,x) vanishes out side of the union of all the B, ,.
(i) For 1 <0, r(t,x) = r(—t. x).

Then we see:
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Corollary 4.
0, + i2t(1 + tr(£, x))0x
is not locally integrable at the origin.

The above example is obtained by modifying an example of Nirenberg ([9],
p. 8). This conclusion is contained in [9], but we will prove this by applying
Theorem 3.

Next let us set

0,+1i0
w:t+ix,6,7,=44%£,3w=

ol x) + 1 (1 x) — 1
o4, x) + 1t 2p( 4 x) + 1

o) — 10 x) — 1
a4, x) = 12 B(|e7, x) + 1

0, — i0x
7

i (w) = 1y (2, x)

Ha (W) = pa (1, x)

Then we see that the equation L;u =0 is transcribed into the equation dzu =
w,(w)du. Define the functions wl (n=1,2,...) of w as follows:

[£] _ Ko _
U)E(](W) :LJJ luk(C)wn—](c) :ukz(w)wn—l(n)dc A dC+ 17
2ni B, (C — w)
where r denotes a positive constant, and B, = {{ € C;|{| < r}, w[Ok](w) =0.
It is well known that, by taking a sufficiently small constant r,

oM (w) = lim o (w)
n—oo

exists, #0 in B,, belongs to C'/2?(B,), and satisfies

o) = o || 21091100~ 10

5 ) dC A dl+1.

So we set

W () = “ w@MO) g
Br

~ i —w
Then we have

Corollary 5. Assume that there exist the functions a(t, x) and f(t, x) satisfying.:

” 'ul(C)W“](C)dC/\dE=JJ ﬂz(C)W[Z](C)dC A dl.
B, B,

{—ix ¢—ix
Then L is locally integrable at the origin.

Example. Let b(—¢,x) = b(z.x). Then the above assumption is satisfied.
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§3. Proof of Lemma 2

Let 4 be a real constant such that 0 < u < 1. Let p({) be a C#(B,) function
satisfying p(0) =0 and [p({)| <1 in B,. Then it is known that the following
result holds (see [1] for instance):

Theorem. The equation W; = p({) W, has a C I+# solution such that W(0) = 0
and W¢(0) # 0 near the origin.

Set { = x| +ix;. For this solution W, we can easily take a real number 6
such that

RO, {eW}(0)>0 and  Td,{e“W}(0) >0 hold.
Hence, we may assume that the above solution W satisfies
Ro,, W(0) >0 and 305, W(0) > 0.

Now, by making use of the notation in the preceding section, the equation L;Z; =
0 is transcribed into the equation d5Zx = p;,(w)d,Zx in the complex w plane. It is
clear that |y (w)| < 1 near the origin.

Therefore we can apply Theorem above to get Lemma 2.

§4. Proof of Theorem 3

Assume that L is locally integrable at the origin. Then by Proposition 1, the

Cauchy problems
Llu =0
Ul,—o = w1 (x)

Lzu =0
u|r=0 = uz(x)

are compatible on 7 =0. So, we suppose that each equation of Liu =0 and
Lyu=0 has a C' solution in [0, 7] x [T, T] such that u;(x) = up(x) = y(x) and
?'(x) # 0.

From Lemma 2, there exists an element (Z;(z, x). Z,(t,x), Ty) of S, where Ty
can be assumed to be taken sufficiently small.

Since Z; is a solution of LiZ; = 0 such that R, Z (1, x) > 0, J0.Z(t, x) > 0,
there exists the holomorphic function A (z), where A (z) is holomorphic in {z € C;
z = Zk(t,x),(t,x) € (0, Ty] x [—To, To]}, such that ux(t,x) = he(Zk(t,x)) in [0, To] x
[—To, To).

We observe that i (Zx(t,x)) € C'([0, To] x [Ty, To]) and h(Zx(0,x)) = p(x).

So we have

and
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hi(2)d :
(3-1) uk(t,x)=% Ckz—_kg()(t,z—x) in (,x) € (0, To) x (—To, To),

where C; denotes {z e C;z = Zi(t,x),(t,x) € 8(|0, To] x [—To, To)}
Divide the Ci into the two parts J; = {z € C;z = Z,(0, x), x € [~ To, To]} and
JE = G \Jk. Setting zx = Z,(0,x) and I'k(z) = hx(z)|Jk, we have

(3-2) Fk(zk)Zp.v,ﬁ er(z)dz 1 J hi(2)dz

zZ—Zk 2ni

¢ Z —_
Ji Zk

Defining the function f, by

L m(O)dE
) = 5] 5
we find that f,(z) is holomorphic in {z;ze C\J{}. Namely, f; is holomorphic
in C\{ zeC;z=2Z(t,x),(t,x) € 30, To] x [—To, To},\{(0,x); =Ty < x < To} }.
From (3.2), we have

1 I'(z)dz
(3-3) 1"1(21)—p-V~2nimﬁ—fl(Zl)a
and

1 I'y(z)dz
(3-4) I (z2) = p.v. i, -z Sr(z2).

So, applying a well-known formula (we refer (107.15) in p. 330 of Musk-
helishvili [6], for instance) to (3.3) and (3.4), we obtain the following:

(3.5) rl(zl):gfl(zl)‘*‘:j%Al(Zl)p.V.JJ %7
(3.6) I'y(z) = gfz(zz) +3im,Az(zz)p.v. L %

where
A](Z) — (Z _ Zl (0’ TO))(|0g3)/27[i(Z _ Zl (O, _TO))(—|0g3)/27ti’
Ax(2) = (z = Z2(0, To) /7 (z = Z3(0, - Ty)) o8 V7.

Since I'i(z1) = I2(z2) = y(x), from (3.5), (3.6), and y’(x) # 0, we obtain

(37) fl(Zl(O,X))+ﬁAl(zl(0»X))pvJJ AI(Z)(Q(_ZZIZ(O x))

= £2(Z5(0, x)) +%Az(22(0,x))p% L Az(z)(izgz);ij(o x))
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and

i L f(Z)dZ
(3.8) dx {fl(Zl (0.x)) + 5= A1(Z1(0.x)) p.v- JJI A,(z)(zl~ Z1(0, x))} #0

for x € (— Ty, To).
Since

S1(Z1(0, x))
Si(z)dz _ L AZ0.5) | A4(Z:(0,%))

27 PV J,I A1(2)(z - Z1(0,x)) 2 A4,(Z1(0,x)) 27i

Z| (0, T()) — Zl (0, x)
Z,(0,-To) — Z,(0,x)

fi(z)  [(Z:(0.x)
LJ Aiz) A(Z(0,%) .
Ji

x log

2ni z—2Z,(0,x)

and

f2(Z2(0, x))
LA J fa(z)dz _ 1 /(Z5(0,x))  A42(Z(0,x))
27"V ), () (z — Z2(0.x)) 2 A2(Za(0, %)) 2ni

Z5(0, To) — Z»(0,x)
Zz(O, _TO) - ZZ(O» x)
f(2)  £(Z2(0,x))

_I_J Ay(z2) Az(Zz(Oax))d,
2ni Ja zZ— ZZ(O»X) -

x log

the left-hand side of (3.7) =

=+ —log

3 1 Z,(0,Ty) — Z,(0,x)
(2 2ni Z| (0, —T()) — Z| (O,X)

)mamm

[1(2) _ [i(Z1(0,x))
A|(Zl(0,x)) Al(z) A,(Z.(O,x))
o L Tz %

and the right-hand side of (3.7) =

3,1, Z(0.To) = Z(0.)
27 2 P8 Z5(0.—To) — Z2(0, x)

£ HZa0.x)
A2(Z>(0,x)) [ A2(z)  A2(Z2(0,x))
+ 2ri JJ z—2Z5(0,x) dz.

)mamm
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Denoting by ¢;(Z;(0, x)) the function

£i2)  A(Zi(0,%)
Al(Zl (O,X))J Al(Z) A](Zl (O,X))
2ni 7 z—2Z,(0,x)

dz

and by ¢2(Z,(0,x)) the function
/&) f(Z200,%)

A2(Zz(0, X))J A2(Z) Az(Zz(O, X))
2ni J z—2Z>(0,x)

dz,

we see that g; is the holomorphic function of Z;(0,x) in a neighborhood of J} =
{zeC;z=2,(0,x),x € (—To, To)} and g, is the holomorphic function of Z,(0,x)
in a neighborhood of J5 = {z€ C;z = Z,(0,x),x e (—Ty, Ty)}.
Setting Fi(Z) =
3 1 Zx(0,To) — Z
T log TV 2 Ve (7 2),
(2+2ni 087 0. Ty~ z) K@) T 92
we have
Fi(Z,(0,x)) = F2(Z2(0,x))  in (=To, To).

Here we note that F/ # 0 by (3.8). So we find that there locally exists f =
FI_] oF;.

Hence, we can take a positive constant which is denoted by the same letter T
such that the following holds:

(Z\(t,x),Z2(t,x), Ty) € S, f is holomorphic in J={zeC;z=2,(0,x),x€
(—=To, To)}, and Z,(0,x) = f(Z5(0,x)).

This ends the proof of necessity.

Next we prove sufficiency.

Assume that the condition stated in Theorem 3 holds. Then we can take
a positive constant 7 smaller that 7y and a neighborhood U of J where f is
holomorphic such that U > Z,([-T.T] x [-T, T)).

Let us define the functions u;(f,x) and wy(¢,x) in [0, T| x [-T, T] as follows:

ul(t,x) =Zi(t,x)  and  w(t,x) = f(Za2(1, x)).
Then it follows that Lju; = Lyus =0, u,(0,x) = Z,(0,x) = f(Z2(0,x)) = uz(0, x)
and u;(0,x) # 0.
§5. Proof of Corollary 4

Assume the contrary. By Theorem 3, we see that there exist (Z(z,x),
Z5(t,x),T) and a function f satisfying the following:

0.Z1 +i(1 + 1)'?r(1,x))0:Z, =0,

0,.Z> + i(1 = |1]'*r(t,x))0:Z> = 0.



694 Haruki Ninomiya
Z1(0,x) = f(Z2(0, x)),
Zi(t,x) e C'"TV24(—T T x [-T, T)),
Zx(0,0) =0, RO Zi (1, x) > 0, 30:xZy(t,x) > 0, and
f is holomorphic in U where U > Zy([-T,T] x [-T,T)).
Moreover, we may suppose that
R{S(Z2(1,%))0xZa(t,x)} > 0, I{f(Za(1,%))0:Za(1,x)} > 0

in [0, 7] x [-T,T], since Z,(0,x) = f(Z2(0,x)).
Since, when ¢ >0, Ly = d, + idx outside of |
have

(0 + i0:)(Z1(t,x) — f(Za(1,x))) = 0, Z1 + i0:Zy — ['(Z(t,x))(0:Z2 + i0xZ2) = O
outside of (), B, Hence, since Z;(0,x) — f(Z3(0,x)) =0, we get

" pB,,,,,, for non-negative ¢, we

Zi(t,x) = f(Z,(t,x)) outside of () B, ,
an

for non-negative ¢ by the unique continuation property. Now we can take p
sufficiently large such that for every n

R{f"(Z,y(1,x))0:2Z2(t,x)} > 0, 3{f'(Za2(t,x))0:Z5(t,x)} > 0
and

RO Zy(1,x) >0,  I0xZa(1,x) >0

hold in B, ,. Set G = G(t,x) = Z(t,x) — f(Z2(t,x)). Then we have

” d(GdZ,) = J GdZ, = 0.
Bn.p 68"-”
Therefore it must hold that

0=3|| d(Gdz))

JJB,,

= 3|l (Go:2Z) - Gc8.Z))drdx

J)sB,,

=3 f,(Zz)Ll(G)(?xZ|dl‘dX
JJB,,

=3 J 20r(t, X)f (2)r Zo0 Zy dltdx
B,

= J 201, %) (R{S(22)0x 22} 302y + IS (Z2)0:Z2} RO Z1 ) dtdx.

By, r
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But

” (1, X)(R{S(22)0:Z2)30:Z) + 3L f'(22)0: 25} R0, Z, )drdx
B,

np

is positive; this is contradictory.

§6. Proof of Corollary 5

Being nearly clear, the proof is as follows:
Without loss of generality we may suppose W (0) =0. It clearly holds that

ds W) = e (w)a, WK w), 8, WK (w) = ¥ (w) 0.

Multiplying a suitable complex constant by Wk (w) = Wk (s x) and taking a
positive constant T sufficiently small, we may further assume that R, W* > 0 and
30, WH >0 hold in [-T,T) x [-T,T]. Thus we see

(Wl x), w1, x), T) e &.

Since

(1
W[l](()’x) — %JJB #I(C)Wl (C) dC A dZ+ ix

{—ix

and

2 - H(E)WH(E)
w0, x) = i JJB = dl A dl + ix,

it follows that W{1(0,x) = W(0,x) by our assumption.
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