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A fixed point formula for compact almost
complex manifolds

By

Kenji TsuBoI

Abstract
In this paper, using the group structures of the spheres S*, S and
the results of Atiyah-Patodi-Singer, Donnelly and Morita, we introduce a
fixed point formula for periodic automorphisms of compact almost com-
plex manifolds. Our main result is Theorem 1.3. The theorem is refined
for a certain case if the almost complex manifold admits an Einstein-
Kahler metric.

1. Introduction and Main Theorem

Let M be a compact 2m-dimensional almost complex manifold with the
almost complex structure J and P — M the associated principal GL(m;C)-
bundle of M. We call a diffeomorphism ¢ : M — M an automorphism of
M if ¢» commutes with J and denote the topological group consisting of all
automorphisms of M by A(M). The group A(M) naturally acts on P on the
left.

Definition 1.1.  Let S(n) be the set of symmetric homogeneous poly-

nomials in x1, Ta, ..., T, of order n with integral coefficients. Let
¢ = ¢(T13723 st 77-m)
be any element of S(n) where 7; = o;(x1,22,... ,2m) is the j-th elmentary

symmetric polynomial in {x;}!",, whose degree is equal to j. Let V; be the
element of the representation ring R(GL(m;C)) of GL(m;C) defined by

Vo = ¢(11,72,...,Tm) € R(GL(m; C))

CR(T™) =Z[t1,t7  taty ooty tl ],
where T™ is the maximal torus of GL(m;C), t; : T™ — S is the i-th factor
projection and 7; = 0 (t1—1,t2—1, ... , t,—1) is the j-th elementary symmetric
polynomial in t; — 1,t — 1,... ,t,, — 1. Note that o; = o;(t1,t2,... ,tm) is
isomorphic to the G L(m;C)-representation A/C™. Hence, setting

¢(01;0—23"' 70m) = ¢(71,T2,.- . ,Tm)a
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we have .
Vy = ¢(ALC™, A2C™,... ,A™C™) € R(GL(m;C)).

Using this virtual GL(m; C)-representation V;, we can define a virtual complex
vector bundle E4 on M by
(1.1) Eg =P xarimc) Vo = d(NTMN*TM, ... ,N"TM) € K(M)

where TM is the tangent bundle of M and K (M) is the K-group of M. Then
the action of A(M) on P naturally defines the action of A(M) on E4 and Eg
is a virtual complex A(M)-vector bundle.

Definition 1.2.  Let a be any periodic element of A(M), G the cyclic
subgroup of A(M) generated by a and Q the fixed point set of a consisting of
compact connected submanifolds IV of M. Then the restriction of J defines an
almost complex structure of N and the Todd class Td(T'N) of T'N is defined
by

d
d(TN) H € H*(N;C),

where 2d is the dimension of N and Hk:1(1 + x1) equals to the total Chern
class of TN. Note that Td(TN) = 1 if N is a point. On the other hand,
a complex G-vector bundle E over N is decomposed into the direct sum of
subbundles

E=EOE® - O L,

where a acts on the subbundle E; via multiplication by e¥~1%. Then we can
define the characteristic class Ch(E, a) by

Ch(E, Ze\/_GJCh( ) € H*(N;C),

Jj=1

where Ch(E};) is the Chern character of E;. This definition is extended to the
case of v1rtual vector bundles by

Ch(E — F,a) = Ch(E,a) — Ch(F,a) € H*(N;C)
and Ch(x,a) defines a ring homomorphism
Ch(x,a) : K(N) — H*(N;C),
namely, satisfies the following equalities:

(1.2)
Ch(E £+ F,a) = Ch(E,a) £ Ch(F,a), Ch(E® F,a)=Ch(E,a)Ch(F,a).

We can also define the characteristic class U(E, a) by

HHW € H*(N;C),

j=1lk=1

where r; = rank(E;) and [],_, (1 + z%) equals to the total Chern class of E;.
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Our main result is the following theorem.

Theorem 1.3.  Let £ be 0, 1 or 2 and ¢ any element of S(n). Let ¢ be
any periodic element of A(M) and assume that the order of 1 is p. Let v be
any natural number which is prime to p. Let Q(k) be the fired point set of YF
(1 £k < p—1) consisting of compact connected almost complex manifolds N,
v(N, M) the normal bundle of N in M and [N] the fundamental cycle of N.
Then the equality

S k) S Ch(Eyl ) TA(TN) (N, M), 5[N] =0 (mod p)
k=1 NCQ(k)

holds for any n > m + ¢, where

1 1

Co(k,v) =1, Ci(k,v) = 1= o2nv/Tok/p Ca(k,v) = 1 e/ /o2

Let N be a connected component of the fixed point set of the action of
a periodic automorphism a of M. Assume that the restriction of the tangent
bundle TM to N splits into the direct sum of complex line bundles

TM|y=L1®---@® Ly,

where a acts on L; via multiplication by eV~1%. Let o; be the j-th elemen-
tary symmetric polynomial in {eV 1% ecr(Ly )}3”:1 and 7; the j-th elementary

symmetric polynomial in {eV~1% ec1(L3) — 1}72,. Then since
Ch(Lj,a) = eV~ T0ier (L)

it follows from (1.1) and (1.2) that

(13) Ch(E¢|N7a) = ¢(O-17 027 AR ao.m) = ¢(T13723 s aT’m) .
The next corollary is deduced from Theorem 1.3 and (1.3).

Corollary 1.4.  Assume that Q(k) in Theorem 1.3 consists of points
{qs}ivz(lf) for any k. Then the automorphism ¢* acts on the tangent space T,, M
via multiplication by some periodic diagonal unitary matriz, which we assume
is the diagonal matriz with diagonal entries {62”‘/__1%?8/”};”:1 (hfs €Z). Let
7; be the j-th elementary symmetric polynomial in {e 2nV=1h3./p _ 1}}”:1. Then
under the notation in Theorem 1.3, the equality

p—1 N (k) m

1
E Co(k,7) E A(T1, T2+ Tm) =0 (mod p)
P — JI;[1 1 _ e~ 2nV=1h},/p

holds for any n > m + £.
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Proof. For any ¢s € §2(k), the tangent space T, M splits into the direct
sum of m-copies of C!

T,M=CleC& - aCy,

where ¥* acts on (C} via multiplication by e2™V=Thi /P Hence it follows from
(1.3) that

Ch(E¢ Qi’wk) = ¢(Tlv7—27 tee 7Tm)7

where 7; is the j-th elementary symmetric polynomial in {e%ﬁh?s/” — 1};7;1.
Moreover, since Td(Tqgs) = 1 for any s, the equality in Corollary 1.4 immedi-
ately follows from the equality in Theorem 1.3. O

Remark 1.5. As we will see in Remarks 3.3 and 4.2, the equality in
Theorem 1.3 does not hold in general if n = m + /.

Remark 1.6. The author does not know whether the equality in The-
orem 1.3 holds for £ 2 3 by introducing some appropriate Cy(k, 7).

2. Proof of the Theorem

In this section we give the proof of Theorem 1.3. Let G be the cyclic
subgroup of A(M) generated by 1. We give a G-invariant Hermitian metric on
M and let Q — M be the subbundle of P consisting of unitary frames with
respect to the metric. Let V be a G-invariant connection in ¢). Then since Vj is
considered as a virtual representation of U(m) and Ey equals to Q X /() Ve, the
natural U(m)-invariant inner product in V defines a G-invariant inner product
in 4 and V defines a unitary connection of E4. The connection V also defines
a G-invariant connection of the half spinor bundles S* = Q XU (m) AT over M
where A% are the half spin representations of spin®(2m). (For details of spinor
bundles and spin®-Dirac operators, see [6].) Using the connections defined
above, we can define the G-equivariant spin®-Dirac (Dolbeault) operator

D :T(ST®E,) — I'(S”™®Ey)

and it follows from the Riemann-Roch theorem (see (4.3) in [2]) that
(2.1) Index(D) := dimker(D) — dim coker(D) = / Ch(Ey, V) Td(TM,V),
M

where Ch(Ey, V) is the Chern character form of Ey with respect to V, Td(T'M,
V) is the Todd form of TM with respect to V. Here for any 1 < j < m, we
can see that

Ch(NTM,V) = o;(e™,e",... "),

where by definition the j-th Chern form c¢;(T'M,V) is the j-th elementary
symmetric polynomial in x1, o, ... ,Z,,. Hence it follows from (1.1) and (1.2)
that

Ch(Ey4, V) = (ﬁ(al,ag,... yOm) = P(T1, T2y ooy Tim)
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where 7; is the j-th elementary symmetric polynomial in e** —1,e*2 —1,...,
em —1 for 1 £ j < m. Since

(2.2) Tj =0, —1,e"2 —1,...,e"™ —1)
=o0j(x1,%2,... ,&y) + higher order terms
= ¢;(TM, V) + higher order terms,

we have
Ch(Eg,V) = ¢(c1(TM,V),co(TM,V),...,cm(TM,V)) + higher order terms

and therefore it follows that
(2.3) / Ch(E,, V) Td(TM, V) = 0
M

because the order of ¢ is greater than m and the dimension of M is 2m. On
the other hand, it follows from (4.6) in [2] that

(24) IndeX(Da d)k) = Tr(wk|ker(D)) - Tr(wk|coker(D))

= Y Ch(Ey|y,y") TATN)U(v(N, M), 3")[N]
NCQ(k)

for 1 £k < p—1. Now let V be any finite dimensional complex G-module and
0 an eigenvalue of ¥|y. Then since P = 1, it follows that

p
Z =0 (mod p)
k=1
and hence it follows that
(2.5) Z Tr(¢*)yv) =0 (mod p).
Therefore we have

P
ZIndex(D, PF) =0 (mod p)
k=1

and hence it follows from (2.1), (2.3) and (2.4) that

S S Ch(Eyly. o4 TATN )N, M), ) [N]

k=1 NCQ(k)

p—1 P
= Z Index(D, %) = Z Index(D, ") =0 (mod p)
k=1 k=1
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because Index (D, ?) = Index(D) = 0. This completes the proof of the equality
in Theorem 1.3 for ¢ = 0.

Now assume that £ = 1 or 2 and let D?* and 9D?* = S*~! be the unit
disk and the unit sphere in C¢ respectively. Let H be the set of quaternions,
which is identified with C? as follows:

H>a+bi+cj+dk=(a+0bi)+ (c+di)j < (a+bi,c+di)eC?.

Then C is contained in H by a + bi = a + bi + 0j + Ok. Let a := e2™V=1/P be
the primitive p-th root of 1. Then G acts on H by ¢ - h = ha” (h € H), which
corresponds to the SU(2)-transformation

C? 2 (21,22) — (@21, @72) € C?

under the identification above because ja” = @”j. This G-action defines G-
actions on D¢, §2¢=1 for ¢ = 1, 2. We give the standard metric on S?*~1, which
is G-invariant, and give a G-invariant Hermitian metric on D?‘ such that it is
a product metric of S?~1 x [0,8) near D3¢ = S~ Here since ¢ equals to
1 or 2, the sphere S?~! has a group structure. Actually the group structure
of 83 is induced from the multiplication in the quaternions H and S is the
subgroup of S2 consisting of complex numbers. Using this group structure,
we can construct a global orthonormal frame field {F}, F3, F3}acss on S? as
follows:
Fi=i- A Fi=j-A, Fi=k-AcH.

It is clear that {F}}scs1 defines a global orthonormal frame field on S*. Now
considering the associativity of the multiplication in H, we can see that the
frame field above is invariant under the action of G. Hence the trivialization of
the tangent bundle 7'.53:

TS? > (A,w=aF} +bF3 +cF3) — (A, (a,b,c)) € S xR3

(A € 83, w € TaS3) is G-invariant and therefore the unique trivial spin®-
structure of S2/~! is G-invariant. Moreover F := A defines the outward unit
normal vector field on S?~! and the trivialization of T'D*|gs:

TD*ss 5 (A,v = aF§ + bF} + cF3 + dF})
— (A4, ((a+bi), (c+ di))) € §° x C?

(A € S% v € TyD*) is G-invariant. Therefore the quotient (7'S%*~1)/G is
the trivial real vector bundle and the quotient (T'D?*‘|g2¢-1)/G is the trivial
complex vector bundle.

Set X = M x D* and Y = 0X = M x S*~!. Then the metric on M
and the metrics on D¢, =1 define the G-invariant product metrics on X, Y

respectively and the G-actions on D?¢, $2¢=1 define the diagonal G-actions on
X, Y as follows:

(26) w(Qah):W)%hOﬂ) (qEM7h€H)
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Moreover the tangent bundle TX, TY splits as

TX = qxTM & ryTD* = ¢5 TM et ,
TY =gy TM & r3 TS = 5 TM @7,

where gx : X — M, qy : Y — M denote the first factor projections,
rx : X — D% ry : Y — S~ denote the second factor projections
and eX (e¥) denotes the trivial complex (real) vector bundle of rank k with
a G-invariant trivialization. Therefore spin®-structures on X, Y are defined
by the U(m)-structures ¢% @, ¢} Q respectively and connections VX, VY in
7% Q, ¢ Q are induced from the connection V in Q. These connections VX, V¥
define G-invariant metric connections of T X, TY, which are the direct sum
of the connection V of TM and the globally flat connections of the trivial
bundles. These connections V¥, VY also define G-invariant connections of the
half spinor bundles S)j? = qxQ Xu(m) AT over X and a G-invariant connection
of the spinor bundle Sy = S¥|y = S|y = ¢4 Q Xy (m) A over Y where AT are
the half spin representations of spin®(2m+2¢) and A is the spin representation
of spin®(2m + 2¢ — 1).

Set E¢7X = q}qu = q}}Q XU (m) Vd’ and E¢7y = q;E¢ = q;}Q XU(m) V¢.
Then Ey x and Eyy are virtual G-vector bundles with G-invariant unitary
connections VX, VY and the restriction of Ey x to Y coincides with Eyy.
Using the spin¢-structures and the connections defined above, we can define
the G-equivariant spin®-Dirac operators

Dx P(S;g ® E¢’X) — P(S;( ® E¢’X) ,
Dy : F(Sy X E,z)’y) — F(Sy X E¢7y) .

Since the metric and the connection V¥ is product near X =Y, Dx can be
expressed as

on the collar Y x [0,0) C X where u is the coordinate of [0,d) and o is a
bundle isomorphism defined by the Clifford multiplication (see [1]). Hence the
following equality is deduced from (4.3) in [1] (see also (4.6) in [2] and Lemma
3.5.4 in [6]):

1
(2.7) Tndex(Dyx) = / Ch(Ey,x, V¥) TA(TX, VX) = S (y + dimker Dy),
X

where Index(Dx) is the index of Dx with a certain global boundary condition,
which is an integer, Ch(Ey, x, V) is the Chern character form of E, x with
respect to VX, Td(TX,V¥) is the Todd form of TX with respect to VX and
7y is the eta invariant of Dy. (For details of eta invariants, see [1], [3].) Here
the same argument as was used to prove (2.3) shows that

(2.8) /X Ch(Eg x,V¥) Td(TX,V¥) =0
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because the order of ¢ is greater than m + ¢ and the dimension of X is 2m + 2.
Therefore it follows from (2.7) that

1 1
(2.9) F = —Index(Dx) — 3 dimker Dy .

Let O be the origin of C!. Then M is regarded as an almost complex
submanifold of X by the identification of M with M x {O} and hence N is also
regarded as an almost complex submanifold of X. Note that the fixed point
set of the G-action on X is contained in M and coincides with the fixed point
set of the G-action on M. Let v(N, X) be the normal bundle of N in X. Then
v(N, X) is decomposed into the direct sum of complex subbundles

V(N,X) =v(N,M) @ et = @;vj(N, M) ® e,

where ¥* acts on v;(N, M) via multiplication by eV=1% and acts on the trivial
complex line bundle e, = N x C* by

(4, (@ 21)) (£=1),

(@, (@* 2, @)  (£=2

77[}k'(L]7(Z1,... ,Z[)):{

(g €N, (21,...,2) € C. Hence the following equality is deduced from The-
orem 1.2 in [3] (see also (4.6) in [2] and Lemma 3.5.4 in [6]):
(2.10)  Index(Dx, ")
= D Ch(By|n, ") TA(TN)U(w (N, M), ") Cy(k, 7)[N]
NCQ(k)

— T @8 + e ey )}

for 1 £ k < p — 1, where Index(Dx, ") is the index of Dy with a certain
global boundary condition evaluated at /¥, namely,

IndeX(DXa ¢k) = Tr(wk|ker DX) - Tr(¢k|coker DX) 5
ny (¥*) is the eta invariant of Dy evaluated at % and

1 1 1 1
1ok Ca(k,7)

T l-a*F1_a 7k I-—a k2’

Cl(kaf}/)

Note that Index(Dx, ¥P), ny (¢F) coincide with Index(Dx), ny in (2.7) respec-
tively.

Since the restriction of the G-action to Y is free and preserves the metric
and the spin®-structure of Y, the quotient space Mg = Y/G is a smooth man-
ifold with the metric and the spin®-structure inherited from those of Y. The
quotient space X /G also has the metric and the spin®-structure inherited from
those of X near 9(X/G) = Mg, whose restriction to Mg coincides with those of
Ms. Moreover the G-invariant metric connections VY, VX of TY, TX define
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a metric connection V¥ of T Mg, a unitary connection VX/¢ of T'(X/G) near
Mg respectively. We can show that Mg is the boundary of an almost complex
manifold W as follows. Let e' be the normal bundle of $2~! in C*, which has
a G-invariant trivialization, and e} the quotient bundle (rj-c')/G. Note that
both of ! and e} are trivial real line bundles. Since TS*~1 @ el = TD?|g201
has the standard complex structure, which is invariant under the action of G,

TMs @ ek = (¢ TM @ ryTS* @ ryel)/G
= (¢yTM @15, (TD¥|g20-1)) /G

has a complex structure. Hence the (2m + 2¢ — 1)-dimensional compact mani-
fold Mg is stably almost complex manifold and therefore it follows from the
result of Morita [8] that there exists a compact (2m + 2¢)-dimensional almost
complex manifold W such that OW = Mg and W = X/G near Mg as an
almost complex manifold with Hermitian metric. The Hermitian metric of X/G
near Mg is extended to a Hermitian metric on W. Let Q" be the principal
U(m + £)-bundle of unitary frames on W. Then the connection V*/¢ extends
to a unitary connection V" in Q". On the other hand, we can see that
TW|nms = (TX/G)| s is orthogonally decomposed into

(2.11) TW s = (e TM @ 13 (TD*|g20-1)) /G = (TM) s @ b,

where (T'M)g is the vector bundle over Mg defined by (TM)s = (¢3TM)/G
and e is the trivial complex line bundle of rank ¢. Then the connection V"
splits according to (2.11) as

(2.12) VW|TMS = VX/G‘TMS = V(TM)S (&) VO,

where V(TM)s denotes the connection of (T'M)g naturally defined by V and
VY denotes the globally flat connection of sé. Now let V¢W be the element of
the representation ring R(U(m + ¢)) defined by

VQF/:(b(Tl’TQa"' 7Tm)€R(U(m+€))

-1 —1 -1
C Z[tlytl PRI 7t’mat'm PR atm-‘r[a m.t,_[]a

where 7; = 0 (t1 — 1,... ,tm — Litme1 — 1,... ,tymye — 1) and set
EY =QY xumio V' .

Then the connection VW naturally defines a unitary connection of EJ;V and the
E}/-valued spin®-Dirac operator Dy is defined.

On the other hand, the quotient bundle Ey4 ¢ = Ey4y /G is a virtual com-
plex vector bundle over Mg with a unitary connection and the G-equivariant
Dirac operator Dy naturally defines a differential operator Dg, which is the
E, s-valued spin®-Dirac operator on Mg. Since Qs = (¢§-Q)/G is the uni-
tary frame bundle associated to (T'M)g, it follows from (2.11) and (2.12) that
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QW |as. is reducible to Qg with the connection. Since V.V is isomorphic to V,
s 1) ¢
as a virtual U(m)-representation, it follows that

1

EY ns = Q% Ins) Xvuimso Vi 2 Qs Xum) V' = Qs Xu(m) Vs
= ¢y (@ Xu(m) Vo) /G = (¢vEy) /G = Epy /|G = Ey.5,

where = denotes the isomorphism as a virtual vector bundle with an inner
product and a unitary connection. Hence, on the collar Mg x [0,6) C W, Dy,
can be expressed as

where u is the coordinate of [0,6) and o is a bundle isomorphism defined by
the Clifford multiplication. Hence the following equality is deduced from (4.3)
in [1] as well as in (2.7):

(2.13) Index(Dy) = / Ch(EY , V") Td(TW,V"V) — %(775 + dim ker Dg),
w

where Index (D) is the index of Dy with a certain global boundary condition,

Ch(E}", VW) is the Chern character form of E}Y, Td(TW, V") is the Todd

form of TW and ng is the eta invariant of Dg. Here since the spin®-structure
of Mg comes from the U(m)-structure of ¥ which is naturally defined by that
of M, the spinor bundle Sy, = Sy /G on Mg splits into Sy, = S’]T/[S &) SJ;Is
and Dg splits into Dg = D;r @ Dy, where

D§ :T(Sy, © By s) — T(Sy, ® Eys),
Dg = (D§)* : T(Sy, © Egs) — T(Sy;, ® Eys)-

(2.14)
Hence we have
dimker Dg = dim ker Dz’f + dimker Dy .

On the other hand, since the dimension of Y is odd, it follows that
(2.15) Index(DZ) = dimker D — dimker(D§)* =0
(see Proposition 9.2 in [2]). Therefore we have

dimker Dg = dimker(D¥)* = dimker D
and hence it follows that

%dim ker Dg = dimker Df =0 (mod Z).
Moreover it follows from (3.6) in [3] that

1 1< 1
918 = ZiﬁY@/}k)-

p k=1
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Hence it follows from (2.13) that

(2.16)
1
Z% (W*) + l—ny = / Ch(EY, VW) Td(TW, V")  (mod Z).
k

Here it follows from (2.9) and (2.10) that

12231 11
(2.17) - By + =2
pz;Qﬂyw + 5 Y

p—1
— 1S k) S Oh(Eyly, ) TATN) (N, M), 6*)[N]
Pia NcQ(k)
—lzpzlndeX(Dxﬂﬁ lzp:l r(¢" ker Dy ) -
pk:l pk: 2 .

Here since the spin®-structure of Y comes from the U(m)-structure of M, the
spinor bundle Sy splits into Sy = S’; ® Sy and Dy splits into Dy = D;Z ® Dy
where

Dy : (8§ ® Eyy) — I'(Sy @ Egy),
Dy = (DY)* :T(Sy ® Eyy) — I(SF ® Eyy)

as in (2.14). Here since 1% (1 < k < p—1) acts freely on Y, it follows from the
fixed point formula in [2] that

Index(Dy, %) i= Tr(¢* |, pg) = Tr(W e (pgy-) = 0

for any 1 £ k < p— 1. Moreover, since the dimension of Y is odd, it follows as
n (2.15) that

Index(D5) = Tr(¢®|,., Dﬁ) — Tr(wp|kcr(D¢)*) =0

and hence that
p

P
1
*Tr(¢k|kchy) = § é{Tr(qpkh(erDj;) + Tr(wk|kerp;,)}
k=1

1 P
Z 3 7f}k|kcr D+) + Tr(z/} |kcr(D+) )} = Z Tr(wkh(cr D\ﬁ) .
k=1

Therefore it follows from (2.5) that

p p

1

(2.18) > Index(Dx,v*) + > 5 T (@ ker Dy )
k=1 k=1

p
Z Index(Dyx, k)+ZTr(wk|kch¢) =0  (modp).



12 Kenji Tsuboi

Hence it follows from (2.16), (2.17) and (2.18) that

p—1
(219) 23" Cilk1) S Ch(Eglw, o) TATN)U((N, M), v")[N]
Pi3 NcQ(k)

= / Ch(EY , VV)Td(TW, V")  (mod Z).
w
Here the same argument as was used to prove (2.3) shows that
(2.20) / Ch(EY , VV)Td(TW, V") =0
w

because the order of ¢ is greater than m + /¢ and the dimension of W is 2m + 2.
Now the equality in Theorem 1.3 is deduced from (2.19) and (2.20). This
completes the proof of Theorem 1.3.

3. Examples

In this section, applying Theorem 1.3, we give certain fixed point formulae
for the standard torus 72, the sphere S and the complex projective space
CP™, which can be verified by direct computation.

Example 3.1.  Let 72 be the standard torus defined by 7% = C/(Z +
V/—17Z). Let 9 be the automorphism of T? defined by the 7/2-rotation with
center at (1+14)/2. Then the order of 1 is 4 and the fixed point set (k) of ¥
is as follows:

Q(1)=Q(3):{A=%,B:1+i},

1+74 1 ;
Q(Q){A ;LZ,BHz‘,cZH,DH;}.

Set £ =2, v=3and ¢ = 2} = 7" € S(n). Since ¥ acts on TyT?, TgT? via

multiplication by i* for 1 < k < 3 and ¢? acts on 712, TpT? via multiplication
by —1, it follows from Corollary 1.4 that the equality

(3.1) ﬁ <2(i - 1" _12-_1)

1 9 n 1 " 1
e (2(1 e L I (_1)_1>
1 -3 n 1 —

holds for any n > m + ¢ = 3. The equality above can be easily verified as
follows:

the left-hand side of (3.1) = i(i — 1)~ 4 (=2)" + (i(i — 1)7~1)
=2Re (i(i—1)""") + (-2)" = (mod 4),
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where Re denotes the real part because we can show that both of the real part
and the imaginary part of i(i — 1)"~! are even for n = 3 by induction.

Example 3.2. Let O = H @ H be the set of octonions with multipli-
cation defined by the rule

w2’ = (q1,0) - (41,45) = (014) — G542 » dbar + 424}

for any =, 2’ € O (see [7]). The conjugation T and the real part Re(x) of
x = (q1,q2) € O are defined by T = (q1, —¢2) and Re(z) = Re(q1) respectively.
Moreover the standard Euclidean inner product {(x,z’) and its norm |z| are
defined for z, 2’ € O by

(x,2') =Re(z-2') =Re(z-2'), |z|=+(z,2)=Ve - Z=VZ =z
respectively. The map
©9 ((21722);(23724)) — (21522a23az4) G(C4

gives an isomorphism as a complex vector space. We denote ((z1, 22), (23, 24))
by (21, 22, 23, 24) hereafter. Let Im(Q) be the set of pure imaginary octonions,
namely,

Im(0)={z € 0|Z = -z},

which is isomorphic to R” as a real vector space and S% the standard 6-
dimensional sphere defined by

S% = {A = (21,22,23,21) € I(O) | |A| = |z1* + |2|* + [ 23] + [z = 1} .
Then, for any point A € S%, the tangent space T4.S% is given by
T4S% = {B € Im(0) | (A, B) = 0}.

For any A € S5 B € TxS®, set Jo(B) = A- B. Then since the equality
Z-(x-y)= (T -2)-y=|z|*y holds for any z, y € Q, we have

Ja(Ja(B)=A-(A-B)= ~A-(A-B)= ~(A-4)-B = —|A’B = -B,

which implies that JALB) € TaS% and J3 = —1 because A-(A-B) = B implies
that (4, A-B) =Re(A-(A- B)) = Re(B) = 0. Hence this J defines an almost
complex structure of S®. Let p be any natural number, o = €2™V~1/? the
primitive p-th root of 1 and v the periodic C-linear map of O of order p defined
by

03 (q1,q2) = (21,22, 23,24) — (q1,q2) = (21, 22, 23, 24) .

Then 1 maps S to S and we have

(@) - Y(y) = (g1, 002) - (¢1, agy) = (n1d) — aghaqs , aghqs + 0gad})
= (quq1 — ghaaqe , agyq + aqeq)) = (1d) — ¢haz , (dhq + ¢24}))
=(r-y)
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for any x = (q1,¢2), y = (¢}, ¢5) € O. Hence it follows that

Jypay(W<(B)) = Jypay(¥(B)) = (A) - p(B) = (A - B) = ¢.(Ja(B))

for any A € S%, B € T4S%, which implies that ¢ commutes with J. Hence 1
defines an automorphism of the almost complex manifold S6. The fixed point
set of 1¥ is independent of k and coincides with the standard 2-dimensional

sphere
52 = {(21,22323524) S SG ‘ 23 = 24 = 0}

for any 1 £ k < p — 1. The normal bundle v(52,5%) is the trivial complex
vector bundle of rank 2 and 1* acts on v(S2, 5%) via multiplications by o*.

Set £ = 0 and ¢ = (z1z273)" = T8 € S(3n). Since T'S®|g: splits into
the direct sum 7'S? @ v(S?, S%) and ¥* acts on T'S? via multiplication by 1, it
follows from (1.3) that

Ch(Eg|sz, ¥*) = {(e@5) — 1)(a* — 1)2}" = {(e** — 1)(a* —1)%}",

where z denotes the positive generator of H2(S?) = Z. Hence it follows from
Theorem 1.3 that the equality

(32) (e — ek — 12 ( l_k) 57

— —
— 1—e l—«

p—1 2
1
= 2” kE:1(O[k — 1)2n (m) (l'n + hlgher Order termS) [82]
=0 (mod p)

holds for any n such that 3n > m + ¢ = 3. The equality above can also be
easily verified because 3n > 3 implies that n = 2 and hence that

(2™ + higher order terms)[S"] =0.

Remark 3.3. If3n=m+{=3 <= n =1, it follows from (2.5) and
(3.2) that

D ——

p—1 p
22a2k2<2a2k1>—27€0 (mod p)
k=1 k=1

if p# 2.

Example 3.4. Let M be the m-dimensional complex projective space
CP™, p any natural number, o = e2™V=1/p the primitive p-th root of 1 and v
the periodic automorphism of CP™ of order p defined by

CP" 3 [zp:21: - :2m] — [azo:z1: - 2m].
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Then the fixed point set of ¢* is independent of k and coincides with the disjoint
union of the point ¢ = [1: 0 : --- : 0] and the hyperplane CP™~! defined by
20=0.Set{=1,v=1and ¢ = (z1 + 22+ -+ )" =77 € S(n). Then it
follows that ¢ = (t1 + t2 + - -+ + ¢, — m)™ and hence that

E,=®"(TCP™ — &),

where 1% acts on the trivial bundle e’ via multiplication by 1. Here ¥ acts
on v(gq, CP™) 22 C™ via multiplication by a~* and hence we have

Ch(TCP™|,,¢*) =ma™", Td(Tq) =1, U(v(q, M),y*) = (1_1ak>m )

On the other hand, the normal bundle v(CP™~!, CP™) is isomorphic to the re-
striction of the hyperplane bundle L to CP™~! and 9* acts on v(CP™~!, CP™)
~ L|gpm-1 via multiplication by a®. Let z be the positive generator of
H?(CP™~!) = Z which equals to the first Chern class ¢1(L|cpm-1). Then

since

TCP"|cpm-1 = TCP™ ' & (L|cpm-1),

where ¥* acts on TCP™~! via multiplication by 1, it follows that

Ch(TCP™|gpm-1,9%%) = me® — 1+ ake?, Td(TCP™ 1) = (1 xﬂ) ,
1

Pm_l Pm k — .
U (CP™ L, CP™), ) =

Hence it follows from Theorem 1.3 that the equality

(3.3)
1a—k (ma~" — m)n <1 _:lak) + p(z)[CP™ " =0 (mod p)

1-—
k=1

holds for any n > m + ¢ =m + 1, where

p—1 1

w(x)=27(mef—1+akew_m)n< @ )m 1

1—ak 1—e® 1—a ke’
k=1
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We can verify (3.3) as follows.

(3.4)
@(x)[CP™ 1] = 2™ !-coefficient of p(z)
= 2~ '-coefficient of

@ pz_:l (me® — 1+ ake® —m)n
(1

am o (11— a k(1 —e )" (1 —a ke =)
p—l k2
(a”) ky @ (em)™ 1
= —1— n T
akfl((m—i—a Je ) (ex —1)m aker —1°
k=1
L[5 (eh)? . S G S
:T k_l((erak)e 7]‘7m) z _1\m k‘,x_le dx
mi Jow) = o (e )™ ake
(C(z) is a sufficiently small counterclockwise simple loop around 0 € C)
L[ K- (@) ; VRS
=— m+a”)(y+1)—1—-—m)" dy
2mi Jew) = ak —1 ( ) ) ) ym  af(y+1)—1

(y=¢"—1, C(y) is a counterclockwise simple loop around 0 € C)

=y~ Lcoefficient of

p—1 k\2 m
(a”) k (y+1) 1
1)—1—m)"
I L R N TFSVEs:
= ™ Lcoefficient of
p—l k2
(a¥) k k 1
2 ok _qm+afy+a® —1)"(y+1) oF 1+ aky
= ™ L_coefficient of
p—1 k\2 n m 0o k s
(a¥) n i n—i my j —avy
(ak_l)QZ i (m+a®)'y' (o —1)"" j vy oF —1
k=1 i=0 3=0 5=0
= ™ L_coefficient of
p—1 n m oo
2202 (”) (’") (—1)°(@F)+2(m + aF)i(ak — rimemtyie
k=1 i=0 j=0 s=0 J
p—1m—1m—1—:

|
(]

) m—1—1—s

| () (™) G172+ oot = ayrime?

I
bl B
I i
S — =
— -
. 1
o
\
—_ »
:U o
—~
R
ol
=

where R(z) is an integral polynomial defined by

R(z) = mi mi_l (7;) (m B 1”1 . S) (=1)°25 2 (m + 2)f(z — 1)"~ 573,

i= s=0
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(Note that n >m + 1 and i+ s < m — 1 imply that n —i —s—3 = 0.)

Now since (a®¥)? = 1 for any nonnegative integer v, it follows that
p—1 p—1 p
(aik)u _ Z(aiu)k _ Z(aiu)k —1=-1 (mod p)
k=1 k=1 k=1
(see (2.5)). Hence, for any integral polynomial Q(z), we can see that
p—1 p—1
(3.5) Y Q@)=Y Q) =-Q(1)  (modp)
k=1 k=1

and therefore it follows from (3.4) that

p—1

o(z)[CP™ 1] = z:(o/C —DR(*)=—-(1-1)R(1)=0 (mod p).
k=1

On the other hand, it follows from (3.5) that

p—1 m
1 _ n 1

> s =) (=)

1

(—m™)(a H)™(aF 1) l=m 1 (1 - 1) =0 (mod p)

=1
P

=

because n —m — 1 > 0. Hence the equality (3.7) is verified.

4. Relation to the Einstein-Kahler metrics

If the Ricci form p(w) of the Kéhler form w on a Kéhler manifold M is a
constant multiple of w, M is called an Einstein-Ké&hler manifold and the metric
corresponding to w is called an Einstein-Kéhler metric. In this section, we
refine the result of Theorem 1.3 for / =1,y =1and ¢ = 7'1m+1 in the case that
M is an Einstein-Kéhler manifold.

Let M be an m-dimensional complex manifold and A(M) the complex Lie
group consisting of all biholomorphic automorphisms of M. Assume that the
periodic element ¥ € A(M) of order p is contained in the identity component
of A(M) and hence is expressed as ¢ = expv by a holomorphic vector field v
on M. Then using the result of Futaki in [4] and the result in [9], we can prove
the next theorem.

Theorem 4.1.  If M admits an Einstein-Kdhler metric, then under the
notation in Theorem 1.3 the equality

(4.1)

p—1

D Ci(k,1) > Ch(Ey|n, %) TA(TN) 4(v(N, M), v*)[N]=0  (mod p)
k=1 NCQ(k)

holds for ¢ = (w1 + xo + -+ x,) " = 7" € S(m +1).
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Proof. Let G be the cyclic subgroup of A(M ) generated by 1. Set £ =1,
y=1and ¢ = (21 + a2+ -+ + 2,,)" " = 7" € S(m +1). Then G acts
freely on Y = M x S! by

¢'(Qaz):(¢'q72a) (qEM,zE(C).

Let Mg be the quotient space Y/G and W the (2m + 2)-dimensional almost
complex manifold whose boundary is Mg as in Section 2. Then it follows from
Theorem 1.6 and Lemma 2.1 in [9] that the equality

(4.2) flv) = /W ca(TW, VW)™l (mod 7)

holds, where f(v) is the Futaki invariant of v (see [4]). Since
Ch(E};V, VW) = ¢, (TW, VW)™ +L 4 higher order terms
(see (2.2)) it follows from (4.2) that

E/ Ch(E) ,VV)Td(EY,VY)  (mod Z).
w

Therefore it follows from (2.19) and the equality above that

(4.3) f(v) = —Z(J1 (k,1) Y~ Ch(Ey|n,v*) TATN)U(v(N, M), ") [N]
NCQ(k)
(mod Z) .

On the other hand, Futaki proved in [4] (see also [5]) that f(v) = 0 for any
holomorphic vector field v if M admits an Einstein-K&hler metric. Hence it
follows that

—ch (k,1) Y Ch(Ey|n,v") TATN)U(w (N, M),4*)[N]=0 (mod Z)
NCQ(k)

if M admits an Einstein-Kéahler metric. This completes the proof of Theorem
4.1. |

Remark 4.2.  Note that it follows from Theorem 1.3 that the equality
(4.1) holds for any almost complex manifold M if ¢ € S(n) and n >m + ¢ =
m++1. On the other hand, the equality in Theorem 1.3 does not hold in general
if n = m+£. For example, let M be the blowing-up of CP? at one point. Then
as was seen in [9] (see Theorem 1.6 and p. 215 in [9]) there exists a periodic
biholomorphic automorphism 1 = expv € A(M) such that f(v) is not an
integer. Hence it follows from (4.3) that

S k1) Y Ch(Egly, o) TATNUW(N, M), 5N £0  (mod p),
= NCQ(k)

where ¢ = (21 + @9 + -+ )™ T = 7" € S(m +1) = S(m + £).
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Example 4.3. Let M = CP™ and @ the periodic automorphism de-
fined in Example 3.4. Then the equality (4.1) holds for any periodic ¢ €
A(CP™) because A(CP™) is connected and CP™ admits an Einstein-Kéhler
metric. In fact it follows as in (3.3) that the equality

the left-hand side of (4.1)

— Z ; _la_k (ma—k _ m)m+1 ( 1 > + p(2)[CP™ Y] = 0 (mod p)
k=1

1—ak

holds, where

p—1

1 x k _x m—+1 z " 1
pla) = D g gmrlme —ratet ™ (T ) e
k=1

Hence it follows from the same argument as in Example 3.4 and (3.5) that

the left-hand side of (4.1)
= mm+1 . lm . (1 _ 1)m+1—m—1

S ()i

=0 s

Il
o

% 1)3 s+2(m + 1)z(1 _ 1)m+1—i—s—2 (mod p)
m—1
S (M) (5) oo iy
— mm+1 "
m—+1

_ Z (m+ 1) D™ (m 4 1) 4 (m 4+ 1) — (m;; 1) (m+1)™

m—+1

— Z (m :r 1> (—l)erlii(m—F 1)i — mmtl _ {(m + 1) _ 1}m+1
1=0
_ mm+1 _ mm+1 =0.

Thus the equality (4.1) holds for M = CP™ and
Y CP" 320 21 2m] — [@zg: 21t Zm).
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