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Missing terms in generalized Hardy’s
inequalities and its applications

By

Toshio HORIUCHI

Abstract

In this article we shall investigate the Hardy inequalities and im-
prove them by finding out missing terms. Although the missing terms
for the higher order Hardy inequality can not be determined in a unique
way, we shall give a canonical form of the remainder. As a direct appli-
cation we shall study blow-up solutions of a semilinear elliptic boundary
value problem and give some lower estimate of the first eigenvalue of
the linearized operator. We also improve the weighted Hardy inequali-
ties, which will be fundamental to study singular solutions of quasilinear
elliptic equations.

1. Introduction

Let N be a positive integer and let  be a bounded open set of RY. Let
[ be an arbitrary nonnegative integer. By C§°(Q2) and C}(Q2) we denote the
spaces of all smooth functions and & times continuously differentiable functions
having compact supports in Q respectively. By H'(£2) we denote the space of
all functions on 2, whose generalized derivatives 07w of order < [ satisfy

(1) = (/) |6”u<x>|2d:c)1/2 < 4.

lyvI<t

By H{ () we denote the completion of C§°() with respect to the norm defined
by (1.1). Convensionally we set L*(Q2) = H°(Q).
In the first place we recall the classical Hardy inequalities.

Theorem 1.1.  Ifl < N/2, then it holds that for any u € H}()

2
u(z
(1.2) /Q|Vlu|2dszl/Q| (2)l| dx.

|
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Here V! = {07}, where |y| =1 and V = V!, namely

(1.3) Vil =) 07 u(@)P,
lv|=t

where ¥ = (71,72 - - -, YN) 18 a multi-indez as usual, and then 87 = (0/dx1)"* -
(0/0x2)72 -+ (0/0xN) N . Cy is a positive number independent of each u.

In this paper we shall mainly study the Hardy inequalities of the following
type: For any u € HZ(Q),

2
[u(@)] dx for 1=1,2.
]

(1.4) / |Alu|? dz > H(N, Al)/

Q Q
Here the best constants H(N,A!) (I = 1,2) are given by the infimum of the
next variational problems:

|u(z)[?
||

(1.5) inf U |AMu? de - u € HEY(Q), dr = 1} , 1=1,2
Q Q

It is well-known that if 0 € Q and N > 41, H(N, Al) (I = 1,2) are given by

vy - (Y0

N(N —4)(N +4)(N -8)\”
w)

(1.6)

H(N,A?) = (

For the references, see [1] and [4]. Moreover there exists no extremal function
in H3'(2) which attains the infimum of these problems. Roughly speaking, the
candidates of extremals are singular at the origin, hence they can not be admis-
sible in the energy class H2'(€2). Therefore it is natural to consider that there
exist “missing terms” in the right-hand side of the classical Hardy inequalities
(1.2) and (1.4). In this spirit we shall investigate the Hardy inequalities (1.4)
and improve them by finding out missing terms. Although the missing terms
for the higher order Hardy inequality can not be determined in a unique way,
we shall give a canonical form of the remainder.

As an application we shall consider in the last section the semi-linear
boundary value problem defined by

(1.7)

A%y = \f(u,r) in B,
u=Au=0 on 0B,

where 7 = |z|, B = {x € RV : |z| < 1} and ) is a nonnegative parameter. We
shall adopt as the nonlinearity f(u,r) the following f, and f., that is,

folu,r) = (L 4+u+ Qp(r))?,
(1.8) {fe(u,r) — eutQe(r)
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Here Q,(r) and Q.(r) are nonnegative polynomials on B which will be defined
in Section 7. Then we shall study fundamental properties of blow-up solution
of these problems. We shall also establish the weighted Hardy inequalities,
which are not only of interest by itself but also essential to study the blow-up
solutions of p-harmonic equations (See [5]).

This paper is organized in the following way. In Section 2 we shall describe
our main results on Hardy’s inequalities. In Section 3 we shall prepare lemmas
which are needed in the proofs of the theorems stated in Section 2. In Sections
4 and 5 we shall establish Theorems 2.1 and 2.2 using lemmas in the previous
section. In Section 6 we shall prove Theorems 2.3 and 2.4. In Section 7 we
shall apply our theorems to study semilinear boundary value problems which
are stated in Section 1.

2. Main results

In this section we state our main results concerned with Hardy’s inequal-
ities. To this end we prepare more notations. Let » > 0 and let M be an
arbitraly positive integer. We set

(2.1) BM ={x e RM™ : 2| <7}

By || and wy we denote the N-dimensional measure of the domain  and
that of a unit ball Bi¥ respectively. Further, by Ays and Vs, we denote the
M-dimensional Laplacian and the M-dimensional gradient in RM respectively;

H? H? H?
bt
ox3,

=2 o2
a 0 0
Vu=(=——,--.,— |-
Ox1’ 0o ox s
Conventionally we set A = Ay and V = V. In the next we introduce the
first eigenvalues for various elliptic problems.

AN
(2.2)

Definition 2.1. Let us set

M= inf [ [ [Vov2 da s v € HE(BY), [ [0 dz = 1]
No = inf [ [y |Agvl? do s v € H3(BY), [ [0 do = 1],

(2.3) ¢ A3 =inf -fo |Ve(Agv)|?dz : v € HS’(B?),fB? |v]? dz = 1} ,

Ay = inf _fB§ |AZv|?dx v € H{(BY), fo |v]? do = 1]

N5 =inf [ [, |Ago2da s v € HA(BY) 0 HY(BY), [ |o]? do = 1] .
L 1 1
Then the numbers A\, (k = 1,2,3,4) and A\ are characterized as follows:

Proposition 2.1.  The numbers A\ (k = 1,2,3,4) and N5 are the first
eigenvalues of the elliptic boundary value problems below. Namely there exist
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positive smooth functions vy, in B?* (k =1,2,3,4) and vy in B} such that they
satisfy

(2.4)
—Agvy = Mv1  in B%, vy =0 on (‘3B%,
d
Aﬁvg = Xvy in Bf, D= d—vg =0 on 8Bil,
n
Advg = A in BY _ 4 & oB?
—Agvs = Azvs  in By, 037%1}3 an ——v3 =0 on 9By,
d d? a3
A§v4 = M\vs In Bf, vy = %m = ﬁm an ——va=0 on 8318,
Alvy = M\yvs in BY, vy = A3 =0 on 0B}

Here by n we denote the unit outer normal on OB?* (k = 1,2,3,4) for simplic-
ity.

Now we are in a position to state our results:

Theorem 2.1.  Suppose N > 4. Let Q be a bounded domain of RN,
Then we have the following two inequalities.
(1) For any u € HZ(RY), it holds that

ul?

(2.5) / |Au|? dz > H(N,A) dx

olzlt

2o

o\ F N —4) [ Juf? )
+ A - <—) L S dr + Ao - ul® dzx.
9 7 Jolal? @) J

(2) For any u € H2(Q) N H(Q), it holds that

2
(2.6) /|Au|2d:c>H(N A) :Z4 dw
Wi %N(Nf4) Jul? wn\ ¥ )
+/\-<—> 7/ de+ N5 - [N /udx,
NG 5 o ) S
where
N(N —4)\?

Theorem 2.2.  Suppose N > 8. Let Q be a bounded domain of RN,
Then it holds that for any u € H§(Q)

2
(2.8) / |Au|*dx > H(N, A?) %dw
Q
o\ ¥ [ [ul? v\~ [ Jul?
—|—a1-)\1~<—) d$+a2 /\2<—> —dl‘
12 o |6 €| o |zt

wn\ Y | ‘2 / 2
g (N do+ M- [ 2N d
aa A <|ﬂ|) L EEdt e () el e
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Here

(2.9) H(N,A?) = (N<N—4><N+4><N— 8))2_

16

By aq,as and as we denote positive constants defined by

a; = %N%N — 4)%(N +4)(N —8),

(2.10) a5 — gN(N—4)(N+4)(N—8),

az = (N +4)(N —8).
Remark 2.1. The missing terms for the higher order Hardy inequal-

ity can not be determined in a unique way, therefore these are considered as
canonical forms of the remainder.

In the next we state the results concerned with the weighted Hardy in-
equalities.

Theorem 2.3.  Suppose that a positive integer N and a real number o
satisfy N + « > 2. Then it holds that for any u € Hg(£2)

(2.11) /\Vu|2\a:|°‘dw zH(N,V,a)/ |uf?|2|*72 dz
Q Q

wN %
+ A <—> /u2$°‘da:,
()" [

where

(2.12) H(N,V,a) = (W){Z

Remark 2.2. When a = 0, this result was initially established in [3]
by H. Brezis and J. L. Vézquez. They also investigated in [3] fundamental
properties of blow-up solutions of some nonlinear elliptic problems.

We also note that when one linearizes the p-laplacian at the singular func-
tion such as log|z|, the weighted Hardy inequalities appear in a natural way.

A similar result can be expected for A. In fact, the following weighted
inequality holds.

Theorem 2.4.  Suppose that a positive integer N and a real number o
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satisfy N + « > 4. Then it holds that for any u € H3 ()

(2.13)

—4 2
ul?|z|® do + D02 a2 =2 (L wu) | jelo2de
AuPlzf* dz + 2= Vaul® -2 v 24
Q 2 Q ||

2

N(N —4 N
N (“’N> [ a2 o
Q Q

€
WN % 2
+ A (—) /u xz|%dz,
()" [P

N(N—4)>2 ala—4)(a+2N —4)(a+2N —8)
4 16

where

(2.14) I(N,A, ) = <

If we further assume either oo < 0 or a > 4, we have the following.

Corollary 2.1.  Suppose that the same assumptions as in the previous
Theorem 2.4. Moreover we assume either a« < 0 or a > 4. Then it holds that
for any u € HZ(Q)

(2.15) /Q|Au|2|x|°‘dx+a(a—4)/ﬂ<|Vu|2— (%.VU)Q) ]2 dor

zH(N,A,a)/ |ul?|2]** da + b1 A (W—N) /\uIQIxI‘*‘Qdaﬁ
Q €2 Q

4

WN N 2
+ Ao () / |u|*|x|* d,
€] Q

where
N(N —4) a(a—4)\>
H(N,A,a) = — ,
(2.16) ( : ( 4 4 )
N(N —-4) ala—4)

b pu—
! 2 T

Proof of Corollary 2.1. From Theorem 2.3 we have

(2.17)/ IVl da
Q

ZH(N7V7Q_2)/ |u|2|$‘a_4d$+A1 (UJ_N) /|u|2|$‘a—2 dr.
Q |2 o

We note that a(a —4) > 0 and

(2.18) I(N,A, o) + MH(N, A,a—2)=H(N,A,a).
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Then the desired inequality ealily follows from Theorem 2.4. |
In a similar way we have the following.

Corollary 2.2.  Suppose that the same assumptions as in the previous
Theorem 2.4. Moreover we assume that 0 < a < 4. Then it holds that for any
u € HZ(Q)

(2.19)
/\Au|2\x|adw+@/ |VU‘2|$|Q_2dx

N N(N -4
> I(N,A ) /|u| |z|*™* dx + Ay <@> %/ |u|?|z|*2 da
Q
Jul?|z|* da.
(WO /

Proof. It suffices to note that a(a —4) < 0 and |Vul? — (z/|z| - Vu)? >
0. O

Remark 2.3. In Theorem 2.4 and its corollaries, we can replace the
admissible space H3(Q) by H?(Q) N H}(2). Then the same results hold if we
replace A2 by Aj as before.

3. Lemmas

In this section we shall prepare fundamental lemmas which are not only
needed to prove our results but also very interesting by itself. First we recall
the rearrangement of domains and functions. For a domain  we define the
ball having the same measure as § by

(3.1) QO = {z e RY :wylz|V < ||},

where by wy we denote the measure of a unit ball. If |Q] = 400, we put
* = RY. For a measurable function u, we denote by u*(x) the spherically
symmetric decreasing rearrangement of u (the Schwarz symmetrization of ).
Namely,

(3.2) u*(x) = inf{t > 0: p(t) < wy|z|V} in QF
(t) = {z € Q: |u(x)]| > t}|.
Then it is well-known that

Lemma 3.1. Under these notations we have for every p > 0

(33) o () de = Jo. u ()" d,
Jo IVu(z) [P de > [, Vu ()P dx.
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Let g € C°((0,00)) be a nonnegative decreasing function. Then we have

(3.4) /|u Pg () da:</ w(@)Pg(|z]) do

From this we see in particular that the symmetric rearrangement does not
change the L?-norm and increases the integral [,(|u?|/|z|') dz. The following
is due to G. Talenti (See [9]). For the sake of completeness, we give a short
proof.

Lemma 3.2 (Talenti).  Let Q be a domain of RN. Assume that N > 3
and f € LP(Q), where p=2N/(N +2).

If a measurable function u is the weak solution to the Dirichlet problem
—Au=finQ, u’aﬂ = 0; v is the weak solution to the Dirichlet problem —Av =

|fI* in Q*’U’am = 0; then
v > |u|* pointwise.

Proof. From the hypothesis and Kato’s inequality, we see that u satisfies
the inequality —A|u| < |f|. Hence |ul is a subsolution of the Dirichlet problem
—AU = |f] in Q, u|{m =0, and so |u| < U. Therefore we assume v > 0 and
f > 0 without a loss of generality. Let us set

0 if s <t,
—t
(3.5) p(s) = sh if t<s<t+h,
1 if s>t+h.

Then we see using ¢(u) as a test function,
1 2
— [Vul|de < f(z)dx.
h {t<u<t+h} {t<u}

By Holder inequality,

2 -1
1 1
—/ |Vu| dx <—|{t<u<t+h}|> S/ f(z) de.
h J{t<u<tsny h {t<u}

Then )
d
_2 d ")t dz.
( pr /{t<u}Vu| x> (1 (¢)) S/{Ku} f(z)dx

By the isoperimetric inequality ((2.26); p. 172 in [9] by G. Talenti) we have
d

- \Vu|da:>Nw1/N (t)l_%.

dt Jii<uy

So that
N e o) < [ pa)da,
{t<u}



Missing terms in generalized Hardy’s inequalities and its applications 243

Let us set f*(x) = f(wn|z|V) and v*(z) = G(wn|z|Y). Note that

w(t) _
/ f(x)dx < / flo)do.
{t<u} 0

For the proof of this, see (2.6b) in [9] for example. Therefore we get

t</ N— 2 —2/N ) 2+2/N(_M/(t))A#(t)f(o_)do_dt

o t_
= N2 2N y=2+2/N / F(o) do dt.
w(t) 0
Hence
o t_
a(s) < [ NN / F(o) do dt.
0

S

On the otherhand
12 s _
v(x) :/ N_2w;,2/Ns_2+2/N/ f(o)dods.
wpn|z|V 0

After all we see
uw*(z) = a(wy|zN) < v(z).

Let us set

I'u; Q) = / |Alu|? dz,u € C3°(Q),
Q

1 _ L. . 0o |u‘2 _
(3.6) I' = inf {I (u; Q) :u € Cf (Q),/dexl},
1 - Lo Ok . %) * |u‘2 _
I, =inf | I'(u; Q%) 1w € CF5,q(27), e de=1|.
Q*

By C§5.,a(§2") we denote the set of all spherically symmetric functions u €
C§°(92*). Under these preparations, we can show the following:

Lemma 3.3 (Reduction).  Under these notations, it holds that I' > I
for every positive integer 1. If Q) is a ball with its center being the origin, then
it holds that I' = I.

Proof. Let u € C3°(2) be nonnegative without a loss of generality. It
suffices to show that there is a function v € Cg5,,4(22%) such that

rad
'wQ) L)
Jo lul?/|zPtdz = [o. |[v]*/|z?* dz

Assume | = 1. We put —Au = f € C§°(Q). From the definition of the
decreasing rearrangement, we see that |f|* is spherically symmetric in Q* and

(3.7)
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Lipschitz continuous. Let v € C2(Q*) be the unique solution of the Dirichilet
problem defined by

(3.8) —Av = |f]* in Q" v=0 on 00"

Here we note that v is radial. Then we see from Lemma 3.2 that u* < v in Q*
and

(3.9) /|Au|2d:c:/ |f|2dx:/ |f|*2d:c:/ |Av[? dz.
Q Q Q* Q*

Further we see that

Juf? ju* ] Ll
(3.10) / —dr < / de < / — dx.
o lzf* o |t o |zt

Since v can be approximated by elements in C§°(Q*), we see I' > I'. This
proves the assertion when [ = 1.

Now we assume that [ > 2. Again we choose and fix a smooth nonnegative
function u € C§°(2) and put (—A)lu = f € C§°(2). Let us set ug = (—A) "1y
and vg = (—A)71V. By V € C%(Q*) we denote the unique radial solution of
the boundary value problem defined by

_ l — * : *
(=A)™V =0 on 9IN* form=0,1,...,1—1.

In fact it is not difficult to see the solvability of this boundary value problem
(See [8] for example). Then ug € C*°(£2) and vy € C?(Q*) satisfy the following
equations with homogeneous Dirichlet conditions:

a1y A

From Lemma 3.2 we have

(3.13) luo|™ < vp.

By w € C?'~2(Q*) we denote the unique radial solution of the following:
I=1, | |* . x

(3:14) {E—i;mww:_()uo' 21 ?997* form=0,1,...,1—2.

Now we claim that

(3.15) u* < w

We prove this inductively. If [ = 2, this follows from Lemma 3.2. Assume that
(3.15) holds for I < k, where k > 2. We consider the case that [ = k+ 1. We
set (—A)F~ly =@ and (—A)* 1w = . Then we see

(3.16)
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Therefore we have |4|* < w* = w. By the assumption of induction and maxi-
mum principle we see u* < w with replacing ug by .
Here we recall that V satisfies

(3.17) {(A)ZIVUO in Q

(=A)™V =0 on 9I0* form=0,1,...,1—2.

Since |up|* < vg, by making use of the maximum principle [ — 1 times we also
see w < V so that we have u* < V. As before we see

/|Alu\2dx:/ |AYV)? da,
Q Q*

|ul? s v
/—dmﬁ/ dxg/ ——dx,
o |z[* o |zl - |z[*!

and this proves Lemma 3.3. O

(3.18)

4. Proof of Theorems 2.1 and 2.2
We begin with the definition:

Definition 4.1 (m Laplacian). For m € R and v € C?((0,c0)), we set

9 ;! v(r)  m—10v(r)
_ o l=-m m—1 —
(4.1) Omv(r) =T or (T 3TU(T)) A

Then we can show

Lemma 4.1.  Let M and m be positive integers. Let us set r = |x| for
r € RM. For a € R and v € C*((0,0)) it holds that

Apo(r) = dpo(r),

N (5M+2a N W) o(r).

Proof of Theorem 2.1. Since the assertion (2) follows in a quite similar
way, we prove the assertion (1) only. From Lemma 3.3, it is enough to prove
the result in the symmetric case. To this end we set

(4.2) wyRY = 19|

and replace by Q*. In addition to this fact, since C§°(12) is densely contained
in H§(Q), we also replace the function space Hg(Q) by Cg5.,4(Q2*). Moreover,
a simple scaling allows to consider the case R = 1.

Let us set for u € CF5,,4(B)

rad

(4.3) u=r""%0,  we X, (B)
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Here we note that v and its derivatives vanish at the origin, if N > 4. We see
from Lemma 4.1 with a = 2 — N/2 that

N N N(N —4
a0 A F) = (s + Q1) Q=M
Then
/\Au|2dx—/ A2 30)2 do

2
= \SN_1|/ <54v + %’U) r3dr  (Polar coordinate)
0 T
' 2Q @’
= \SN_1|/ <|(54U|2 — 510 + —4v2) 3 dr
0 T T
SN-1 20|SN-1 ) 2
=B [ metohp a2 [ sy + @2 [ Ly
1S3 Jps 152 B2 B T

Here by |S™~1| we denote the measure of the M-dimensional unit sphere. Then
it holds that

/\Au|2d:c—/ AG2 Y o) do

SN

> ) 2 gy — 20, 12
—Z A2 |Sg| |’U(|y|)| Yy — Q 1

57|

2
[P+ [ M ay

\ ° N(N—=4) [ |uf / >
H(N,A de + X\ - ———— dr + A d
(N, A8) | a4t 2= A | e,
where A; and A are defined in (2.3). This proves the assertion. |

Remark 4.1.  To prove the assertion (1), it suffices to replace C§°(2)
by H2(2) N CL(Q).

5. Proof of Theorem 2.2

Again from Lemmas 3.2 and 3.3, it is enough to prove the result in the
symmetric case. Let us set for B = B¥(0) and u € C5aa(B)

(5.1) u=7r"%0, veC.(B).

Here we note that v and its derivatives vanish at the origin, if N > 8. We see
from Lemma 4.1 with a = 4 — N/2 that

(N +4)(V—-8)

(5.2) A(r‘“gv(r)) =i <6gv(r) + Pg) ) P=- 1
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As before we see

/|A2u|2dx—/ A2(r4= %) 2 do

2
(58 + ?2) i v(r)| r7dr (Polar coordinate)
g 2
= |SN- 1|/ ((5811 561)( )—l—ﬁv(r)) r dr,
where
(5.3) g NN+ (N =8) H(N,A?)3,

16

Integration by parts gives

Lemma 5.1.  For any v € C3°((0,1)), we have

1 2
2P
/ (5§v+ 56v+ 5 > " dr
0
1,2
(5.4) :/ |5§v\2r7dr+52/ —dr
0 o T
1 1 1
+a1/ |8rv\2rd7‘+a2/ |54v\27"4dr—|—a3/ |0,66v]2r° dr.
0 0 0
Here aq,as and as are defined by (2.10).
Proof. First we have

2P S \?
2 7
(58v+ 2 dev + T4v> r

2 2
=77 (62v)? + 52 + %rs(éﬁv) — azr83v - 6gv + 2813620 - v — Sazrégu - v.
r

When we integrate the both sides on the interval (0,1), the each term is calcu-
lated as follows.

1 1
(5.5) Jy = / 3 (66v)% dr = / [r3(82v)? + 157(0,v)?] dr
0 0
1
(5.6) Jo = / 5030 - dgv dr
0

1
_ / (5 (030)? + 2373 (020)? + 165r(0,0)?] dr
0
1 1
5.7 Js= [ r262v-vdr= [ [r*(0%v)* - 5r(0,v)?] dr
0 s 0 "
1 1
(5.8) Jy = —/ rogv - vdr = / r(0pv)* dr
0 0
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Then we have

! 2P
(5.9) / (5§v + 5 0ev + 5
0

r

)
- /01 ((53@2 +52:—:)
_ /01 ((53@2 +52:—:)

1 1 1
—|—b1/ r(Brv)er—i—bg/ 7“3(831))2 dr—i—a;;/ rs(afv)Zdr.
0 0 0

2
r’dr
a2
r’dr + ZSJl —asJs +25J3 + SasJy
r7dr

Here,
by = 45a3 + %agN(N —4)(N? — 4N +18),
(510) b2 = 15(13 + gagN(N — 4),
az = (N +4)(IN - 38).
Putting
(5.11) b1 = a1 + 3by,
b2 =as + 15(13,
we have
(5.12)
1 2
2P S
/0 (5§v + T—Qégv + 7Av> " dr
1 1 1
= / (620)*r" dr + ay / r(0pv)? dr + ag / [r3(82v)? + 3r(9,v)?] dr
0 0 0
1 12
+ ag/ [r°(020)? + 1573(0%v)? + 45r(0,u)?] dr + / 527 dr.
0 0
Here
1
a; = 1—6N2(N — 4)*(N +4)(N —8),
(5.13)

a5 = gN(N _4)(N +4)(N —8).

Now we prepare the following;:
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Lemma 5.2.  For any o € R and any v € C§((0,1)) we have
1 o 9 1
(5.14) / (337} + —3Tv) P dr = / [r3(0%0)2 + (a(a — 2)r(0,v)?] dr
0 r 0
1 2
2, @ 5
(5.15) /O (0 (92 + 20,) 0) v ar
1
= / [r®(92v)? + a(a — 2)r*(02v)? + 3a(a — 2)r(0,v)?] dr
0
The end of proof of Theorem 2.2. From the previous lemma, we see

v 2 SN—l
[1aae=s [ S0 gy s 0B ] waudi ay
B Bl |1 B?

|SN—1| 9 | N_1| 2
vl [ awbPar+ oS! [ wianutay
B} BY
[SN

g [ 1% dy

v 2 SN—I
25t [ Uy w0 B et ay
5 1yl IS J5t

[
|52

T gahiza
4 157] va Yy Y

2
7H(N,A2)/ |8d:c+a1)\1/ “'6 dx

2 |SN
+ agAg [v(ly])|* dy + azAs
B4

W 2
1 T e lo(ly)I” dy

1

Jul® [l

+ as Ao dx + azAs3 ‘ |2 dy + Mg /|u‘2d$

5 |zt
This proves the assertion.

6. Proofs of Theorems 2.3 and 2.4

First we prepare two elementary lemmas.
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Lemma 6.1.  Let Q be a domain of RN. Assume that u € C§°() and

f € C*(Q). Then it holds that

60 [ VapPde= [ (VaPrae- 3 [ A -2viP e

Proof. Integration by parts leads us to obtain (6.1).

O

Lemma 6.2.  Let Q be a domain of RN . Assume that u € C§°() and
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f € C4). Then it holds that

(6.2) /Q|A(uf)|2dx:/Q(|Au\2f2+/9u2fA2f)dx

N
0%f Ou Ou
2 2 _ a. 9.
2/Q (|VU| IV /] 2fj%_:1 Oz 0y, Ox; 3“) d:c
Proof. First we see

(6.3) [A(uf)? = f2(Au)? +u?(Af)? +4(Vu -V f)?
+2ufAulAf +4fAu(Vu - V) +dulAf(Vu- V).

Then integration by parts gives us
(6.4) / quuAfdx:f/ Vu-V(ufAf)dx
Q Q
1
f/ |Vu|>fAf + —/ WA(fAS) dx
Q 2 Ja

(6.5) /QuAf(Vu-Vf) dx = —%/Qlﬂdiv(Afo) dx
= —%/Qtﬂ ((Af)2+V(Af)-Vf) dx
(6.6) /QfAu(Vu-Vf)dx:—/QVu-V(f(Vu-Vf)) dx

——/(Vf-Vu)Qdaﬂ—l/ \Vul(IVF|> + fAf) dx

- Z /fﬁjkfﬁ udyu dz.

J,k=1
Using these formula we can easily show the assertion. 1

Proof of Theorem 2.3. From this the proof of Theorem 2.3 is reduced to
the case a = 0, which was established by H. Brezis and J. J. Vazquez in [3]. In
fact, for f = |2|*/2, we have

2N — 4
(6.7) /|Vu| 2] da = (‘”4 /| 2|z]o- 2dm+/\v (ufz|3)[? da.

Here we note that the proof of Lemma 6.1 still works for this weight f, since
N 4+ a > 2. Then we can apply the inequality (2.11) with a parameter a being
0, and we obtain

[V tdal ) do
Q
2
N N
> (7/ Ju|?|z|*"2 do + M\ <@> /\u|2|x|adx.
Q

(6.8)
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The desired inequality follows from this and (6.7). O

Proof of Theorem 2.4. We put f = |2|®/? for N+-a > 4 and apply Lemma
6.2. Then we have

[ 18l de
Q
du

2
(6.9) - / (Bu?laf do + 202 / <|Vu|2—2 = >|$|°‘_2d:v

—4 2N —14 2N —
+ a(a )(Oé + T )(Oé + 8) / u2|m|a—4 d:n,
Q

where

du x
1 == = . V.
(6.10) r T el Vu

Then we apply Theorem 2.1 to u|z|*/? and obtain
(6.11)
[ 18P de = HO,A) [ fuPlaft do

) Q

W_N%N(N_‘L)/ 2, ja—2 W_N%/ 2, |a
+ M <|Q> — Q|u\ |z]%7 dz + Ao 0 Q|u| |z dx.

Combining this with (6.9) we have the desired inequality. O

7. Applications

Let Q be a bounded domain of RY. In connection with combustion theory
and other applications, many authors have been studied positive solutions of
the semi-linear elliptic boundary value problem defined by

(7.1) —Au=Af(u) inQ, uw=0 ond.

Here A is a nonnegative parameter, and the nonlinearity f is, roughly speaking,
continuous, positive, increasing, superlinear and convex function. A typical
example is f(u) = e*. It is well-known that there is a finite number A* such
that (7.1) has a classical positive solution u € C?(2) if 0 < A < A*. On the
other hand no solution exists, even in the weak sense, for A\ > A\*. This value \*
is often called the extremal value and solutions for this extremal value are called
extremal solutions. It has been a very interesting problem to find and study
the properties of these extremal solutions. In this section we shall consider a
similar problem for the fourth order equations.

Let B be a unit ball of RY. Let f(¢,7) be a continuous positive function
defined for t € [0,+0c0) and r € [0,1]. Moreover we assume that f(-,r) is
increasing and strictly convex with

. ftr) . .
(7.2) f(O,r)>0 and lim =00 uniformly in r € [0, 1].

t—o0
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Now we consider the boundary value problem: For r = |z|

(7.3)

A%y = \f(u,r) in B,
u=Au =0, on OB.

This problem is a generalization of (7.1). First we define a weak solution of the
problem (7.3).

Definition 7.1 (Weak solution of (7.3)).  Let us set 6(z) = dist(x, dB)
(the distance to the boundary from x). A function v € L'(B) is called a weak
solution of (7.3) if f(u,|z|) satisfy

(7.4) 8(x)f(u, |z]) € L(B)

and u satisfies (7.3) in the following weak sense:
(7.5) / (uA% — \f(u, 7)) dz =0
B

for all ¢ € C*(B) with ¢ = Ap =0 on 0B.

From the standard elliptic regularity theory it follows that bounded weak
solutions for this problem are classical solutions. Moreover u satisfies the
boundary conditions v = Au = 0 in this case. Now we consider unbounded
solutions. To this end we introduce an energy solution and a singular energy
solution.

Definition 7.2 (Energy solution, singular energy solution). A weak
solution u of (7.3) is said to be an energy solution if u € H?(B) N H(B).
If an energy solution u is not bounded, w is said to be singular.

Remark 7.1. Later we shall specify the nonlinearity f(u,r) in order
to study singular extremal solutions precisely. From the definition, an energy
solution u satisfies

(7.6) /B(AuAcp A, |2])) da = 0

for all ¢ € C?(B) with ¢ = Ap =0 on 0B.
If u € HY(B) and u is an energy solution of (7.3), then u satisfies the
boundary conditions v = Au = 0.

Let u € H*(B) be an energy solution of (7.3), and we set —Au = v. Then
we see v € H?(B) N H (B) solves

(7.7)

—Av = Af(u,r) in B,
v=20 on O0B.
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From the maximum principle for the second order elliptic equation, we see v is
nonnegative. As a result we have u > 0, since u € H?(B) N H}(B) solves
—Au=v in B,
(7.8)
u=0 on 0B.

In other words, the maximum principle works in this boundary value problem
even if the operator is of the fourth order. Therefore we can show that there
exists a solution to (7.3) for sufficiently small A > 0. In fact we can construct
so-called supersolution and subsolution of (7.3) as follows.

Lemma 7.1.  There exist a supersolution and a subsolution of (7.3) for

a sufficiently small A > 0. Moreover there exists at least one classical solution
u of (7.3).

Proof. Let A\g and g be the first eigenvalue and nonnegative eigenfunc-
tion of the operator A2 under the boundary conditions ¢y = Ay = 0 on
OB respectively. For € > 0, we set 1(x) = ¢o(z) + €(r? — 1)*. Then we see
Y = AY = 0 on dB. Since ¢y > 0 on B and A%*(r? — 1)* > 0 on 9B, it
holds that A%y = A\gpg + €A?(r2 — 1)* > 0 on B for a sufficiently small € > 0.
Therefore for a small A > 0 we see

(7.9) A% > Nf (7).

Then 1 becomes a supersolution. As a subsolution it suffices to take u = 0.
Then from the method of nonlinear iteration, we can show the existence of a
classical solution. O

By virtue of this, we can define the mimimal solution uy € C*(B) which
is minimal among all possible solutions. Then we define the extremal value A\*
as a upper bound of A for which the minimal solution exists. The family of
such solutions depends smoothly and monotonically on A. Then the following
property is well known.

Lemma 7.2.  Minimal solutions are stable. More precisely, the lin-
earized operator

(7.10) Lyp = A% = Af'(ux, 1)
has a positive first eigenvalue for all 0 < A < A*.
We also have

Lemma 7.3.  As AT X%, a finite limit a.e. u*(x) = limyya+ un(x) exists,
where u* is a weak solution of (7.3) with A = A\*.

Proof. Tt follows from (7.2) that there is C such that f(u,r) > (2u1/A*)u
2
n

—C, for all u > 0. Here py is the first eigenvalue of (—A)? i H (B) with
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boundary conditions © = Au = 0 on 9B, and let 1 be a corresponding eigen-
function. Multiplying (7.3) by ¢1, we obtain

(7.11) /\/Bf(uA,r)gol d:v:ul/BU,\w dr < ;/B(f(u)nr)‘f'c)@l dz.

Letting A T \*, we get

(7.12) lim/f(uA,r)cpldx<oo.
A g

Let 1 satisfy A%y = 1 in B with ¢ = Ay = 0 on dB. Multiplying now (7.3)
by 1, we obtain for some positive number C'

(7.13) /Bu,\ dx:)\/Bf(u,\,r)wdz < C’/\/Bf(ux,r)gm dz.

Hence u) is bounded in Ll(B). Since u) is increasing on A, it follows that uy
has a limit u* € L!(B) and that §(z) f (ux, ) converges to §(x) f(u*,r) € L' (B).
Then it follows that u* is a weak solution of (7.3) with A = \*. O

Remark 7.2. From these lemmas, it holds that for any A € (0, \*]

(7.14) / M (ux, 7)@? dx S/ |Ap|? de, ¢ € C2(B).
B B

The limit u* can be classical or singular. If u* is classical, then it is clear
from the implicit function theorem that the linearized operator

(7.15) Lyp = Ao — f'(u*, 7)o

has zero first eigenvalue.
The following characterizes singular solutions to some extent:

Proposition 7.1.  Assume that u € H*(B) N H(B) is an unbounded
weak solution of (7.3) for some X\ > 0. Assume that

(7.16) /\/Bf’(u,r)gdea:S/B|A<p|2da:

for all p € C3(B). Then A\ > \*.
Conversely, if A = \* and u = u*, then (7.16) holds.

Remark 7.3. In the first assertion, we can not conclude A = A* so far.
But in the examples below we have A\ = A* and we can determine exactly the
singular extremal solutions with somewhat more consideration.
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Proof. First we assume that u is a unbounded energy solution satisfying
(7.16). Assume that A < A*. Then we have

/\/Bf’(u,r)(u—uA)deS/B|A(u—u,\)\2dx

(7.17)
— ) / (Fluyr) = Flun, ™)) (1 — up) da.
B

Hence we have
(7.18) )\/B (f(u,r) = flur,7) = Af'(u,7)(w — up)) (u — uy) dz > 0.

Since f(-,7) is convex the integrand is nonpositive, so that the inequality is
only possible if

(7.19) flu,r) = flun,r) + f'(u,r)(u—uy) ae. in B.

Since f is strictly convex, we see that u = wuy, hence w is the minimal solution,
which is a contradiction. Hence A > \* holds.

Now we assume that A = A* and v = u*. Then (7.16) clearly holds. In fact
u* is a monotone limit of a sequence of minimal solutions {uy}. The assertion
follows from the monotone convergence theorem. O

Remark 7.4. If f(u,r) satisfies

(7.20) litm inf >1 (uniformly in r € [0,1]),

then any extremal solution u* lies in the energy class (cf. Section 3 in [3]).

Now we consider the concrete example for which we can apply our refined
Hardy inequalities. For 1 < p < co and r = |z|, we adopt as the nonlinearity
f(u,r) the following f, and f, that is,

(7.21) {?;EZ: g ~ (L Q)
Here
Qp(r) = (1 —r?),
(7.22) An(p) = ala = 2)(N +a = 2)(N +a —4),

a=—

4 (N -2 N +2
AR (v s)

We define the function U, as follows:
(7.23) Up(r) =r* —1—Qp(r), a=—-——-:.

Under these notations, we have the following.
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Lemma 7.4.  Assume that A\ = An(p) and f = f,. Then it holds that:
(1) If p> N/(N —4), then U, is a weak solution of (7.3).

(2) If p> (N+4)/(N —4), then U, is a singular energy solution of (7.3).
(3) If p > N/(N — 8), then U, € H*(B).

Now we define

(7.24) H(p) = pAn(p).
Since it holds that

(7.25) i H(p) = 8(N ~2)(N ~ 4),
we see lim, 100 H(p) < (N(N —4)/4)? (the best constant of the Hardy in-
equality) if and only if N > 13. For N > 4 we also note that H(N —
4)/(N +4) > (N(N — 4)/4)? and that H(p) is monotonously decreasing for
p > (N —4)/(N +4). Then the results of Section 2 (Theorem 2.1 and the
related proposition) allow us to study the singular energy solutions. First we
have

Theorem 7.1 (Polynomial case).  Assume that N > 13.

(1) There exists a number p* € (N +4)/(N — 4),00) such that U, is a
singular extremal solution with \* = Ay (p) for any p > p*.

(2) Ifpe (N+4)/(N —4),p*), the Uy is not a singular extremal solution
and Ay (p) < A*. Here p* is the same number in (1).

(3) Ifpe (4/(N —4), (N +4)/(N —4)], Uy, is not an energy solution but
a weak solution. Therefore U, is not singular extremal and An(p) < A*.

Proof. Tt suffices to show the assertion (1). From the arguement just
before this theorem, p* € ((IN+4)/(N —4),00) is geven as the unique solution
of the equation H(p) = (N(N —4)/4)2. Since U, is singular and satisfies (7.16)
with w = U, in this case, from Propositon 7.1 it follows that Ay (p) > A*. Hence
we have only to show Ay (p) < A*. This follows from the same arguement in
[2] (Theorem 3) replacing Lemma 4 for the next one. O

For a positive small number ¢ set

Us(r) =g(r) —1—Q5(r),
(7.26) {f;(u,r =(1+u+Q5(r)?,
where
o) = (e + (1= )77,
(7.27) p(r) = Ble)1 — %),

2(N —-2)(1—¢) 2¢(1+p) N+2
B <+ N-—2 N—2>‘
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Lemma 7.5.  For any § > 0 there is a positive number ey such that for
any € € (0,&p)
277€ > _ c .
(7.28) A?Us(r) = (1= 0)ANn(p) fo(Uy(r),7)  in B,
Up =AU, =0 on 0B.

Proof of Lemma. By a direct calculation we see
81—+ e+ (L —e)r?) 1
(p—1)*

x ((Np— N —4p)(Np — N —2p — 2)(e + (1 — e)r?)?
+ 8ep((Np — N —4p)r? +e(N(p — 1)(1 — 72) +4pr? — p —1)))
L 8(1=e)(p+ D)(e+ (1—e)r?) T
- (p—1)*

x (Np— N —4p)(Np— N —2p — 2)(e + (1 — &)r?)?
= (1—¢e)?An(p)g(r)? for re€]0,1).

A?g(r) =

Therefore we have

AU (r) > (1—e)*An(p) f5 (U (r),7)
= (1 =)’ An(P)(1+ Uy (r) + Qp(r) + (Q5(r) — Qp(r)))”-
Here we note that for some constant C > 0
(7.29) Q5 (r) — Qu(r)| = |(B(e) — B)(1 —r?)| < Ce.
Hence for any &’ € (0,1) there is some €9 > 0 such that for any ¢ € (0, €]

(L+ U (r) + Qp(r) + (@5(r) — Qp(r))?

AT US () + Q)P z1-e

After all we have
(7.30) AU (r) > (1—€)A —e)*An(p) fp(US (r),7),
and this proves the desired inequality for a sufficiently small £ > 0. o

End of the proof of Theorem. ~Assume that Ax(p) > A*. Since U; becomes
a bounded supersolution, we have a bounded solution for A = \* by a standard
monotone iteration arguement. But this contradicts to the fact that \* is
extremal. The uniqueness of the singular extremal also follows from the same
arguement in the proof of the first assertion of Proposition 7.1. o

Remark 7.5. In the case that NV > 13 and p > p*, the linealized oper-
ator LY defined by

(7.31) Lo = N0 — Af)(Up, 1)
= A%p — p)\r—(i.
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has a positive first eigenvalue () for any A € (0, Ay (p)] corresponding to an
eigenfunction ¢ € H?(B) N H}(B). In order to characterize the first eigenvalue
we may consider the variational inequality

(7.32) /B gl dz — A (p) /B £ Uy, 1) da

- [ (1ot - 1% ) o

16H (p)
(N(N - 4>>2> o

Therefore we see
(7.33) uOwio) > (1-

where j is the first eigenvalue of A? with the boundary condition ¢ = Ay = 0
on 0B.
If p = p*, then H(p) = (N(N — 4)/4)? and L’)’\N(p> does not have a first

eigenfunction in H?(B) N H(B). However, the previous arguement gives a
positive value for p(An(p)) defined as a decreasing limit

(7.34) WOwg) = Tim () > A =)

+ Aa.
)“’)\N(p) 2 2

Since ux < Up and Af)(ux,r) < H(p)(1/r*), this is clear from Theorem 2.1.

Remark 7.6. We consider the case that 4 < N < 13. Assume that p >
(N —4)/(N +4). Then U, is not singular extremal, since the Hardy inequality
(7.16) does not holds. In the next we assume that p < (N —4)/(N +4). Then
U, is not an energy solution but a (singular) weak solution. Therefore we see
that there exists a range of p where U, is a weak solution and satisfies the
Hardy inequality (7.16).

In the next we consider the limit of this problem as p — +o00. Let us set

2(N —2)

- Qulr) = =11,
Xy = 8( — 2)(N — 4),

and we set

(7.36) Ue = —4logr — Q.(r).

As p — +o0o we see that

@30 () o (L) P, ) — (), ) N D)

for any r € (0, 1).
Therefore the boundary value problem (7.3) with A = A%, and f = f. is
considered as a formal limit of the previous one.



Missing terms in generalized Hardy’s inequalities and its applications 259

Lemma 7.6.  Assume that A = A% and f = f.. Then it holds that:
(1) If N > 4, U, is a singular energy solution of (7.3).
(2) If N > 8 then U, € H*(B).

Then we have the following:

Theorem 7.2 (Exponential case).
(1) If N > 13, then U, is a singular extremal solution with \* = \5;.
(2) If N < 13, then U, is not a singular extremal solution and A5 < A*.

Proof.  As the proof in the polynomial case, it suffices to show that A%, <

A*. But this follows from the next elementary lemma as before. O
Set

(739 iry = I )

and set

(7.39) US = —2log(e + (1 — &)r?) — Q5(r).

Lemma 7.7.  For any 6 > 0 there is a positive number g such that for
any € € (0,&p)

(7.40) {NU:M > (1= 6 (U, 1) in B,

U: =AU =0 on 0B.
Proof of Lemma. For any € > 0 we see
A2UE > (1 —)28(N — 2)(N — 4)elVe+Qe(m)
=(1-¢)%8(N —2)(N — 4)€Qi(r)—Qe(r)eU§+Qe(r)

Noting that Q5(r) — Q.(r) = —2e(1 — 7?)(N — 4 + 2¢)/N < 0, we have the
desired estimate for a sufficiently small g5 > 0. O

Remark 7.7. In the case that N > 13, the linealized operator Lf.
defined by
(7.41) e = A% = MG fo(Ue, )
_ 2 e 2

has a positive first eigenvalue p(\%;) as before.
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