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On the bounded condition of an o-minimal
structure
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Abstract
We will show that the theory of ordered divisible vector spaces over
an ordered field satisfies the bounded condition treated in [5].

1. Introduction

Grothendieck rings for some first-order structures have been calculated
by many authors ([1], [2], [4], [5], [6], [7]). In particular, in [5], the bounded
condition of o-minimal expansion of ordered abelian groups was introduced as
a condition to decide the Grothendieck ring of the category is isomorphic to
either Z or Z & Z. The same result is proved in [7] independently.

Let G = (G,<,+,0,...) be an o-minimal expansion of an ordered abelian
group. We say a definable set M C G™ is bounded if M C [—b,b]" for some
positive b € G, where [—b,b]" = {(x1,...,2,) € G"| = b < z; < b}.

Definition 1.1 (Bounded Condition). Let G = (G, <,+,0,...) be an
o-minimal expansion of an ordered abelian group. We say that G satisfies the
bounded condition if the following property holds:

For all bounded definable sets M C G™ and definable sets N C G, if M
is definable isomorphic to N, then N is bounded.

We now give an example of o-minimal expansion of an ordered abelian
group where satisfies the bounded condition.

Example 1.2 (Ordered Divisible Abelian Group). Let £,4 = {<,+, —,

0}, where < is a binary relation symbol, +, — are binary function symbols, and
0 is a constant symbol. The theory of ordered divisible abelian groups in the
language L, is given by the following sentences. This theory is often denoted
by ODAG.

1. The axioms for ordered abelian groups.

2. For each n > 1, the axiom Vy3z (y =z + - - + x).

—_———

n—times
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It is known every model of G = ODAG satisfies the bounded condition.
Therefore, it has the bounded Euler characteristic y;(see [5, Definition 24]) on
Def(G, Log) because it has well geometric properties for cells. In this sense the
bounded condition is also a necessary condition for good geometric properties.

We proved that the theory of ordered divisible abelian groups satisfied the
bounded condition in [5]. In the present paper, we will show that the theory
of ordered divisible vector spaces over an ordered field satisfies the bounded
condition.

Acknowledgement. Sincerely, the author wish to express my gratitude
to Professor Moriwaki for his encouragement and detailed suggestions, and to
Professor Kawaguchi for his valuable comments.

2. Preliminaries of model theory

First, let us introduce several kinds of the main definitions and results
which form the basic of model theory. This chapter is based on D. Marker [§].

Let £ be a language. An L-theory T is a set of L-sentences. We say that
an L-structure M is a model of T, which is denoted by M E T, if M [ ¢ for
all sentences ¢ € T

Definition 2.1. A universal sentence is one of the form Vog(v), where
¢ is a quantifier-free formula. We denote by TY the set all of universal sentences
which are logical consequences of T, namely,

Ty :={¢ | ¢ is a universal L-sentence and T' |= ¢}.
First, let us consider the following lemma concerning T+ .

Lemma 2.2.  Let L be a language and T' an L-theory. Then A = Ty if
and only if there exists M =T with A C M.

Proof. First assume that there exists M = T with A C M. By definition
of Ty, for all Yoy ...Yo,é(v1,...,v,) € Ty, T = Y1 ... Yo,é(v1,...,0,). Be-
cause M | Yoy ... Yo,¢(v1,...,vn), forall ay,...,a, € A, M = ¢(a,...,an).
Since ¢ is a quantifier-free formula, A = ¢(a1, ..., a,).

Conversely, suppose A is a model of Ty. Let us begin with the following
claim.

Claim. Let L4 be a language LU{a},ca where each a is a new constant
symbol. Let Diag(A) be the set of ¢(aq,...,an), where (a1,...,a,) € A™ and
@ is either an atomic L-formula or negation of an atomic L-formula with A =
é(ar,...,an). Then T UDiag(A) is satisfiable as an L a-theory.

Suppose the contrary. Then, by the compactness theorem, there is a finite
subset A = (¢1,...,%,) C Diag(A) such that T"U A is not satisfiable. Let
¢ = (c1,...,¢m) be the new constant symbols from A used in 41, ...,%, and
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say ¥; = ¢;(¢), where ¢; is a quantifier-free L-formula. Because T' is an L-
theory, the constants in ¢ do not occur in T. Hence if T U {IFv A ¢;(0)} is
satisfiable, then by interpreting ¢ as witnesses to the existential formula, TU A
would be satisfiable. Thus T' |= Vo \/ =¢;(v). This formula is universal. Thus,
Vo \/ —¢;(v) € Ty, which is contradict to A = Ty.

By above Claim, there is an M |= T'U Diag(.A) as an £ 4-structure. It is
clear that M is a model of T" as an L-structure. Let j : A — M by j(a) = a™.
Then j is an L-embedding. Thus A C M. O

We say that a theory T has algebraically prime models if for any A = Ty
there exist M =T and an embedding i : A — M with the following universal
property; for all N = T and embeddings j : A — A/, there is h : M — N with
j=hou.

If M,N |ET and M C N, we say that M is simply closed in N, which is
denoted by

M =< N,

if for any quantifier-free formula ¢(7,w) and any @ € M, N E Jweo(a, w)
implies M = Jwo(a, w).

Proposition 2.3.  Let £ be a language and T an L-theory. We as-
sume the following; for all quantifier-free formulas ¢(v,w), if M\N E T,
ACM,ACN,aec A, and there is b € M such that M = ¢(a,b), then there
is ¢ € N such that N |= ¢(a,c). Then T has quantifier elimination.

Proof. See [8, Chapter 3, Corollary 3.1.6]. O

The following transformation of the above proposition is suitable for our
purpose.

Corollary 2.4.  Let L be a language and T an L-theory such that
1. T has algebraically prime models and that,
2. M <4 N whenever M C N are models of T.
Then T has quantifier elimination.

Proof. Suppose that M, N are models of T', H is a common substructure
of Mand N, h € H,m € M, and M = ¢(h,m) where ¢ is a quantifier-free £-
formula. Since T" has algebraically prime models and H C M, by using Lemma
2.2, we get U = T and an embedding i : H — U such that for all G = T
and embeddings j : H — G, there is h : U — G with j = h oi. Considering
inclusion map H — M, we can embed U into M. Since ¢ is a quantifier-free,
by second property of T, we get U = Jwp(h,w). Considering inclusion map
H — N, we can embed U into A" and then N = Jwep(h, w). Thus there exists
n € N such that N |= ¢(h,n). Therefore, by Proposition 2.3, T has quantifier
elimination. O

Next we define the theory of ordered divisible vector spaces over an ordered
field (F,>F).
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Definition 2.5. Let us fix Lr := L,y U{\ | A € F'}, where ) is a unary
function symbol for each A € F to be interpreted as multiplication by the
scalar. The theory T, of ordered divisible vector spaces in the language L
is defined by the following sentences:

1. The axioms for ordered divisible abelian groups.
2. The axioms for vector spaces over F.
3. For each A >p 0, Vz(x > 0 — Az > 0).

The next lemma show that Tr;;,, has algebraically prime models.

Lemma 2.6.  Let V be an ordered vector space over F'. Then there is
an ordered divisible vector space W over F', which is called the ordered divisible
hull of V over F, and an embedding ¢ : V — W such that if x : V — W' is an
embedding of V into an ordered divisible vector space W' over F, then there is
a unique homomorphism 1 : W — W' with x = 1) o .

Proof. We set X = {(g,n) | g € V,n € N,n > 0}. We define an equiva-
lence relation ~ on X by (g,n) ~ (h,m) if and only if mg = nh. We define W
to be the quotient X/ ~. For (g,n), let [(g,n)] or g/n denote the equivalence
class of (g,n).

We can define + and scalar \- for each A € F on W by

[(g, )] + [(h, m)] = [(mg + nh, mn)],
A-(g:n)] = [(Ag,n)].

It is easy to see that W is a vector space over F'.
Suppose that g/m € W and n > 0, then

n[(g,mn)] = [(ng,mn)] = [(g,m)],

which show that W is divisible.
We can define an order < on W by

g/n < h/m <= mg < nh.

It is clear that (W, L) is an ordered divisible vector space over F.

We can embed V into W by the map ¢(g) = ¢g/1. Suppose that W’ is an
ordered divisible vector space over F' and x : V — W' is an embedding. Let
W — W' by ¥(g/n) := x(g)/n. This ¢ is a well-defined embedding and

X=vop. O
Lemma 2.7.  Suppose that V, W are models of Try;, with V C W.
Then V <4 G.

Proof. Suppose that ¢(v,w) is a quantifier-free formula, @ € V', and that
for some b € W, W = ¢(b,a). Because ¢(v,w) is quantifier-free formula, there
are atomic or negated atomic formulas 6; ;(v, W) such that

o(v, @) = \/ )\ 01, (0. ).

i=1j=1
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m
Because W = ¢(b,a), W = /\ 0; ;(b,a) for some i. Thus without loss of
j=1
generality, we may assume that ¢(v, W) is a conjunction of atomic and negated
atomic formulas.
If (v, w1, ..., wy) is an atomic formula, then for some elements Aq, ..., A\,
AEF,

(v, Wy, ..., W) < Z)\kwk + =0
k=1
or

O(v, Wy, ..., W) Z)\kwk + Av > 0.
k=1

In particular, there is an element g € V such that (v,a) is either the form
Av = g or Av > g. Also note that every formula Av # g is equivalent to A\v > g
or —Av > —g. Thus we may assume that

S

$(v,3) = [\ (hiv = gi) A

i=1 7

>

(Ajv > hy),

where gi,hj € V and /\ia)\j € F.
Case 1. If \; #0 for some 1 <i <s.

Then

Because W = ¢(b, @), we must have b= \"1g; € V.
Case 2. If \;=0foralll<i<s.

Then we assume
¢
¢(v,a) < N\ (Ao > hy),
j=1
where \; # 0 (j = 1,...,t). Let kg = min{A\"'h; | A\; < 0} and k; =
max{\7'h; | A; > 0}. Then ¢ € W satisfies ¢(v, @) if and only if k1 < ¢ < ko.
Since W = ¢(b, @), we must have k; < ko, so that V is a dense linearly ordered
set. Thus there exists d € V such that k1 < d < ko.
Consequently we have V <, W. O

We are now ready to prove that Tr;;,, has quantifier elimination.

Theorem 2.8.  The theory Tgy, in the language Lr has quantifier
elimination.



174 Masaru Kageyama

Proof. Suppose that A = (Try,,)v. By Lemma 2.2 there is an M = Try,,
such that A C M. By Lemma 2.6, we can take the divisible hull H of A. Hence
Triin has algebraically prime models, so that Try;, satisfies first property of
Corollary 2.4.

By Lemma 2.7, Tr;, satisfies the second property of Corollary 2.4. Thus
Tr1in has quantifier elimination. 1

3. Preliminaries to o-minimal geometry

Let us recall the definition of o-minimal structure and two important re-
sults in the subject of o-minimality: the monotonicity theorem and the cell
decomposition theorem.

Definition 3.1 (O-minimal Structure). ~ We say that a dense linearly
ordered structure (G, <, ...) without endpoints is an o-minimal structure if for
any definable set X C G there are finite many intervals Iy, ..., I, and a finite
set Xy such that

X =XoULU---UT,,.

A theory T is said to be an o-minimal theory if every model of T is an
o-minimal structure.

Proposition 3.2.  The theory Try;, in the language L is an o-minimal
theory.

Proof. Let V be a model of Try;,. We need to show every definable set
M={xeV|VEdéx,a,...,an)}

is a finite union of points and intervals with endpoints in V' U {£o0}, where ¢

is a formula and ay,...,a, € V. By quantifier elimination,
m n;
M=) A
i=1j=1

where A; ; is equal to either
{LE eV | )\i,jx = gi,j} or {l‘ eV | i 5T > hiﬂ'}

for some g; j,h;; € V and A j, 1 ; € F. Solution sets of nontrivial equations
yield finite sets and solution sets of the second form give rise to finite union of
intervals. O

We work with a fixed but arbitrary o-minimal expansion of an ordered
abelian group (G, <,0,+, —,...) from here through the end of this section.

Theorem 3.3 (Monotonicity Theorem).  Let f : (a,b) — G be a defin-
able function on the interval (a,b). Then there are points a1 < --- < ay, in (a,b)
such that on each subinterval (aj,aj4+1), with ag = a,ar+1 = b, the function is
either constant, or strictly monotone and continuous.
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Proof. See [3, Chapter 3, Theorem 1.2]. |

A decomposition of G™ is defined by induction on m as follows:
(I) A decomposition of G! = G is a collection:

{(=00,a1), (a1,a2),...,(ag, +00),{ar},...,{ax}},

where a; < --- < aj are points in G.

(IT) Suppose that a decomposition of G™ is already defined inductively,
then a decomposition of G™*! is a finite collection of pairwise disjoint cells {C;}
such that U C; = G™*! and the set of projections {m(C;)} is a decomposition
of G™, where 7 : G™*! — G™ is the projection of first m-coordinates.

A decomposition D of G™ is called a partition of a set M C G™ if each
cell in D is either part of M or disjoint from M.

We are now ready to state the cell decomposition theorem.

Theorem 3.4 (Cell Decomposition Theorem).  Let My,...,M;, C G™
be finitely many definable sets. Then there is a decomposition of G™ partition-
ing each of M, ..., M.

Proof. See [3, Chapter 3, Theorem 2.11]. O
For each definable set M in G™, we put

C(M):={f: M — G| f is definable and continuous},
Coo(M) := C(M) U {Fo0},

where we regard +o0o as constant functions on G. For f € C(M), the graph of
f is denoted by T'(f) C M x G.
Next we show the following useful properties of bounded definable sets.

Lemma 3.5. Let M C G™ be a bounded definable set with dim M = 1.
Then there exists a definable bijection M = D for some bounded definable set
D CG.

Proof. Since dim M = 1, by Theorem 3.4 we have the following decom-
position

M201U~'~U01U01+1U'”U0m, CiﬂCjZQ (275])

where Ci,...,C,, are cells, dimCy = 1,...,dimC; = 1 and dimCjy; =
0,...,dimC,, =0.

Claim. Let C C G™ be a cell such that dimC = 1 and C is bounded.
Then there exists the projection of n;th-coordinate p,, : G — G for some
1 < n; <n such that pn,|c : C — pp,(C) is definably bijective. Here, note that
D, (C) is a bounded interval.
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We prove this claim by induction on n. In the case where n = 1, since
each C' is equal to either an interval or a point, it is easy to see that the claim
holds. Suppose that the claim is true for n = k, and we show that it holds for
n =k + 1. Let p; : GF*1 — G be the projection to the first coordinate.

Case 1. dimp,(C)=0.

Since dim p; (C) = 0, there are a point a € G and a cell D C G* such that
C = {a} x D. By inductive assumption, there is a projection p,, : G*¥ — G
such that p,,|D is bijective. Let 7 be a projection such that 7 : G**1 —
GF((x1,. .. xhg1) = (225, 2541)). Then pp 11 = pn, o 7 and py,41|C is a
definably bijective function from C' to p,,(C).

Case 2. dimp(C) = 1.

Let 7, : G**1 — G9(q = 1,...,k + 1) be the projection to the first g-
coordinates. Since p;(C) is an interval, C is a (1,0,...,0)-cell. Thus we have
dimm,(C)=1forall ¢g=1,...,k+1. Hence each cell 7,(C) (¢ =2,...,k+1)
is the graph of a definable function f,; € C(my—1(C)).

By using fa, ..., fi, we inductively define functions gs, ..., gx+1 : p1(C) —
G as follows: ga(x) := fa(z). If g; is already given inductively, then we define
gj+1 by gj41(2) :== fir1(x, g2(2), ..., gj(x)) where 2 < j < k+1and z € p;(C).
Then for a definable function g : pi(C) — G* (z — (g2(2),...,9k1+1(2))),
C =TY(g). Thus we obtain a definable bijection p;|C : C — p1(C).

By Claim, each C; (i = 1,...,1) is definably bijective to an interval of G
and each C; (i =14 1,...,m) is a point set. Thus we can define a definable
bijection M — D for some bounded definable set D C G. |

Let 0 be a permutation of {1,...,m} and A a subset of G™. We set
20 = (To(1), -+ To(m)) for o = (z1,...,0,) € G™ and Ao = {zo |z € A}.

Lemma 3.6. Let C C G™ be a non-bounded cell. Then there exists a
non-bounded cell C' C G™ such that the projection of first coordinate of C' is
a non-bounded interval and C' is definably embedded into C'.

Proof. Since C' is non-bounded, there exists the projection p,, of n;th-
coordinate such that p,, (C) is a non-bounded interval. We denote the trans-
position (1,n;) by o. Since symmetric group on {1,...,m} is generated by
the transpositions (4,4 + 1), there exist the transpositions 71, ..., 7, such that
o=rT,0---0T11. We give a proof only for the case ¢ = 75 o 71, but the gen-
eralization is straightforward. By using [3, Chapter 4, Proposition 2.13], there
exist pairwise disjoint cells C, ..., Cj such that

cC=C;U---UC; and Cy7,...,Ci11 are also cells.

Since py,(C1,) is a non-bounded interval for some 1 <1y < I, pry(n,)(Ci,71) is
a non-bounded interval. By using the proposition again for the non-bounded
cell Cj, 71, we have pairwise disjoint cells Dy, ..., Dy such that

Cyn=DyU---UDpy and DiTe,...,Dpme are also cells.
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Since pr,(n,;)(Di,) is a non-bounded interval for some 1 < Iy < I’, we have
a non-bounded interval p., (-, (n,))(D1,72) = p1(D1,72) and a non-bounded cell
Dl27'2. 1

Corollary 3.7. Let M C G™ be a non-bounded definable set and N C
G™ a bounded definable set. If there exists a definable bijection 8 : M = N,
then (0,+00) is definably bijective to D for some bounded definable set D C G.

Proof. Let 1y : G™ — G be the projection to the first g-coordinates. By
Theorem 3.4,

M=CU---UCp, C;NCj=a (i#}]),

where C1,...,Cy, are cells. Since M is a non-bounded definable set, we can
choose a non-bounded cell C; for some 1 < i < m. Since C; is non-bounded,
there exists the projection of n;th-coordinate p,, : G™ — G such that p,, (C;)
is a non-bounded interval. By using Lemma 3.6, we assume that 71(C;) is a
non-bounded interval I.

If m2(C;) is a (1,0)-cell T'(f) for some f € C(I), then we define a definable
injection g : I — ma(C;) by wa(z) := (=, f(x)).

If mo(C;) is a (1,1)-cell {(z,y) € I x G | g(z) < y < h(z)} for some
g,h € Coo(I), then we define a definable injection ¢s : I — m2(C;) by

(z,x) if g= —o0,h = +o0,
(@) = (z, h(z) — a) if g = —o00,h € C(I),
2(2):=Y (2 g(2) +a) it g € C(1),h = +00,
(z, (9(z) + h(x))/2) if g€ C(I),h € C(I),

where a is a positive element of G. By continuing in this process, we have a
sequence of definable injections

‘3 . e tn1 Trn—l(Oi) —>Ln C@

I L—2> 7T2(Oi)

Let ¢« : I — C; be the composition of these definable injections. Since
dim0(:(I)) = 1 and 8(:(I)) € N is bounded, by Lemma 3.5, there is a bounded
definable set D C G such that D is definably bijective to 8(¢(I)). The interval
(0, +00) is definably embedded into I, we have a sequence of definable injections
as follow:

0 I —= I = 0((I)) —=——— D
( ’ +OO) L( ) 0.1y L( ) Lemma 3.5
Hence we have a definable bijection between (0, +00) and D. O

4. The bounded condition of the ordered divisible vector spaces
over an ordered field F'

In this section, we prove the main result of this paper.

Theorem 4.1.  Let V be a model of Try;, in the language of Lr. Then
V satisfies the bounded condition.
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Proof. Suppose the contrariety. Then there are a non-bounded definable
set X C V™ and a bounded definable set Y C V"™ such that X is definably
bijective to Y. By Corollary 3.7, there is a definable bijection f : (0,4+00) — D
where D is bounded definable set of V. By the monotonicity theorem 3.3, there

are points a1 < --- < a, in (0,+00) such that on each subinterval (a;,a;+1)
with ag = 0,a,41 = 400, the function f is strictly monotone. Since Try;,
admits quantifier elimination, we may assume that f(z) = Az +con z €

(an,+00) for some A € F(A#0) and c € V.

Since D is bounded, there exist two points dy,ds € V such that dy < z < d;
for all x € D.

If A > 0, we can choose zg € (an,+00) such that zg > (—c+ dy)/A. Then
f(zo) = Mxg+ ¢ > dy. If A < 0, we can choose 2y € (ay,+o00) such that
zg > (—c+ da)/A\. Then f(xzo) = A\xg + ¢ < do. They are contradicting to
fltan 400y t (@n,00) — D. O
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