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Geodesics and isometries of Carnot groups

By

Iwao Kishimoto

Abstract

We will investigate geodesics in 2-step Carnot groups. And, by
applying this, we will prove that every isometry of 2-step Carnot group
N fixing the identity is an automorphism of Lie group N . Our argument
will be elementary.

Finally, we will see that the same conclusion holds for general
Carnot groups.

1. Introduction

Let M be a connected manifold and D be a subbundle of the tangent
bundle TM . Fix a metric on D. The curve in M is said to be horizontal if it
is tangent to D at almost all points.

The distribution D is called bracket-generating if, for every point p in M ,
local sections of D near p span together with all their commutators the tangent
space TpM of M at p. By Chow’s theorem, every two points can be joined by
a horizontal curve if D is bracket-generating ([4]).

Using the metric on D, we can measure the length of horizontal curves.
Then, for any two points x, y in M , we define a distance between them by the
infimum of the lengths of all the horizontal curves joining them, which is de-
noted by d(x, y). The metric space (M , d) is said to be a Carnot-Carathéodory
space.

A horizontal curve γ is said to be a normal geodesic if there exists a lift γ̃ of
γ to the cotangent bundle T ∗M such that γ̃ satisfies the Hamiltonian equation
determined by D and its metric. The normal geodesics are geodesics, that is,
locally length-minimizing curves ([5], [13], [14]).

But this converse is not true. In fact, some examples of geodesics that
is not normal are known ([1], [11]). If the set of horizontal curves joining
fixed two points is a “submanifold” of the path space which consists of all
the smooth curves, then every geodesic is normal. However, such case is rare,
because some assumptions for D is needed, for instance, the strongly bracket-
generating hypothesis ([13]). This is why we have difficulty in solving the
variational problem.
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For a metric space (X, d) and a point p in X, we define the metric space
(Xp, dp) to be a tangent cone of X at p, if the family of the pointed metric
spaces (X, td, p) parametrized by the positive number t converges to a pointed
metric space (Xp, dp, op) as t → ∞ with respect to the Gromov-Hausdorff
distance.

The tangent cone of a Riemannian manifold is isomorphic to Euclidean
space with the same dimension. On the other hand, the tangent cone of a
Carnot-Carathéodory space is isomorphic to a nilpotent Lie group with a left-
invariant Carnot-Carathéodory distance. Its group structure does not depend
on the metric on D, but only on D ([9]). These nilpotent groups are called to
be Carnot groups ([12]).

If we say that Euclidean space is the most basic model in Riemannian
geometry, we may say that Carnot group is the most basic model in Carnot-
Carathéodory geometry.

In [13] and [14], Strichartz investigated the smooth isometries of Carnot-
Carathéodory spaces under the strongly bracket-generating hypothesis. Pansu
showed, in the proof of his rigidity theorem ([12]), that every isometry of the
quaternionic Heisenberg groups is a group-automorphism. Hamenstädt proved
in [5] that every isometry of Carnot groups is a group-automorphism. Her ar-
gument, however, needs the assumption that every geodesic is normal. We will
prove this fact without the normality assumption. By restricting our argument
to 2-step Carnot groups, we can use more elementary methods.

This paper is organized as follows. In Section 2, we will investigate hori-
zontal curves and geodesics in 2-step Carnot groups after the precise definition
of Carnot group is given. In Section 3, we will determine the isometry group
of 2-step Carnot groups without using the differentials of isometries. For the
r-step Carnot groups with r > 2, in Section 4, we first establish the differ-
entiability of isometries and by applying this fact we determine the isometry
groups.

2. Geodesics and lines of Carnot groups

2.1. Carnot groups
Let N be a simply-connected nilpotent Lie group. Assume that the Lie

algebra g of N satisfies

g = g1 ⊕ · · · ⊕ gr, [g1, gj ] = gj+1 (1 ≤ j ≤ r − 1).

We fix an inner product of g1. A curve c(t) in N is said to be horizontal if the
tangent vector ċ(t) belongs to g1 for almost every t.

The length of a horizontal curve c : [a, b] → N is defined to be

L(c) =
∫ b

a

‖ċ(t)‖ dt,

where ‖ · ‖ is the metric on g1.
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Any two points in N can be joined by a horizontal curve since the subspace
g1 generates the Lie algebra g. The distance dN (x, y) of two points x, y in N
is defined to be the infimum of the lengths of horizontal curves joining these
two points. We call the metric space (N, dN ) the (r-step) Carnot group.

The mappings As : g → g, and as : N → N (s ∈ R\ {0}) are defined to be
As|gj = sj · Idgj , and as(expX) = exp(As(X)). Since As is automorphisms of
Lie algebra g, the mappings as is automorphisms of N . Moreover, as multiply
lengths of horizontal curves by s. Hence dN (as(x), as(y)) = |s| dN (x, y) for
any two points x, y in N .

2.2. Horizontal curves
From this subsection to the next section, the Carnot group N is assumed

to be 2-step.
Let c(t) be a curve inN and σ(t) be the curve in g such that c(t) = expσ(t).

The decomposition σ = σ1 + σ2 corresponds to the decomposition g = g1 ⊕ g2.
By the Campbell-Hausdorff formula,

c(t)−1c(t+ ε) = exp(−σ(t)) exp(σ(t+ ε))

= exp
(
σ(t+ ε) − σ(t) − 1

2
[σ(t), σ(t+ ε)]

)

= exp
(
σ1(t+ ε) − σ1(t) + σ2(t+ ε) − σ2(t)

− 1
2
[σ1(t), σ1(t+ ε) − σ1(t)]

)
.

Differentiating at ε = 0, we obtain σ̇1(t)+σ̇2(t)−(1/2)[σ1(t), σ̇1(t)]. Hence
we have

Lemma 2.1. The curve c(t) = expσ(t) is horizontal if and only if

σ̇2(t) − 1
2
[σ1(t), σ̇1(t)] = 0

for almost every t.

Let cs be a family of horizontal curves and X(t) be a vector field along
c (= c0) such that X(t) = ∂cs(t)/∂s|s=0. Next we determine the equation that
the vector field X(t) should satisfy.

Lemma 2.2. A vector field X along a curve c is determined by a family
of horizontal curves if and only if

(2.1) Ẋ2 + [σ̇1, X1] = 0.

A vector field X along a horizontal curve is called to be horizontal if X
satisfies the above equation.
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Proof. For a family of horizontal curves cs(t) = expσs(t) with c0 = c,

c0(t)−1cs(t) = exp
(
σ1

s(t) − σ1
0(t) + σ2

s(t) − σ2
0(t) −

1
2
[σ1

0(t), σ1
s(t) − σ1

0(t)]
)
.

Therefore, if we denote the associated vector field by X = X1 +X2, then

(2.2) X1 =
∂

∂s
σ1

s

∣∣∣∣
s=0

, X2 =
∂

∂s
σ2

s

∣∣∣∣
s=0

− 1
2

[
σ1,

∂

∂s
σ1

s

∣∣∣∣
s=0

]
.

By Lemma 2.1,

Ẋ2 + [σ̇1, X1] =
∂

∂s
σ̇2

s

∣∣∣∣
s=0

+
1
2
[σ̇1, X1] − 1

2
[σ1, Ẋ1]

=
1
2
∂

∂s
[σ1

s , σ̇
1
s ]

∣∣∣∣
s=0

− 1
2
[X1, σ̇1] − 1

2
[σ1, Ẋ1] = 0.

Conversely, for any vector field X = X1 + X2 satisfying (2.1), define a
family of horizontal curves cs(t) = expσs(t) to be such that

σ1
s(t) = σ1(t) + sX1(t),

σ2
s(t) = s

(
X2(0) +

1
2
[σ1(0), X1(0)]

)
+

1
2

∫ t

0

[σ1
s(u), σ̇1

s(u)] du.

By Lemma 2.1, the curves cs(t) are horizontal and X(t) = ∂cs(t)/∂s|s=0, since
the equation (2.1) yields (2.2)

Definition 2.1. A horizontal curve c : [0, 1] → N is regular if, for any
α ∈ g, there exists a horizontal vector field X along c such that X(0) = 0 and
X(1) = α.

For a curve η : [0, 1] → g1 such that η(0) = η(1) = 0, we define

Hc(η) = −
∫ 1

0

[σ̇1, η] dt.

Then, by Lemma 2.2, we have

Lemma 2.3. A horizontal curve c is regular if and only if the linear
mapping Hc is surjective onto g2.

Let hc be the subspace of g1 spanned by {σ1(t)−σ1(0) | 0 < t ≤ 1}. Since
hc is also spanned by {σ̇1(t) | 0 ≤ t ≤ 1}, we have

Lemma 2.4. A horizontal curve c is regular if and only if

[hc, g1] = g2.

In particular, a horizontal curve c is regular if hc = g1.
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Remark 1. A 2-step graded Lie algebra g is strongly bracket-generating,
if [ξ, g1] = g2 for any ξ ∈ g1 \ {0}. In this case, all the horizontal curve
are regular except constant curves. Conversely, if all the horizontal curve are
regular except constant curves, then g is strongly bracket-generating.

For example, Heisenberg group is strongly bracket-generating.

The above two lemmas are the special case of those in [6].
By Lemma 2.1, the curve σ(t) is contained in the Lie subalgebra hc⊕[hc, hc]

if σ(0) = 0. Hence we have

Proposition 2.1. Assume that a horizontal curve c passes through the
identity of N . There exists a subgroup M of N such that the curve c is contained
and is regular in Carnot group M .

2.3. Geodesics
For any point x ∈ N and any cotangent vector α ∈ T ∗

xN at x, we define
‖α‖ = sup〈α, v〉 where v is a vector in g1 with ‖v‖ = 1.

Let H be a Hamiltonian function on the cotangent bundle T ∗N such that
H(α) = (1/2)‖α‖2.

Definition 2.2. A curve γ in Carnot group N is normal geodesic if
there exists a lift γ̃ of γ to T ∗N such that γ̃ satisfies the Hamiltonian equation
determined by the function H:




dqi(γ̃(t))
dt

=
∂H

∂pi

∣∣∣∣
γ̃(t)

dpi(γ̃(t))
dt

= − ∂H

∂qi

∣∣∣∣
γ̃(t)

,

where (qi, pi) is the standard coordinate of T ∗N determined by a coordinate
(qi) of N .

Let P : g → g1 be the projection. We extend the inner product on g1 to
one on g such that g1 and g2 are orthogonal.

Hereafter, we identify g with the tangent space TxN and the cotangent
space T ∗

xN at x ∈ N .

Lemma 2.5. The Hamiltonian equation of normal geodesics is equiva-
lent to the following equation:

(2.3) γ̇(t) = PAd∗
γ(t)ξ, ξ ∈ g.

Here, Ad∗g is the adjoint transformation of Adg with respect to the inner product
on g.

The proof is to see [5] (and also [8]).
It is remarked that the solutions of the equation (2.3) do not depend on

an inner product on g2.
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Let γ(t) be a normal geodesic that satisfies the equation (2.3). Then, for
any η ∈ g1,

〈γ̇(t), η〉g1 = 〈Ad∗
γ(t)ξ, η〉g = 〈ξ, Adγ(t)η〉g.

If γ(t) = expσ(t), then

Adγ(t)η = exp(ad(σ(t)))η = η + ad(σ(t))η

= η + [σ1(t), η].

Hence we have

〈γ̇(t), η〉g1 = 〈ξ1, η〉g1 + 〈ξ2, [σ1(t), η]〉g2 .

For each w ∈ g2, we define an anti-symmetric transformation Aw of g1

such that

(2.4) 〈Awu, v〉g1 = 〈w, [u, v]〉g2 , for any u, v ∈ g1.

Then we have

(2.5) σ̇1(t) (= γ̇(t)) = ξ1 +Aξ2σ1(t).

We can compute σ2(t) by Lemma 2.1.
Finally, we introduce some results on the normal geodesic.

Theorem 2.1 (Strichartz [13], [14], Hamenstädt [5]). Every normal
geodesic is a geodesic, that is, a locally length-minimizing curve.

In this paper, every geodesic is assumed to have a constant velocity. We
must remark that every normal geodesic has a constant velocity.

The converse of the above theorem is not true in general ([1], [8]).

Theorem 2.2 (Hsu [6]). Every regular geodesic is normal.

These two theorems are true for general Carnot-Carathéodory spaces.
By this theorem and Proposition 2.1, we can easily obtain

Theorem 2.3 (Golé-Karidi [1]). Assume that the geodesic γ passes
through the identity of N . There exists a subgroup M of N such that the
curve γ is contained and is normal in the Carnot group M .

2.4. Universal Carnot groups
Given a 2-step Carnot group N , we define the universal Carnot group Ñ

of N whose Lie algebra g̃ = g̃1 ⊕ g̃2 satisfies the following relations:

g̃1 = g1, g̃2 =
∧2

g1.

Let Π2 : g̃2 → g2 is the surjective linear mapping such that Π2(u ∧ v) =
[u, v], and Π : g̃ → g be the surjective homomorphism of graded Lie algebras
such that Π(α1 + α2) = α1 + Π2(α2).
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Let π : Ñ → N be the surjective homomorphism of Carnot groups induced
by Π. It is easy to see that, for any point x̃ ∈ Ñ and any horizontal curve c in
N through π(x̃), there exists a unique horizontal curve c̃ in Ñ through x̃ such
that π(c̃) = c. We call this curve c̃ the π-lift of c.

Since the mapping π is surjective and preserves the length of horizontal
curves, we have

Lemma 2.6. The π-lift γ̃ of every geodesic γ in N is a geodesic in Ñ .
Moreover, if γ is shortest, then γ̃ is also shortest.

About geodesics in the universal Carnot groups, the following theorem has
already been known ([8]).

Theorem 2.4 (Brockett). Every geodesic in Ñ is normal.

Proof. Let γ be a geodesic in Ñ . By Theorem 2.3, there exists a subgroup
M of Ñ such that γ is a normal geodesic in M . Thus, by the equation (2.5),
we can take an element ξ = ξ1 + ξ2 in the Lie algebra h = h1 ⊕ h2 of M such
that

(2.6) σ̇1(t) = ξ1 + Âξ2σ1(t),

where Âξ2 is the anti-symmetric transformation of h1 defined by the equation
(2.4).

We can extend Âξ2 to the transformation Aξ2 of g̃1 by Aξ2 |h1 = Âξ2 , and
Aξ2 |(h1)⊥ = 0. The transformation Aξ2 of g̃1 satisfies the equation (2.4), since
h1 ∧ (h1)⊥ is orthogonal to h2 =

∧2
h1.

This implies that γ is a normal geodesic in Ñ .

Now we compute the geodesic equation of Ñ .
Let γ(t) = exp(σ1(t) + σ2(t)) be a geodesic in Ñ . By the equation (2.5),

there exist ξ1 ∈ g̃1 and an anti-symmetric transformation A of g̃1 such that

σ̇1(t) = ξ1 +Aσ1(t).

This equation is equivalent to σ̈1(t) = Aσ̇(t) and σ̇1(0) = ξ1. Hence,

(2.7) σ̇1(t) = etAξ1.

It is remarked that, since the transformation A is anti-symmetric, etA is
the orthogonal transformation of g̃1. We now decompose the linear space g̃1

into the null space of A and its orthogonal one. Under this decomposition, we
can express

etAξ1 = R(t)η + ζ

where ξ1 = η + ζ is ξ1’s decomposition, and R(t) is a family of orthogonal
transformations whose eigenvalues are not equal to one. Integrating this, we
obtain

σ1(t) = σ1(0) + S(t)η + tζ, S(t) =
∫ t

0

R(s) ds.
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To simplify the computation, we assume that γ passes through the identity
e, that is, σ1(0) = 0, σ2(0) = 0. Then, σ1(t) = S(t)η + tζ. By Lemma 2.1,

σ2(t) =
1
2

∫ t

0

σ1(s) ∧ σ̇1(s) ds =
1
2

∫ t

0

(S(s)η + sζ) ∧ (Ṡ(s)η + ζ) ds

=
1
2

∫ t

0

S(s)η ∧ Ṡ(s)η ds+
1
2

∫ t

0

S(s)η ∧ ζ ds+
1
2

∫ t

0

sζ ∧ Ṡ(s)η ds.

Since the third term is equal to −(1/2)tS(t)η ∧ ζ + (1/2)
∫ t

0
S(s)η ∧ ζ ds, we

obtain

σ1(t) = S(t)η + tζ,

σ2(t) =
1
2
(−tS(t) + 2T (t))η ∧ ζ +

1
2

∫ t

0

S(s)η ∧R(s)η ds,
(2.8)

where T (t) =
∫ t

0
S(s) ds.

We must remark that S(t) and T (t)/t are bounded. We can easily see this

by calculating the case R(t) =
(

cos t − sin t
sin t cos t

)
.

2.5. Lines
Hereafter, we identify g1 and N/[N,N ]. Let p : N → g1 be the natural

projection, that is, p(exp(ξ1 + ξ2)) = ξ1.
By Lemma 2.1, for any point x ∈ N and any curve c in g1 through p(x),

there exists a unique horizontal curve c in N through x such that p(c) = c. We
call this curve c the p-lift of c.

Since the length of the p-lift c is equal to that of c, we can easily obtain

Lemma 2.7. The p-lift of lines in g1 are the geodesics.

We define a curve γ in N to be a line if γ is the p-lift of a line in g1. It
should be remarked that there is only one line joining two points, if any.

Let dg1 be Euclidean distance of g1.

Lemma 2.8. For any two points x, y in N ,

dg1(p(x), p(y)) ≤ dN (x, y).

The equality holds if and only if x and y are on the same line.

Proof. Take a shortest geodesic γ joining x and y. The curve p(γ) joins
p(x) and p(y) and its length is equal to γ. Thus the above inequality holds.

If the equality holds, then p(γ) is a shortest geodesic, that is, a part of a
line in g1.

Now we can characterize lines by the distance-property.

Proposition 2.2. The following conditions on a geodesic γ in N are
equivalent.
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(1) γ is a line. In other words, γ(t) = γ(0) etX for some vector X ∈ g1.
(2) There exists a positive number C such that dN (γ(0), γ(t)) = C|t| for

all t.

Proof. (i)⇒(ii): This follows from Lemma 2.7.
(ii)⇒(i): Without loss of generality, we may assume C = 1.
By Lemma 2.6, the π-lift of γ satisfies the condition (ii). Hence we may

consider only the case N = Ñ . Furthermore, we may also assume γ(0) = e,
since the left translation of the Lie group N preserves the distance dN .

Under these assumptions, the condition (ii) is dN (e, a1/tγ(t)) = 1, where

a1/tγ(t) = exp
(

1
t
σ1(t) +

1
t2
σ2(t)

)
.

By Theorem 2.4, σ1 and σ2 satisfy the equation (2.8).
Now we compute the limit of a1/tγ(t) when t→ ∞.

1
t
σ1(t) =

1
t
S(t)η + ζ,

1
t2
σ2(t) =

(
− 1

2t
S(t) +

1
t2
T (t)

)
η ∧ ζ +

1
2t2

∫ t

0

S(s)η ∧R(s)η ds.

Since ‖R(t)η‖, ‖S(t)η‖, and ‖T (t)η/t‖ are bounded,

lim
t→∞

1
t
σ1(t) = ζ, lim

t→∞
1
t2
σ2(t) = 0.

Therefore we have
lim

t→∞ a1/tγ(t) = exp ζ.

This implies dN (e, exp ζ) = 1, and hence ‖ζ‖ = 1.
On the other hand, we have assumed C = 1. This means that the velocity

of γ is equal to 1, that is,

‖σ̇1(t)‖2 = ‖ξ1‖2 = ‖η‖2 + ‖ζ‖2 = 1.

Thus η = 0. This completes the proof.

Definition 2.3. Two lines γ1 and γ2 are said to be parallel if the func-
tion t �→ dN (γ1(t), γ2(t)) is bounded.

The following two lemmas are due to Hamenstädt [5].

Lemma 2.9. If two lines are parallel, their tangent vectors are equal in
g1.

Proof. Assume the lines γ1 and γ2 are parallel. By Lemma 2.8, the func-
tion t→ dg1(p(γ1(t)), p(γ2(t))) is bounded. Therefore, the lines p(γ1) and p(γ2)
are parallel in the Euclidean space g1.

The converse is not true in general. Let Z be the center of N .
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Lemma 2.10. A point x is in Z if and only if, for each v ∈ g1, the
line through x tangent to v is parallel to the line through the identity e with the
same direction.

Proof. We denote x = exp ξ, γ1(t) = etv and γ2(t) = x etv. Then,

dN (γ1(t), γ2(t)) = dN (e, e−tveξetv)
= dN (e, exp(ξ + t[ξ, v])).

Hence two lines γ1 and γ2 are parallel if and only if [ξ, v] = 0.

3. Isometries of 2-step Carnot groups

3.1. Invariant set
In this subsection, we aim to show the following lemma:

Lemma 3.1. Every isometry of 2-step Carnot group N permutes the
fibers of the projection p.

By Proposition 2.2, we obtain

Lemma 3.2. Every isometry of 2-step Carnot group N permutes the
lines.

By Lemma 2.10, we have

Lemma 3.3. Every isometry of 2-step Carnot group N fixing the iden-
tity preserves the center.

This lemma is due to Hamenstädt [5].
Let I(N) be the isometry group of the Carnot group N and I0(N) be the

isotropy subgroup of I(N) at the identity e.
We define a subset A of N to be invariant if ϕ(A) = A for any ϕ ∈ I0(N).

Lemma 3.2 implies that the subset exp g1 is invariant and Lemma 3.3 states
that the center Z is invariant.

Sublemma 1. If A is an invariant subset, then ϕ(gA) = ϕ(g)A for any
g ∈ N and ϕ ∈ I0(N).

Proof. We define the isometry ψg such that ψg(x) = ϕ(g)−1ϕ(gx). Then,
ψg(A) = A since ψg ∈ I0(N). Thus ϕ(gA) = ϕ(g)A.

To show Lemma 3.1, we only have to prove that the commutator subgroup
[N,N ] = exp g2 = p−1(0) is preserved by the isometries fixing e.

Sublemma 2. If A, B and Ak (k = 1, 2, . . .) are invariant subsets, then
the subsets

⋃
k Ak,

⋂
k Ak, A \B, AB and the closure Ā of A are invariant.



�

�

�

�

�

�

�

�

Geodesics and isometries of Carnot groups 519

Proof. Since isometries are homeomorphisms, the subsets
⋃

k Ak,
⋂

k Ak,
A \B and Ā are invariant.

By Sublemma 1, we have

ϕ(AB) =
⋃
g∈A

ϕ(gB) =
⋃

h∈ϕ(A)

hB =
⋃

h∈A

hB = AB.

Let z be the center of the Lie algebra g and z1 be the subspace of g1 such
that z1 = z ∩ g1. Let h1 be the orthogonal complement of z1 in g1.

Sublemma 3. The set exp h1 is invariant.

Proof. For x ∈ N , xZ = p−1(p(x) + z1). Hence, by Lemma 2.8,

dN (e, xZ) = dg1(0, p(x) + z1).

There uniquely exsists x′ ∈ xZ such that dN (e, xZ) = dN (e, x′). In fact, if we
denote the h1-component of the vector p(x) by vx,

dN (e, xZ) = dg1(0, vx) = dN (e, exp vx).

Since ϕ(xZ) = ϕ(x)Z for ϕ ∈ I0(N), we obtain ϕ(exp vx) = exp vϕ(x).
This completes the proof.

Because [h1, h1] = g2, the set M = exp(h1 + g2) is a Carnot subgroup of
N . Hence M =

⋃
k≥1(exp h1)k. By Sublemma 2, we obtain

Sublemma 4. M is invariant.

Again applying Sublemma 2 to the set [N, N ] = M ∩ Z, the commutator
group [N, N ] is invariant. This completes the proof of Lemma 3.1.

3.2. Isometries
In this subsection, we will determine isometry group of 2-step Carnot

group.

Lemma 3.4. Every isometry ϕ satisfies that dg1(pϕ(x), pϕ(y)) =
dg1(p(x), p(y)) for all x, y ∈ N .

Proof. Let y′ be another endpoint of the p-lift through x of the line seg-
ment joining p(x) and p(y). Then p(y′) = p(y). By Lemma 2.8,

dg1(p(x), p(y)) = dN (x, y′) = dN (ϕ(x), ϕ(y′)).

Applying Lemmas 3.1 and 2.8, we have

dN (ϕ(x), ϕ(y′)) ≥ dg1(pϕ(x), pϕ(y′)) = dg1(pϕ(x), pϕ(y)).
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Therefore
dg1(pϕ(x), pϕ(y)) ≤ dg1(p(x), p(y)).

Similarly, for the inverse mapping ϕ−1,

dg1(pϕ(x), pϕ(y)) ≥ dg1(p(x), p(y)).

This completes the proof.

Theorem 3.1. Every isometry of 2-step Carnot group N fixing the
identity e is an automorphism of Lie group, and I0(N) is isomorphic to a
subgroup of the orthogonal group O(g1) of g1.

In particular, I(N) and I0(N) have the structure of Lie group, and I0(N)
is compact.

Proof. Let G be a subgroup of O(g1) such that

G = {A1 ∈ O(g1) | Ã1(KerΠ2) = KerΠ2},
where Ã1 is a linear transformation of g̃2 =

∧2
g1 associated with A1.

Since the linear space g2 is isomorphic to g̃2/KerΠ2, every element in
G induces an automorphism of the graded Lie algebra g. Conversely, every
element of O(g1) that induces an automorphism belongs to G.

Let A be an automorphism of g induced by A1 ∈ G. We can define an
isometry ϕ such that ϕ(eξ) = eAξ (ξ ∈ g). Hence there is an injection from G
to I0(N). Now we must show that this injection is isomorphic.

By Lemmas 3.1 and 3.2, for any isometry ϕ, there exists an affine mapping
A1 of g1 such that p ◦ ϕ = A1 ◦ p. By Lemma 3.4, the mapping A1 is an iso-
metry. If we assume ϕ(e) = e, then A1 ∈ G.

It remains to show that ϕ coincides with the automorphism determined by
A1. Let x be a point in N such that

x = eX1eX2 · · · eXk , X1, X2, . . . , Xk ∈ g1.

If we consider the p-lift of a broken line in g1 joining the origin, X1, X1 +X2,
. . . , and X1 +X2 + · · · +Xk, then we obtain

ϕ(x) = eA1X1eA1X2 · · · eA1Xk = ϕ(eX1)ϕ(eX2) · · ·ϕ(eXk).

Hence ϕ is an automorphism of Lie group N .

4. The r-step Carnot groups (r > 2)

4.1. The differentiability of isometries
In [5], the argument on isometry group needs the differntiability of isome-

tries which she proved under the assumption that all the geodesics are normal.
In this section, to establish the differentiability of isometries of general

Carnot groups without the normality assumption, we use the following theorem.
(See [2])
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Theorem 4.1 (Montgomery-Zippin). Let X be a finite dimensional, lo-
cally compact, connected and locally connected metric space. If the group G of
the isometries of X is transitive, then G is a Lie group with finitely many
connected components.

By the above theorem, the isometry group I(N) of a Carnot group N is a
Lie group and I0(N) is its closed subgroup. The group N itself can be identified
with the subgroup of I(N), since the metric is left-invariant.

Proposition 4.1. The isometric action of I(N) on N is smooth.
In particular, every isometry is smooth.

Proof. Let σ be the smooth injective mapping N → I(N); g �→ Lg where
Lg is the left translation by g. And let ρ be the canonical projection I(N) →
I(N)/I0(N). Then it is easy to see that the composition ρ ◦ σ is a diffeomor-
phism N → I(N)/I0(N).

Let ϕ∗ : T ∗N → T ∗N be the bundle map induced by a smooth mapping
ϕ : N → N . If ϕ is an isometry, then ϕ∗ preserves the Hamiltonian function
H, which is defined in 2.3.

Therefore we have

Lemma 4.1. Every isometry permutes the normal geodesics.

Hence, by the argument in [5, §8], we obtain

Theorem 4.2. Every isometry of Carnot groups fixing the identity e is
a Lie group automorphism.
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[5] U. Hamenstädt, Some regularity theorems for Carnot-Carathéodory
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