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Subsheaves of a hermitian torsion free coherent
sheaf on an arithmetic variety
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Introduction

Let K be a number field and O the ring of integers of K. Let (E, h) be
a hermitian finitely generated flat Og-module. For an Og-submodule F' of E,
let us denote by hg.. g the submetric of F' inducgd\ by h. It is well known that
the set of all saturated Og-submodules F' with deg(F,hp— g) > c is finite for
any real numbers ¢ (for details, see [4, the proof of Proposition 3.5]).

In this note, we would like to give its generalization on a projective arith-
metic variety. Let X be a normal and projective arithmetic variety. Here we
assume that X is an arithmetic surface to avoid several complicated technical
definitions on a higher dimensional arithmetic variety. Let us fix a nef and
big C'*°-hermitian invertible sheaf H on X as a polarization of X. Then we
have the following finiteness of saturated subsheaves with bounded arithmetic
degree, which is also a generalization of a partial result [5, Corollary 2.2].

Theorem A (cf. Theorem 3.1).  Let E be a torsion free coherent sheaf
on X and h a C*®-hermitian metric of E on X(C). For any real number c, the

set of all saturated O -subsheaves F of E with d/eg(El (H) - ¢ (F,hp_g)) >c
is finite.

For a non-zero C*°-hermitian torsion free coherent sheaf G on X, the
arithmetic slope [i7r(G) of G' with respect to H is defined by
e deg@(H) - @(0))
As defined in the paper [5], (E, h) is said to be arithmetically pi-semistable with
respect to H if, for any non-zero saturated Ox-subsheaf F' of E,

fg(F hpep) < fig(E, h).

The above semistability yields an arithmetic analogue of the Harder-
Narasimham filtration of a torsion free sheaf on an algebraic variety as fol-
lows: A filtration
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of E is called an arithmetic Harder-Narasimham filtration of (E, h) with respect
to H if the following properties are satisfied:

(1) E;/E;_ is torsion free for every 1 <4 <|.

(2) Let hg, /g, , be a C>-hermitian metric of E;/E;_; induced by h, that
is,

hEi/Ei—l = (hE”L(_)E)EIA»E’L/E‘L—l = (hEH*E/Ei—1)Ei/Ei—1%E/Ei—1

(for details, see Proposition 1.1.1). Then (E;/E;_1,hg,/g,_,) is arithmetically
j-semistable with respect to H.

(3) fig(E1/Eo, b, /i,) > frgp(Ea/Er, hisy i) >
e > ﬂﬁ(El/El717 h’El/Elfl)'

As a consequence of the above theorem, we can show the unique existence of
an arithmetic Harder-Narasimham filtration:

Theorem B (cf. Theorem 5.1).  There is a unique arithmetic Harder-
Narasimham filtration of (E,h).

1. Preliminaries

1.1. Hermitian vector space

In this subsection, let us recall several basic facts of hermitian complex
vector spaces.

Let (V,h) be a finite dimensional hermitian complex vector space, i.e., V
is a finite dimensional vector space over C and h is a hermitian metric of V.
Let ¢ : V! — V be an injective homomorphism of complex vector spaces. If we
set h'(z,y) = h(¢(x), d(y)), then h’ is a hermitian metric of V’. This metric A’
is called the submetric of V' induced by h and V' — V, and it is denoted by
hyiey.

Let ¢ : V — V" be a surjective homomorphism of complex vector spaces.
Let W be the orthogonal complement of Ker(¢)) with respect to h. Let hy—yv
be the submetric of W induced by h and W — V. Then there is a unique
hermitian metric A" of V" such that the isomorphism [, : W — V" gives
rise to an isometry (W, hw—y) — (V" h"). The metric h” is called the
quotient metric of V"' induced by h and V- — V" and it is denoted by hy _.y.

For simplicity, the submetric hy .,y and the quotient metric hy _,y» are
often denoted by hy and hy~ respectively. It is easy to see the following
proposition:

Proposition 1.1.1.  Let V, V' V" be finite dimensional complex vector
spaces with V"' C V' C V. Let h be a hermitian metric of V.. Then

(hviev)vimyr v = (hyovpve v pvrey v
as hermitian metrics of V' JV".

More generally, we have the following lemma:
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Lemma 1.1.2.  Let (V,h) be a finite dimensional hermitian complex
vector space. Let W and U be subspaces of V. Let us consider a natural
homomorphism

p: W=V -=V/U

of complex vector spaces. Let QQ be the image of ¢. Let us consider two natural
hermitian metrics h1 and he of Q given by

hi = (hwev)w-q and hy = (hyv_v/v)o—v/u-

Then hy(z,x) > ho(z,x) for all x € Q. In particular, if {z1,..., s} is a basis
of Q, then det(hy(x;,x;)) > det(ha(z;, x5)).

Proof. Let T be the orthogonal complement of Ker(¢ : W — Q) with
respect to hy—v. Then h(v,v) = hy(¢(v), ¢(v)) for all v € T. Let UL be the
orthogonal complement of U with respect to h. Then, for v € T, we can set
v=wu+u withu € U and v’ € U*. Then hy(¢(v), p(v)) = h(u',u’). Thus

ha(¢(v), p(v)) = h(u',u) < h(v,v) = h1((v), $(v))-
For the last assertion, see [4, Lemma 3.4]. d

Let eq,...,e, be an orthonormal basis of V with respect to h. Let V'V be
the dual space of V and €Y, ..., ey the dual basis of ey, ...,e,. For ¢, € VV,
we set

R (¢, 0) =Y aibs,
=1

where ¢ = aje} + -+ ane,, and ¥ = brey +--- + bye,.. It is easy to see that
hY does not depend on the choice of the orthonormal basis of V, so that the
hermitian metric hY of V'V is called the dual hermitian metric of h. Moreover
we can easily check the following facts:

Proposition 1.1.3. )
v [¢(2)]

(2) Let z1,...,x, be a basis of V and xy, ..., x, be the dual basis of V.
If we set H = (h(zy,25)) and HY = (h¥(x),x)), then HY = .

(3) Let 0 —» Vi — Vo — V3 — 0 be an ezact sequence of finite dimensional
complex vector spaces and hy, ha, hy hermitian metrics of Vi, Va, Va3 respectively.
We assume that hy = (ha2)v, v, and hy = (ha)vy—v,. Let us consider the dual
exact sequence 0 — V3! — Vol — VY - 00f0 — Vi — Vo — V3 — 0 and
the dual hermitian metrics hY,hy,hY of hi,ha, hs respectively. Then hY =
(h3)vy—vy and by = (h3)vy vy

Let (U, hy) and (W, hy ) be finite dimensional hermitian vector spaces over
C. Then U ®c W has the standard hermitian metric hy ® hyy defined by

(h @ hw)(u @ w, v’ @w'") = hy (u,u" )y (w, w'").
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Thus the standard hermitian metric of @®" V is given by

<®h> (U1®'”v7”v/1®”'®v;) :h(vlvvll)"’h(vrav/)~

Let 7 : @V — A"V be the natural surjective homomorphism and A" h a
hermitian metric of A"V given by

/T\h:r! <®h>

Then we have the following:

R VA"V

Proposition 1.1.4. (A" h)(z1 A+ Axp, 21 A Axy) = det(h(x, ;).

Proof. For ay,...,a, €V, we set

1
dlar,...,a.) = ] Z sgn(0) (1) ® - @ ()
" o€eS,

Then, by an easy calculation, for ¢ € S, and aq,...,a.,b1,...,b. € V, we can
see

(1.1.4.1) (@ h> (o) @+ @ ag(ry, d(br, .-, by)) =

sgn(o) <® h) (a1 @ ®@ar, ¢(by, ..., b))

Note that Ker(r) is generated by elements of type
al ® PN ® a,r‘7

where a; = a; for some i # j. Therefore, by (1.1.4.1), ¢(x1,...,z,) € Ker(m)*
for all x1,...,x, € V. Thus, since

T(P(z1, .., xp)) =21 Ao Ay,

we have

<®h> (TA A Axpyxr A Axy)
R VA"V

= <®h> (P(x1,...,3), d(21,...,2,)).

On the other hand, by using (1.1.4.1) again, we can check
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<® h’) ((b(xla LR xr)7 ¢($1, s ,.%‘T)) = %det(h(xl,xj))

Therefore we get our assertion. O

1.2. Finitely generated modules over a 1-dimensional noetherian
integral domain

Let R be a noetherian integral domain with dim R = 1, and K the quotient
field of R. For a € R\ {0}, we set ordg(a) = lengthp(R/aR), which yields
a homomorphism ordg : R\ {0} — Z, that is, ordg(ab) = ordg(a) + ordg(b)
for a,b € R\ {0}. Thus it extends to a homomorphism on K* given by
ordg(a/b) = ordg(a) — ordg(b).

Proposition 1.2.1. Let E be a finitely generated R-module.  Let

S1y.-+,8r and 8}, ..., sl be sequences of elements of E such that s1,...,S, and
s,..., 8. form bases of E ® g K respectively. Let A = (a;j) be an r X r-matric
such that a;; € K for alli,j and s}, = Z;zl ai;s; in E®p K for all i. Then

lengthp(E/Rs) + -+ -+ Rs..) = lengthp(E/Rs; + - - + Rs,) + ordg(det(A)).

Proof. Weset M = Rs; +---+ Rs, and M’ = Rs} +---+ Rs.. First we
assume that M’ C M. Then a;; € R. An exact sequence

0—M/M — E/M — E/M — 0.
yields
lengthy(E/M') = lengthg(E/M) + length (M /M').

Note that M is a free R-module. Let ¢ : M — M be an endomorphism given
by ¢(s;) = s;. Then, by [EGA IV, Lemme 21.10.17.3], lengthp(M/¢(M)) =
length(R/ det(¢)R). Thus we get

lengthz(E/M') = length(E/M) + lengthz(R/ det(A)R).

Next we consider a general case. Since F/M is a torsion module, there is
be R\ {0} with bM’ C M. Thus, by the previous observation,

length,(E/bM') = lengthz(E/M) + length i (R/ det(bA)R)
because bs; = 22:1 ba;js; in E @gr K for all i. Moreover
lengthz(E/bM') = lengthp(E/M’) + length(R/b"R).
Hence the proposition follows. O

Corollary 1.2.2.
(1) Let {z1,...,2z.} be a basis of E Qg K. Let s1,...,8, € E and a €
R\ {0} such that ax; = s; in E®pg K for all i. Then the number

lengthp(£/Rsy + - -+ + Rs,) — rordg(a)

does not depend on the choice of si,...,s, and a, so that it is denoted by
lr(E;xy,...,2,).
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(2) Let {z1,...,2,} and {2,...,z.} be bases of E @r K. Let B = (b;;)
be an r X r matriz such that x}, = 25:1 bijz; for alli. Then

(R(E;xY,...,2)) = lr(E;21,...,2,.) + ordr(det(B)).
Proof. (1) Let s},...,s. € E and ' € R\ {0} be another choice with

a'x; = s, in E®p K for all i. Then s, = (a’/a)s; in F ®g K. Thus, by the
previous proposition,

lengthp(E/Rsy + -+ Rs)) = lengthp(E/Rsy + - - + Rs,) + ordg((a’/a)"),

which yields the assertion.

(2) Let us choose a,b € R\ {0} and s3,...,s, € E such that ax; = s;
in F®pr K for all i and bb;; € R for all 4,j. If we set s, = Zj(bbij)si, then
abz, = s, in E@pg K for all . Thus

lr(E;21,...,2.) =lengthr(E/Rsy + -+ + Rs,) — rordg(a)
(r(E;ah, ... x.) =lengthgy(E/Rs| + -+ + Rs)) — rordg(ab).

On the other hand, by the previous proposition,
lengthp(E/Rs}y + -+ + Rs).) = lengthp(E/Rs1 + - - - + Rs,) + ordg(det(bB)).

Hence we obtain (2). O

1.3. Subsheaves of a torsion free coherent sheaf
In this subsection, we consider how we can get a saturated subsheaf.

Proposition 1.3.1.  Let X be an irreducible noetherian integral scheme,
71 the generic point of X, and K = Ox, the function field of X. Let E be a
torsion free coherent sheaf on X. Let X(X, E) be the set of all saturated Ox -
subsheaves of E and X(K, E,) the set of all vector subspaces of E, over K.
Then the map v : (X, E) — X(K, E,) given by v(F) = F, is bijective. For
a vector subspace W of E,, over K, the subsheaf given by v~ (W) is called the
saturated Ox-subsheaf of E induced by W and is denoted by Ox(W; E).

Proof. Let us begin with the following lemma:

Lemma 1.3.2.  Let F, G be Ox-subsheaves of I such that F' is saturated
in E and Fy) = G,. Then F O G.

Proof. Let us consider a homomorphism ¢ : G — E — E/F. Then
¢, = 0. Since E/F is torsion free, we have ¢ = 0, which means that G C F'. O

The injectivity of v is a consequence of the above lemma. Let W be a
vector subspace of E, over K. We set F'(U) = W N E(U) for any Zariski open
set U of X. Then F,, = W. We need to see that F' is saturated in E. Since
F is the kernel of the natural homomorphism E — E, — E,/W, we have an
injection E/F — E, /W, so that E/F is torsion free. O
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Proposition 1.3.3.  Let X be a noetherian scheme and E a locally free
coherent sheaf on X. Let m : P = Proj(D~, Sym%(EY)) — X be the projective
bundle and Op(1) the tautological line bundle of P — X. Let T'(X, P) be the
set of all sections of m: P — X. Moreover let ¥ (X, E) be the set of all Ox-
subsheaves L such that L is invertible and E/L is locally free. For s € I'(X, P),
let

¢s: 8" (Op(-1)) = s*n"(E)=F

be a homomorphism obtained from the dual homomorphism Op(—1) — 7*(E)
of the natural homomorphism 7w (EV) — Op(1) by applying s*. We denote
the image of ¢s : s*(Op(—1)) — E by L(s). Then L(s) € X\ (X, E) for all
s € I'(X, P) and a map

I'(X,P) — i (X, E)
given by s — L(s) is bijective.

Proof. See [1, Theorem 7.1 and Proposition 7.12]. O

1.4. Hermitian locally free coherent sheaf on a smooth variety
Let X be a smooth variety over C, n be the generic point of X, and
K = Ox, the function field of X.

Proposition 1.4.1.  Let (E,h) and (E’,h') be C*®-hermitian locally
free coherent sheaves on X . If there is a dense Zariski open set U of X such that
(E,h)|y is isometric to (E',h')|;, then this isometry extends to an isometry
over X.

Proof. Since V = E, is isomorphic to E7’7, we may assume that E’ is a
subsheaf of V. Then (E,h)|, coincides with (E’,h')|.

First let us see that ¥ = E’. For this purpose, it is sufficient to see that
E., = E for all codimension one points 7. Let {wi,...,w,} and {w},...,w}
be local bases of £, and E! respectively. Then there are r x r-matrices (a;;)
and (b;;) such that a;;,b;; € K for all ¢, j and

T r
w; = E ajjwj, W= E bwwj
Jj=1 Jj=1

for all 1. Clearly (CLZ])(b”) = (b”)(a”) = (5”)
Claim 1.4.1.1. aij,bij € OX/y fO’F all 1,].

For each ¢, we set e; = miny<;<,{ord,(a;;)}. We assume that e; < 0. Let ¢
be a local parameter of Ox . Then t~%a;; € Ox , for all j. Thus t~%w] € E,
and t~w, # 0 in E, ® (). Let I" be the Zariski closure of {v}. If we choose
a general closed point x¢ of I, then w; # 0 in B ® r(xo) and t~%w; # 0 in
E., ® k(xg). On the other hand, there is an open neighborhood Uy, of g such
that

At Wl t%w!) (2) = W (W], t % W) ()



14 Atsushi Moriwaki

for x € Uy, NU. Thus if we set
) = h(t™*wi, t="wi) () = [t (w], w)) ()

on U, NU, then lim,_,,, f(z) = h(t™%wl,t"%w])(zo) = 0 because t = 0 at xo.
This is a contradiction because t~%w] # 0 in E,, ® k(y). Therefore we can see
that a;; € Ox 5 for all 4, j. In the same way, b;; € Ox , for all ¢, j.

By the above claim, {w,...,w,} and {w], ..., w.} generate the same Ox -
module in V. Thus E, = E’. Hence we get £ = E'.

Let & be an arbitrary closed point of X. Let v,v" € E, ® k(x). Choose
w,w’ € E, such that w and w’ give rise to v and v’ in E, ® x(x). Then there is
a neighborhood U, of = such that h(w,w’)(y) = h'(w,w’)(y) for ally € U, NU.
Thus

hMw,w')(z) = lim h(w,w)(y) = lim b (w,o’)(y) = M (w, ") (),

y— y—x
which means that hy(v,v") = hl (v,v). O

Proposition 1.4.2.  Let (E, h) be a C*-hermitian locally free coherent
sheaf on X. Let x1,...,x, be a K-linearly independent elements of E,. Then
log(det(h(xs,x;))) is a locally integrable function.

Proof. Let W be a vector subspace of E, generated by zi,...,2,. By
Proposition 1.3.1, there is a saturated Ox-subsheaf F' of E with F, = W.
First we assume that F' and E/F are locally free. For a closed point z € X, let
{w1,...,w,} be alocal basis of F;. Then we can find a matrix A = (a;;) such
that a;; € K for all 4,j and x; = }7_, a;;w; for all 4. Then

det(h(z;,z;)) = | det(A)|* det(h(w;, w;)).

Since F' and E/F are locally free, det(h(w;,w;)) is a non-zero C*°-function
around z and det(4) is a non-zero rational function on X. Thus
log(det(h(x;,z;))) is locally integrable around .

In general, if we set Q = E/F, then there is a proper birational morphism
1Y — X of smooth algebraic varieties over C such that

1" (@Q)/(the torsion part of p*(Q))

is locally free. We set F' = Ker(u*(E) — p*(Q)/(the torsion part of 1*(Q))).
Then F' and p*(E)/F" are locally free. Thus, since F, = W,

log(det(p" (h)(i, x5))) = p* (log(det(h(xi, z;))))

is a locally integrable function on Y. Therefore so is log det(h(z;, z;)) on X by
virtue of [3, Proposition 1.2.5] O
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1.5. Arakelov geometry

For basic definitions concerning Arakelov geometry, we refer to [6, Sec-
tion 1]. Let X be a projective arithmetic variety. We use several kinds of
positivity of a C*°-hermitian invertible sheaf on X (like ampleness, nefness and
bigness) as defined in [6, Section 2]. Let H = (Hy,...,H4) be a sequence of
nef C'°°-hermitian invertible sheaves on X, where d = dim Xg. Note that the
sequence is empty in the case of d = 0. We say H is fine if (X; Hy,..., Hyq)
gives rise to a fine polarization of the function field of X (for details, see [7,
Section 6.1]). For example, if H;’s are nef and big, then H is fine. Finally we
consider the following lemma.

Lemma 1.5.1.  Let X be a generically smooth arithmetic variety and U
a Zariski open set of X with codim(X \ U) > 2. Then the natural homomor-
phism

1 1
CHp(X) — CHR/(U)
18 1njective.
Proof. Let (D,T) be an arithmetic cycle of codimension one on X. We

assume that (D|,, T|,) = @ for some non-zero rational function ¢ on X.
Then, since codim(X \ U) > 2, we have (D,T) = (¢). O

2. Birationally C°°-hermitian torsion free coherent sheaves on a
normal arithmetic variety

Let X be a normal arithmetic variety. Let E be a torsion free coherent sheaf
on X. We say a pair (F,h) is called a birationally C*°-hermitian torsion free
coherent sheaf on X if there are a proper birational morphism g : X’ — X of
normal arithmetic varieties, a C°°-hermitian locally free coherent sheaf (E’, h')
on X', and a Zariski open set U of X with the following properties:

(1) X’ and U are generically smooth.

(2) codim(X \U) > 2.

(3) 1 : X' — X is an isomorphism over U, that is, if we set U’ = p=1(U),
then pl,, : U —=U.

(4) E is locally free on U and h is a C*°-hermitian metric of E|, over
U(C).

(5) (ply )" ((E,h)|y) is isometric to (E', h')|,,.

This C°°-hermitian locally free coherent sheaf (E’, h') is called a model of (E, h)
in terms of u: X' — X. Note that if g’ : X" — X'’ is a proper birational mor-
phism of normal and generically smooth arithmetic varieties, then p'* (E’, h') is
also a model of (F, h) in terms of oy’ : X" — X. For, let X{| be the maximal
Zariski open set over which y' is an isomorphism. Then codim(X’\ Xg) > 2.
Thus if we set V = u(U’ N X{), then we can see the above properties for V.

Proposition 2.1.  Let X be a normal arithmetic variety and (E,h) a
birationally C°°-hermitian torsion free coherent sheaf on X. Let F be a sat-
urated Ox-subsheaf of E. Let hp—.p (resp. hp_.p/p) be the submetric of
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F induced by F — E and h (resp. the quotient metric of E/F induced by
E — E/F and h) on a big Zariski open set of X, i.e., a Zariski open set whose
complement has the codimension greater than or equal to 2. Then (F,hp_g)
and (E/F,hg_.g/r) are also birationally C*-hermitian torsion free coherent
sheaves on X.

Proof. Let n be the generic point of X. Let (E’,h’) be a model of (E, h)
in terms of p : X’ — X. Let F’ be a saturated Ox-subsheaf F’ of E’ with
Fy = F, (cf. Proposition 1.3.1). We set Q = E'/F’. By [8, Theorem 1 in
Chapter 4], there is a proper birational morphism g’ : X’ — X’ of normal and
generically smooth arithmetic varieties such that u'*(Q)/(torsion) is locally
free. Let

F" = Ker(y/"(E") — 1" (Q)/(torsion)).
Then F” and p'*(E')/F" are locally free. Thus

(Fllv:u/*(h/)F”‘—uﬂ*(E’)) and (M/*(E/)/FH7p“l*(hl)p/*(E’)—»u/*(E’)/F”)

yield models of (F, hp—.g) and (E/F, hp_, g r) respectively because p/" (E', h')
gives rise to a model of (F,h). O

__ Proposition 2.2. We assume that X 1is projective. Let H =
(Hy,...,Hy) be a sequence of nef C*°-hermitian invertible sheaves on X , where
d = dim Xq. Then the quantity

deg(@ (u* (FL)) - & (p* (Ha)) - &1 (B 1))

does not depend on the choice of a model (E',h") in terms of p: X' — X. It is

denoted by d/e\gﬁ(E, h) and is called the arithmetic degree of (E, h) with respect
to H.

Proof. Let us begin with the following lemma.

Lemma 2.3. Letv:Y — X be a birational morphism of normal and
projective arithmetic varieties such that Y is generically smooth. Let (E,h)
and (E', 1) be C*®-hermitian locally free coherent sheaves on'Y. We assume
that there is a Zariski open set U of X such that codim(X \ U) > 2 and v is
an isomorphism over U, that is, if we set V. = v=1(U), then v|,, : V — U.
Let Ly, ...,Lg be C™-hermitian invertible sheaves on X, where d = dim Xg.
If (E,h)|, is isometric to (E',h)|,,, then

deg(@(v* (L)) - &1 (v (La)) - &1(B. b))
— deg(@ (v (L)) - &1(v" (La)) - &1 (B, 1)),

Proof. Let 7 be the generic point of Y and x1,...,z, a basis of E,. Let
7Y, ...,; be the corresponding basis of £, with z1,...,z,. Let Y™ be the set
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of all codimension one points of Y. Then ¢ (F, h) and ¢ (E’, ') are represented
by

Z EOYW(E;M,.-.,&UT)W, — log(det(h(z;, z;)))
yeY (1)

and

> toy (B, .20 (), —log(det( (2}, )
~yeY (1)

respectively. By Proposition 1.4.1, we can see that

det(h(xi, z;)) = det(h'(x], 2%))

(20

on Y(C). Here

loy (E;xy,...,xp) =Loy (E'sxy,....x))

rr

for all v € VM. Moreover, for y € YN\ VI since codim(v({7})) > 2,

deg(@ (v*(T0)) - & (v*(La)) - ((7),0)) = 0

by the projection formula (cf. [6, Proposition 1.2 and Proposition 1.3]). Thus
we have our lemma. O

Let us go back to the proof of Proposition 2.2. Let (Eq, h1) and (E2, ha)
be two models of (E, h) in terms of p1 : X7 — X and ps : Xo — X respectively.
We can choose a normal, projective and generically smooth arithmetic variety Y
and birational morphisms 71 : Y — X; and w9 : Y — X5 with pyomy = pgoms.
We set v = 1 om = g o ma. First of all, by the projection formula, we have

deg(C (ui (H1)) -+ €1 (pi (Ha)) - E1(Br, b))

= deg(c1(v*(H1)) - & (v* (Ha)) - €1 (7 (Ey, b))
and
deg(@y (2" (Hn)) - - €1 (p2*(Ha)) - @1( B, b))

= deg(e1(v*(Hy)) - €1(v* (Ha)) - &1(5(Ea, h))).

Moreover, by Lemma 2.3,

deg(@ (v (Hy)) -~ (v*(Ha)) - (7} (Er, hn)))
= deg(@(v*(H1)) - &1(v*(Ha)) - & (3 (B2, ho))).

Thus we get the assertion. O
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Let X be a normal arithmetic variety and (E,h) a birationally C*°-
hermitian torsion free sheaf on X. Let 7 : X’ — X be a proper birational mor-
phism of normal arithmetic varieties and (E’,h’) a birationally C'°*°-hermitian
torsion free sheaf on X'. We say (E, h) is birationally dominated by (E',h") by
means of w: X' — X if there is a Zariski open set U of X with the following
properties:

(1) codim(X \ U) > 2 and U is generically smooth.

(2) (E,h) is a C*-hermitian locally free sheaf over U.

(3) If we set U’ = = 1(U), then 7|, : U — U.

(4) (7|y)*((E,h)|;) is isometric to (E',h")|,.

Then we have the following:

Proposition 2.4.  The notation is the same as above. We assume that
(E, h) is birationally dominated by (E',h’) by means of w: X' — X.

(1) Let F be a saturated Ox -subsheaf of E and F' the corresponding sat-
urated Ox:-subsheaf of E' with F. Then (F,hp—g) and (E/F, hgp_p/r) are
birationally dominated by (F', w1 g) and (E'/F’, h’E,H}E,/F,) respectively.

(2) We assume that X and X' are projective. Let H = (Hy,...,H,) be
a sequence of nef C°°-hermitian invertible sheaves on X, where d = dim Xg.
Then degzz(E, h) = deg,.. 7, (E', ).

Proof. (1) There is a Zariski open set Uy such that U; C U, codim(X \
Up) > 2 and that E[; and E/F|; are locally free. We set Uy = 7~ (U1).
Then (7|y)*((F, hp—g)ly,) is isometric to (£, h};/(_)E,)\U{. Thus our asser-
tions follow.

(2) Let (E”,h") be a model of (E’,h’) in terms of a birational morphism
w:Y — X', Then it is easy to see that (E”,h”) is a model of (E, h) in terms
of Top:Y — X. Thus we have (2) by Proposition 2.2. O

3. Finiteness of subsheaves with bounded arithmetic degree

In this section, we would like to give the proof of the main theorem of this
note.

Theorem 3.1. Let X be a normal projective arithmetic variety and
(E,h)_a birationally C*°-hermitian torsion free coherent sheaf on X. Let
H = (Hy,...,Hy) be a fine sequence of nef C>-hermitian invertible sheaves on

X, where d = dim Xq. For any real number c, the set of all non-zero saturated
Ox -subsheaf F of E with degg(¢1(F, hp—g)) > c is finite, where hp_.g is the
submetric of F induced by h over a big open set.

Proof. Let (E',h’) be a model of (E,h) in terms of u: X’ — X. Let n
be the generic point of X. For each vector subspace W of E,, let F' (resp. F')
be a saturated Ox-subsheaf of E (resp. Ox/-subsheaf of E’) induced by W.
Then, by Proposition 2.4,

d/e\gﬁ(F7 hF%E) = d/e\gﬂ*(ﬁ) (FI7 hF/_}E/),
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Therefore we may assume that X is generically smooth, F is locally free and h
is a C'°°-hermitian metric of F.

For each 0 < s < tk E, let 34(X, E) be the set of all saturated rank s
Ox-subsheaves of E. First let us see that, for any real number ¢, the set

{L € $1(X,E) | deg(F, hpe) > ¢}

is finite. Let 7 : P = Proj(@,~, Sym*(EY)) — X be the projective bundle
and Op(1) the tautological line bundle of P. Let hp be the quotient hermitian
metric of Op(1) by using the surjective homomorphism 7*(EY) — Op(1) and
the hermitian metric 7*(h"). In other words, the metric hp' of Op(—1) is
the submetric induced by the injective homomorphism Op(—1) — 7*(E) and
7 (h) (cf. (3) of Proposition 1.1.3). Let P, be the generic fiber of 7 : P — X,
and K the function field of X.

For a K-rational point x of P,, let us introduce A;, U,, V, and s, as
follows: A, is the Zariski closure of z in P and U, is the maximal open set of
X over which 7|, :A; — X is an isomorphism. Further V, = (7T|Aw)_l(Uw)
and s, : U, — P is the section induced by the isomorphism 7r|Vx Ve — U,

Let X1 (K, E,) be the set of all 1-dimensional vector subspaces of E,, over
K. Then, by Proposition 1.3.3, there is a natural bijection

Py(K) — E1(K, Ey).

Moreover let X1 (X, E) be the set of all saturated rank one Ox-subsheaves of
E. By Proposition 1.3.1, we have a bijective map

X1(X, E) — X1(K, Ey).

Therefore there is a natural bijection between P,(K) and ¥,(X,E). For a
K-rational point = of P,, the corresponding saturated rank one O x-subsheaf
of E is denoted by L(x). Then, by using Proposition 1.3.3, we can see that
L(x) has the following property: Let s3;(Op(—1)) — s;n*(E) = E|; be the
homomorphism from the natural homomorphism Op(—1) — 7*(E) by applying
sy. Then the image of s;(Op(—1)) — E|,_is L(z)|y . Let h; be the submetric
of L(zx) induced by h.
h

Since the metric h' is the submetric of Op(—1) induced by 7*(h), we can
see that s%(Op(—1), hp') is isometric to (L(z), hy Ny, Thus (Op(=1),hp
is isometric to (7|y, )*((L(), hy)ly, ), which implies that

(7)o (& (©@p(=1),1EN)]y, ) = (7ly)- @ ((7,) (E(@), b))
=& ((L(@), ho)ly,):

This means that the assertion of the claim holds over U,. Thus so does over
X by Lemma 1.5.1.

Claim 3.1.1. El(L(x),hm):(ﬂAI)*( ((op

Oy,
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For a K-rational point  of P, the height ho(1)(2) with respect to Op(1)
and (X, H) is given by
hoqy(z) = deg (€1 (7|, )" (H1)) e ((7la, ) (Ha)) - €1 ((Op(1),hp)l4,)) -

By using the above claim and the projection formula,

—hop(x)
= deg (&1((nl5,)" () -+ E((l5,) (Ha)) - ((Or(-1):551)]4.))
= deg (¢1(Hy) -+ @1 (Ha) - ©1(L(2), hy)) = degzr(L(2), ha).
Thus we have a bijective correspondence between
{L € %1(X, B) | degg(F, hre.i) > c}
and
{z € Py(K) | h(z) < —c}.

On the other hand, by virtue of Northcott’s theorem over finitely generated
field (cf. [6, Theorem 4.3]), {z € P, (K) | h(x) < —c} is a finite set. Therefore
we get the case where s = 1.

For F € ¥,(X, E), let A(F') be the saturation of

/S\ F/(the torsion part of /S\ F)
in \°E.
Claim 3.1.2. If A(F) = X(F'), then F = F".
We assume that A\(F) = A(F'). Let K be the function field of X. Then,

using Pliicker coordinates over K, we can see that FF ® K = F' ® K. Thus, by
Lemma 1.3.2, F/ = F.

Let hx(ry = (A°h)a(r)—ps £- Then, by Proposition 1.1.4,
c1(F,hr) = c1(A(F), hxry)-

Therefore, by using the above claim and the case where s = 1, our theorem
follows. 0

Let X be a normal and projective arithmetic variety and (E,h) a bira-
tionally C*°-hermitian torsion free coherent sheaf on X. Let H = (Hy, ..., Hg)
be a fine sequence of nef C'*°-hermitian invertible sheaves on X. For a non-zero
saturated Ox-subsheaf G of F, we set

degi (G, hap)

i (G, hg—E) = e
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A saturated Ox-subsheaf F' of F is called a mazimal slope sheaf of (E, h) with
respect to H if iz (F, hp—g) gives rise to the maximal value of the set
{i7(G, hg—Eg) | G is a non-zero saturated Ox-subsheaf of E}.

Moreover a maximal slope sheaf I’ of (£, k) is called a mazimal destabilizing
sheaf of (E,h) with respect to H if rk F' is maximal among all maximal slope
sheaves of (E, h). As a corollary of Theorem 3.1, we have the following:

Corollary 3.2.  There is a mazimal destabilizing sheaf of (E,h) with
respect to H.

4. Arithmetic first Chern class of a subsheaf

Let X be a normal and generically smooth arithmetic variety and n the
generic point of X. Let (E, h) be a C*°-hermitian locally free sheaf on X. Let

F be an Ox-subsheaf of E. Let z1,...,, be a basis of F},. Let us consider an
arithmetic codimension one cycle z(F; z1, ..., z,) (i.e., an element of € Z} (X))
given by

Z(F; Tlyenn ,:E,«) = <Z on,r (Fr;iﬁl, . ,xr)l“, — IOg det(h(xi,a:j))> .
r

Note that log det(h(z;, z;)) is locally integrable on X (C) by Proposition 1.4.2.
Let 27, ...,z be another basis of F;,. There is an r x r-matrix A = (a;;) with
xh = 22:1 a;jx;. Using (2) of Corollary 1.2.2, we can see that

o —

2(F;2),...,x) = 2(F;zq, ..., 2,.) + (det(A)).

T

——1
Therefore the class of z(F;x1,...,z,) in CHL(X) does not depend on the

—1
choice of x1,...,x,. We denote the class of z(F;x1,...,2,) in CH,(X) by
¢1(F — E,h). If F = E, then ¢;(E — E,h) is equal to the usual ¢;(E,h).
Note that

¢ (F— E h)=c¢1(F, hp_g)

if F' is saturated in . More generally, we have the following:

Proposition 4.1.  Let I be an Ox-subsheaf of E and F the saturation
of Fin E. Then ¢i(F,hg_ ) —ci(F — E,h) is represented by an arithmetic
divisor

> lengthe, . (Fy/Fr)T,0
I' : prime divisor

In particular, if H = (Hy, ..., Hq) is a sequence of nef C°°-hermitian invertible
sheaves on X, then

deg(@1(Hy) -+ @1(Hq) - €1(F — E,h)) < deg(@ (Hy) - &1 (Ha) -&1(F, hip_ ).
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Proof. Let n be the generic point of X. Let {x1,...,2,} be a basis of F,.
Then {z1,...,z,} also gives rise to a basis of F,. Thus ¢\ (F,hz,_ ) —c1(F —
E, h) is represented by

<Z(zom(ﬁp;xl, s zy) — Loy (Frian, ... ,xr))I‘,0> :

T
Hence it is sufficient to see that

onvp(ﬁp; 1, 2) — Loy (Frixy, ..oy 2p) = lengthoxvr(f‘p/Fp)
for all T'. Let a be an element of Ox r \ {0} such that azx; € Ox r for all i.
Then
E@X’F(ﬁp; T1yeneyXTp) = lengthe (ﬁr‘/@x’[‘axl + -+ Ox rax,) —rordr(a),
loyr(FTix, .. 20) = lengthe (Fr/Oxrazxy + - -+ Ox rax,) — rordr(a).

Therefore we get our proposition. O

5. Arithmetic Harder-Narasimham filtration

Let X be a normal and projective arithmetic variety and H = (Hy, ..., Hg)
a fine sequence of nef C'*-hermitian invertible sheaves. Let (F,h) be a bira-
tionally C'*°-hermitian torsion free coherent sheaf on X. (E,h) is said to be
arithmetically p-semistable with respect to H if, for any non-zero saturated
Ox-subsheaf F of E,

A filtration
0=ECEC---CE=E

of Ox-subsheaves of E is called a saturated filtration of E if E;/E;_; is torsion
free for every 1 < ¢ <[. Moreover we say a saturated filtration 0 = Ey C E; C
-+« C E; = E of E is an arithmetic Harder-Narasimham filtration of (E, h) with
respect to H if the following properties are satisfied:
(1) Let hg, /g, , be a C*°-hermitian metric of E;/E;_; induced by h, that
is,
hEi/Ei—l - (h’Ei‘_’E)Ei_’*Ei/Ei—l = (hE—»E/Eifl)Eri/Eif1;>E/Ez>1'

Then (E;/E;_1,hg,/B,_,) is arithmetically p-semistable with respect to H.
(2) fig(E1/Eo, b, E,) > fig(E2/E1, g, p,) >
<> fig(Bi/Ei-1, by s

In the case where X is generically smooth and (E,h) is a C*°-hermitian
locally free coherent sheaf on X, for a non-zero O x-subsheaf G of E, we set

deg(@1(H,)--@1(Ha) - @1(G — B, h))
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The purpose of this section is to prove the following unique existence of
an arithmetic Harder-Narasimham filtration:

Theorem 5.1. Let X be a normal and projective arithmetic variety.
Let (E,_h) be a birationally C> -hermitian torsion free coherent sheaf on X. Let
H = (Hy,...,Hy) be a fine sequence of nef C*°-hermitian invertible sheaves.

Then there exists uniquely an arithmetic Harder-Narasimham filtration of
(E,h) with respect to H. Moreover, if (E, h) is not arithmetically ji-semistable
with respect to H, then a mazimal destabilizing sheaf of (E,h) is unique.

We need several lemmas to prove the above theorem.

Lemma 5.2.  Let (E,h) and (E', ') be birationally C*°-hermitian tor-
sion free coherent sheaves on normal projective arithmetic varieties X and X'
respectively. Let H = (Hy,...,Hy) be a fine sequence of nef C>-hermitian
invertible sheaves on X. We assume that there is a birational morphism 7 :
X' — X and (E,h) is dominated by (E',h') by means of m : X' — X. Then
we have the followings:

(1) (E,h) is arithmetically u-semistable with respect to H if and only if so
is (E', 1) with respect to 7*(H).

(2) Let F be a saturated Ox -subsheaf of E and F' the corresponding sat-
urated Ox:-subsheaf of E'. Then F is a maximal destabilizing sheaf of (E,h)
with respect to H if and only if so is F' with respect to 7 (H).

(3) Let 0 = Ey C E1 C --- C E;} = E be a saturated filtration of E and
0=FEy,C E] € -+ C E =FE the corresponding saturated filtration of E'.
Then 0 = Ey C Ey € --- C By = E is a Harder-Narasimham filtration with
respect to H if and only if so is 0 = E), C By C --- C E] = E' with respect to
7 (H).

Proof. This is a consequence of Proposition 2.4. O

Lemma 5.3.  Let (E, h) be a birationally C*-hermitian torsion free co-
herent sheaf on a normal projective arithmetic variety X. If (E,h) is not
arithmetically p-semistable with respect to H and F is a mazximal slope sheaf
of (E,h), then

figg(F,hre i) > i (E/F hp g/ F)-

Proof. We set a = rk(F) and b = rk(E/F). Then

. a . b .
figr (B, h) = mﬂﬁ(R hrp—p) + p b#ﬁ(E/R hg—p/r)-
Thus, since fig(F, hp—g) > i (E, h), we get our lemma. O

Lemma 5.4.  Let (E, h) be a birationally C* -hermitian torsion free co-
herent sheaf on a normal projective arithmetic variety X. Let H = (Hy,..., Hg)
be a fine sequence of nef C°°-hermitian invertible sheaves. Then there are a
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model (E',h') of (E, h) in terms of a birational morphism p: Y — X of normal
projective arithmetic varieties and a Harder-Narasimham filtration

0= By CH G CH = B
of (E',h') with respect to u*(H) such that E!/E!_, is locally free for every
i=1,....1.

Proof. Let (E’,h') be a model of (E,h) in terms of p : ¥ — X. By
Proposition 2.4, (E, h) is arithmetically p-semistable with respect to H if and
only if so is (E’, h') with respect to u*(H). Thus we may assume that (E, h) is
not arithmetically p-semistable with respect to H. Let E be a maximal desta-
bilizing sheaf of (E’, h'). Considering Proposition 2.4 and a suitable birational
morphism p’ : Y’ — Y of normal, projective and generically smooth arithmetic
varieties to remove the pinching points of E’'/E], we may assume that E] and
E'/Ef are locally free. If (E//Ei7h§5"—>>E’/E{) is arithmetically p-semistable,
then we are done. Otherwise, let ) be a saturated Oy -subsheaf of E’ such that
E{ C Ej and E}/E{ is a maximal destabilizing sheaf of (E'/E], h/E’—»E'/Eg)'

Changing Y as before, we may assume that E) and E’/E} are locally free.
Moreover, by Lemma 5.3,

“u*(ﬁ)(Ei’ hEQQE’) = ﬂ,n(ﬁ) (Eia (hEé<—>E)E1<—>Eé)
> i, ) (B3/ By, (hpye 2) By By )
Thus, continuing this construction, we have our lemma. 1

Lemma 5.5.  Let (E,h) be a C*™-hermitian locally free coherent sheaf
on a normal projective and generically smooth arithmetic variety X. Let H =
(Hy,...,Hy) be a fine sequence of nef C™-hermitian invertible sheaves. Let
0=EyC EyC---C E; = FE be an arithmetic Harder-Narasimham filtration of
(E, h) such that E;/E;_1 is locally free for everyi=1,...,1. If F' is a mazimal
slope sheaf of (E,h), then F C Ey and [if(F — E,h) = i (E1 — E, h).

Proof. We choose i such that F' C F; and F ¢ E; ;. We assume that
i > 2. Let @ be the image of F' — E;/E;_1. Let hg be the quotient metric of
@ induced by hp_.g and F — @Q, that is, hg = (hp—g)p-¢. Then, by virtue
of Lemma 1.1.2,

fig (@ hq) < g (Q — Ei/Ei1,hi,p, ).

On the other hand, since (F, hp.g) and (E;/E;_1,hg, /g, ) are arithmetically
p-semistable,

and

pg(Q — Ei/Ei 1, hg, /e, ) < pig(Ei/Ei—1,hg, B, ,)-
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Therefore,
pg(F hreg) < fig(Ei/Ei—1,hg,E,_,) < ig(E1, he,—E),

which contradicts to the maximality of fi7(F, hr— g). Thus ' C E;. Moreover,
since (Ei,hp,—pg) is arithmetically p-semistable, [ig(F,hpp) <
f(E1, hg,—E). Therefore figg(F,hr—g) = fif(E1, hg,—g) by the maximal-
lty of ﬂﬁ(F, hF;»E) O

Let us start the proof of Theorem 5.1. The existence of a Harder-
Narasimham filtration is a consequence of Lemma 5.4 and Proposition 2.4.
Let us see the uniqueness of a Harder-Narasimham filtration. Clearly we may
assume that (E, h) is not arithmetically y-semistable. Let 0 = Eyg C F1 € -+ C
Ey=EFand 0=Gy C Gy € -+ C Gy = E be Harder-Narasimham filtration
of (E,h). Let (E',h’) be a model of (E,h) in terms of p: Y — X. Let 0 =
ESCEC---CE =Eand0=G,C G] C---C G}, =E' be corresponding
Harder-Narasimham filtration of (E’, 1) with0 = Eg C F1 € --- C F; = E and
0=Go S G1 - C Gy = F respectively. By taking a birational morphism
w1 Y" =Y, we may assume that E}/E]_; and G}/G;_; are locally free for all
t=1,...,land j =1,...,l’. Let F’ be a maximal destabilizing sheaf of (E’, h').
Then, by Lemma 5.5, F' C B} and fi,,. ) (F', hprepr) = fi,- 1) (EL hipepr).-
Thus F' = FE{. In the same way, F' = G|. Hence, by considering a Harder-
Narasimham filtration of (E'/F',hg/ g ps) and induction on the rank, we
have [ =" and E = G/ for all 7.

The above observation also show the uniqueness of a maximal destabilizing
sheaf. O
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