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Finsler geometry of projectivized vector bundles

By

J.-G. CAO and Pit-Mann WONG

Introduction

The purpose of this article is to reformulate the algebraic geometric concept
of ampleness (and the numerical effectiveness) of a holomorphic vector bundle
E in terms of Finsler geometry (cf. also Aikou [2], [3]; for general theory on
Finsler geometry we refer to [5], [6] and [1]). We also provide some implications
of this reformulation. For applications of the formulation using projectivized
bundles to complex analysis see [7], [8] and [17]. As expected, the condition
involves the concept of a Finsler metric along the fibers of E. By a (complex)
Finsler metric (see Section 4 for more details) on £ we mean a non-negative
function h on F with the following properties:

( ) h is an upper semi-continuous function on E

(FM2) h(z, Av) = |Mh(z,v) for all X € C and (z,v) € E;

(FM3) h(z,v) >0 on E\{zero-section};

(FM4) for z and v fized the function h?(z, \v) is smooth even at A = 0.

For example the Kobayashi metric on a hyperbolic manifold is a Finsler metric
on the tangent bundle. More generally, any intrinsic (i.e., depending only
on the complex structure) (pseudo)-metric of a complex manifold is a Finsler
(pseudo)-metric (i.e., (FM3) is replaced by the weaker condition h(z,v) > 0 on
E). Obviously the norm of a Hermitian metric on E is Finsler and satisfies,
among others, the following additional conditions:

(FM5) h is of class C° on E and of class C*° on E\{zero-section};
(FM6) h is strictly pseudoconvex on E, \ {0} for all z € M.

This last two properties are, in general, not shared by the intrinsic metrics,
e.g., the Kobayashi metric is not even continuous unless it is complete (so
M is complete hyperbolic); and, even in the complete case, it is in general
not smooth outside the zero section. On the other hand, as we shall see,
there are many Finsler metrics with these additional properties which are not
Hermitian. Without these last 2 conditions differential geometric concepts
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become very complicated, if not impossible, to deal with. For this reason,
in this article, we shall only work with Finsler metrics with these additional
properties. With these conditions the mixed holomorphic bisectional curvature
of E can be defined (see Sections 2 and 4). The term “mixed” refer to the
fact that we shall be considering curvature in two directions: one in the space
direction and the other in the fiber direction. If F is the tangent bundle and h a
Hermitian metric this coincides with the usual notion of holomorphic bisectional
curvature.

Obviously a Finsler metric on a holomorphic line bundle E is Hermitian
and the ampleness of E is equivalent to the existence of a Hermitian metric
along the fibers whose Chern form is a positive definite (1, 1)-form on M. Thus
we shall consider only vector bundles of rank at least 2. For a Finsler metric on
E the curvature we use is the curvature of the Chern connection. This curvature
has many components: horizontal (or base) components, vertical components
and mixed components. The main purpose is to clarify which piece of the
curvature carries the information for the bundle to be ample. The main result
is the following Theorem (see Theorem 5.5).

Theorem. Let E be a rank r > 2 holomorphic vector bundle over a
compact complex manifold M. For any positive integer k, denote by OFE the
k-fold symmetric product and by Lpor gy the dual of the tautological line bun-
dle over the projectivized bundle P(OFE). Then the following statements are
equivalent:

1) E* is ample

)
)
) Lpork) is ample for some positive mteger k;
) @kE* 18 ample for all posztwe mteger k;

)

holomorphic bisectional curvature;
(8) for some positive integer k there exists a Finsler metric along the fibers
of OFE with negative mized holomorphic bisectional curvature;
(9) for all positive integer k there exists a Finsler metric along the fibers
of OFE with negative mized holomorphic bisectional curvature;
(10) there exists a positive integer m and a Hermitian metric along the fibers
of @™ E with negative mized holomorphic bisectional curvature.

Note that the metric in part (10) of the preceding Theorem is Hermitian
not merely Finsler and the positive integer m can be taken to be any integer
so that £$( ) is very ample (for nef or spanned bundles see Remark 5.6). The

preceding Theorem can also be formulated in terms of the dual bundle (see
Theorem 5.7):

Theorem. Let E be a rank r > 2 holomorphic vector bundle over a
compact complex manifold M. Then the following statements are equivalent:
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) E is ample;
) Lp (g~ is ample;
) OFE is ample for some positive integer k;
) Lporp+) is ample for some positive integer k;
) OFE is ample for all positive integer k;
) Lp(orp~) is ample for all positive integer k;
ere exists a Finsler metric along the fibers o with positive mize
7) th ists a Finsl tric al the fib E with iti ized
holomorphic bisectional curvature;
or some positive integer m there exists a Finsler metric along the fibers
8 tive int th ists a Finsl tric al the fib
of ©FE with positive mized holomorphic bisectional curvature;
or all positive integer m there exists a Finsler metric along the fibers
9 ll itive int th ists a Finsl tric al the fib
of ®FE with positive mized holomorphic bisectional curvature;
ere exists a positive integer m and a Hermitian metric along the fibers
10) th St itive int daH 1 tric al the fib
of @™ E with positive mized holomorphic bisectional curvature.

(1
(2
(3
(4
(5
(6

In the special case of the tangent bundle we can say a little more (see
Corollary 5.8):

Corollary.  Let M be a compact complex manifold of dimension n > 2.
Then TM is ample (resp. nef) if and only if the anti-canonical bundle IC;(lT*M)
is ample (resp. nef) if and only if there exists a Finsler metric on M with
negative holomorphic bisectional curvature if and only if there exists a positive
integer m and a Hermitian metric along the fibers of @™ TM with positive
mized holomorphic bisectional curvature.

By a result of Mori the ampleness of the tangent bundle implies that M
is the complex projective space. The preceding Corollary provides alternative
characterizations. We also obtain the following vanishing Theorem (see Corol-
lary 5.9) for nef bundles (cf. [9]):

Corollary. If E is a nef holomorphic vector bundle of rank r > 2 over
a compact complex manifold M of dimension n, then

H{(M,0mE ®det E® Ky) =0,
H{(M,0™(®*F) @ (det ©™(RFE)) @ Kpr) =0

for all i,m,k > 1. Consequently, if E = TM then H'(M,>™TM) = 0 for all
t,m > 1.

The local calculations towards these results are valid even in the non-
compact case. We use these to address the following question.

Is the bundle space of a hermitian holomorphic vector bundle (E,h), over
a Kahler manifold (M, g), Kdihler?

The answer is clearly yes if M is compact. As the fibers and the base are
both Ké&hler the most natural way is to consider the natural metric induced
by these metrics. We show that this natural metric is Kahler if and only if
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(M, g) is flat (see Theorem 2.1 and Corollary 2.2). A necessary and sufficient
condition is also obtained if we take only a Finsler metric on F (see Theorem
6.8 and Corollary 5.9). Thus, one must look for other means of constructing a
Kahler metric on the bundle space E. We are only able to get a partial result
(see Corollary 3.5). The general case remains open. The computations are
carried out first for Hermitian metrics and then for Finsler metrics. We could
have worked out directly the Finsler case and the Hermitian case follows as a
special case. We decide on the former presentation as the Hermitian case is less
technical and may be useful for those who prefer only to work with Hermitian
metrics.

We would also like to express our gratitude to the referee for pointing out
an error in our original proof of Proposition 4.4.

1. Riemannian metric on TTM

Before dealing with Kéhler manifolds we review briefly the case of Rie-
mannian manifolds (see Besse [4]). Let (M, g) be a Riemannian manifold of
dimension n and 7 : TM — M the tangent bundle. It is quite obvious that the
most natural way to put a Riemannian metric on 7T M is to decompose the
bundle in some natural way as a direct sum of a “vertical” and a “horizontal”
sub-bundle each with a natural metric and the direct sum of these is a metric
on TTM. The vertical sub-bundle is, by definition, the kernel of m,:

V=kerm, CTTM,

where 7, : TT M — TM is the differential of 7. In other words, it is the sub-
bundle consisting of all vectors tangent to the fibers of # : TM — M. There
is a distinguished section, the position vector field P, of the vertical bundle.
The most convenient way to describe this is via local coordinates. In terms of
a local coordinate system (U;z?!,...,2"), an element v € T,M is of the form

v= Zv’axih,.

i=1

Obviously we may identify T, M with R" via the identification:

Zv 8xi|pr—>(v1,...,v ).

=1

hence, on 771 (U) = U x R™ we have the natural coordinate system (x!,... z";

vl ..., v™). In terms of these, a local section V € T'(x=Y(U), TTM) is of the
form:

V= Za (x;v)% Jer (x;v)%.
i=1 =1

We have used the same notation 9/9z° which maybe considered as a vector
field on U or on 7~ 1(U). We shall, at times, write 9; = 9/9x" and Da= 0/0v™.
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It is clear that the vertical sections are spanned locally by 9/0v*, a =1,...,n:

L~ (U),V) = {v = Zba(x;v)(%}

is a sub-bundle of rank n. Alternatively,
V‘ﬂ—l(U) = {V | 7T*d$i(V) =0,i=1,... ,n} - TTM|7F71(U).

The position vector field

- 0
P(x;v):Zva—a, v=(v1,...,0n),
= v

is, by definition, vertical. The Riemannian metric g on M induces naturally an
inner product on V:

(V,W)y =S gis(m(0) VWY,

i,j=1

V=", Vi(9/ov),W =31 WHD/ov') € V,.

The horizontal sub-bundle is defined via the Riemannian connection V
associate to the metric g. The naturally induced connection on TT' M is denoted
by V. The restriction @h; is a connection on V. Let P be the position vector
field defined above then the bundle map

v:TTM —V, (X)) :=VxP,

is a surjection. The kernel, denoted by H, of ~ is referred to as the horizontal
sub-bundle. Thus we have an exact sequence of vector bundles:

0—kery=H—TTM LV —0,

which implies that V =2 TTM/H. Moreover, the differential restricted to the
horizontal sub-bundle m,|y : H — T'M is an isomorphism. Using this isomor-
phism we define a metric on H by pulling back the Riemannian inner product
on TM, i.e.,

(Z WYy = (T Z, m W)y, Z,W e H.

This together with the inner product on V defines an inner product (,)s on
TTM; more precisely, for Zy, € H and Wy, € V the inner product

<Za W>G = <VV, Z>G =0

and for any Z,W € TTM there is a unique decomposition Z = Z3; + Zy and
W = Z3; + Wy, into horizontal and vertical components then

(Z,W)a = (Zr, Wr)n + (Wy, Wy)y.
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Beginning in the next section we shall extend the preceding construction to
Kahler manifolds, in fact we shall deal with a more general situation, namely,
the holomorphic tangent bundle of a hermitian holomorphic vector bundle over
a Kéhler manifold. As we shall see, the main difficulty there is that the canon-
ical Riemannian metric constructed above is in general not Kdhler.

2. The tangent bundle of a holomorphic vector bundle

In this section the construction of the preceding section shall be extended.
Vertical and horizontal sub-bundles of the tangent bundle of a general holomor-
phic vector bundle F will be defined. The main point is that the vertical bundle
is a holomorphic sub-bundle of TE but the horizontal bundle is in general only a
smooth but not a holomorphic sub-bundle. In this section we deal with the case
of a Hermitian metric leaving the (more complicated) case of a Finsler metric
in a later section. Let (M, g) be a complex hermitian manifold of complex di-
mension n. Let 7 : E — M be a holomorphic vector bundle of rank r and the
induced map 7, : TE — TM. Let eq,...,e, be a local holomorphic frame for
E over a local holomorphic coordinate system (U;z = (z1,...,2")). Elements
of E|y are of the form v = Y, v'e; and 0/9z',...,0/92";0/00v,...,0/0v" is
a local basis for TE|7,_1(U). The vertical sub-bundle is, by definition, the kernel
of m,:

(2.1) V=kerm, CTE,

and is a holomorphic sub-bundle of rank r. It is clear that m,0/0v’ = 0 hence

T ; 6
V) = {V ETE| )|V = Zb (Zav)%}
i=1
={V €TE|—(v)|dzi(V)=0,1 <i<n}

The position vector field

(2.2) P(z;v)zZui 3' v= (vl ..., 0"),

ovt’

is a holomorphic section of V. Let h be a hermitian metric along the fibers of
E:

(2.3) (v,wyp, = Z hii(z)v' @, v,w € E,.
i,j=1
This defines, tautologically, a hermitian metric along the fibers of V:

(2.4) VW) = 3 h(2) VI,

ij=1
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V=30 Vi9/ovt),W =3 I_ Wi(d/dv') € V. Denote by VV the associate
hermitian connection on V with connection forms:

; =~ ; " Ohi,
25) 00 =Y @ e =S D)
k=1 =1
(1 <4,j < r) depending only on z, where (h¥) is the inverse of the matrix
(h;). The curvature forms of the hermitian connection:
(2.6) ol ¥ ap] - Z 0F A0 = dol + Z 0] A OF

k=1 k=1
are of bidegree (1,1) so @g = 59? which is equivalent to the condition that:
(2.7) 007 — > 0F N6OL =000 +> 6L NOF =0.
k=1 k=1
The components of the curvature forms are given by
(2.8) 0l =90 = Z K7 dz" A dZ
k=1

with components given by

KJ N a"}/,fk _ Z ( 82hiq hgj _ 8hiq 8h‘”>

ikl 9l 0zk07 zk 07!
_ 0? hzq i Ohig Ohys e
82”“821 dzF 9zt
P.d,s

The curvature depends only on the base variable z = (21, ..., z,) but not on the
fiber variable variables v = (vy,...,v,). The connection VY defines a surjective
bundle map:

(2.9) v:TE -V,  ~(X)=V%P

where P (see (2.2)) is the position vector field. In terms of local coordinates
the map ~ takes the following form:

V}’(PZ{dvj +Zvoﬂ }aia

j=1
Z(bijZZ%k”a)W
i=1 k=1

for any vector field

n

i 9 ~
X = Za (z;v)w +Zb (z;v)a—
i=1 i=1
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It is clear (for if X € V then a' = 0 for all 4) that |y is the identity map on
V. Notice that v is smooth but, in general, not holomorphic (this is again clear
because the definition of 7 involves the connection). The kernel of v, denoted
H, shall be referred to as the horizontal sub-bundle which is a smooth (but not
holomorphic in general) sub-bundle of TE. However H is smoothly isomorphic
to the quotient bundle T'E/V which is holomorphic as V is a holomorphic sub-
bundle of TE and
0—-V—->TE—-STE/V=Q—0

is an exact sequence of holomorphic vector bundles. On the other hand, we
have an exact sequence

0—kery=H—-TE5V -0

of smooth vector bundles and a smooth decomposition TE = H & ). Thus the
restriction of the map 7, : TE — T M to 'H:

W*‘HSHiTM

is a smooth isomorphism. Using this isomorphism an inner product can be
defined on H by pulling back the Kéhler inner product on T'M, i.e.,

(2.10) (Z, W)y = (miZ,m W)y,  Z,W EH.

This together with the inner product, induced by the hermitian metric h of
E, on V defines an inner product (,)¢ on TE. More precisely, if Z € H and
W eV then (Z,W)g = (W, Z)c =0 and for any Z,W € TTM we have unique
decompositions Z = Zy + Zy and W = Zp + Wy, into horizontal and vertical
components then

(2.11) (Z, W) E (Znt, Wa) e + (Wo, W)y

is a well-defined inner product on TE.
Given a vector field V(z) = 3", a'(2)8/0z" on M the vector field

Ve =2 Vg ISR oo

Jj=1k=1

is horizontal and shall be referred to as the horizontal lifting of V. The hori-
zontal lifts of the local basis {0; = 8/0z%,i =1,...,n} of TE:

is a basis of H. By definition, we have:

O = (o) () =93(2)
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and (9]%,0/0v7)¢ = 0 for all i and j. The dual basis is given by:

(2.12) n' = dz, 1<i<n,
. = Z;:l Dkt V;kvjdzk +dv’ = dv’ + Z;:l 00", I<i<r

and, with respect to this basis, the fundamental form of the metric G defined
by the Kéahler metric g on M and the fiber metric h on E takes the form:

(2.13) we=V-1| 3 gs(x)dz" AdZ + Y hiz(z) AT

i,j=1 i,j=1

The next Theorem identifies the obstruction of 1 from being Kahler assuming
that (M, g) is Kdhler:

Theorem 2.1.  Let (M, g) be a complex Kdhler manifold and (E,h) be
an hermitian holomorphic vector bundle of rank r over M. Let wg be the
fundamental form of the hermitian metric G as defined above then

dog=v—1| S hzteinl — 3 ¢t Av'E,

1<i,j,k<r 1<ig,k<r

a1 hBC AT — his¢tnoc |
J J

1<i,j,k<r 1<i,j5,k<r

where the vertical forms Cl,z =1,...,7 are defined in (2.12), (v!,...,v") are the
fiber coordinates and 0),,0} are resp. the hermitian connection and curvature
forms of the metric h.

Proof. The first term on the right hand side of (2.13) is closed as it is the
Kahler form of the metric g. Thus exterior differentiation yields,

dwg =V—1Y_ (dhi AC AT + higd¢ AT — hi¢' AdT).

ij=1

The Theorem shall be verified at each point 2* and we may (the closedness of wg
is independent of the choice of holomorphic frames) choose local holomorphic
frames which is normal at the point x*; namely a local holomorphic frame
e1, ..., e, over an open neighborhood of z* which is unitary and parallel at z*:
hi5(x*) = 0] and dh;;(x*) = 0 for all 1 <4, j <r. In particular, all connection
forms relative to this local frame vanishes at * and the curvature at =* is given
by (00h)(z*). We have (by the hermitian condition h,; = h,z, the identities
(2.5) and (2.12)),

dhi; =0, d¢'="doi*, do =3 doptm ¢ A = dv' A d,
k k
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hence,
higdC' AC =603 Wrdop A =80 ke A dv?,
k k
—higCAdT = —8 S0 A dBy = —80 S oFd' A dB,
k k
Summing the above over i and j yields

dwg = V=1 3 higo*doj ndv? — Y hgotdo' A dB,
3,7,k,1 i,5,k,l

=V=1| > hg*Op A g = > ¢ A 7+
i3,k i3kl
Next we observe that
o +0¢T =d¢' =Y 000"+ Boj*
k k
and comparing bi-degrees yields
(2.14) 90" = v*ae;, =" ep*
k k
hence
dwg =V-1|> hzo¢' AT = hg¢t Aol
i,5,k 3,5,k
as claimed. O

Corollary 2.2.  Let G be the metric in Theorem 2.1. Then the following
conditions are equivalent:
(i) G is Kdhler;
(ii) the one forms {¢',i = 1,...,n} are holomorphic;
(iii) the curvature of the vertical bundle V satisfies the conditions:

Z himvaZ:O, 1<m<r

1<i,k<r
(iv) the curvature of the vertical bundle V is zero.

Proof. Tt is clear that the holomorphicity of {¢%,i = 1,...,n} implies that
dn = 0. For the converse, we see from the expression (see (2.8))

i AT = zn: Kz dzP A dz9 A <d17j + i i:ﬁf;gﬂrd25>

p,q=1 s=1s=1
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that, for any 4, j,k,m

) n
Lo, O, AT =60, > Kjade? Adzd,

p,q=1

where 15, denotes interior product with the vector field 9/0t™. This shows

that
Lo dn = V=1 him* O} = V=1 hind('

ikl i

(Y, v*0L =0¢ti=1,...,r by (2.14)) for all m and that

> WMy, dy = V=1 B hipd¢ =v=1Y_ 6/9¢" = v/~19¢

m

for all j. From these it is clear that assertions (i), (ii) and (iii) are equivalent.
From the identities ), vFOI = 9¢%, i =1,...,r and the fact that the curvature
forms {©%} are independent of v, as v = (v!,...,v*) ranges over allv € E,, z €
M we infer that ©% = 0 for all i and k if and only if ¢’ = 0 for all 4. O

If E =TM is the tangent bundle and (E,h) = (T'M, g) then

Corollary 2.3. Let G be the metric in Theorem 2.1 with (E,h) =
(TM,g). Then the following conditions are equivalent:
(i) G is Kdhler;
(ii) the one forms {¢',i = 1,...,n} are holomorphic;
(iil) the curvature of the vertical bundle V satisfies the conditions:

Z himvk(az =0, 1<m<r

1<, k<r

(iv) the curvature of the vertical bundle V is zero;
(v) the curvature of (M, g) is zero.

Proof. The first 4 statements are the same as Corollary 2.2. Under the
present assumption h = g hence the curvature ©% of V, defined by h, is the
same as that of the curvature 2}, of the metric g on M. O

Corollary 2.2 shows that the natural metric G is generally not Kéhler so
we look for other means of producing Kéahler metrics. Let (M, g) be a hermitian
manifold and (F, h) a hermitian holomorphic vector bundle over M. Consider
the global (1,1)-form /—109||P||% = v/—100||P||3 on E (where P is the
position vector field as defined in (2.2)). We claim that

Q1) VIIBIPIE = VT Y ¢ G — VTG,

ij=1
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where (¢ is given by (2.12) and (K (-, -)v,v)}, is the curvature operator defined
as follows:

Kv=) O @e =Y Kl vidF ndZ @e;

i=1
and that
(2.16)
(K (-, Z hj©lv' D = Z > hjgKd ' | d2F A dz
4,J,4=1 I=1 \%,J,9=1

This is verified by a direct calculation:

n 82
V—109||P|| = vV~ Z 2)dvt A dv? + o' o Z 6zk6 =

i,7=1 k,l=1

( YdzF A dz

+v-1 ZZ dz A dv?

1,7=1k=1

We may choose a local frame of E which is normal at any given point z* and,
with respect to such a frame, we have, at the point z*:

V—=190||P||% = vV~ ; dv® A dit + v'T° klzl &Zkﬁzld A dz

Note that the first sum is a vertical form (i.e., annihilates the horizontal vector
fields) because at the point z* the connection forms vanish and we see from

(2.12) that dv® = #° at 2*. On the other hand the second term is a horizontal
form. Indeed, the curvature at z* is given by (see (2.8))

Z 8zk i Ldz* A dZ,

k=1
thus the second sum in the expression above is a curvature term:
T n
V=100||P|[g = V=1) _Q dv' Add' — o'oY Kl de ndZ G
i=1 k=1

where v = (v!,...,0") and (2.16) is verified. It is clear that v/—199||P||% is
positive definite in the vertical direction. For any tangent vectors X, Y of type
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(1,0) on M,

K(X,Y)v=>Y 0l(XY),

i=1
(KX, Y)v,u) = > Y oKl XM v,
k,=114,j,q=1

If |X||lg # 0 and ||v||n # O the mized holomorphic bisectional curvature of
(E, h) is defined to be:

(K(X, X)v,v)p

(2.17) k(X v) = S AUk
( DHER

X €T, M, v € E,.

Identifying the position vector field P = > v'd/dv® with the position vector
(vl,...,v") we sometimes write k(X,P) instead of k(X,v). The preceding
calculation shows that:

Theorem 2.4.  Let P be the position vector on E where (E, h) is a her-
mitian holomorphic vector bundle of rank r over a complex hermitian manifold
(M, g). Let G be the metric along the fibers of TE defined by g and h then the
(1,1)-form /—190|| P||% is positive definite on E\{zero-section} if and only if
the mized holomorphic bisectional curvature k(X, P) is strictly negative for all
non-zero X € T, M.

Proof. This is quite clear from the identity

VEI100PIG = V=T | D0 A0 =Y > v Ky deb A dz!
=1

i=1 k,l=1

as the first term on the right guaranteed that the (1, 1)-form is positive definite
in the fiber directions while the second term is positive definite in the base
directions if and only if the mixed holomorphic bisectional curvature k(X, P)
is strictly negative. 1

If E=TM and h = g then v € T, M is also a tangent vector of M and
writing v =Y, we have:

(R, XYY,
HEY) = I XEIE

if XY € T, M are non-zero tangent vectors at . Thus k(X,Y) is just the
usual holomorphic bisectional curvature and we get from Theorem 2.4 that

Theorem 2.5.  Let P be the position vector field on TM where (M, g)
is a complex hermitian manifold. Then the (1,1)-form /—199||P||2 is posi-
tive definite on T M\{zero-section} if and only if the holomorphic bisectional
curvature of g is strictly negative.
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Write v/—189||P||% = w + p with

w=+v-1 Z CH ALY p=—vV-LK(,)v,v)p
i,j=1
and, with respect to a frame normal at a point «* € M:

K (v)dz" A dZ!
1

\E

V=100||P||g = V=1) _dv' Adv' — /=1
=1

k.l

at the point (2*,v) € TE where K(v),; = Y7 v'0'K/, ;. The first sum is
horizontal while the second sum is horizontal. Thus

(2.18) (V=108||P|[2)™" = " A p" = (—1)" det(K (v),p) dV A dZ,

where dV,, = (vV=13_1_; dv' Adv")" and dV, = (v =13 ,_, dzF Adz')™ are the
vertical and horizontal volume elements. This shows that (v/—199||P||%)"*" >
0 if and only if (—1)™ det(K (v),;) > 0.

In the next section the preceding Theorem shall be formulated on the
projectivized bundle rather than on E. The reason for working on P(F) rather
than E is that P(F) is compact if M is compact.

3. The tangent bundle of a projectivized vector bundle

Let (M, g) be a Kahler manifold with holomorphic tangent bundle pys :
TM — M and let (E,h) be a hermitian holomorphic vector bundle of rank
r > 2 over M with projection

(3.1) pp: E— M.

Denote by E, = E\{zero-section} then there is a natural C* = C\ {0} action
on F, and the quotient

(3.2) [: B, —P(E)=E,/C*

shall be referred to as the projectivized vector bundle. The natural projection
map shall be denoted by

(3.3) [pe]: P(E) — M.
As the notations suggested, the following diagram commutes:

E* = E*
(11 | pE
P(E) 2=l
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The quotient map (3.2) induces a bundle map between the tangent bundles
[]«: TE. — TP(E).

The kernel of [ ], is the trivial line bundle (P) spanned by the position vector
field P (defined in (2.2)) and we have a short exact sequence of holomorphic
bundles

(3.4) 0 (P) - TE. % TP(E) - 0.

The pull-back [pg]*E is a sub-bundle of P(E) x E over P(E) and inherits
projection maps py : [pg]*E — P(E) and ps : [pg|*E — E such that the
following diagram is commutative:
pe]'E 2 E
I p 1 pE
P(E) 22l .

The tautological line bundle, denoted E;(l
by:

1)» is a sub-bundle of [pe]*E defined

(3.5) Loy = {((z [v]), \v) € [pe]"E| (2, [v]) € P(E), A € C}.

The dual, denoted Lp(g), shall be referred to as the “hyperplane bundle” over
P(E). We shall often write, for simplicity, £ instead of Lp(gy. The following
definition is standard:

Definition 3.1. A holomorphic line bundle L over M is said to be am-
ple (resp. nef) if there exists a hermitian metric h along the fibers such that
the first Chern form ¢y (L, h) is positive definite (resp. positive semi-definite).
A holomorphic vector bundle E of rank r > 2 is ample (resp. nef) if the line
bundle Lp(g-) over P(E*) is ample (resp. nef). The dual bundle E* is said
to be ample (resp. nef) if the line bundle Lp gy over P(E) = E,/C* is ample
(resp. nef).

Let P be the position vector field on TE then the function ||P(z,v)||7
is globally well-defined on E and is non-vanishing outside the zero section
hence log ||P(z,v)||? is well-defined on E.. Moreover, since log ||P(z, \v)||? =
log ||P(2,v)|? + log |A|? for all A € C* the (1,1)-form (v/—1/27)001og||P||?
descends to a well-defined (1,1)-form ¢ on P(E). Indeed, we may consider
||P||n, as a metric along the fibers of the tautological line bundle £~! and
(vV/—=1/27)001og || P||? descends to —¢ = c1(L£71), the first Chern form of the
line bundle £71; equivalently, (v/—1/27)99log || P||? to ¢ = c1(L) which is the
first Chern form of the dual line bundle £. Being a form on P(F) we have
¢V~ = 0 where dimP(E) = dimE — 1 = N — 1 thus (9d1log||P||2)N~! = 0.
Indeed the position vector field is a zero eigen-vector of ddlog||P||?, i.e.,
tpddlog || P||? = 0.
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Theorem 3.2.  Let P be the position vector field on a holomorphic vec-
tor bundle (E,h) of rank r > 2 over a hermitian manifold (M,g) of dimen-
sion n. Then the (1,1)-form /=1901log ||P||? descends to a well-defined form
(= 2mc1(Lp(r))) on P(E) moreover the following conditions are equivalent:

(i) ¢ is positive definite (resp. positive semi-definite);

(ii) the mized holomorphic bisectional curvature k(X, P) of (E, h) is strict-
ly negative (non-positive) for all non-zero X € TM and where P is the position
vector field along the fibers of E.

Proof. Differentiating twice we get

_ G2 llPIE ATP|E
(3.6) ddlog ||P||? = - :
Pl = 1P P[T

In terms of a normal holomorphic frame at a point z* (see the proof of Theorem
2.1),

T

ohg . SN
Z a—ZkU v dzy, + Z hij'ujdv s

0 ZT: hi;’ui@j

=1 ij=1 ij=1
i T T
_ o oh.= . . o
— 1 — — —
0 E hiv't? | = E — el dz, + g h;v'dv’
“ “— 0z “
i,j=1 i,j=1 3,j=1

and from the computation of 99||P||? in the last section (in the proof of The-
orem 2.4),

IPIB X, dvf Adi — X, o vidvt A di
121

V—1001og||P||2 = v/ —~1

(K(,-)P, P)n

— V=1 ,
17117

where K is the hermitian curvature of h. The first term on the right is [ *wrs
where wpg is the Fubini-Study metric of the fiber P(E,-) and [] : E. — P(E)
is the quotient map. Thus, along each fiber, we have

<K('7 ')P7 P>h

(3'7) V_laEIOgHPH%L: H*WFS_ V-1 HPH2
h

from which we infer easily that ¢ is positive definite in the fiber directions and
is trivial in the horizontal directions; on the other hand the second term is
trivial in the fiber directions and is positive definite in the base (horizontal)
directions (by Theorem 2.4) if and only if the mixed bisectional curvature:

(K(X,X)P,P),

k(X,P) =
X112

is strictly negative for non-zero X € TM. This shows that (i) and (ii) are
equivalent. n
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Note that the hermitian curvature matrix is skew hermitian, consequently
the mixed holomorphic bisectional curvature of a holomorphic hermitian bundle
(E, h) is positive (resp. negative) if and only if the mixed holomorphic bisec-
tional curvature of its dual (E*,h*) is negative (resp. positive). Theorem 3.2
applied to the dual (E*, h*) of (E,h) yields:

Theorem 3.3.  Let P* be the position vector field on (E*,h*) the dual
of a holomorphic vector bundle (E,h) of rank r > 2 over a complex hermi-
tian manifold (M, g) of dimension n. Then the (1,1)-form /—1901og || P*||3.
descends to a well-defined form (= 2mec1(Lpgp+))) on P(E*) moreover the
following conditions are equivalent:

(i) v is positive definite (resp. positive semi-definite);

(i) the mized holomorphic bisectional curvature of (E*, h*) is strictly neg-
ative (resp. non-positive);

(iii) the mized holomorphic bisectional curvature of (E, h) is strictly positive
(resp. non-negative).

Each of these conditions implies that E is ample (resp. nef).

Just as in Section 3 the condition on the mixed bisectional curvature in
Theorems 3.2 and 3.3 is reduced to the usual bisectional curvature if (E, h) =
(TM,g).

Fix hermitian metrics (M, g) and (E, h) and let uy , be the supremum of
the mixed holomorphic bisectional curvature k(X, P); more precisely:

(3.8) mg.p(z) = sup k(X,P), Hgh = SUP Mg p.
X€T, M,0€E, zeM

Obviously the function mg j(x) is continuous and, if M is compact, pg 4 is a
finite constant. However 4 may be infinite if M is non-compact, in which
case it is necessary to work with mgy (). In any case, we have, by definition:

<K('7')U7U>h
T

where wy is the fundamental form associate to the metric g. This together with
(3.7) implies that, for pgp finite

c1(Lpp)) + Ape]*w > wrs + clpe]*w — pyn[pe] w,.

([pe] : P(E) — M is the projection map) for any constant A and any (1, 1)-form
won M. If M is compact Kéhler we may take w to be a Kahler form on M then
there exists a constant A >> 0 such that Aw — g pwy is positive definite (in
particular, if wy is Kéhler we mat take w = wy and A to be any number strictly
larger than fi, ). With this choice we see from the preceding inequality that
c1(Lp(p)) + Alpe]*w is positive definite as wpg is positive semi-definite and is
positive definite in the fiber directions while A[pg]*w — pg [pE]*wy is positive
semi-definite and is positive definite in the horizontal directions. If in addition
w is Kahler then ci1(Lp(g)) + Alpp]*w is a Kahler metric on P(E). This is
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equivalent to the condition that v/—1901log||P||? + Apw (pE : E — M is the
projection map) is positive semi-definite on F\ {zero-section} and is positive
definite in all directions transversal to the radial direction (i.e., the direction
spanned by the position vector field P. This is equivalent to the condition that
V/—109||P||? + A\pjw is positive definite on E.

The construction above, however, does not work if M is non-compact be-
cause jiy, may be infinite. In the non-compact case we have to deal with
the function mg ;. This can be done if M is Stein (i.e., there exists a strictly
plurisubharmonic exhaustion function f on M) or, more generally, by drop-
ping the exhaustion condition (i.e., each of the level set of f is compact) on
the strictly plurisubharmonic function f. On such M we may take the Kéhler
form to be the Levi form of f: w, = V—100f. By definition, at any point

K("')P7P>h

f\/71< P[P < fmgvh\/flﬁgf = —Mg pWg.
h

Let x : R — R be a positive convex increasing function then
VE100(x 0 f) = X (V=100 + X" (HV=10f AOf 2 X (F)V=100f

thus, by choosing x such that

(3.9) X (f(x)) > |mg,n(2)]

(it is clear that such a function y exists) then

VTSR I < oy < VT

and consequently,
c1(Lpw)) + [pe]*vV—180(x o f)
=Wwps + [PE}*\/—_WE(X of)— \/—_1%
h

is positive definite on P(E) and /—189||P||? + p5v/—199(x o f) is positive
definitive on E. We summarized the above in the following Theorem:

Corollary 3.4.  Let (M, g) be a Kahler manifold and [pg| : (E,h) — M
be a hermitian holomorphic vector bundle, of rank > 2 over M. If M is compact
then there exists a constant X > 0 such that /—190||P||? + A\pjw, is a Kdihler
metric on the bundle space E. Here P is the position vector field on E and wq
is the Kdhler form associate to the metric g. If M is non-compact and admits
a strictly plurisubharmonic function f then there exists an increasing convex
function x : R — R such that /=190||P||? +pv/—109(x o f) is a Kdihler
metric on E.

The case of a general non-compact Kéhler manifold remains open.



Finsler geometry of projectivized vector bundles 387

Let [pgls : TP(E) — TM be the differential of the projection [pg] :
P(E) — M. The projectivized vertical sub-bundle [Vg] = ker[pg]. consisting of
tangent vectors of P(E) tangential to the fibers of [pg|. Note that kerpg = Vg
where pp : TE — TM and [Vg| = [ |.Vg where [ ]| : E\{zero-section} — P(E)
is the quotient map (see (3.2)). The kernel of the quotient map is spanned by
the position vector field P hence [Vg] = Vg/(P)c. There is an exact sequence
(which shall be referred to as the Euler sequence over P(E) see [10]):

(3.10) 0— C — [pe]"E® Lpg) > [VE] — 0,

where Lp gy is the “hyperplane” bundle as defined in (3.5) and C is the trivial
line bundle spanned by the tautological section

T(z,[v]) = Zvi ® e;

(if M is a single point then £ = C" and the preceding reduces to the classical
Euler sequence for projective space is the exact sequence (see [10])

0-C—-C'®@Lpr1=Lpr—1 — TP 1 50,

where Lp-—1 is the hyperplane bundle on P"~!). The homomorphism p in
(3.10) is given as follows. A local section o of [pr]*E ® Lp(g) is of the form

a(z [v]) = Z ai(2, [v]) @ ei(2, [v]),

where each o; is a local section of Lp(gy. The section o determines a vector
field on [pg|*E:

T
5}
Vo = ;oi(z, [vl,...,0"]) ® i
which, by definition, is vertical (vq,...,v, are fiber coordinates) and p(c) =

[ ].Vo. It is clear that the kernel of p is spanned by the tautological section
(corresponding to the position vector field), i.e.,

L LI o
r=YveaeV,=P=Y o
i=1 =1

hence [].V; =[]+ P = 0. The Euler sequence implies that

B11)  a(Vi]) = —allpe]"E® L) = —a(lpe]"E) - rai(Lem),

where we have also used the case k = 1 of the following identity for Chern
classes of tensor product of a line bundle F and a rank r vector bundle &:

cr(E®F) = Zk: (;_Z)Ci(g)clf_i(]:)'

=0
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Note that in the classical Euler sequence this reduces to (as F is the trivial
bundle) the well-known fact that ¢ (Kpr-1) = —rci(Lpr—1). On the other
hand, we have (by definition) an exact sequence:

0— [Vg] = TP(E) — TE/[VE] — 0,

where TP(E)/[VE] is C*-isomorphic to the horizontal sub-bundle Hg (which
is holomorphically isomorphic to TM under the map [pg|. : TP(E) — TM).
By duality we get a C*° exact sequence:

0— [pp]*T"M — T*P(E) — [V5] — 0,
which implies that ¢;(T*P(E)) = c1([pe]*T*M) + c1(V},), ie.,
(3.12) c1(Kpg)) = c1([pe] Ky + e ([VE]D,

where Kp(g) and Kjps are the canonical bundles of P(E) and M respectively.
The preceding identities imply (cf. Griffiths [11], Kobayashi-Ochiai [15]):

Theorem 3.5.  For any holomorphic vector bundle E of rank r > 2 over
a complex manifold M, we have

where E;?E) is the dual of the r-fold tensor product of the “hyperplane bundle”
P(E)-

Proof. Recall that an exact sequence of vector bundles 0 — E; — Ey —

E3 — 0 induces an isomorphism: det F; ® det F3 = det F5. We get from the

dual Euler sequence (see (3.10)) det Vi & [pg]* det E* @ Lp(py- On the other

hand, by (3.11), it is clear that

Keg) = [pe]"(Ky) @ det VE,
hence Kp(g) = [pe]™(Kym) ® [pp]” det E* ® Lp(y) as claimed. O

Let E =TM in the preceding Theorem then det E* = K, and we get

Kpran = prul* Ky @ Lp(rar;

where n = dim M ; equivalently, /CP(TM)@)E%(TM) =~ pru|*K3,. Let E=T*M

in the preceding Theorem then det E* = IC]T/[1 and we get Kp(7-p) = EP(T* M)

where n = dim M; equivalently, ICIZ(lT* M) ~ EI@(T*M).

Corollary 3.6.  Letn = dim M then (i) TM is ample (resp. nef) if and
only iflCl;(lT*M) is ample (resp. nef), (ii) if K is nef then ICp(TM)(X)Eg(TM) is
nef, (iil) if T* M is ample then ICP(TM)@)L?,(TM) 1s nef hence ICP(TM)@)L?('%M)
is ample.
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Proof.  Assertion (i) is clear from the remark above. For (ii) if ps is nef
then c1(Kp(ran @ L rarn) = c1(Kar)? > 0 hence Kp(ra) ® Ly I8 also nef.
If T* M is ample then Ky, is ample hence ¢y (ICP(TM)®£Q(TM)) =c1(Ka)? > 0.
In fact it is positive definite in the horizontal direction. By definition 7" M is
ample if and only if Lp(7as) is ample hence ¢1 (Kp (1 ®£;‘(":,11M)) = 2¢1(Kar)+
c1(Lp(rary) is positive definite. O

Corollary 3.7.  If TM is ample, dim M = n, then H (M,0™TM) =0
for all m > 1 and H' (M, o™ % (@ TM)) =0 for all m,k > 1.

Proof. If TM is ample then /J’f}(T*M) and ICP_,(IT*M) are both ample for
all m > 1. This implies that £$(T*M) ® IC;(IT*M) is also ample. By Kodaira’s
vanishing Theorem we have, H(P(T*M), E’IZ?(T*M)) =0 for all i > 1 and, by
Grothendieck’s Theorem:

HY(M,o™TM) = H' (P(T*M), LE 7 ppy) = 0

for all i,m > 1 as well. If we take F = @™T*M in Theorem 3.8 then rank
E = nm where n = dim M and
ci(det E*) =m(1 + (n — 1)C™ ' + (n — 1)2C !
+oot (=DM TICR e (Kyy).
Here we use the following (see [S-W] for details) standard formula with F' =
T*M:
Proposition 3.8.  Let F' be a vector bundle of rank r then
a(@"F)=m(l+ (r—1)CP 1+ (r — 1205t
o (= )MTICR T (F),

where C’]’-c 1s the usual binomial coefficient of choosing j elements from a set of
k objects.

By Theorem 3.5,

Cl(K:p(E)) +mn Cl(ﬁp(E)) = [pE]*{Cl(ICM) + cl(det E*)}
m—1
= [pe)* <<m S (n- 1>ic;“> - 1) 1 (i),
=0

which implies that Kpg) ® EI@("E) is nef if ICI_VII is nef. If TM is ample then so

is Lp(g) we infer from the preceding that Kp(g) ® Eg{gk is ample for [ > 1

and since Eg("g)k is also ample we have as before: H'(M,o™"+F(2 TM)) =

H'(P(E), Lg{") = 0 for all i, k,m > 1. O
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4. Curvature of tensor products of vector bundles

It is well-known that the ampleness of a vector bundle E implies that the
tensor products ®*E, symmetric product ®¥E are also ample for any positive
integer k; the same is also true for the exterior product ANEforl <k<r=
rank F. The corresponding differential geometric statement, which we now
show, asserts that the negativity (resp. positivity) of the mixed bisectional
curvature of E implies the negativity (resp. positivity) of the mixed bisectional
curvature of ®*E, ®FE for any positive k and A*E for 1 < k < r. In this
section we work out the precise relation between the respective curvatures. As
a result of these calculations we shall show that, in fact, the negativity (resp.
positivity) of the mixed bisectional curvature of F and the negativity (resp.
positivity) of the mixed bisectional curvature of ©*E, k > 0 are equivalent.

For Hermitian holomorphic vector bundles (E,h) and (F,k) the tensor
product ¥ ® F is equipped with the Hermitian metric H = h ® k, i.e.,

(4.1) (a®a,b® B)rer = (a,b)n{a, B)r,

more generally, for s; j,t,, € C,

<Z Si,5 Q4 ®aj72tu,ubu ®6u> = Z Si,jf;t,y<ai7bﬂ>h<aj7ﬂl/>k'
,J 184

rQk IV
Let {e1,...,e -}, {f1,--., fs} belocal frames for E and F then
(4.2) {eij=e®f;,1<i<r1<j<s}
is a local frame for E® F. For 1 <4, 5,p,q <n,

Hijyipay = (€ijr epg) 1 = (€is ep)n(fjs fo)n = hipkiq.

If (E,h) and (F,k) are Finsler bundles (h and k satisfy conditions (FM1)
through (FM6) as stated in the introduction) we cannot, in general, define
the tensor product of h and k on E ® F even though for simple elements
a®bac€ Ebe F H(z,a®b) = h(z,a)k(z,b) is well-defined but there is no
natural way of extending this definition to the general elements as in the case
of Hermitian metrics. However, as h and k are strictly pseudoconvex along the
fibers we may proceed as follows. Let n = h? and x = k? then, as was seen in
the preceding section,
0%n 0%k

are hermitian metrics on the vertical bundles Vg and Vg respectively. Now
the tensor product of these two hermitian metrics is a hermitian metric of the
bundle Vg ® Vg. It is easily seen that Vg ® Vg is the vertical sub-bundle of
T(EQF),ie., Vg ®Vr = Vggr. In what follows we shall be working with the
Hermitian and Finsler cases at the same time with the understanding that, in
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the later case we are working on Vg ® Vp instead of £ ® F. The connection of
the tensor product is the tensor product of the connections:

(4.4) Vie®a)=(Va)@a+a® Va.

For simplicity of notations the same symbol is used for the 3 different con-
nections (on £ ® F, E, F respectively). The connection is extended to general
elements by enforcing linearity (over C) and Leibnitz rule. In terms of the
frames (4.2) the connection forms are related by: Opgr = 0 ® I + I, ® OF
where 67(E) and 6(F) are the connection forms of E and F respectively (in
the Finsler case, 0] (Vg) and 09 (Vr) are, respectively, the connection forms of
the metrics defined by (4.3) on Vg and Vr). A simple calculation shows that
the curvature forms are similarly related: Opgr = Op ® I, + I, ® Op. It is
clear from the preceding formula that the mixed holomorphic bisectional cur-
vature of (F® F,h®k) is < 0 (resp. < 0) if the mixed holomorphic bisectional
curvatures of (E,h) and (F,k) are both < 0 (resp. < 0). By induction, we
have:

Proposition 4.1.  Let (E;, h;),i = 1,...,m be Hermitian (resp. Finsler
satisfying (FM1)—(FM6)) holomorphic vector bundles over a complex manifold
M. If the holomorphic bisectional curvature of (E; h;) are < 0 (resp. < 0
resp. > 0, resp. > 0) fori = 1,...,m then the holomorphic bisectional curvature
of (1, E;, @1 1h;) (resp. (R, Vg, @™ 1h;) in the case of Finsler metrics) is
<0 (resp. < 0 resp. > 0, resp. > 0).

The case of exterior product is similar. For a hermitian holomorphic vector
bundles (E, h) the wedge product A™E(m < r = rank F) is equipped with the
metric H = A"h:

(45) <(l1 VANEIERIVAN A, bl VAN bm>/\""h = det((ai, bj>h)1§i,j§m-

If h is only a Finsler metric satisfying conditions (FM1)—-(FMT7) as stated in the
introduction then it defines a hermitian metric on Vg (see (4.3)) and hence also
a hermitian metric along the fibers of A™Vg. In the following we shall work
with the case of hermitian metric with the understanding that the Finsler case
is analogous and is obtained by replacing E by Vg in the discussions below.
Denote the set of increasing indices by:

Ty ={I = (i1, yim) |1 <i1 <+ <ipm <7}
Let {e1,...,e.} be a local frame for E then
(4.6) {er|I €Ly}

is a local frame for A" E. In terms of these frames the components of the metric
H are given by: H,; = (er,es)amn = det({ei,,€j,)n)1<k,i<m- The associated
connection V on A™E (which will be denoted by the same notation) is given
as follows:

m
V(ar A Nam) =D ar A= AVa A A
=1
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The preceding defining identity can be verified by skew symmetrizing the con-
nection for tensor products. For example if m = 2 then a Ab= (1/2)(a ®b—b
® a) hence

V(anb) = %(V(a 2b) = V(be a))

1
=5{(Va)@b+a@ Vb—(Vh)®a—bx Va}
(Va) Nb+a A Vb.

The general case is verified in an analogously way using the identity
1
ar N Ny = W Z SgIl(O’) g (1) @ Ao (m)s
oESH,

where o ranges over the symmetric group on m elements. In terms of the given
frames (4.6) the connection forms are related by the formula:

m
Ormp =Y L Ao AL AOp NI AN,
i=1
and, analogously, the curvature forms are related by
m
Opnmp :ZIT/\---/\I,«/\@E/\IT/\---/\IT.
i=1

This implies the following result:

Proposition 4.2.  Let (E,h) be an Hermitian (resp. Finsler satisfying
conditions (FM1)—(FM6)) holomorphic vector bundle over a complex manifold
M. If the holomorphic bisectional curvature of (E,h) is <0 (resp. < 0 resp. >
0, resp. > 0) then, for 1 < m < r, the mized holomorphic bisectional curvature
of (N™E,N"™h) (resp. (N Vg, AN"™h) is <0 (resp. < 0 resp. > 0, resp. > 0).

For a hermitian holomorphic vector bundle (E, h) the symmetric product
®?F is equipped with the metric H = h ® h = ®2h:

(0 a,b® Blnon = 5((a Bnla, B)a -+ {a, Bl )

and, more generally, for any positive integer m,

m m 1 :
(47) <®i=1ai7®j:1bj>®mh = % ZH<ai,bU(i)>h,

o =1

where o ranges over all elements of the symmetric group on m elements. If
h is Finsler metric satisfying (FM1)—(FM5) the same argument applies to the
bundle ®@"Vg. Let

jm,r:{I:(Zla7lm);1§l1SSlmgr}
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Let {e1,...,e,} be alocal frame for E then
(4.8) {61Zeil@"'Qeim,I:(il,...,im)Ejm,r}

is a local frame for @™ FE. For example, if m = 2 then for 1 <i < j7 <1<
p, < q <, the components Hy;jy(pq) of the metric H = h © h are given by

1
Hijytpay = (€ij €pa) it = 5 (hiphjq + highyp).

The connection of the symmetric product is the symmetric product of the
connections:

(4.9) V(O a) =Y 0100 (Va) @ © apn.
=1

Thus, relative to the frames (4.8) the connection forms and the curvature forms
are related by

Oomp=> L0 0LoIgOL 01,
i=1

m

@QmE:ZITQ---(DIT(D@E@IT---QIT.

i=1
Thus for any positive integer m we have:

Proposition 4.3.  Let (E,h) be an hermitian (resp. Finsler satisfying
(FM1)—(FM6)) holomorphic vector bundle over a complex manifold M. If the
holomorphic bisectional curvature of (E, h) is < 0 (resp. < 0 resp. > 0, resp. >
0) then, for 1 <m <, the holomorphic bisectional curvature of (0™E,®™h)
(resp. (@™ Vg, ®™h)) is < 0 (resp. < 0 resp. > 0, resp. > 0).

For the symmetric bundle the converse is also true in the following sense.
Suppose that ®™ E admits a hermitian metric such that the mixed holomorphic
bisectional curvature is < 0 (resp. < 0). Then the bundle @* ©@™ E with the
product metric @*H also satisfies the condition that the mixed holomorphic
bisectional curvature is < 0 (resp. < 0). Assume that @™ E is spanned, i.e.,
there exists a basis 0y, ...,ony of H*(X,®™ 1E) such that

(4.10) oo(z),...,on(x) span the fiber of @™ 1 F, forall z e M.

This condition implies that, at each point x € M, there exists ¢1,...,74,¢ =
rank ©™~'E such that o;, (),..., 05, () is a basis of ©™ ' E,. Note that this
condition is satisfied if ©™ ' E is very ample. Consider the map ¢: E — O™E
defined by

1 E =Nt oM™ E, u(s)=(s®0g,...,5O0N).
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It is clear that t(as + bt) = au(s) + be(t),a,b € C,s,t € E. We claim that
it is also injective. By the spanned condition we may assume without loss of
generality that oo(z),...,0,-1(z) is a basis of @™ 1E,; if «(s) = 0,s € E,
then s ® g; = 0 for all ¢ which implies that s = 0. This shows that ¢ is a linear
isomorphism hence ((E) = A is a holomorphic sub-bundle of @¥*+1 o™ E:

LE2AcoNTlemE.

Let h = ®NT1H|A be the induced metric on A then (*h is a hermitian metric
on E. Let ey, ..., e, be alocal unitary frame (relative to t*h) for E then

fi:L(ei), izl,...,T

is a local unitary frame for A. Extend this to an unitary frame {f;,i =
1,...,M =rank @V @™ E} for @V+1 ©™ E. Denote by ®N 1 H = (H;;(2))
where 1 < i,j < M the hermitian metric on @V+! @™ E relative to this frame
then the induced metric h = @Vt H|a = (Hy;(2))1<ij<r. Let D (resp. D)
be the hermitian connection of ®@N+1H (resp. h) then Df; = Zf\il 67 f; for
1<i<Mand Dfy =31, 60/fj for 1 <i<r. LetQ=aNt' o™ E/A be
the quotient bundle with the quotient metric and the quotient connection and
define an operator A = D|x — D : I'(A) — I'(Q) then the connection matrices

are related by -
é N [N tA
A b))’

where A is represented, with respect to the chosen frame, by a matrix (af )

wherg r+1 <1< M , 1< <r of }—forms. Tl}g curvature forms are given
by: D2f; = Y11 OF @ fiu, OF = doF — 322 0] AG¥ for 1 < ik < M and
D*f; = 30, 0F @ fi, OF = doF — 7 67 AOF for 1 < ik < r. The
curvature matrices are related by (see [G-H])

O — @A—tZ/\A *
B * Og+ANA)’

where "FANA = (Af =3 1cicm al A a¥)i<ik<r. Thus, for o =377 alf; €
A <<

)

T

o= { 30 0153
@N+1H

i,j=1 k=1

- <zai<ez‘ - Azf>fj,zakfk>
j=1 k=1 A
= <KO’, O'>h — <ZaiAffj,Zakfk> .
h

j=1 k=1

The second term on the right above is positive (see [G-H]) hence we have the
following partial converse of Proposition 4.3:
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Proposition 4.4. Let E be a holomorphic vector bundle and suppose
that, for some positive integer m @™ 'E is spanned and that there exists a
hermitian metric H on O™ E such that the mixed holomorphic bisectional cur-
vature of (0™E,H) is < 0 (resp. < 0) then there exists a hermitian metric
on E such that the mized holomorphic bisectional curvature of (E,h) is < 0
(resp. < 0).

Remark 4.5. If E is ample then the condition that ™' E is spanned
is automatically satisfied if m is sufficiently large. We shall see in the next
section that the condition that the mixed holomorphic bisectional curvature of
(®™E, H) is < 0 implies that F is ample hence, the condition that “®@™~1E is
spanned” is redundant in this case for sufficiently large m.

Remark 4.6. 'We remark that the preceding calculation yields no par-
ticular useful information in the case of (mixed) positive bisectional curvature.

5. Finsler metrics

Let E be a holomorphic vector bundle of rank r» > 2 over a complex man-
ifold M and let £=1 = E;éE) over P(E) be the “tautological” line bundle. By

definition the bundle space of £~! is the blowing up of the bundle space of
E along the zero section. Thus there is a canonical isomorphism £~!\{zero-
section} = E\ {zero-section} compatible with the respective C* structure asso-
ciated to the respective bundle structures. Let H be a hermitian metric along
the fibers of £~! which, via the preceding isomorphism, determines uniquely a
function

(5.1) hiE—Rso,  h(zv) =187 (= 0)la

(where 3 : L7! — E is the blowing up map along the zero section) with the
following properties:

(FM1) h is of class C° on E and is of class C*° on E\{zero-section};

(FM2) h(z, Av) = |A|h(z,v) for all X € C;

(FM3) h(z,v) > 0 on E\ {zero-section};

(FM4) for z and v fized the function 1. ,(\) = h%(z, \v) is smooth even at
A=0.

A function on E satisfying properties (FM1), (FM2), (FM3) and (FM4)
above shall be referred to as a Finsler metric of class C*°. In the literature
some authors do not include property (FM4) in the definition. With condition
(FM4) a Finsler metric on F determines uniquely a hermitian metric along the
fibers of £L71 via (5.1). Note that we do not require that h?(z,v) be of class C>®
along the zero-section; indeed, with this extra condition the Finsler metric is the
norm of a hermitian metric along the fibers of E and we are in the situation of
Section 2. A Finsler metric is said to be strictly pseudoconvex along the fibers
if the following condition is satisfied:
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(FMS5) h|g, is a strictly pseudoconvez function on E, \ {0} for all z € M.
h|g, is strictly convex on E, \ {0} for all z € M.

Note that we require that F' be strictly pseudoconvex only in the fiber
directions. Let G = h? then

(5.2) G(z, ) = |[A*G(z,v)

for all A € C. Taking A = eV~ yields G(z, eV~ 1) = G(z,v) and we see that
a level set {G = c}(c a constant) of G is invariant by the circle action. A set
invariant under the circle action is said to be circular. We derive some basic
formulas of the derivatives of G which are needed in later calculations of the
curvature (these formulas are shared by functions satisfying the homogeneous
Monge-Ampere equation see for example [1], [16] and [18]). It is understood
that all differentiations are carried out off the zero section. It is clear that the
homogeneity property (5.2) remains valid for all partial derivatives of G in the
base variables, i.e.,

a-+b a-+b
A (2 Xv) = AP A R

5.3
(5.3) 0za, - - 020,075, - - 23, 0za, - 024,028, -+ 25,

On the other hand, differentiating (5.2) with respect to the fiber variables
v=(vl,...,v") yields (for A € C*,v € E, \ {0})

oG —8G oG oG
(Z /\ ) a Z(Z,U), ﬁ(zv)‘v) - A@(

The identities (5.2), (5.3) and (5.4) imply that

(5.4)

Z,0).

ZGZ)\Ualz)\vdZ*ZG 82% ,v)dzi,

oG
ZGz)\v)Bl(Z/\U () Zsz 81}1 (2, v)dv

In other words, 0, log G, 9, log G (resp. ?Z log G, 0, log G) are invariant by the
Cr-action on E where 0,0, (resp. 0.,0,) are the base component and fiber
component of the operator 0 (resp. 0) on E. More precisely, we have

oG

A" (0, log G(z,v) G G )\v) 950

(2, \)dz" = 0, 1log G(z,v),

1 oG ,
(0,1 , = — (g, N =0,1 ,
A (0, log G(z,v)) ;:1 G 97 (z, \)d(M") = 9, log G(z,v)
and, as G is real-valued, a similar set of formulas for 9; log G(z,v). This also

implies that the level set {G(z,v) = ¢} is non-singular for any positive constant
c¢. The identity (5.2) and (5.3) imply in particular that

1 lale 1 0?°G

(5.5) Glo) 92707 ) = Gy aiam oY)
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and differentiating the first identity of (5.4) with respect to ©/ yields:

0°G 0?G
oige M) = Guiger 4 0)

in other words, both G=19,0.G and G~19,0,G are invariant by the C*-action.
Since

(5.6)

— 1 — —
0,0,1log G = 5828261 —0,logG N0, log G,

_ 1 _ _
0y0y log G = 5&,&,6’ — Oy logG A 0, 1og G,
we conclude, from the calculations above that 9.0, log G and 8,0, log G are
invariant by the the C*-action. To deal with mixed derivatives we differentiate
(5.4) with respect to z then

92G —_ 9%G %G 0?G
R R T L A = A

V),

and these imply that G~10,0.G and G~'0,0,G are both invariant by the C*-
action:

0?G

X (0,0:G(z,v) G(z, /\U) ovtozi

——— (2, \)d(\') AdZF = 0,0.G(z,v),

20y
A (0,0,G(2,v) Z at zl)\u oG —— (2, W)dZ AN d(\YY) = 0.0,G(z,v).

02007

Since 9dlog G = (1/G)90G — dlog G A dlog G = (1/G)(0.0.G + 0,0,G +
0,0.G +0.0,G) — (0, log G+ 8, log G) A (9, log G + 0, log G) we conclude that
00log G is also invariant by the C*-action. These show that both 9dlog G,
0,0 log G and 9,0, log G descend to well-defined (1, 1)-forms on P(E). More-
over, if the Finsler metric is strictly pseudoconvex along the fibers then (5.3)
implies that the restriction of the Levi-form 9,0, log G, to the maximal com-
plex tangent bundle of {G = ¢} N E., is strictly pseudoconvex for all ¢ > 0.
This is so because the maximal complex tangent bundle of {G = ¢} N E, is
annihilated by 0, log G. In other words we have shown that

Lemma 5.1.  Let F' be a Finsler metric along the fibers of a holomorphic
vector bundle, of rank > 2, over a complex manifold. Then v/—1001log G (G =
F?) descends to a well-defined (1,1)-form ¢ on P(E). If G is strictly pseudo-
conver then ¢ is positive definite when restrict to the tangent bundle P(E.) of
a fiber P(E,).

The final set of formulas are obtained by differentiating the identity (5.2)
with respect to the variable A and A resulting in the identities

(5.8) ;vl%(z, ) = \G(z,v); ;T/Z%(z, Av = AG(z,v);
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in particular, we have

n

PG(z, ) = Z gG;(Z’U Zv = PG(z,\v),

=

where P = 37, v'9/0v’ is the position vector field. Differentiating (5.8) with
respect to A and using (5.7) yields

(5.9) Z V' 81}18 — (2, Av) Z V' (‘31#811] (z,v) = G(z,v);

7,7=1 1,j=1

in other words PPG(z, \v) = PPG(z,v) = G(z,v). On the other hand, differ-
entiating (5.7) with respect to A yields

.. 9%G " 9%G
¢ ‘7 = 2 J p—
(5.10) MEZIU Sy (z, Av) ,;:1 iy (z,v) = 0.
Note that
aG N .. 9%G
J _ vl
Z aui Z am > Vou T D0 o0

i,j=1
hence, we see from (5.8) that (5.10) is equivalent to the condition that
(5.11) P2G(z,\v) = MG(z,v).

Inductively we get

r . X o+G
5.12 et o =0
( ) Zlk lv v 81)21 PN 8U7’k
for £k > 2 and
11, ylkndl L 5] =
(5.13) g LR lavil Y R 0

B yeeey bk, J15 5 1 =1

for k > 2,1 > 0. In fact we see, by differentiating (5.6) with respect to A (resp.

A) that:
" G
k N —1
Z awawavk —0= z::“ 001 0TIT
and hence
e
k —

(5.14) 12 5057 ="
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for all k > 1, where P = Y v'9/dv" is the position vector field. Note that, by
property (FM4) of a Finsler metric, formulas (5.7)—(5.14) are valid even at the
zero section.

If h is a hermitian metric along the fibers of E: (z,w)n, =3, ; hij(z)v'w?
then its norm F(z,v) = (3, ; hij(2)v's7)!/? is a Finsler metric strictly pseu-
doconvex along the fibers with the following additional properties:

(FM6) G = F? is smooth even at the zero-section,
(FM7) G,; = (0°G)/(0v'007) is independent of v for all i, j.

Indeed either of these properties characterizes the norm of a hermitian metric
on FE (see, for example [1]):

Lemma 5.2. A Finsler metric F' is the norm of a hemitian metric on E
iff the function G = F? is smooth at the zero section iff the functions {G;5,1<
1,7 <r} are independent of v.

Given a Finsler metric F' which is stricly pseudoconvex along the fibers we
define a hermitian inner product on the vertical bundle V C TE by:

T ) 5
(5.15) VW = 3 G0V, Gy = oG

1,j=1

for V=35, V9/ov", W = >, W'd/0v" € V. In Section 2 the hermitian inner
product along the fibers of the vertical bundle is defined by a hermitian metric
on E and formula (2.4) is the same as (5.15) except that the functions G;j
n (2.4) depend only on the base coordinates (z',...,2") but not on the fiber
coordinate (vi,... v"). The hermitian inner product (5.15) defines uniquely a
hermitian connection (known as the Chern connection) VY and the connection
forms are given by (compare (2.5)):

T

(5.16) 0F = (0G5)G7F = Tk dz + > Ahd,
a=1

j=1 =1

where (T'¥)) and (vF,) are respectively the horizontal and vertical Christoffel
symbols:

" OG-
iy = #G]k and o =

j=1 j=1

ik
ov!

If F' comes from a hermitian metric then, by Lemma 5.2, the vertical Christof-
fel symbols 7% vanish and (5.16) reduces to (2.5). The curvature forms of a
hermitian connection are always of type (1,1) hence

(5.17) OF =dof — > 0L A6 =dof + > 0f A6 =00

j=1 j=1



400 J.-G. Cao and Pit-Mann Wong

equivalently 90F — >7_, 0; A 0F = 907 + 377, 0 A6} = 0. These formulas are
the same as (2.7) and (2.8) except that there are now horizontal, vertical and

mixed components:

OF = Y KEde® Adz® 4+ Y kv’ A do!

i3
a,p=1 Jl=1
n T T n
k . k i s
+ Z Z M pdz® A dv' + Z Z Vijﬁduj AdZP.
a=11=1 j=1p=1

The components are given as follows:

k k
ko _3F?a ko O k _8Ffa k Al
(5.18) K K v

: iaf = " pz8 Ml T T gm0 Ml T T ppr 0 Viis 038 "

As in Section 2 (compare (2.9)) the connection VY defines a surjection
v:TE -V, ~(X)=VYP

for any X € TE and where P =" v'0/dv" is the position vector field. This
map is now more complicated, in terms of coordinates

viP = Z (bj + Z zn: F{avia“> %

j=1 i=1 a=1

for any vector field X = Y"'_, a®(z;v)(0/02%) + >, b'(2;v)(9/0v"). The
kernel of v is the horizontal sub-bundle H. The horizontal lifts of the local
basis {0, = 0/02%}:

8 T

is a local basis of H and these together with {0Y = §/0vi,i =1,...,r} form a
local basis for TE. Let g be a Finsler metric on M inducing a hermitian inner
product (, ) along the fibers of H and we define an inner product ( )rg along
the fibers of T'E by taking the direct sum:

(5.19) Ore=(n+ (v

We shall also use the notation (,), instead of () and (,); instead of (,)y
indicating the fact that the inner product depends only on the Finsler metrics
g and h respectively. Let P be the position vector field and, as in the previous
sections, we consider the (1,1)-forms /—199||P||? on E and /=100 log||P||?
on E\{zero-section}. The expressions for these forms in terms of the metrics
are formally the same as in the previous section but the computation is now
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more complicated. We have

_ - , 9G35
2 _ i ij
V—=199||P||;, = V-1 g Gidv' A dv? + 0" g 520955 5dz" A dzP

i,j=1 a,f=1

+F§: {Zn: ”dz /\vaJerjaG”dv /\déﬁ}

i,j=1

T

zaGii k w
+v-1 Z v Sk dv® A do? + Z UJ dv' A dv'

i,5,k=1 3,4,l=1

- 3 %G
+ =1 Z v' ! “dv™ A dv'.

o Ovk o
i,5,k,l=1

By (5.9) the last 3 term on the right above vanish thus:

V=100||P|l; = V=1 ) { Gyzdv' Adv? + v'o! Z G500 p azf

ahzpB
ij=1 a,f=1 6 0z
z] 8G’L]
+ V- Z Zv dz /\dv]—l—Zv] 557 dv' A dzP
1,j=1

By Lemma 2.4 we may (as positivilty or negativity is independent of the choice
of holomorphic frames) choose a local frame of E which is normal at any given
point z*, i.e., we may assume that G;; = 5J ,0G5/02% = 0 and so

31| P12 Gij
V—199||P||7 = v/—-1 Zdv A do" + Zvvﬂ Z 82’0‘8 Bd A dzP

7,7=1

at the point z*. Moreover, by (5.18), the second term on the right above is the
base direction of the curvature, hence

\/_58||P||h—\/_z dv' A do' — Z v Z Ki505d2% A dzP

i,j=1 k=1

For ¢ = Yi_,v'e;;7 = >.._, 7'¢; in E, (which maybe identified with the
tangent vectors > 0'd/dv' and Y 770 /0v7) define the (1,1)-form (K (-, ), o)s:

(K(X,Y)o,T) Z Z G K] X YPo'T
]k 1a,=1

Z Z K505 X Y Bo'7h

1,j=1a,8=1
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and tangent vectors X,Y of type (1,0) on M and where KgaB is the base

or horizontal component of the curvature as defined in (5.18). The preceding
computations show that

V=100||P|l; = V=1 ) Gdv' Adv? — V/=1(K(-,)P, P)y.

4,j=1

The first term on the right above is an (1, 1)-form in the fiber variables and is
positive definite (in the fiber direction) by the assumption that the Finsler met-
ric F is strictly pseudoconvex along the fibers. The second term is an (1, 1)-form
in the base variables, hence v/—109||P||? is positive definite if and only if the
second term is also positive definite (in the base direction) on E\{zero-section}.
We define the (base component) of the holomorphic bisectional curvature by
K(X, P) = (K (X, X)P, P) /|| X| ||

Theorem 5.3.  Let (E, h) be a Finsler holomorphic vector bundle over a
complex Finsler manifold (M, g). Assume that h satisfies (FM1)—(FM5) and let
K be the base component of the curvature of the Chern connection associated
to the Finsler metric h. Let P = Y, v'd/0v" be the position vector field.
Then the (1,1)-form /=100||P||? is positive definite on E\ {zero-section} if
and only if the base component of the mized holomorphic bisectional curvature
is strictly negative in the direction of X and P and on E\{zero-section}:

T n
(KX, X)P,P) =3 3 Kipv XX <0
i,j=1k,l=1

for all nonzero tangent vector X of type (1,0) on M.

The expression for 9dlog || P||? can now be carried out just as in Section

~ K(-, )PP
V=100log ||P|| = [ ]*wrs — \/_1<(IIP)||2>h’
h

where K is defined as in (4.18), wpg is the Fubini-Study metric of the fiber
P(E.«) and [ ] : Ex = E\{zero-section} — P(F) is the quotient map. Thus ¢
is positive definite in the fiber direction and (see Theorem 3.2) we have:

Theorem 5.4.  Let P be the position vector field on a holomorphic vec-
tor bundle E of rank r > 2 over a complex manifold M of dimension n with a
Finsler metric h satisfying (FM1)—(FM5). Then the (1,1)-form /=190 log ||P||?
descends to a well-defined form ¢(= c1(Lp(p))) on P(E); moreover ¢ is positive
definite if and only if the base component of the mixed holomorphic bisectional
curvature (K (X, X)P, P)y, is strictly negative in the direction of P on E\{zero-
section} and non-zero tangent vector X € TM.

As pointed out at the beginning of this section, a Finsler metric on E is
identified with a hermitian metric along the fibers of the “tautological” line



Finsler geometry of projectivized vector bundles 403

bundle £~! over P(E). Abusing the notation we shall denote by h these two
metrics. The (1,1)-form y/—1891log ||P||? descends to the Chern form of £
with the dual metric h*. Thus the existence of a Finsler metric such that
c1(Lp(p), h*) is positive definite is equivalent to the condition that the line
bundle £ is ample. This is equivalent to the condition that £ is very ample
for some positive integer m. Let {oy,...,0n} be a basis of global holomorphic
sections of L™ then

® =[og,...,0n] : P(E) = PV

is a holomorphic embedding and that £™ is the pull-back of the hyperplane
section bundle Opn (1) with the dual canonical metric kg, i.e., ¢1 (Opn (1), h§)
is the Fubini-Study form on P¥™. Moreover the Chern form mc;(£,h) =
c1 (L™, h™) is cohomologous to ¢1(Opn (1), h). The canonical metric hy on
the tautological line bundle Opn~ (—1) is by definition:

N 1/2
ho([’wo,...,w]\[]): (Z |wi|2> s [’UJQ,...,U)N] EPN((j)7
=0

where [wy, ..., wy] are the homogeneous coordinates on PV. Thus

1/2 N
(520) he = ‘I’ ho (ZO’Z@O'z) = <20i®0i>
1=0

is well-defined on £~! with ¢; (£, h}) = (1/m)®*c1(Opn (1), ) > 0. The cor-
responding Finsler metric on E can be similarly expressed via Grothendieck’s
Theorem (see [12]):

1
2m

Theorem (Grothendieck).  Let E be a holomorphic vector bundle, and
E* its dual, of rank r > 2 over a complex manifold M. Let p = [pg] : P(E) —
M be the projection map then p, (ﬁg‘(E)) = OME* forallm >0 and piEQ(E) =
0 for all m > 0 and i > 0 where p. denotes the i-th direct image and p, = p°.

Consequently, the corresponding cohomology groups are also isomorphic, i.e.
H'(P(E), L)) = H'(X,0™E") for all integers i > 0 and m > 0.

It is a general fact form the spectral sequence of Leray that for a continuous
map p : X — Y the direct image sheaves p.S are the obstructions for the
induced homorphisms H*(X,S) — H*(Y,p.S) be isomorphisms. Grothendieck
showed that these obstructions vanish for the projection map of a bundle.

Denote by v : H*(P(E), £L™) = H°(M,®™E*). Under this isomorphism a
basis 09, . ..,on of H*(P(E), £™) is identified with a basis wy, . .. ,wy of HO(M,
OME*), i.e., v~ lw; = 0;. The Finsler metric on E corresponding to hg will be
denoted, by abuse of notation, also by hg and is given by

1/2m
(5.21)  he(a) = ((a®™,a®™),,) /2™ = (Z |wi (a®™) ) , ack.
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Observe that the basis of sections {w;} of H’(M,®™E*) actually defines a
hermitian inner product on @™ E:

N
(5.22) (A,B)m = Y wi(A)wi(B), A Beo™E.
1=0

Moreover, the norm || ||, of the inner product is the Finsler metric hg on E:

N 1/2m
(5:23)  |[vllne = (sz’(@m”) wi(@;mu)) =[ @™,  veE
=0

This is clear as the homogeneity condition, [|A\v|p, = [|A™ ®™ ’U||717{2m =

[|A\|[he = |Al||V]]ne, is satisfied. Grothendieck’s Theorem applied to P(©™E)
yields also the isomorphism: 7 : HY(P(O™E), Lpomp)) = H°(M,0™E").
Thus {pi,i = 0,...,N} = {F7'w;,i = 0,...,N} is a basis of H'(P(®™E),
Ep(@mE)) and the Hermitian metric hg on ®™E induces a Hermitian metric on
Lp(om ) denoted by ho: hao(p) = he(F~'w) = hi(w), p =7 lw,w € @ME*
where h} is the dual of he. We summarize these in the following Theorem:

Theorem 5.5. Let E be a rank v > 2 holomorphic vector bundle over
a compact complex manifold M and for any positive integer k let Lp kg
be the “hyperplane bundle” over P(OFE). Then the following statements are
equivalent:

2) Lp(g) is ample;

3) OFE* is ample for some positive integer k;
4) Lprg) is ample for some positive integer k;
5) OFE* is ample for all positive integer k;

6) Lporr) is ample for all positive integer k;

(7) there exists a Finsler metric along the fibers of E, satisfying (FM1)-
(FM5), with negative mixed holomorphic bisectional curvature;

(8) there emists a positive integer k and a Finsler metric along the fibers
of OFE, satisfying (FM1)—(FM5), with negative mizved holomorphic bisectional
curvature;

(9) for any positive integer k there exists a Finsler metric along the fibers
of ©OFE, satisfying (FM1)—(FM5), with negative mized holomorphic bisectional
curvature;

(10) there exists a positive integer m and a Hermitian metric along the fibers
of ©™E with negative mixed holomorphic bisectional curvature.

Proof. By definitions (1) and (2) (resp. (3) and (4), resp. (5) and (6))
are equivalent. By Propositions 4.3 and 4.4, (7), (8) and (9) are equivalent. If
Lp(g) is ample then there exists a Hermitian metric along the fibers of Lp (g,
such that ¢ (Lp(g), H) is positive definite this implies in particular that the
Finsler metric h on E defined via (5.1) satisfies conditions (FM1)—(FM5). The
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equivalence of (1) and (7) is then a consequence of Theorem 5.4. Condition
(3) implies that there exists m such that Lp (g is very ample. The discussion
preceding the Theorem shows that (7) is equivalent to (10). O

Remark 5.6.  Note that part (10) in the preceding Theorem asserts the
existence of a Hermitian metric not merely a Finsler metric. This characteriza-
tion is lost if we replace ampleness by nefness (we no longer have Proposition
4.4); in this case the following statements are equivalent:

) E* is nef;
2) Lp(g) is nef;
) @kE* is nef;
) Lp(orp) is nef for some positive integer k;
) ®*E* is nef for some positive integer k;
) Lp(orp) is nef for all positive integer k;
) there ex1sts a Finsler metric along the fibers of E, satisfying (FM1)-
with non-positive mixed holomorphic bisectional curvature;

(8) there exists a positive integer k and a Finsler metric along the fibers
of ®F E, satisfying (FM1)—(FM5), with non-positive mixed holomorphic bisec-
tional curvature;

(9) for any positive integer k there exists a Finsler metric along the fibers
of OFE, satisfying (FM1)—(FM5), with non-positive mixed holomorphic bisec-
tional curvature.

If we replace the nef condition by the condition “spanned” then Proposition
4.4 is still applicable hence E* is nef implies that there exists a positive integer
m and a Hermitian metric along the fibers of ®”FE with non-positive mixed
holomorphic bisectional curvature. However we do not know if the converse is
true.

(1
(
(3
(4
(5
(6
(7
);

(FM5

The result of Theorem 5.6 applies also to the dual, in which case we have:

Theorem 5.7. Let E be a rank v > 2 holomorphic vector bundle over
a compact complex manifold M and for any positive integer k let Lporp)
be the “hyperplane bundle” over P(®FE). Then the following statements are
equivalent:
1) E is ample;

)
)
) Lp(okp~) is ample for some positive integer k;
) OFE is ample for all positive integer k;

)

holomorphic bisectional curvature;

(8) for some positive integer k there exists a Finsler metric along the fibers
of ©FE with positve mized holomorphic bisectional curvature;

(9) for all positive integer k there exists a Finsler metric along the fibers
of OFE with positve mized holomorphic bisectional curvature;
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(10) there exists a positive integer m and a Hermitian metric along the fibers
of @™ E with positive mized holomorphic bisectional curvature.

Remarks analogous to Remark 5.6 also applies. The Theorem applies of
course to the tangent, as well as the cotangent, bundle and in the later case we
get from Theorem 3.3 and Corollary 3.9 that:

Corollary 5.8. Let E = T*M be the cotangent bundle of a compact
complex n-dimensional manifold M then the following statements are equiva-
lent:

1) TM is ample;
2) Lp(r=m) ts ample;
3) the anti-canonical bundle IC;(IT*M) is ample;

Ut

Lporr=nr) 15 ample for some positive integer k;
6) OFTM is ample for all positive integer k;
7) Lporr+ary 8 ample for all positive integer k;
(8) there exists a Finsler metric on M with non-negative holomorphic bi-
sectional curvature;
(9) there exists a Finsler metric along the fibers of OFT* M, for some pos-

itive integer k, with positive mized holomorphic bisectional curvature;

(10) for any positive integer k there exists a Finsler metric along the fibers
of OFT* M with positive mized holomorphic bisectional curvature;

(11) there exists a positive integer m and a Hermitian metric along the fibers
of @™T M with positive mized holomorphic bisectional curvature.

(1)
(2)
(3)
(4) @*TM is ample for some positive integer k;
(5)
(6)
(7)

Remrak 5.6 applies also to Corollary 5.8. We have the following vanishing
theorem (compare Corollary 3.7):

Corollary 5.9. If E is a nef holomorphic vector bundle of rank r > 2
over a compact complex manifold M of dimension n, then

Hi{(M,0mE ®det E® Ky) =0,
H!(M,0™(®FFE) @ (det @™(®*E)) @ Kpr) = 0

for all i,m,k > 1. Consequently, if E = TM then H (M,>™TM) = 0 for all
t,m > 1.

Proof. 1f E is nef then Lp(g~) is nef. This implies that, for each 0 <7 <n
there exist constants «; such that

dim H'(P(E*), LB ) < aim™ ™" + O(m"™ 7 ?)

for all m. The condition that

/ C?+T_1(£P(E*)) >0
P(E*)
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implies, via Riemann-Roch:
dim HO(P(E*), LE ) + O(m" " 72) = X (L g+)) = am™ " + O(m"+772).

Thus the Kodaira dimension x(Lp(g+)) = n +r —1 = dimP(E*). By the
vanishing Theorem of Grauert-Riemenschneider we have, H'(P(E*), £P_,(1E*)) =
0 for all i < n-+r—2 and, by Serre’s duality, H (P(E*), Lp(g+) ® Kp(g~)) =0
for all ¢ > 1. Since Egggﬁ) =L g Rp*(Kpm @det E) ® ICIQ(IE*) is nef for all
m > 0 and satisfies the condition

[ et > o
P(E")

we infer, as above, that

HY(P(E"), Ly, © ' (K3 @ det ) @ Kege-)) = H' (P(E), Lp5:7) = 0

for all ¢ < n+ 7 — 2 and, by Serre’s duality, Hi(P(E*),EQ(E*) ®p* Ky ®
det E)) =0 for all 4, > 1. By Grothendieck’s Theorem we then get:

H'(M,0™E ®det E® Kar) = H' (P(E*), LB () @ p* (Kar © det E) = 0

for all i,m > 1. If we take E = TM then det E = ICX/[l and the preceding
reduces to H' (M, ®™TM) = 0 for all i,m > 1.

From the expression (3.7) in Section 3 we have c?“_l(ﬁp( B)) = whg' A
Pk where pg~ is the horizontal (1,1)-form (cf. (2.18)):

(Kg( )P P)n

pEx = V=1
I1PIT;

which is positive definite (resp. positive semi-definite) in the horizontal direction
if and only if the mixed bisectional curvature is positive (resp. non-negative).
Thus for a nef bundle F we have

/ AT Lp(pey) = 0
P(E*)

and is > 0 if and only if the (1,1)-form pg« is positive definite at one point
(hence on an open set). By Proposition 4.1 it is clear that pg~ > 0 implies that
Perg- > 0 and, in addition, if pg- is positive definite at one point on P(E*)
then pgr g+ is positive definite at one point on P(®FE*). This last condition
is equivalent to the condition that

/ C?Jrkr_l(ﬁp(@kE*)) > 0.
P(®FE*)

Thus we have the vanishing Theorem:

H' (P(@"E"), L g -y © p*(Kar @ (det @ E))) = 0
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for all i,m,k > 1 and by Grothendieck’s Theorem:
H{(M,0™(@"E) @ Ky @ (det @FE))) = 0
for all i,m,k > 1. |

If (M, g) is a Kéhler metric then Theorem 2.1 extends also to (E, F') where
F is only a Finsler metric. The calculation is entirely similar (though more
complicated) and shall be omitted. A calculation as in Section 2 shows that

n® = dzt, 1<a<n,
5.24 < N N
( ) Cl:dvl+ZZI‘}avjdza, 1<e<r

j=1la=1

is a dual basis (compare (2.12)). In terms of the dual frame, the fundamental
form of the inner product on TE (see (5.19)) is given by (compare (2.13))
(5.25)

n=nr=nrp=V=1| Y gap(z)dz' NdZ + Y Gi(z,0) ¢ AT,

a,f=1 ij=1

where the first term on the right is the Kéhler form on M and Gj; is as given
by (5.15) with G = F?. The obstruction of n from being Kihler is given
analogously (in fact formally the same; cf. Theorem 2.1) by:

Theorem 5.10.  Let (M, g) be a complex Kihler manifold and E be a
holomorphic vector bundle of rank r over M with Finsler metric h which is
strictly pseudoconvex along the fibers. Let n = ng be the fundamental form of
the hermitian inner product (,)rr as defined in (5.26) then

dp=v=1| Y Gzreind - Y a5 aite,

1<i,j,k<r 1<i,j,k<r
VI Y G AT - Y G nat |,
1<i,j<r 1<i,j<r
where (' = dv® + Y, Oio".
The following immediate Corollary is the analogue of Corollary 2.2:
Corollary 5.11. With the same assumptions as in Theorem 5.3 the
following conditions are equivalent:

(i) the metric 1 in Theorem 5.9 is Kdihler;
(ii) the one forms {¢*,i=1,...,n}, as given by (5.20) are holomorphic;
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(iil) the curvature of the vertical bundle V satisfies the conditions:

Z Gimvk@fc =0, Gim(z,v)

1<i,k<r
for all m.

Remark 5.11.  Since the curvature froms {©%} depend on the base
variables (z1,...,2") and the fiber variables (v!,...,9") we cannot, as in the
case of Corollary 2.2, conclude that the curvature forms {©%,1 < i,k < r}
vanish.
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