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Geodesics and isometries of Carnot groups

By

Iwao KISHIMOTO

Abstract
We will investigate geodesics in 2-step Carnot groups. And, by
applying this, we will prove that every isometry of 2-step Carnot group
N fixing the identity is an automorphism of Lie group N. Our argument
will be elementary.
Finally, we will see that the same conclusion holds for general
Carnot groups.

1. Introduction

Let M be a connected manifold and D be a subbundle of the tangent
bundle TM. Fix a metric on D. The curve in M is said to be horizontal if it
is tangent to D at almost all points.

The distribution D is called bracket-generating if, for every point p in M,
local sections of D near p span together with all their commutators the tangent
space T, M of M at p. By Chow’s theorem, every two points can be joined by
a horizontal curve if D is bracket-generating ([4]).

Using the metric on D, we can measure the length of horizontal curves.
Then, for any two points x, y in M, we define a distance between them by the
infimum of the lengths of all the horizontal curves joining them, which is de-
noted by d(x,y). The metric space (M, d) is said to be a Carnot-Carathéodory
space.

A horizontal curve 7 is said to be a normal geodesic if there exists a lift 4 of
v to the cotangent bundle T* M such that 7 satisfies the Hamiltonian equation
determined by D and its metric. The normal geodesics are geodesics, that is,
locally length-minimizing curves ([5], [13], [14]).

But this converse is not true. In fact, some examples of geodesics that
is not normal are known ([1], [11]). If the set of horizontal curves joining
fixed two points is a “submanifold” of the path space which consists of all
the smooth curves, then every geodesic is normal. However, such case is rare,
because some assumptions for D is needed, for instance, the strongly bracket-
generating hypothesis ([13]). This is why we have difficulty in solving the
variational problem.
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For a metric space (X, d) and a point p in X, we define the metric space
(Xp, dp) to be a tangent cone of X at p, if the family of the pointed metric
spaces (X, td, p) parametrized by the positive number ¢ converges to a pointed
metric space (X, dp, 0p) as t — oo with respect to the Gromov-Hausdorft
distance.

The tangent cone of a Riemannian manifold is isomorphic to Euclidean
space with the same dimension. On the other hand, the tangent cone of a
Carnot-Carathéodory space is isomorphic to a nilpotent Lie group with a left-
invariant Carnot-Carathéodory distance. Its group structure does not depend
on the metric on D, but only on D ([9]). These nilpotent groups are called to
be Carnot groups ([12]).

If we say that Euclidean space is the most basic model in Riemannian
geometry, we may say that Carnot group is the most basic model in Carnot-
Carathéodory geometry.

In [13] and [14], Strichartz investigated the smooth isometries of Carnot-
Carathéodory spaces under the strongly bracket-generating hypothesis. Pansu
showed, in the proof of his rigidity theorem ([12]), that every isometry of the
quaternionic Heisenberg groups is a group-automorphism. Hamenstadt proved
in [5] that every isometry of Carnot groups is a group-automorphism. Her ar-
gument, however, needs the assumption that every geodesic is normal. We will
prove this fact without the normality assumption. By restricting our argument
to 2-step Carnot groups, we can use more elementary methods.

This paper is organized as follows. In Section 2, we will investigate hori-
zontal curves and geodesics in 2-step Carnot groups after the precise definition
of Carnot group is given. In Section 3, we will determine the isometry group
of 2-step Carnot groups without using the differentials of isometries. For the
r-step Carnot groups with » > 2, in Section 4, we first establish the differ-
entiability of isometries and by applying this fact we determine the isometry
groups.

2. Geodesics and lines of Carnot groups

2.1. Carnot groups
Let N be a simply-connected nilpotent Lie group. Assume that the Lie
algebra g of N satisfies

g=g'@---ag, [@,d]=¢" (QA<ji<r-1).

We fix an inner product of g'. A curve ¢(¢) in N is said to be horizontal if the
tangent vector ¢(t) belongs to g' for almost every ¢.
The length of a horizontal curve ¢ : [a,b] — N is defined to be

b
L(e) = / et dt,

where || - || is the metric on g'.
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Any two points in N can be joined by a horizontal curve since the subspace
g' generates the Lie algebra g. The distance dy(z, y) of two points x, y in N
is defined to be the infimum of the lengths of horizontal curves joining these
two points. We call the metric space (N, dy) the (r-step) Carnot group.

The mappings As : g — ¢, and as : N — N (s € R\ {0}) are defined to be
Aylgi = 87 - 1dgs, and as(exp X) = exp(As(X)). Since A, is automorphisms of
Lie algebra g, the mappings a, is automorphisms of N. Moreover, as multiply
lengths of horizontal curves by s. Hence dy(as(z), as(y)) = |s|dn(x, y) for
any two points x, y in N.

2.2. Horizontal curves

From this subsection to the next section, the Carnot group N is assumed
to be 2-step.

Let ¢(t) be a curve in N and o(t) be the curve in g such that c(t) = exp o(t).
The decomposition ¢ = o' + 02 corresponds to the decomposition g = g* @ g2.
By the Campbell-Hausdorff formula,

(1) Lelt + &) = exp(—a (1)) explo(t + )
= exp (a(t +e)—o(t)— %[o(t), o(t+ 5)])
= exp (Jl(t +e)—ol(t)+ o3 (t+e) — o?(t)
U EE )

Differentiating at ¢ = 0, we obtain & (¢)+52(¢)—(1/2)[0(t), 61 (t)]. Hence
we have

Lemma 2.1.  The curve c(t) = expo(t) is horizontal if and only if

for almost every t.

Let ¢s be a family of horizontal curves and X (t) be a vector field along
¢ (= ¢p) such that X (t) = Ocs(t)/0s|s=0- Next we determine the equation that
the vector field X (¢) should satisty.

Lemma 2.2. A vector field X along a curve c is determined by a family
of horizontal curves if and only if

(2.1) X% 46t XY =0.

A vector field X along a horizontal curve is called to be horizontal if X
satisfies the above equation.
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Proof.  For a family of horizontal curves c;(t) = exp o4(t) with ¢g = ¢,
- 1
ot e (6) = exp (o2(0) = ab(0) + 22(0) - () - 3 ab(0). o2(0) - b))

Therefore, if we denote the associated vector field by X = X' 4+ X2, then

0 0 1 0
2.2 X' = —o! X2= 252 _Z gt Z4t .
( ) aSUS 5:07 aSUS s=0 2 |:U ’ 850-8 SO:|
By Lemma 2.1,
. 8 1 1 .
X2 -1 Xl _ sl Xl st Xl
Ho' X = gt gl Xl X
10
= - o}, 5} — - [xXY 6l -zt X =0
2 8 s=0

Conversely, for any vector field X = X! + X? satisfying (2.1), define a
family of horizontal curves ¢,(t) = exp os(t) to be such that

oy (t) =o' (t) + sX'(1),

o2(t) = s (x2<0> + ot Xl(O)]) +3 [ o, sl du

By Lemma 2.1, the curves ¢4(t) are horizontal and X (t) = dc;(t)/9s|s=o, since
the equation (2.1) yields (2.2) O

Definition 2.1. A horizontal curve ¢ : [0,1] — N is regular if, for any
a € g, there exists a horizontal vector field X along ¢ such that X (0) = 0 and
X(1) =a.

For a curve 7 : [0,1] — g* such that 7(0) = n(1) = 0, we define

He(n) = —/0 [6, ] dt.

Then, by Lemma 2.2, we have

Lemma 2.3. A horizontal curve c is reqular if and only if the linear
mapping H,. is surjective onto g>.

Let b, be the subspace of g! spanned by {o!(t) —c1(0) | 0 < ¢ < 1}. Since
b is also spanned by {5'(t) | 0 <t < 1}, we have

Lemma 2.4. A horizontal curve c is reqular if and only if
[, '] = ¢*.

In particular, a horizontal curve c is reqular if b, = g'.
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Remark 1. A 2-step graded Lie algebra g is strongly bracket-generating,
if [¢, g'] = g? for any ¢ € g!\ {0}. In this case, all the horizontal curve
are regular except constant curves. Conversely, if all the horizontal curve are
regular except constant curves, then g is strongly bracket-generating.

For example, Heisenberg group is strongly bracket-generating.

The above two lemmas are the special case of those in [6].
By Lemma 2.1, the curve o(t) is contained in the Lie subalgebra h.®[h., b]
if 0(0) = 0. Hence we have

Proposition 2.1.  Assume that a horizontal curve ¢ passes through the
identity of N. There exists a subgroup M of N such that the curve c is contained
and is reqular in Carnot group M.

2.3. Geodesics

For any point € N and any cotangent vector o € Ty N at =, we define
||| = sup{a, v) where v is a vector in g' with ||v|| = 1.

Let H be a Hamiltonian function on the cotangent bundle 7% N such that
H(a) = (1/2)]|e*.

Definition 2.2. A curve v in Carnot group N is normal geodesic if
there exists a lift 4 of v to T* N such that 7 satisfies the Hamiltonian equation
determined by the function H:

dg;((t)) _ OH

dt i |51
dnGt) _ o
dt 4 |5(t)

where (g;, p;) is the standard coordinate of T*N determined by a coordinate
(g;) of N.

Let P : g — g' be the projection. We extend the inner product on g' to
one on g such that g' and g2 are orthogonal.

Hereafter, we identify g with the tangent space T, N and the cotangent
space Ty N at x € N.

Lemma 2.5.  The Hamiltonian equation of normal geodesics is equiva-
lent to the following equation:
(2.3) Y(t) =PAdjH)E, €<

Here, Ady is the adjoint transformation of Ad, with respect to the inner product
on g.

The proof is to see [5] (and also [8]).
It is remarked that the solutions of the equation (2.3) do not depend on
an inner product on g2.
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Let v(t) be a normal geodesic that satisfies the equation (2.3). Then, for
any 1) € g',
(&), mgr = (AdT (& Mg = (€, Ady(yM)g-

If v(t) = expo(t), then
Ad,yn = exp(ad(a(t)))n = n + ad(a(t))n
=+ [0t (t), 7).

Hence we have

(3(8), Mg = (€1 mgr + (€2, [0 (1), m])g2.

For each w € g2, we define an anti-symmetric transformation A, of g'
such that

(2.4) (Apu, v)g1 = (w, [u, v])g2, for any u, v € g'.
Then we have

(2.5) (1) (= 4(8) = €' + Ao’ (¢).

We can compute o%(¢) by Lemma 2.1.
Finally, we introduce some results on the normal geodesic.

Theorem 2.1 (Strichartz [13], [14], Hamenstadt [5]).  Every  normal
geodesic is a geodesic, that is, a locally length-minimizing curve.

In this paper, every geodesic is assumed to have a constant velocity. We
must remark that every normal geodesic has a constant velocity.
The converse of the above theorem is not true in general ([1], [8]).

Theorem 2.2 (Hsu [6]).  Every regular geodesic is normal.

These two theorems are true for general Carnot-Carathéodory spaces.
By this theorem and Proposition 2.1, we can easily obtain

Theorem 2.3 (Golé-Karidi [1]).  Assume that the geodesic v passes
through the identity of N. There exists a subgroup M of N such that the
curve vy is contained and is normal in the Carnot group M.

2.4. Universal Carnot groups R
Given a 2-step Carnot group N, we define the universal Carnot group N
of N whose Lie algebra g = g' @ g2 satisfies the following relations:

i =g, @=Ad"

Let II, : g — g2 is the surjective linear mapping such that Ily(u A v) =
[u, v], and II : § — g be the surjective homomorphism of graded Lie algebras
such that II(a! + a?) = ol + [Ty (a?).
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Let 7 : N — N be the surjective homomorphism of Carnot groups induced
by II. It is easy to see that, for any point # € N and any horizontal curve ¢ in
N through 7(Z), there exists a unique horizontal curve ¢ in N through # such
that 7(¢) = ¢. We call this curve é the 7-lift of c.

Since the mapping 7 is surjective and preserves the length of horizontal
curves, we have

Lemma 2.6.  The w-lift 4 of every geodesic v in N is a geodesic in N.
Moreover, if v is shortest, then ¥ is also shortest.

About geodesics in the universal Carnot groups, the following theorem has
already been known ([8]).

Theorem 2.4 (Brockett).  Every geodesic in N is normal.

Proof.  Let 7 be a geodesic in N. By Theorem 2.3, there exists a subgroup
M of N such that ~ is a normal geodesic in M. Thus, by the equation (2.5),
we can take an element & = £ 4 €2 in the Lie algebra h = h! @ h2 of M such
that

(2.6) Gl(t) = € + Aol (1),

where /152 is the anti-symmetric transformation of h' defined by the equation
(2.4).

We can extend Ag2 to the transformation Ag2 of §' by A2y = Ag2, and
Ag2|(yryr = 0. The transformation Ag2 of g' satisfies the equation (2.4), since
b A (1)L is orthogonal to b2 = A% hL. }

This implies that v is a normal geodesic in V. O

Now we compute the geodesic equation of N. 5
Let v(t) = exp(at(t) + o%(t)) be a geodesic in N. By the equation (2.5),
there exist £ € g! and an anti-symmetric transformation A of g! such that

St = € + Aol (2),.
This equation is equivalent to 61(t) = A(t) and 61(0) = £1. Hence,
(2.7) al(t) = etAel.

It is remarked that, since the transformation A is anti-symmetric, !4 is

the orthogonal transformation of g'. We now decompose the linear space g'
into the null space of A and its orthogonal one. Under this decomposition, we
can express

et = R(t)n + ¢
where &' = 7 + ¢ is £1’s decomposition, and R(t) is a family of orthogonal
transformations whose eigenvalues are not equal to one. Integrating this, we
obtain

oL (1) = 1 (0) + S(t)n + 1€, S(t)z/o R(s) ds.
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To simplify the computation, we assume that v passes through the identity
e, that is, 1(0) = 0, 02(0) = 0. Then, o' (t) = S(t)n + t¢. By Lemma 2.1,

L /0 o (s) A (s) ds = - /0 (S(s)n -+ 5€) A (S(s)n + C) ds

o?(t) 5 5

I : I I :
5/0 S(s)n/\S(s)nds+§/O S(s)n/\(d8+§/0 s¢C A S(s)nds.

Since the third term is equal to —(1/2)tS(t)n A ¢ + (1/2) fot S(s)n A (ds, we
obtain

ol (t) = S(t)n+t(,

(2.8) ) 1 1t
o (t) = 5(7t5(t) +2T())n A C+ 5 S(s)n A R(s)nds,
0
where T'(t) = fot S(s)ds.
We must remark that S(¢) and T'(t)/t are bounded. We can easily see this
. cost —sint
by calculating the case R(t) = < sint  cost )
2.5. Lines

Hereafter, we identify g' and N/[N,N]. Let p : N — g! be the natural
projection, that is, p(exp(¢! + £2)) = €1,

By Lemma 2.1, for any point z € N and any curve ¢ in g* through p(z),
there exists a unique horizontal curve ¢ in N through x such that p(c) = ¢. We
call this curve ¢ the p-lift of c.

Since the length of the p-lift ¢ is equal to that of ¢, we can easily obtain

Lemma 2.7.  The p-lift of lines in g' are the geodesics.

We define a curve v in N to be a line if 7 is the p-lift of a line in g*. It
should be remarked that there is only one line joining two points, if any.
Let dg: be Euclidean distance of g'.

Lemma 2.8.  For any two points x, y in N,
dgi (p(), p(y)) < dn(z, y).
The equality holds if and only if x and y are on the same line.

Proof. Take a shortest geodesic v joining z and y. The curve p(v) joins
p(z) and p(y) and its length is equal to 7. Thus the above inequality holds.

If the equality holds, then p(y) is a shortest geodesic, that is, a part of a
line in g'. ([

Now we can characterize lines by the distance-property.

Proposition 2.2.  The following conditions on a geodesic v in N are
equivalent.
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(1) v is a line. In other words, v(t) = v(0) !X for some vector X € g'.
(2) There exists a positive number C such that dy(v(0), v(t)) = C|t| for

all t.

Proof. (i)=-(ii): This follows from Lemma 2.7.
(il)=-(i): Without loss of generality, we may assume C = 1.
By Lemma 2.6, the 7-lift of 7 satisfies the condition (ii). Hence we may

consider only the case N = N. Furthermore, we may also assume v(0) = e,

since the left translation of the Lie group N preserves the distance dy.
Under these assumptions, the condition (ii) is dx (e, a1 /y(t)) = 1, where

) =esp (3010 + %))

By Theorem 2.4, o' and o2 satisfy the equation (2.8).
Now we compute the limit of a;/;y(t) when ¢ — oco.

2ol (0) = 20 +

éaQ(t) = (—%S(t} + %T(t)) nAC+ %/O S(s)n A R(s)nds.

Since ||R(t)n]], ||S(¢)n||, and || T(¢)n/t|| are bounded,

N SR N VR
Jim cot(t)=¢, Jlim 5on(t) =0.

Therefore we have
Jimay /7(t) = exp (.

This implies dy (e, exp() = 1, and hence ||{|| = 1.
On the other hand, we have assumed C' = 1. This means that the velocity

of v is equal to 1, that is,
It @I = 1€ = Il + lI<)? = 1.
Thus 1 = 0. This completes the proof. d

Definition 2.3. Two lines y; and =5 are said to be parallel if the func-

tion ¢t — dn(71(t), v2(t)) is bounded.

The following two lemmas are due to Hamenstadt [5].
Lemma 2.9.  If two lines are parallel, their tangent vectors are equal in

Proof. Assume the lines v; and ~» are parallel. By Lemma 2.8, the func-
tion t — dg1 (p(71(t)), p(72(t))) is bounded. Therefore, the lines p(y1) and p(vy2)
O

are parallel in the Euclidean space g'.

The converse is not true in general. Let Z be the center of N.
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Lemma 2.10. A point = is in Z if and only if, for each v € g', the
line through x tangent to v is parallel to the line through the identity e with the
same direction.

Proof. We denote x = exp&, 71(t) = € and v5(t) = ze'”. Then,
dn(71(t), y2(t)) = dn (e, e efel)
= dn (e, exp(§ + ¢, v])).

Hence two lines «; and s are parallel if and only if [¢,v] = 0. |

3. Isometries of 2-step Carnot groups

3.1. Invariant set
In this subsection, we aim to show the following lemma:

Lemma 3.1.  FEvery isometry of 2-step Carnot group N permutes the
fibers of the projection p.

By Proposition 2.2, we obtain

Lemma 3.2.  FEvery isometry of 2-step Carnot group N permutes the
lines.

By Lemma 2.10, we have

Lemma 3.3.  Every isometry of 2-step Carnot group N fizing the iden-
tity preserves the center.

This lemma is due to Hamenstadt [5].

Let I(N) be the isometry group of the Carnot group N and Io(N) be the
isotropy subgroup of I(IV) at the identity e.

We define a subset A of N to be invariant if p(A) = A for any ¢ € Ig(N).
Lemma 3.2 implies that the subset expg! is invariant and Lemma 3.3 states
that the center Z is invariant.

Sublemma 1. If A is an invariant subset, then p(gA) = ¢(g)A for any
g € N and ¢ € Is(N).

Proof. We define the isometry 1, such that 1, (z) = ¢(g) '¢(gz). Then,
Yg(A) = A since 9, € Io(N). Thus ¢(gA) = ¢(g)A. O

To show Lemma 3.1, we only have to prove that the commutator subgroup
[N, N] = expg? = p~1(0) is preserved by the isometries fixing e.

Sublemma 2. 1f A, B and Ay (k = 1,2,...) are invariant subsets, then
the subsets (J,, Ak, N Ak, A\ B, AB and the closure A of A are invariant.
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Proof. Since isometries are homeomorphisms, the subsets Uik Ak, Ny Ak,
A\ B and A are invariant.
By Sublemma 1, we have

p(AB)=|J v(¢yB)= |J hB= ] hB=AB.

geA hew(A) heA

]

Let 3 be the center of the Lie algebra g and 3' be the subspace of g' such
that 3' = 3N g'. Let h! be the orthogonal complement of 3! in g'.

Sublemma 3. The set exp h! is invariant.
Proof. For xz € N, xZ = p~!(p(z) +3'). Hence, by Lemma 2.8,
dn(e, 2Z) = dg (0, p(z) +3").

There uniquely exsists 2’ € £Z such that dy (e, Z) = dy(e, 2'). In fact, if we
denote the hl-component of the vector p(z) by v,,

dny(e, xZ) = dg (0, vz) = dn(e, expuvy).

Since p(zZ) = @(x)Z for ¢ € Ip(N), we obtain p(expv,) = expvy(y)-
This completes the proof. O

Because [h, hl] = g2, the set M = exp(h! + g?) is a Carnot subgroup of
N. Hence M = Uk21(exp h1)¥. By Sublemma 2, we obtain

Sublemma 4. M is invariant.

Again applying Sublemma 2 to the set [N, N] = M N Z, the commutator
group [N, N] is invariant. This completes the proof of Lemma 3.1.

3.2. Isometries
In this subsection, we will determine isometry group of 2-step Carnot
group.

Lemma 3.4.  Every isometry ¢ satisfies that dg(pe(x), pe(y)) =
dgr(p(x), p(y)) for all x, y € N.

Proof. Let ' be another endpoint of the p-lift through x of the line seg-
ment joining p(x) and p(y). Then p(y’) = p(y). By Lemma 2.8,

dgr (p(x), p(y)) = dn(x, y') = dn(e(z), ©(¥)).

Applying Lemmas 3.1 and 2.8, we have

dn(e(x), (y')) = dgi(pe(x), pe(y')) = dgr (pp(x), Pe(y))-
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Therefore

dg (pe(x), pe(y)) < dgi (p(z), p(y))-
Similarly, for the inverse mapping ¢!,

dgl (p(p(z)v p(p(y)) > dgl (p($), p(y))

This completes the proof. O

Theorem 3.1.  Every isometry of 2-step Carnot group N fizing the
identity e is an automorphism of Lie group, and Io(N) is isomorphic to a
subgroup of the orthogonal group O(g') of g'.

In particular, I(N) and Ig(N) have the structure of Lie group, and Io(N)
18 compact.

Proof. Let G be a subgroup of O(g!) such that
G = {A' € O(g") | AY(Kerll,) = KerIl,},

where A is a linear transformation of §2 = /\2 g' associated with A'.

Since the linear space g2 is isomorphic to g?/Kerll,, every element in
G induces an automorphism of the graded Lie algebra g. Conversely, every
element of O(g') that induces an automorphism belongs to G.

Let A be an automorphism of g induced by A' € G. We can define an
isometry o such that ¢(ef) = e4¢ (¢ € g). Hence there is an injection from G
to Ip(N). Now we must show that this injection is isomorphic.

By Lemmas 3.1 and 3.2, for any isometry ¢, there exists an affine mapping
A! of g! such that po ¢ = A o p. By Lemma 3.4, the mapping A! is an iso-
metry. If we assume ¢(e) = e, then Al € G.

It remains to show that ¢ coincides with the automorphism determined by
Al. Let x be a point in N such that

z=eX1eX2. . Xk, Xl,Xg,...,Xkégl.

If we consider the p-lift of a broken line in g' joining the origin, X1, X; + X,
...,and X7 + Xo 4+ - - - + X}, then we obtain

p(z) = M X1eA Ko oA = (XY p(eX2) L (X)),

Hence ¢ is an automorphism of Lie group N. d

4. The r-step Carnot groups (r > 2)

4.1. The differentiability of isometries
In [5], the argument on isometry group needs the differntiability of isome-
tries which she proved under the assumption that all the geodesics are normal.
In this section, to establish the differentiability of isometries of general
Carnot groups without the normality assumption, we use the following theorem.

(See [2])
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Theorem 4.1 (Montgomery-Zippin).  Let X be a finite dimensional, lo-
cally compact, connected and locally connected metric space. If the group G of
the isometries of X is transitive, then G is a Lie group with finitely many
connected components.

By the above theorem, the isometry group I(N) of a Carnot group N is a
Lie group and Ip(N) is its closed subgroup. The group N itself can be identified
with the subgroup of I(NV), since the metric is left-invariant.

Proposition 4.1.  The isometric action of I(N) on N is smooth.
In particular, every isometry is smooth.

Proof. Let o be the smooth injective mapping N — I(N); g — L, where
Ly is the left translation by g. And let p be the canonical projection I(N) —

I(N)/Ip(N). Then it is easy to see that the composition p o o is a diffeomor-
phism N — I(N)/Io(N). O

Let ¢o* : T*N — T*N be the bundle map induced by a smooth mapping
@ : N — N. If ¢ is an isometry, then ¢* preserves the Hamiltonian function
H, which is defined in 2.3.

Therefore we have

Lemma 4.1.  FEvery isometry permutes the normal geodesics.
Hence, by the argument in [5, §8], we obtain

Theorem 4.2.  Every isometry of Carnot groups fizing the identity e is
a Lie group automorphism.
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