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Bour’s theorem in Minkowski 3-space
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Abstract
In this study, we show that a generalized helicoid with null axis
is isometric to a rotation surface with null axis so that helices on the
helicoid correspond to parallel circles on the rotation surface in three
dimensional Minkowski space. Moreover, we obtained that these surfaces
are minimal. An addition, if these surfaces have the same Gauss map,
we can determine them.

1. Introduction

In classical surface geometry in Euclidean space, it is well known that the
right helicoid (resp. catenoid) is the only ruled (resp. rotation) surface which
is minimal. Moreover, a pair of these two surfaces has interesting properties.
That is, they are both members of a one-parameter family of isometric minimal
surfaces and have the same Gauss map. This pair is a typical example for
minimal surfaces. On the other hand, the pair of the right helicoid and the
catenoid has following generalization.

Bour’s Theorem. A generalized helicoid is isometric to a rotation sur-
face so that helices on the helicoid correspond to parallel circles on the rotation
surface [1], [6].

In this generalization, original properties that they are minimal and pre-
serve the Gauss map are not generally kept.

In [4], T. Tkawa showed that a generalized helicoid and a rotation surface
have isometric relation by Bour’s theorem in Euclidean 3-space. He determined
pairs of surfaces with an additional conditional that they have the same Gauss
map on Bour’s theorem. About helicoidal surfaces in Euclidean 3-space, M.
P. do Carmo and M. Dajczer [2] proved that, by using a result of E. Bour
[1], there exists a two-parameter family of helicoidal surfaces isometric to a
given helicoidal surface. By making use of this parametrization, they found
a representation formula for helicoidal surfaces with constant mean curvature.
Furthermore they proved that the associated family of Delaunay surfaces is
made up by helicoidal surfaces of constant mean curvature.
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J. Hano and K. Nomizu [3] classified the spacelike rotation surfaces in R}
that have constant mean curvature and they proved that the profile curve of a
rotation surface with nonzero constant mean curvature in R$ can be described
as the locus of the focus when a quadratic curve is rolled along the axis of
rotation. In addition, N. Sasahara [7] studied spacelike helicoidal surfaces with
constant mean curvature in Minkowski 3-space.

On the other hand, Tkawa classified the spacelike and timelike surfaces
as (axis, profile curve)-type in [5]. He proved an isometric relation between
a spacelike (timelike) generalized helicoid and a spacelike (timelike) rotation
surface of spacelike (timelike) axis on Bour’s theorem. In [5], Ikawa gave Bour’s
theorem on surfaces with lightlike axis which is spanned by (0, 1, 1) vector in
Minkowski 3-space.

In this study, we give Bour’s theorem on surfaces with lightlike axes in
Minkowski 3-space. Then, we give Bour’s theorem in Minkowski 3-space and
determine pairs of surfaces under an additional condition that the pair has zero
mean curvature (minimal or a spacelike surface with vanishing mean curvature
is called a mazimal surface) and the same Gauss map.

Let R be a 3-dimensional Minkowski space with natural Lorentzian metric
(,) = da® + dy? — dz?. A vector w in R} is called spacelike (resp. timelike) if
(w,w) >0 or w=0 (resp. (w,w) <0). If w# 0 satisfies (w,w) =0, then w is
called lightlike. A surface in Minkowski 3-space R$ is called a spacelike (resp.
timelike, degenere (lightlike)) if the induced metric on the surface is a positive
definite Riemannian (resp. Lorentzian, degenere) metric.

Now we define a non degenerate rotation surface and generalized helicoid
in R} . For an open interval I C R, let v : I — II be a curve in a plane II in
R$, and let ¢ be a straight line in IT which does not intersect the curve 7. A
rotation surface in R} is defined as a non degenerate surface rotating a curve
~ around a line ¢ (these are called the profile curve and the azis, respectively).
Suppose that when a profile curve v rotates around the axis ¢, it simultaneously
displaces parallel to ¢ so that the speed of displacement is proportional to the
speed of rotation. Then the resulting surface is called the generalized helicoid
with axis ¢ and pitch a.

We classified a surface by types of axis and profile curve, and write as
(axis’s type, profile curve’s type)-type; for example, (L, S)-type mean that the
surface has a lightlike axis and a spacelike profile curve.

2. Rotation and helicoidal surfaces with lightlike axis

In this section, we will obtain some rotation and helicoidal surfaces with
lightlike axis. In the rest of this paper we shall identify a vector (a,b, c) with
its transpose (a, b, c) *.

If the axis [ is lightlike in Minkowski 3-space R}, then we may suppose
that [ is the line spanned by the vector (0,1,1) (resp. (1,0,1), (0,1,—1) and
(1,0, —1)). The semi—orthogonal matrices given as follows are the subgroup of
the Lorentzian group that fixes the above vectors as invariant
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Lo -5 v %
A1: v 1—% % ) A2_ —v v ’

v —% 1—|—72 —% v 1—|—v2—2

1 v, v -5 v -5
As = v -5 = , Ay = —v 1 —v

—v g 1+§ % —v 1—|—§

where, € = diag(1,1,—1), AleA; = ¢ and det A; = +1 (i = 1,2,3,4) for v € R.

Suppose that the axis of rotating is lightlike line, or equvalently the line
of the plane zxs spanned by the vector (0,1,1). Since the surface is non
degenerate, we may assume that the profile curve 7; lies in the zoxs-plane
without loss of generality and its parametrization is given by v, (u) = (0, p(u)+
u, (u)—u), where ¢(u)+u and ¢(u) —u are functions on I such that ¢(u)+u #
o(u) — u for all u.

Therefore, the rotation surface can be parametrized as

(1) Ry (u,v) = (—2uv, ¢ +u — w? ¢ — u — uv?).

Now, if the axis of rotating is lightlike line which is spanned by the vector
(0,1, —1), parametrization of the rotation surface is

Rs(u,v) = (200, 0 + u — v%p, 0 — u+ v%p).

Similarly, we assume that the axes of rotating are lightlike lines which
are spanned by (1,0,1) and (1,0, —1). Since the surface is non degenerate, we
can assume that the profile curve ~» lies in the x;x3—plane without loss of
generality, and its parametrization is given by y2(u) = (p(u) + u, 0, o(u) — u).

Therefore, the other rotation surfaces is parametrized as

Ro(u,v) = (¢ +u — w?, —2uw, ¢ —u — uv?),
Ry(u,v) = (¢ + u — v2p, =209, ¢ — u + v%p).

Hence, we have (+,7}) = (14, 74) = 47"
For a moment, we assume that ¢’ # 0. If,
i) ¢’ > 0= 7y and 7, profile curves are spacelike, then it is (L, S)-type,
ii) ¢’ < 0= 7 and 72 profile curves are timelike, then it is (L, T)-type.
A helicoidal surface in Minkowski 3-space with the lightlike axis which is
spanned by (0,1, 1), and which has pitch a € R is as follows

—v v 0 0
Hi(u,v)=| v 1- 2 % po+u | +al| v
2 2
,% 1+% ©—=Uu v
—2uv

<p+u—uv2—|—av
gofufu1)2+av

H, (u,v) reduces to a rotation surface when a =0 .
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Similarly, parametrizations of the helicoidal surfaces with the lightlike axes
which are spanned by (1,0,1), (0,1,—1) and the (1,0,—1) respectively, and
which has pitch a € R are as follows respectively

Hy(u,v) = (¢ +u —uwv? + av, —2uv, p — u — v’ + av),
Hs(u,v) = (—2vp, 0 +u — v2p + av, ¢ — u + v’9 — av),
Hy(u,v) = (@ +u— 020+ av, =200, ¢ — u + v’¢ — av).

3. Bour’s theorem on surfaces with lightlike axis

In this section, we study an isometric relation between a spacelike (time-
like) generalized helicoid and a spacelike (timelike) rotation surface of lightlike
axis. We classified spacelike (timelike) generalized helicoid (rotation surfaces)
with null axis as follow

|| (Azis, Profile Curve)-Type  Profile Curve ||

Case 1. I.(L,S) spacelike
Case 2. I1.(L,T) timelike
Case 3. I.(L, S) spacelike

Table 1. Types of axis and profile curve

Lightlike Azis Surface- _ _
Spanned by Type H=0 en =er (H#0)
(0,1,1) spacelike @:clug—%—l—cz, @:ﬂu—%i%—c
c1 > 0
(0,1,1) timelike @:—01"?3 - g—&—c% ©=—2u— %—&—c
c1 >0
(1,0,-1) spacelike u = 01%3 — % + co or ey # er
p=a

Table 2. Minimal and the same Gauss map surfaces

In this study, it can be showed for the other case 4. II.(L,T)-type surfaces.
The techniques of proofs are same for the Ay (A4) semi-orthogonal matrix and
the lightlike axis which is spanned by (1,0, 1) ((1,0,—1)).

Case 1. [I.(L,S)-type.
First of all, we consider the (L, S)-type surfaces, namely, the axis is lightlike
and the profile curve is spacelike.
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Theorem 3.1. A spacelike generalized helicoid
Hy(u,v) = (=2uv, ¢ +u — uv* + av, p — u — v’ + av)

is isometric to a spacelike rotation surface

a2

Ri(ug,vg) = (—4uv + 2a,p — Y 2uv? + 2av
U
a2
+2u, p — — — 2uv? 4 2av — 2u)
du

so that helices on the generalized helicoid correspond to parallel circles on the
rotation surface.

Proof. We assume that the profile curve is on the zoxz-plane. Since a
generalized helicoid is given by rotating the profile curve around the axis and
simultaneously displacing parallel to the axis, so that the speed of displace-
ment is proportional to the speed of rotation, from (1), we have the following
representation of a generalized helicoid

(2) Hi(ug,vy) = (—2ugvy, g +ug —ugvi+avy, o5 — Uy —ugvy +avy)

where a is a constant.
The coefficients of the first fundamental form and the line element of the
generalized helicoid (2) are given by

Fy =49y, Fg = 2a,Gy = 4u?,

ds3y = dplydut; + dadugdvy + 4utpdvy;.
Because of

QH = EHGH - F}21 = 16U%IQDIH - 4(12,
2
if, ut; > a_’ then Hi(ug,vy) is spacelike,
4oy
a2
if, u3;, < —— then Hy(upg,vy) is timelike.
4oy
Since Qu = 16u? ¢y —4a®> > 0 and Qr = 8(16u% e’y — 4a?) > 0 in case
1, both two surfaces are spacelike. Helices in Hi(ug,vy) are curves defined by
ug = const., so curves in Hy(up,vp) that are orthogonal to helices supply the
orthogonal condition as follow

2aduy + 4u%1de =0.

Thus we obtain

a
vg =— | s5dug+c
2uy
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where ¢ is constant. Hence if we put

_ a
g =vg — ——
H H = o
then curves that are orthogonal to helices are given by vy = const.. Substitut-
ing the equation
a
dvyg = dvog — —5-d
VH Vg QU%{ ug
into the line element, we have
a2
(3) dst = (4¢'y — —)duf; + dufdvy;.
Uh
By putting
_ a? B
Ug = / 4oy — —-dug, fu(img) = 2ug,
Uh
(3) reduces to
(4) ds3; = dug; + ff; (g )dvg;.
On the other hand, an (L, S)-type rotation surface
(5) Ri(ugr,vr) = (—2uRVR, PR + UR — URVE, PR — UR — URVE)

has the line element
(6) ds% = dppdut, + dugdvs,.

Hence, if we put

Ug = / Ao pdur,  fr(ug) =2ur, Ur=vg,

then (6) reduces to
(7) dst, = dif, + ff(ur)dvh.

Comparing (4) with (7), if

g =Ugr, Vg =70Vr, [u(tn)= fr(ur),

then we have an isometry between Hi(ug,vy) and Ry(ug,vR).

follows that
! a2 /
/ 4<pH—u—2duH:/1/4<deuR
H

a2

@R:¢H+4—-
Uy

and we have

Therefore it
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Theorem 3.2.  If two surfaces in Theorem 3.1 are maximal, then
u?  a? i
=c———+c
PTAE T

where c1, co are constants, and c1 s positive.

Proof. First we consider a helicoid (2). Differentiating H, and H,, we
obtain

Hyy = (07 50”3 SDN)a Hyy = (727 721}, 72”)7 Hy, = (07 72'“3 72“)'
The Gauss map ey of the generalized helicoid is
—4uv + 2a

1
—2uv? + 2av — 2uy’ + 2u

Vida? —16u" | g2 + 2av — 2up’ — 2u

Hence, the mean curvature Hy is given by

(8) eq =

) Ho — —8udy” + 16u%y’ — 8a?
"= (4a% — 16u2)3/2

by virtue of the first and second fundamental forms

EH :4(,0/, FH :2(1, GH :4u27
Auwo" —4 82
vy ) MH = ¢ ) NH = su .
V4a? — 16u2y’ v 4a? — 16u2y’ V4a? — 16u?y’

Next we calculate the Gauss map er and the mean curvature Hp of the
rotation surface. Since

Ly =

a2
42

R, = (—4u, —4uv + 2a, —4uv + 2a)

2
Ru:<—4v,go'—|— —2v2+2,<p’+a——2u2—2>,

4y

the Gauss map eg of the rotation surface is given by

1 —4v/2uv + 2v/2a
(10) er = —— —2¢/2uv? + 2/2av — V2(¢' + Z—z) +2v/2u
4a® — 16up —2v/2uv? + 2v/2av — V2(¢' + =) = 24/2u

By the straight calculation, we have the coefficients of the second fundamental
form as follows

B 4/ 2up" — 2\1/?2“2 M —8v2a —16v/2u?

L b - —7 _— s
r V4a? — 16u?y’ f V4a? — 16u?y’ f V4a? — 16u?y’
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Hence the mean curvature Hp is

_ —4\/§u3@”+8\/§u2<p’ —4\/50,2
B (4a? — 16u2¢’)3/2

(11) Hp

Thus we obtain
ud” — 20y’ +a® = 0.
This equation means that the generalized helicoid and the rotation sur-

face have zero mean curvature from (9) and (11). Therefore, if we solve this
differential equation, we can see function ¢ easily. 1

Example 3.1. A maximal spacelike helicoidal surface with lightlike axis
(Figure 1) is isometric to a maximal spacelike rotation surface with lightlike

. . 3 2
axis (Figure 2). Moreover, ¢ = c1% — 4= 4 ¢z where ¢; = 1, ¢ = 0.

Figure 1. a-b. Maximal spacelike helicoidal surface with lightlike axis

Figure 2. a-b. Maximal spacelike rotation surface with lightlike axis

Theorem 3.3.  If two surfaces in Theorem 3.1 have the same Gauss
map, then

2

@z\/iu—a—+c
4du
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where ¢ 1s constant.

Proof. 1If the generalized helicoid and the rotation surface have the same
Gauss map, comparing (9) and (11), we obtain

v(4V2u — 4u) = 2v/2a — 2a,

V2a?
:F

2uv? (V2 — 1) + 2av(1 — V2) 4 ¢/ (=2u + V2) + 1

(1-+v2)2u=0.

Hence we can see function ¢ easily. O

Example 3.2. A spacelike (H # 0) helicoidal surface with lightlike axis
(Figure 3) is isometric to a timelike (H # 0) rotation surface with lightlike axis
(Figure 4). In addition,

2

goz\/iu—a—+c
4du

where ¢ = 0.

Figure 3. a-b. Spacelike (H # 0) helicoidal surface with lightlike axis

Case 2. I.(L,T)-type.
Theorem 3.4. A timelike generalized helicoid
Hy(u,v) = (—2uv, ¢ + u — uv?® + av, o — u — uwv? + av)

18 isometric to a timelike rotation surface

2
Rir(ug,vgr) = (4uv —2a,p+ Z— + 2uv? — 2av — 2u, @
U

(12) p

+4u

+ 2uv? — 2av + 2u>
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Figure 4. a-b. Spacelike (H # 0) rotation surface with lightlike axis

so that helices on the generalized helicoid correspond to parallel circles on the
rotation surface.

Proof. Since Qu = 16u?,¢} — 4a® < 0 and Qr = 8(16u% ey — 4a?) < 0
in case 2, both two surfaces are timelike. The line element of the generalized
helicoid is

2
dst; = (430}{ - Z—2> du?y + dutdvg;.
H

Because of (4¢' — Z—z) < 0 and u? < 0, it reduces to ds? = —du? — f?(u)dv?.

Hence, pp = —pg — %, ur = —2u, vgp = v — 5. Therefore, (5) reduces to
(12). By the methods in Theorem 3.1, the generalized helicoid is isometric to
the rotation surface. O

Theorem 3.5.  If two surfaces in Theorem 3.4 are minimal then

_ u?  a? n
PTTAY T T

where c1, co are constants, and ¢y is positive.

Proof. Similarly Theorem 3.2, we obtain u3y” — 2u?¢’ + a? = 0. If we
solve this differential equation, we can see function ¢ easily. O

Example 3.3. A minimal timelike helicoidal surface with lightlike axis
(Figure 5) is isometric to a minimal timelike rotation surface with lightlike axis

(Figure 6). Moreover, ¢ = —01“3—3 — % + ¢ where ¢; =1, ¢co = 0.
Theorem 3.6.  If two surfaces in Theorem 3.4 have the same Gauss
map

a2
o=-2u——+c
4u

where ¢ 1s constant.



Bour’s theorem in Minkowski 3-space

Figure 5. a-b. Minimal timelike helicoidal surface with lightlike axis

Figure 6. a-b. Minimal timelike rotation surface with lightlike axis

Proof. From the methods in Theorem 3.4,

1 —4uv + 2a
—2uv? + 2av — 2uyp’ +2u |,

= 2,/
4a® — 16up —2uv? 4 2av — 2up’ — 2u
4/ 2uv — 24/2a

er = NV T 2v/2uv? — 2v/2av + V2(¢' + %) —2v2u |,
Vda® = 16u"p 2/ 2u? —2\/§av+\/§(¢’—|—j—u)+2\/§u

1

comparing ey and egr, we obtain

v(2V2u + 2u) = V2a + a,
V242

2u0? (V24 1) = 2a0(V2 + 1) + ¢/ (V2 + 2u) + = & (V24 1)2u = 0.

4u

57
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Thus, we can see function ¢ easily. 1

Example 3.4. The timelike (H # 0) helicoidal surface with lightlike
axis (Figure 7) is isometric to the timelike (H # 0) rotation surface with
lightlike axis (Figure 8). Then, ¢ = —v/2u — % + ¢ where ¢ = 0.

Figure 7. a-b. Timelike (H # 0) helicoidal surface with lightlike axis

Figure 8. a-b. Timelike (H # 0) rotation surface with lightlike axis

The techniques of proofs are same for the Ay semi-orthogonal matrix and
the lightlike axis which is spanned by (1,0, 1).

Now we give only sketch proofs for As semi-orthogonal matrix and the
lightlike axis which are spanned by (0,1, —1) as follow theorems.

Case 3. II.(L,S)-type.
Theorem 3.7. A spacelike generalized helicoid
Hs(u,v) = (=2vp, p +u — v2p + av, o — u + v’ — av),
1s isometric to a spacelike Totation surface
_9 (v—|—fa2—‘gdu) ((p— i a::;;du)
R3(ug,vg) = ( aj:;f du) +2p — (v +f ‘lz—f;du)z (go .y ajz’: du)
2

o[
a 2 a/ 2 a2 12
(gp—f o du) — 20+ (U—l—fﬁdu) (<p—f T du)
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so that helices on the generalized helicoid correspond to parallel circles on the
rotation surface.

Proof. The coefficients of the first fundamental form and the line element
of the generalized helicoid Hs(u,v) are given by

Ey = 4@/Ha Fy = 2(190}-13 Gu = 490%17

ds? = 4 du?; + dagydugdoy + 403 dv?;.
Because of
Qu = BEyGr — Fij = 160t ¢ — a9,
2

if, % > a/ then Hs(um,vpr) is spacelike,
4oy
a2
Aoy

if, o <

then Hs(up,vy) is timelike.

Since Qg > 0 and Qg > 0 in case 3, both two surfaces are spacelike. If

Uy =Ugr, Vg =0r, [fu(ug)= fr(Ur),

then we have an isometry between Hs(um,vy) and Rs(ug,vr). Therefore it

follows that
az /2
/“4@’1{ - fHduH :/ 4¢pdug
P

and we have

23
YR =PH — / dupg
4o
Hence the rotation surface is
(13)
_2 v — a . f H‘2Lpl2d
20 ) \¥? Iz AU
a2¢/2 a 2 a2¢/2
Rg(UR,'UR) = (50 - f 402 du) + 290 - (U - ﬁ) (50 - f 442 du)
2 12 2 2 12
(90 — “4:;’2 du) —2p + (’U — %) (g& — “4:;’2 du)
O
Theorem 3.8.  If the surface of Hz(u,v) in Theorem 3.7. is minimal
then
3 42
u-clg—@—k@ or Y =-c1
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where c¢1, co are constants, c1 is positive. If the rotation surface which is given
by (13) in theorem 3.7 is minimal then we have an differential equation as follow

4B, +2A2B?
B

+ (AQAWB — AA,B, + A?B,, + A’A’B

20" — A2B, " + A?A2BB, +2AA B+ A’Bu.y¢’

—A%A,.B — %BM — %A‘*Buu) B,=0

2 12
where A =v — 5, B:goff’ﬂlfz du.
Proof. 'We consider a helicoid Hs3(u,v). Differentiating H, and H,, we
obtain
H — (_2U(pl/ (p// _ UZSDI/ (p// _"_ ’U2 //)
Hyy = (=29, =209, 20¢"),  Hyy = (0, =20, 2¢).

The Gauss map ey of the generalized helicoid is

1 dvpp’ — 2a¢’
—20¢" + 20%0p’ — 2avy’ + 2¢p

eg =
\/ 4042@/2 — 16%02@’ 72S0S0/ _ 2’[)2%0@/ + 20/0@0/ _ 2@

Therefore, the mean curvature Hy is

o —8()03()0// _ 80/2()0/3 _ 16()0230/2
H (4a2<p’2 _ 16(,0290')3/2

by virtue of the second fundamental forms

4 " —4 2
LH = Ldd 9 MH = id )
/4(12@/2 _ 1690290/ /4(12@/2 _ 16(,02@’
8 2. ./
Ny = 1 4 .
/4(12@/2 _ 16(102@/
Hence we obtain
4,0390,/ + a2<p’3 4 2()02()0/2 =0.
If we solve this equation, we have u = 01%3 — % + ¢co or @ = ¢1 where ¢,

co are constants, and c; is positive.
Now we calculate the Gauss map er and the mean curvature Hg of the
rotation surface (13). Since

a a2y
A= - —, B:= —
<U 2@) ’ <<p / dp? du)
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we obtain
—2AB
R(ugr,vr) = | B+2p—A’B |,
B —2p+ A’B
—2(A,B + AB,) 2B
R,=| B.+2¢ —24A,B—A?B, |, R,=| —24B |,
B, —2¢' +2AA,B + A’B, 2AB

then the first fundamental form and its coefficients are as follows

FEr=4A2B? + 8¢'B,, Fp =4A,B? Gr =4B?,

2 / 2, .12 2
ErGr — F}: =32¢/B’B, = ;02 (ga—/a L4 du> (160%¢" — 4a%¢™).

42
The Gauss map eg of the rotation surface is given by
ev2 2AB,
— Nl Bu _ 290/ _ A2Bu

e =
R /4a2<p’2 — 16p2¢’ — By — 24 — A2B,

By the straight calculation, we have the coefficients of the second fundamental
form as follows

2
Lp=—— f\g __[4A%A,, BB, — 4AA, B2 — 4A°B, B,
V'\/Aap? — 16p%p
+ 2B, By — 8¢'¢" +8A2By’ +8AA By +16AA, B,y +4A*B.¢'
+4A%B,¢" +4A%A2BB, +4A3A, BB, +8A%A,B? + 2A'B,B.,.],

+8AB, ¢ + 4ASBZL
V2

Hence the mean curvature Hp is

Ng = [8By' +4A?BB,).

V2
— W’\/W _ 163”@’ _ 4A2A2BB S0/ _ SAQB?LSOI
(4a2g0’2 _ 1680280/)3/2 B u u B

+4A?Au BB, — 4AA,B? + 4A>B, By, — 2By By, + 8¢'¢" — 8AA ., By’
—4A%B,¢ — 4A%B,y" +4A*A2BB, —4A%A,,BB, — 2A4BuBuu] .

If we put in Hr = 0 as follows equations
/ 2, /2

ayp ;a4
Au = 5 5 Bu = - ) Auu =
2¢? (w 4p? )

a

2

a2 ron 13
Buu:d,__<w<ﬂ w)
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then we have an interesting differential equation. The solution is also an at-
tracted problem. [l

Theorem 3.9.  If isometric spacelike generalized helicoid and spacelike
rotation surface have non-zero mean curvature in Theorem 3.7 then these Gauss
maps are definitely different.

Proof. Comparing Gauss maps ey and er, we obtain

pV2
(14) 2upp’ — ayp’ = \/JABU
2
(15) —20¢" + 20%0¢’ — 2avy’ 4 2p = %(Bu —2¢' — A’B,)
24
pV2

(16) —20¢" — 20%0¢" + 2avy’ — 2p = (=B, —2¢' — A’B,)).

Ve

This differential equations are the quadrature-type. Therefore, (14) reduces to

at o a2
Bl (o y2)+1=0.
<4<P4>¢ <2<P2+ >¢+ 0

Hence the solutions are

a? V2 a2\/§log <2a2+2|a\/2¢2+a2>
2

u=——+p——\/2p2+a®+

4o 2 21a] +o,

u:*@'f'(ﬁ'f'?

2 2 2./9 2a2 2 202 2
a V2 /72g02+a2—a\f10g a®+2al V202 +a te
2lal i
where ¢4, ¢o are constants. If (15) and (16) differential equations are compared
then we obtain different solutions. O

Corollary 3.1.  Two surfaces of Theorem 3.9 have the different Gauss
map.

From the methods in Theorem 3.7, Theorem 3.8 and Theorem 3.9, it can
be showed for the other case 4. IT.(L,T)-type surfaces in this study.
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