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Effective calculation of the geometric height
and the Bogomolov conjecture
for hyperelliptic curves over function fields

By

Kazuhiko YAMAKI

Introduction

Let us begin with a brief survey on the Bogomolov conjecture. Let A be
an abelian variety over a field K. We assume that K is a number field for a
while. Let L be a symmetric ample line bundle on A and h 1, the Néron-Tate
height on A(K), where K is the algebraic closure of K. For a closed subvariety
Vof A®x K, we set

V(e):={P e V(E) | he(P) < ¢}.

Theorem ([14]. Generalized Bogomolov conjecture).  Suppose that V
s not the translation of an abelian subvariety by a torsion point. Then there
exists € > 0 such that V (€) is not Zariski dense in V.

This theorem was proved by Zhang in [14]. The original version due to
Bogomolov deals with a curve V embedded in its Jacobian variety, which was
proved by Ullmo in [8].

Let us recall the proof of Zhang. In [13], he introduced the notion of
admissible metric on a line bundle on V', and defined the admissible intersection
numbers and the admissible height, which are compatible with the Néron-Tate
height. Then, he found a key inequality called the fundamental inequality:

sup { inf HL(x)} > “the admissible height of V7,
wev | ze(VAW)(K)

where W ranges over all proper closed subvarieties of V. If the admissible height
is proved to be positive, the fundamental inequality leads the Bogomolov con-
jecture immediately, but in general it is quite hard to calculate. To avoid this
difficulty, Zhang proved the equidistribution theorem which says that a cer-
tain kind of sequence of small points should be equidistributed in the complex
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analytic space over an archimedean place. Then he showed that a sequence
of small points in V arising from a counter-example of the Bogomolov conjec-
ture should not be equidistributed although it should satisfy the conditions of
the equidistribution theorem. That contradiction leads us to the proof of the
conjecture.

The Bogomolov conjecture has been proved over other global fields. Mori-
waki in [7] invented a general arithmetic height function over a finitely generated
field K over QQ, which coincides with the classical one if K is a number field.
If K is transcendental over Q, this height is determined after a choice of, so
called “polarization” of K. It should be remarked that Moriwaki’s arithmetic
height for a “big” polarization has a contribution of archimedean places. Fol-
lowing ideas of Zhang, he proved the generalized Bogomolov conjecture for this
new height over finitely generated fields, in which proof, the equidistribution
theorem at an archimedean place played a crucial role too.

It is believed that the Bogomolov conjecture over function fields with re-
spect to the classical geometric height also holds true under a natural additional
condition. However, the lack of archimedean places prevented us from using
an analogue of Zhang’s proof. Indeed, the geometric height is a special case of
Moriwaki’s arithmetic height, but the polarization giving it is far from a big
polarization. In spite of such a situation, Gubler recently proved it in [2] under
the assumption of the existence of a place v at which the abelian variety is to-
tally degenerated. His proof follows Zhang’s one replacing the equidistribution
theorem on the complex analytic space over an archimedean place by that over
the tropical analytic geometry over v. His proof shows us that Zhang’s idea
can be applied to a certain geometric case, but the tropical variety is not so
rich at the general place that we cannot enjoy the equidistribution theorem.

In spite of that, an effective version of the Bogomolov conjecture has al-
ready been proved for some curves in its Jacobian. The proofs are due to the
calculation of the admissible pairing in [12] on a curve. Let us recall it here.
Let Y be a nonsingular projective curve over an algebraically closed field k,
and let f : X — Y be a generically smooth semistable curve of genus g > 2
over Y, where we assume X to be nonsingular. Let K denote the function field
of Y, K the algebraic closure of K, and let C denote the generic fiber of f.
Let Jo be the Jacobian variety of C, j : C(K) — Jc(K) a morphism defined
by j(x) = (29 — 2)x — we where we is the canonical divisor class of C', and let
||| ;- be the semi-norm arising from the Néron-Tate pairing on Jo(K). We
set

Be(Pir) = {xz € C(K) | |lj(z) = Plyp <7}
for P € Jo(K) and r > 0, and set

T - if #(Bo (P30)) = oc,
c(P) := {sup {r >0 | #(BC(P;T)) < oo} otherwise.

Note that, with this notation, the Bogomolov conjecture is nothing but the
statement that ro(P) > 0 for all P. The fundamental inequality here can be
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translated into the following important inequality, which says that, if (w$ v
w%/y)a > 0, then we have

inf  re(P) > — D (w% v - W% )a,
Pt re(P) 2/l = Dy wky)

where w$ Iy is the admissible dualizing sheaf and (), is the admissible pairing
(cf. [12, Theorem 5.6], [5, Corollary 2.3] and [3, Theorem 2.1]). Then, we have
the following conjecture, which is well-known as the effective version of the
Bogomolov conjecture.

Conjecture (Effective version of the geometric Bogomolov conjecture).
If f is non-isotrivial, then there exists an effectively calculated positive number
To with

inf  re(P) > ro.
PGJc(K)

The assumption of non-isotriviality is necessary, since a point in k-trace
has height 0. Here “effectively calculated” means that a concrete algorithm or
a formula to find r( is required. It is not expected in the equidistributional
approach.

If we can calculate the admissible pairing effectively, then we obtain the
effective Bogomolov conjecture immediately by the above inequality. As in [12],
the admissible pairing is given by

(W%/Y 'Wf;c/y)a = (wx)y "wx/vy) — Z €y,
yey

where ¢, is the admissible constant arising from the harmonic analysis on the
reduction graph over y (cf. Subsection 1.3). Therefore, our problem is reduced
to the comparison of (wy/y -wx/y) and €,’s, and in fact, there are some earlier
results on the effective Bogomolov conjecture obtained in that way. In [3],
Moriwaki gave an answer for curves of genus 2. He also gave answers in [5], [4]
and finally in [6], for a curve f of which fibers are trees of irreducible components
in the case of char(k) = 0. The author gave an answer for non-hyperelliptic
curves of genus 3 in [9)].

In this paper, we will give an affirmative answer to the effective geometric
Bogomolov conjecture for hyperelliptic semistable curve f following the way as
above (cf. Theorem 4.1 and Corollary 4.2). It is fortunate, in hyperelliptic case,
that we have a necessary explicit description of (wx/y -wx/y) as in [10] or [11].
Thus our main task is reduced to the calculation of the admissible constants,
and the most part of this paper are devoted to it.

This paper is organized as follows. In Section 1, we first fix the notion on
graphs and give some basic properties. After that, we recall what the admissible
constants are. In Section 2, we introduce an important class of graphs, called
hyperelliptic graphs. They will play a central role in this article. Section 3
will be mainly occupied by the struggle to obtain the concrete description of
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the admissible constants of hyperelliptic graphs. In the last section, we will
estimate the admissible constants, and obtain our result.

Acknowledgements. This paper is based on the master thesis of the
author. The author would like to express his sincere gratitude to Prof. Mori-
waki, who was the supervisor of the author, for his advice and encouragement.
The author is also deeply grateful to Prof. Zhang for suggesting that the author
should write this article for publication. Finally the author would like to thank
the referee for his valuable comments.

1. Admissible constants of graphs

1.1. Graphs

A graph G = (V, E,0) consists of two finite sets V' and E, and a map
0: E — S?V, where S?V is the 2nd symmetric power of V. An element of V
is called a vertex and an element of F is called an edge. The map 9 is called
the incidence relation, and for an edge e, the image Oe is called the boundary
of e. We can naturally regard S?V as a subset of the power set of V, and
hence a boundary is regarded as a subset of V. A vertex in Oe is called an
extremity of e. An edge e is called a line segment if it has two extremities and
is called a self-loop if it has only one extremity. For v,v’ € V| a finite sequence
(e1,...,en) of edges such that v € dey, v’ € de,, and I(e;) N I(e;y1) # O for
any i = 1,...,n — 1, is called a path from v to v’. If there exists path from v
to v’ for any distinct two v,v" € V, we say G is connected. A connected graph
without edges called a one-point graph. It is represented by its unique vertex.

For a graph G, we denote by Vert(G) the set of vertices and by Ed(G) the
set of edges. A subgraph of G means a graph G’ such that Vert(G’) C Vert(G),
Ed(G’) C Ed(G), with the incidence relation which is the restriction of that of
G. For a set S of edges, the subgraph generated by S is the subgraph such that
its vertices are the extremities of the edges in S and its set of edges is S.

A subgraph G’ is said to be saturated if any edge e € Ed(G) with de C
Vert(G’) is necessarily an edge of G’. For a subset V'’ of Vert(G), there exists
a unique saturated subgraph H with Vert(H) = V'. We call it the saturation
of V.

For subgraphs G; and G2, we can define the intersection G; N G2 and the
union GG; U G2 as subgraphs in an obvious way. We say that G is a one-point
sum of Gy and Gs if neither G; nor G, is one-point graphs, G = G1 U Go,
and G N G2 is a one-point graph, say {v}. We write G = G V,, G5 or simply
G = G,V Gy. If G is a succession of one-point sums of subgraphs, we say G
is a sum of them. Note that if G is a connected graph without self-loop and if
G = G1 V G4, then G7 and G are saturated.

Definition 1.1.  Let G be a connected graph. We say G is reducible at v
if there exist subgraphs G and Go with G = GV, Go. We say G is irreducible
at v if it is not reducible at v. We call a vertex at which G is reducible a jointing
verter. We denote by J(G) the set of jointing vertices. We say G is reducible
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if J(G) # 0, and say G is irreducible if J(G) = 0.

Proposition 1.2.  Let G be a connected graph.

(1) If G = Gy V,, G, then any path connecting a vertex in Vert(Gy) \ {v}
to a vertex in Vert(Gs) \ {v} passes through v.

(2) If G is irreducible at v € Vert(G) then, for any wy,ws € Vert(G)\ {v},
there exists a path not passing through v but connecting wi and ws.

Proof. To show (1) we may assume there exist vertices wy € Vert(G1)\{v}
and we € Vert(Gs) \ {v}. Let I = (e1,...,e,) be an arbitrary path from w;
to wy. Let k be the maximal integer with e; € Ed(G1). Since v is the only
common vertex of G; and Go, we have k < n, and exy; € Ed(G2). Let w be
a common extremity of ex and egy;. Then it is contained in both G; and Go
and hence w = v. Thus we have (1).

Let us prove (2). We may assume there is no self-loop with v as the
extremity. Suppose contrary that for some wi,wy € Vert(G) \ {v}, any path
connecting w; and ws necessarily passes through v. Let V1 be the set of vertices
of G to which we can connect w; by a path without meeting v halfway (allowing
v to appear as the terminus of the path), and let G; be the saturation of V;.
Then G; is a connected subgraph with w; and v as vertices but without ws.
Let G’ be the saturation of (Vert(G) \ V1) U {v}. Then G’ has we and v as
vertices. In particular, neither Gy nor G’ is a one-point graph. Accordingly,
it is enough to show G = G V, G3. By the definition of G and G’, we have
G1 NG = {v}, and we also have Ed(G1) N Ed(G’) = () since there is no self-
loop with v. Therefore we are reduced to show Ed(G1) U Ed(G’) = Ed(G).
Let us take any e € Ed(G) \ Ed(G’). Then at least one extremity of e lies in
G1. From the construction of the set Vi of vertices of Gi, the other vertex
must be in G;. Since G; is saturated, we have e € Ed(G1). Thus we have
Ed(G,) UEd(G') = E4(G). O

Corollary 1.3.  Suppose that G = G1 V, Go and that Gy is irreducible
at v. Let H be a connected subgraph of G irreducible at v with Gy C H. Then
H=G.

Proof. We may assume that there is no self-loop at v. It is enough to show
H N Gy = {v}. Suppose that H and G2 has a common vertex w other than v.
Let v be a vertex of (G1 other than v. Since H is irreducible at v, we can connect
w and vy by a path in H not passing through v by Proposition 1.2. This path
is a one connecting a vertex in (G; and that in G, keeping away from v. That
contradicts, again by Proposition 1.2, to the assumption G = G; V,, Gs. O

If G is reducible, we can write G = G V,,, G2. If G is again reducible, we
can write G as a one-point sum of its subgraphs. Repeating this process until
anyone becomes irreducible, we can write G as a sum of irreducible graphs:

G:(-'-((Gl\/GQ)VGg)\/"-\/Gn).

The right-hand side is usually written as G1 V --- V G,, simply. We call it the
irreducible decomposition of G. A subgraph of G appearing in the irreducible
decomposition called an irreducible component of G.
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Remark 1.4. We have only mentioned the existence of an irreducible
decomposition, but we can actually show the uniqueness. We can therefore say
“the irreducible decomposition”.

Let G = (V, E, ) be a graph and let S be a subset of E. We would like to
define a contraction. We set Eg := E\ S and Vg :=V/ ~, where v ~ v’ if and
only if there is an edge e € S such that {v,v'} C de. Then we have a natural
injective map Fs — E and natural surjective map V' — Vg, and hence we have
an associated incidence relation dg : Eg — S2Vg with 0. Thus we have a graph
Gg := (Vs,Eg,0s). We call that operation or Gg itself the contraction of S.
With complement, we write G for GEd(G)\s-

There is a natural correspondence, denoted by contrg, from vertices and
edges of G to those of Gg: For v € Vert(G), let contrg(v) be the corresponding
vertex of Gg by the natural surjection. For e € Ed(G) \ S, then e € Ed(Gg)
and hence put contrg(e) :=e. For e € S, set contrg(e) := contrg(v) where v is
an extremity of e. We write contr® for contrgq(g)\s with complement.

Remark 1.5. We can regard an irreducible component not only as a
subgraph but also as a contraction. Indeed, if G = G; V Gs, then G can be
canonically identified with G®4(G1), This point of view will later lead us to a
reasonable definition of the irreducible decomposition of polarized graphs.

Let Divg(G) be the R-vector space with basis Vert(G). Its element is
called an R-divisor or a polarization on G. For D = 7 v, (g dvv, define
deg(D) = > evert(c) dv- For a polarization D = > vy q) dov on G, we
have the polarization

Dg := Z d,, contrg(v)
veVert(G)

associated with D. Note that deg(Dg) = deg(D). We write D¥ for Dgqc)\s
as well.
Using this notion, we make the following definition (cf. Remark 1.5).

Definition 1.6.  An irreducible component of a polarized graph (G, D)
is a polarized graph of form (GEd(G/), DEd(G')) for some irreducible component
G’ of G.

For a graph G, let W(G) denote the dual vector space of the R-vector
space with basis EA(G). We put

Wso(G) :={X e W(G) | A(e) > 0 for any e € EA(G)}.

We call its element a weight. For a weight A € W~ (G), we call A(e) the length
of e. We usually denote a weight by

A= ()‘e)eeEd(G) = (/\e)v
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which indicates that the length of e is A..

Suppose that G’ is a subgraph or a contraction of G. Then we have
Ed(G') C Ed(G) canonically and hence we have canonical maps W(G) —
W(G") and Wso(G) — Wso(G’). Thus a weight A on G induces a weight on
G’, denoted by A|g/. If G’ is an irreducible component, then it has two induced
weights as a subgraph and as a contraction, but one coincides with the other.

Definition 1.7.  Let (G, D, ) be a polarized weighted graph. A polar-
ized weighted graph (G’, D’, ) is called an irreducible component of (G, D, \)
if (G’,D’) is an irreducible component of (G, D) and X' = A|g-.

Let G = (V, E, 9, A) be a weighted graph. We mean, by a realization of G,
a metrized graph M equipped with two data, an inclusion V' — M and a family
{e°}eck of subsets of M indexed by FE, satisfying the following conditions:

(1) e® is a 1-cell of M and {{v}}vev, {€°}eck gives a cell decomposition of
M.

(2) For any e € E,

cl(e®) \ e° = Oe,

where cl(e®) is the closure of e° in M and Oe is regarded as a subset of M.
(3) The length of e°, and hence that of cl(e®), equal A(e).

Any weighted graph has a realization of it, and for two realizations, there is

an isometry between them compatible with the equipped data of cell decom-

position. Note that a weighted subgraph of G can be realized as a metrized

subgraph of a realization M of G and a contraction of weighted graphs can be

realized as a quotient space of M. For an edge e, a continuous map

Se : [0, A(e)] = M

which induces an isometry from (0, A(e)) to e° is called an arc-length parameter
of e.

1.2. Remarks on the admissible constants

Let us recall several facts on a Green function on a metrized graph. For
details, see [12].

Let M be a connected metrized graph and let p be an arbitrary measure
on M with total volume 1. Then, there exists a unique function g,(x,y) on
M x M satistying the following conditions.

(a) g, is continuous, piecewise smooth in both z and y and symmetric in
x and y.

(b) For a fixed «, regard g, (z,y) as a function on y, and we have

Agu =0z — I,

/ gup = 0.
M

We call this function g,, the Green function for u.
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Remark 1.8. Its uniqueness comes from some weaker conditions: Let
M, p and g, be as above. Fix an x € M. Let h be a function on M such that
Ah =6, —pand [}, hp=0. Put f(y) := h(y) — gu(2,y). Then f is a constant
function by [12, Lemma a.4], and since fM hp = 0, it must be 0. Thus we have
h(y) = gu(z,y) for all y € M.

Let D be an R-divisor on M. If deg(D) # —2, then there exists a unique
measure fi(ys,py of total volume 1 on G such that

(11) g/J«(M,D)(D7y) +gH(M,D)(y7y)

is a constant function on y € M. We call this measure p (s, py the admissible
metric of (M, D) and call g, ,, ,, the admissible Green function. Since the ad-
missible Green function is determined from (M, D), we write g(s,p) for g, -
We denote the constant (1.1) by ¢(M, D) and set

(M, D) = 2deg(D)c(M, D) = gim,p)(D, D).

We call this number the admissible constant of (M, D).

Let (G, D) be a polarized graph, A a weight, and let G* be the realization
of (G,\). Let v and w be vertices of G. Since a realization is unique up to
isometry compatible with the graph structure, the value gg» p) (v, w) does not
depend on the choice of realizations. Accordingly the admissible constants also
independent of the choice of realizations. Here we define functions g(¢ p)(v, w)
and €(G, D) on Wso(G) by

9.0y (0, w)(A) = gigr py(v,w),  €(G,D)(N) == ¢(G, D).
We also define a function
ra(v,w) : Wso(G) — R

by G (v, w)(A) == gs,(w,w), where J, is the dirac measure supported at v. It
is the resistance between v and w if G* is regarded as an electric circuit in a
natural way, and rg(v,w) is a rational function.

Remark 1.9. Let Gg be the contraction of S C Ed(G). Then it is
immediate to see

im ra(v, w)(A) = rgg(contrg(v), contrg(w)) (M ag)
Ae = 0foree S
if they are considered as a resistance in an electric circuit. Namely, the resis-
tance is compatible with the contractions. We will see later that the admissible
constants are also compatible with contractions.

We recall an explicit formula of the admissible metric in [12]. Let (G, D)
be a polarized graph with deg(D) # —2 and let A be a weight on G. For
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e € Ed(GQ), let G\ €° be the subgraph generated by Ed(G) \ {e} and let v and
w be the extremities of e. Put

(1.2) TG,e()\) = TG\eo (’U, w) ()‘|G\e°) .
Then, [12, Lemma 3.7] says that the admissible metric on a realization G* is

given by

1 2

H(G,D) deg(D) +2 | %P~ K + eeEZd(G) Ae) +71G.e(N)

(1.3) . |,

where d\|. is the Lebesgue measure on e associated with the arc-length pa-
rameter. The coefficient of the Lebesgue measure on each edge is a rational
function on A, and it is compatible with contractions.

We end this subsection by showing a useful formula on admissible con-
stants.

Proposition 1.10.  Let (G, D) be a polarized graph with deg(D) # —2.
Suppose G1 and Go are subgraphs with G1 V Go = G. Let us identify G; with
GPUG) fori=1,2. Let D; be the polarization on G; defined as DP4(G) . Then
we have

(G, D)(A) = €(G1, D1) (A1) + €(Ga, D2)(A2)

for any A € W(G)so, where A\; := A

G-

Proof. Let M be a realization of (G, \), and let M; and My be metrized
subgraphs of M realizing (G1, \1) and (G2, A2) respectively. By (1.3), we have

(1.4) [(M,D) = (M, Dy) + H(Ms,Dz) — G0
where {0} = M; N Ms. Consider the following function on M:

g(@) = 9(ary,01)(0, %) + g(asy, D) (0,0)  if @ € My,
9(Ms,D2)(0, ) + g(ar, oy (0,0) if 2 € M.

Then, we can easily check that g is continuous on M, A(g) = do — p(ar,p),
and [, i, py = 0. Thus we have g py(o,z) = g(x) (cf. Remark 1.8).
Therefore, by [4, Lemma 4.1], we obtain the formula. O

1.3. Admissible constants arising from a semistable fibration

Let Y be a smooth projective curve over k and let f : X — Y be a
generically smooth semistable curve of genus g > 2. We assume that X is
nonsingular. Let X — X be the contraction of the (—2)-curves in the fibers of
f. Then we have the stable model f: X — Y.

Let us recall the metrized dual graph arising from the fiber over y € Y (k).
Let G, be the dual graph by configuration of the fiber Yy, that is, the graph
such that Vert(G,) is the set of irreducible components of X, Ed(G,) is the set
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of node of X, and the extremities of e € Ed(G,) are the irreducible components
which contain the branches making the node e. Further G, is endowed with a
natural weight A, such that A\, (e) +1 coincides with the number of (—2)-curves
contracted to e under X — X, or in other words, the node e is given formally
by the equation zy = t*(9)*! in X, where t is a regular local parameter at y
on Y. Then the metrized dual graph G, in [12] is the realization of (G, ).

Let w¢ /Y be the relative dualizing sheaf of f. We define a divisor w, on
Gy by

Wy = Z (W )y - v)v,

vEVert(Gy)

where (wg Iy v) means the intersection number of w /vy and a curve v in X.
Then, the admissible constant €, over y is defined to be the admissible constant
of the polarized metrized graph (G, wy):

ey = €(Gy,wy) = €(Gy,wy)(Ay).

It is a very important quantity in this paper.

2. Hyperelliptic graphs
In the sequel, let us fix a finite group () of order 2 with the generator ¢.

2.1. Definitions and first properties

An action of (1) on a graph G is a pair of action on Vert(G) and that on
Ed(G) compatible with the incidence relation. If the action on Ed(G) is free,
we can naturally construct the quotient graph G/(t) such that Vert(G/(t)) =
Vert(G) /(1) and EA(G/()) = Ed(G)/{¢) with the incidence relation induced by
that of G.

Definition 2.1. A connected graph G equipped with an action of () is
called a hyperelliptic graph if it satisfies the following conditions:

(a) G is not a one-point graph.
(b) Any edge is a line segment.
(c) t(e) # e for any e € G.
(d) The quotient graph G/(t) is a tree, that is, a graph without circuits.
(e) If a vertex v is not ¢-fixed, then there exist at least 3 branches away
from v. In other words, the valence is at least 3 at any vertex.

Remark 2.2.  There is no end in a hyperelliptic graph by (c) and (e),
and any end of G/(¢) lies under an t-fixed vertex of G by (e).

For each v € Vert(G) and e € Ed(G), let [v] € Vert(G/(t)) and [e] €
Ed(G/(t)) denote their image by the quotient map in the sequel. More gener-
ally, we sometimes, for an object * concerning G, denote by [*] the correspond-
ing one of G/(v).
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Definition 2.3. Let G be a hyperelliptic graph. We say [v] €
Vert(G/{t)) is fized (resp. mobile) if its representative v € Vert(G) is ¢-fixed
(resp. not t-fixed). We denote by FV(G/{t)) the set of fixed vertices and
MV(G/{(t)) by that of mobile ones.

The next proposition characterizes the jointing vertices of hyperelliptic
graphs.

Proposition 2.4. Let G be a hyperelliptic graph and let v be a vertex
of G. Then the following statements are equivalent to each other.

(a) v is a jointing vertex.

(b) [v] is not an end of G/{1) but a fized vertex.

Proof. First suppose (a). To show that [v] is a fixed vertex, suppose
contrary that ¢(v) # v. Since G/{1) is a tree and [v] is not an end (cf. Re-
mark 2.2), there exists t-stable subgraphs G; and G2 of G such that G/{(t) =
(G1/{t)) V) (G2/{t)). Let [w;] be an end of G/(1) with w; € G; for i = 1,2.
Note that ¢(w;) = w; by Remark 2.2 again. Then, lifting up the geodesic in
G/{t) connecting [¢(v)](= [v]) and [w;], we can connect ¢(v) and w; by a path
not through v. Accordingly we can connect w; and we by a path not through
v. In a similar way, we find that any vertex of G; other than v can be con-
nected to w; by a path not through v. Thus we see that any two vertices of G
other than v can be connected by a path not through v. That contradicts to
the assumption of v being a jointing vertex by Proposition 1.2. Thus we have
t(v) = v.

Suppose that [v] is an end. Take any wq, w2 € Vert(G). Let v’ be an (-fixed
vertex other than v. Then we can connect [w;] and [v'] by a path not through
[v], and do the same thing for [ws] and [v']. Using the lifts of these paths, we
can connect w; and wy by a path not through v but through »’. That is a
contradiction by Proposition 1.2, and hence [v] is not an end. Thus we obtain
(b).

To show the other direction, we will prove that [v] is an end of G/(¢) if v is
not a jointing vertex and «(v) = v. Let us take two arbitrary wy,wy € Vert(Q)
other than v. Then by Proposition 1.2, we can connect w; and ws by a path
not through v. Pushing it down to the quotient, we have a path which connect
[wi] and [ws], but it does not pass through [v] since v is the only vertex over
[v]. That tells us that any two vertices of G/(¢) other than [v] can be connected
by a path not through [v], which implies [v] must be an end. O

We have the following result as an immediate corollary.

Corollary 2.5. Let G be an irreducible hyperelliptic graph and let v be
a vertex of G. Then [v] is a fized vertex if and only if it is an end of G/{1).

The next proposition tells us one-point sum is compatible with the action
of (¢).

Proposition 2.6.  Let G be a hyperelliptic graph. If G = G1V, G2, then
L(Gl) = Gl and L(Gg) = GQ.
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Proof. Let us show that G is stable by .. We may assume that G; is
irreducible at the jointing vertex v. Let [G1] be the image of Gy in G/{¢). Let
us take arbitrary vertices wy and w} of G other than v. Since G is irreducible
at v, there exists a path not passing through v but connecting w; and wj by
Proposition 1.2. Since v is the only vertex over [v], the image of that path does
not pass through [v] but connects [wq] and [w]]. That implies that any two
vertex other than [v] can be connected by a path not through [v], and hence
[v] is an end of a tree [G4].

Let H be the largest subtree of G/(¢) such that [G1] C H and that [v]
is an end of H. Then we see that the pull-back H of H by the quotient
map G — G/{1) is a hyperelliptic subgraph having v as an (-fixed vertex.
Accordingly, by virtue of Proposition 2.4, H is irreducible at v, and hence we
have H = Gy by Corollary 1.3. Thus Gy is t-stable. O

The following corollary says that the notion of one-point sum behaves well
among the hyperelliptic graphs.

Corollary 2.7.  Let G be a hyperelliptic graph. If G = G1 V G2, then
G1 and G4 are naturally hyperelliptic graphs.

Proof. Immediate from Proposition 2.4 and Proposition 2.6. O

Definition 2.8. Let i be an integer. We say that [e] € EA(G/{¢)) is
i-jointed if the number of fixed extremities of [e] is equal to i. We denote by
Ed;(G/(t)) the set of i-jointed edges. By abuse of words, we say e € Ed(G) is
i-jointed if so is [e].

Here we give some examples.

Example 2.9. Let G be an irreducible hyperelliptic graph with a 2-
jointed edge [e]. Then the extremities [v] and [w] of [¢] are fixed vertices. Since
G is irreducible, we see, by Corollary 2.5, that G/(1) is the tree with a unique
edge [e]. The configuration of G looks like Figure 1.

>

Figure 1.

Example 2.10. Let G be an irreducible hyperelliptic graph only with
1-jointed edges. Since G is irreducible, each edge of G/(¢) has exactly one fixed
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vertex and any fixed vertex is an end of G/(i) by Corollary 2.5. Therefore,
G/{t) is a tree such that the number of edges coincides with that of ends. Since
such a graph is uniquely determined by this number, we can deduce G is also
determined by the number of edges. The configuration of G looks like Figure 2,
where ¢ acts vertically.

Figure 2.

Let S be an t-stable subset of edges of a hyperelliptic graph G. It is not
difficult to see that the contraction G’ of S is canonically a hyperelliptic graph
too.

Remark 2.11. Let G be a hyperelliptic graph. For S C Ed(G/(¢)), let
S be the pull-back of S by the quotient map. By abuse of notation, we write
Gg and G° for Gg and G*. We also call Gg the contraction of S by abuse of
words. In the most part of the sequel, only this kind of contractions appears.

Example 2.12. Let G be an irreducible hyperelliptic graph without 2-
jointed edges. Let e be a 0-jointied edge. Then we can see that the contraction
Gy is also an irreducible hyperelliptic graph, and the genus does not change.
Contracting all the 0-jointied edges, we obtain an irreducible hyperelliptic graph
with 1-jointied edges only, which appeared in the previous example.

For the class of irreducible hyperelliptic graphs, let us consider the partial
order such that G’ is smaller than G if and only if G’ is the contraction of a
t-stable subset of edges of G. Then above three examples tell us that, in the
class of irreducible hyperelliptic graphs, the ones in Example 2.9 and 2.10 are
the minimal irreducible hyperelliptic graphs with respect to this order.

Definition 2.13. Let G be an irreducible hyperelliptic graph. We say
G is minimal if it has no O-jointed edges. We call Ggq, () the minimal model
of G.

According to the above examples, we see that the minimal hyperelliptic
graphs are classified by the genus. More precisely, if G is a minimal hyperelliptic
graph of genus n, then we have the following.
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(1) If n = 1, then G consists of two 2-jointed edges e and ¢(e), as Exam-
ple 2.9.

(2) If n > 1, then any edge is one-jointed, and #FV(G/(t)) = n + 1 and
#MV(G/(1)) =1, as Example 2.10.

By contrast with minimality, we introduce the notion of maximality.

Definition 2.14. Let G be an irreducible hyperelliptic graph. We call
it a mazimal hyperelliptic graph if b, = 3 for any v with [v] € MV(G/(1)),
where b, denotes the valence at v.

Generally, let G be a graph and let v be a vertex of G with b, > 3. Let k
be an integer with 3 < k < b,. Then, there exists a graph G’ and an edge ¢’ of
G’ with the following properties (cf. [9, Figure 2]).

(a) € is a line segment

(b) G is the contraction of {e'}.

(¢) If w and w’ are the extremities of ¢/, then b,, = k and hence b, =
by — k+2.

Let us return to the hyperelliptic case. Any vertex v of G with ¢(v) # v
has at least 3 branches. Suppose b, > 3. Then, applying the above operation ¢-
equivariantly at v and ¢(v), we find that there exist an irreducible hyperelliptic
graph G and a 0-jointied edge e with the following properties:

(a) (G1)qey = G-

(b) If w and w’ are the extremities of e, we have 3 < by, by < by,
Therefore, applying this process for all non-t-fixed vertices successively, we can
achieve a maximal hyperelliptic graph:

Proposition 2.15. Let G be an irreducible hyperelliptic graph. Then
there exist a mazimal hyperelliptic graph G’ and a set of 0-jointied edges S of
G' /(1) such that G'g = G.

When we talk on hyperelliptic graphs, natural weights to be considered
are (-invariant weights. The canonical surjection EA(G) — Ed(G/(:)) lets us
consider W(G/(t)) as a subspace of W(G) and W=o(G/(t)) as a subspace of
Wx0(G). Then W(G/(1)) is the set of the t-invariants. We call a member \ of
Wxo(G /(1)) a hyperelliptic weight. We usually write

A= (/\[e])[e]eEd(G/<L>) = (M)

where A indicates the length of e or [e] with respect to the weight .

When G is a hyperelliptic graph and D is an t-invariant polarization, we
call (G, D) a polarized hyperelliptic graph. As we mentioned before, we see
that for a polarized hyperelliptic graph (G, D), such quantities defined after
realization taken as the values of the admissible Green function at vertices, the
resistance between vertices, and hence the admissible constant, are functions
on X € Wxo(G/{t)). We denote these functions by

(2.1) g(G,D)('va)a ra(v,w), €G,D)
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respectively.

2.2. Seriesization of an extreme circuit

In this subsection, we assume, for simplicity, that G is a maximal irre-
ducible hyperelliptic graph of genus more than 2. (General cases can be treated
as the contraction of edges of a maximal model.)

Definition 2.16. A set {[eg], [e1]} of 1-jointed edges of G /(1) is called
an extreme circuit if [eg] # [e1], and if [eg] and [e1] has a common extremity.

Let [v] be the common extremity of [ep] and [e;]. Then by the maximality,
[v] is an end of the subtree [H| generated by Edo(G/{¢)). In particular, there
exists [eas] € Edo(G/(t)) uniquely with an extremity [v]. On the other hand,
in G, the edges eq, e1, t(eg) and t(e1) generate a circuit. Thus {[eg], [e1]} is
considered as the data expressing a circuit at an extreme position.

Now let us introduce an operation to “seriesize” an extreme circuit. Let
{leo], [e1]} be an extreme circuit, [v] the common extremity, and let [es] be the
0-jointed edge with an extremity [v]. After a suitable choice of their represen-
tatives, we may assume v is the common extremity of eg, e; and es in G. Let
G; be the subgraph generated by {eq,e1,es,t(eg),t(e1),t(e2)} and let G} be
the graph with an t-action characterized by the following conditions: G is a
tree consisting of 2 edges, and c-action on the set of edges is free. Then we
can write {e(), t(e()} for the set of edges and {v{, v}, ¢(v])} for that of vertices,
where v, is the ¢-fixed vertex on ef, and v} is the other one on e,. Now we
construct another hyperelliptic graph G’ which we obtain from G by replacing
the subgraph G; with G}: namely, remove G; from G and joint G} so as v}
and ¢(v]) to make up with the missing vertices v and ¢(v1) (cf. Figure 3).

’
v D) U1 v = V1

€0

Figure 3. Seriesization

Then, G’ is an irreducible hyperelliptic graph.

Definition 2.17. We call this G’ the seriesization of an extreme circuit
{leol, [ea]}-

Remark 2.18. Let n and n’ be the genus of G and G’ respectively.
Then we have n’ = n — 1. There is a natural identification

Ed(G'/() \ {leo]} = EA(G/ () \ {leal; [e1], [e2]}-
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We usually denote this set by £ in the sequel.

It is more essential to treat seriesizations with weights. Let us denote by
& the common subset of edges in Remark 2.18. For a hyperelliptic weight A =
(Ag]) of G, we define a hyperelliptic weight A" of G” as follows: For e’ € Ed(G'),
if [¢'] = [ep] in EA(G'/{t)), then put

Aeol At
(2.2) by ol Zler)

oy 1= el
T N + )

and otherwise, we have [¢/] € £ and put
)\fe/] - )\[e/].

We call G’ with such a weight X the seriesization of (G, \). From the definition
of X, it has the following properties (cf. (1.2) for notation).
(1) For any e € £, we have

(2.3) T(G/,e)()‘/) =71(Ge)(A).

(2) We have

(24) Afef)] —+ T(G/,e{) ()\/) = )\[62] —+ T(G,ez)(A)'
3. The admissible constants of hyperelliptic graphs

3.1. The admissible metric

For a hyperelliptic graph G with a hyperelliptic weight A, the involution
L can acts on its realization as an isometry, and the quotient is the realization
of the weighted tree (G/{t), \). We call such metrized graph with an isometry
of order 2, a hyperelliptic metrized graph. In this subsection, we would like to
describe the admissible metric of hyperelliptic metrized graphs.

Let n denote the genus of G. For a subset S of EA(G/(t)) with #(S) = n,
we define a real number, denoted by 52 or simply §°, in the following way: If G*¥
is a sum of minimal hyperelliptic graphs of genus 1, then we put 52; =6 :=1.
Otherwise, we put §2 = 0° := 0. Note that §° = 1 if and only if all edges of
G?¥ are 2-jointed. Using it, we define a polynomial function Lg on W(G/(L))
by

La(A) =Y 6 I] e
S le]es

where S ranges over all subsets of EA(G/(c)) with #S = n. Further, for each
e € Ed(G), we define Pc[f] to be the polynomial function such that

La(\) = PE ()

does not contain the valuable A
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Example 3.1. Let G be the minimal hyperelliptic graph of genus n.

(1) If n =1, then Lg(A) = A

(2) Suppose n > 1. Then Ed(G/{:)) consists of (n + 1) 1-jointied edges,
namely, [eo],[e1],...,[en]. Put A = (Xo,...,\,), where A(e;) = \;. Taking ac-
count that a contraction of {e;, ¢(e;)} is sum of n copies of minimal hyperelliptic
graphs of genus 1, we see

La(A) = i 112

i=0 ki
which is the n-the elementary symmetric polynomial on Ag, ..., A,.
The polynomial Lg has the following properties.

Lemma 3.2.  Let G be a hyperelliptic graph.

(1) If G = G1 V Ga, then Lg = Lg, Lg,. If in addition e € EA(Gy), then
P! = PElLa,.

(2) Let G’ be the contraction of {e,t(e)} and let X' be the associated weight
on G’ with . Then Lg(\') = limy,—o La ().

Proof. The last equality in (1) immediately follows from the first one.
For S C EA(G/(1)), put S; :== S NEd(G;/{t)) for i = 1,2. Then, G* is a sum
of minimal hyperelliptic graphs of genus 1 if and only if so are both G1°' and
G5%2. Now it is obvious that Lo = Lg, Lg,.

The equality in (2) is obvious from the definition. O

Let G be a maximal hyperelliptic graph of genus more than 2, with a
weight A. Let {[eg], [e1]} be an extreme circuit and let G’ be the seriesization,
with the induced weight A’. We adopt the notation in Subsection 2.2, and recall

& =Ed(G' /() \{leo]} = EA(G/{) \ {[eo], [ea]. [e2]}-
Lemma 3.3. With the notation above, we have
(Neo] + Ne)) Lar(X) = La(V),
(Ateo) + Mer)) P2 () = PEI (),
and if [e] € €, then
(Meol + Aen)) PETN) = PE(N).

Proof. Let S be a set of n edges of G/(¢). First note that if §° = 1, then
S N {[eo], [e1], [e2]} coincides with one of

(3.1) {leol}, {lea]}s  {leols [ea]}s  {leo], e2]},  {leal [eal}-
For such an S, we define a subset of EA(G'/(:)) by

o {5 ns if #(5 N {[eo], [e1], [e2]}) =1
(ENS)U{[ep]} otherwise.
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Now, if 6% = 1 then #(S’) = n—1 and 65" = 1. Conversely, under the condition
that S N {[eo], [e1], [e2]} is one of (3.1), suppose #(S’) = n — 1 and §° = 1.
Then it is easy to see 6° = 1. This observation leads us to our formulas. O

Now we can show an explicit formula for the admissible metric.

Proposition 3.4.  Let (G,D) be a polarized hyperelliptic graph, X a
weight, and let K be the canonical divisor of G. Suppose deg(D) # —2. Then,
the admissible metric on the realization G* is given by

[e]

1 Pl
Apy=———=|dp—96 G dAle) |-
K&, D) deg(D) +92 ( D K+t eeEZd(G) LG(/\) ( | ))

Proof. By (1.4) and Lemma 3.2 (1), it is enough to show it for irreducible
hyperelliptic graphs. Then our assertion is an immediate consequence of the
following lemma and (1.3). O

Lemma 3.5.  Let G be an irreducible hyperelliptic graph and let X be a
weight. Then for any e € Ed(G), we have

2 PEO

A + 7oA La(N)

Proof. We will prove our assertion by induction on the genus n of G. If
n < 2, then G is minimal and we can obtain it by direct calculations.

Now, suppose that n > 2. Since the both sides of the equality is compatible
with the contraction (cf. Remark 1.9, (1.2) and Lemma 3.2)), we may assume
that G is maximal. Then, under the assumption of n > 2, there are at least
2 extreme circuit of G/{t). Let ([eo],[e1]) be an extreme circuit such that
[eo] # [e] and [e1] # [e]. We adopt the notation in Subsection 2.2.

By (2.3), (2.4) and the induction hypothesis, we have

leol ( y7
PLY(N)
LG AT i el =
2 Loy ATl
(3.2) — =
At +7(G.0)(N) el /y 7
P/ (X) otherwise
Le (X) '
Thus by Lemma 3.3, we obtain our equality. O

3.2. The Green function as a piecewise quadratic function

Let (G,D) be a polarized hyperelliptic graph and let A = (\)) be a
hyperelliptic weight. Let G = G* be the realization with the isometric natural
action of ¢ and let 7 : G — G/{1) be the quotient.

Let us fix [0] € FV(G/{(t)). The admissible metric on G is of form

ey = >, audut Y. bedA.
veVert(G) ecEd(G)
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We define a measure v on G/(1) by

2u = Z a[v]5[v]+ Z b[e]d)‘|[e]a

vEVert(G) ecEd(G)

where )\ is regarded as a weight on G/(t) and hence dM|y; is the induced
Lebesgue measure on the edge [e]. If h is a piecewise smooth function on
G/{1) satistying

Ah = 15[0] -V
2

(3.3)
/hW*M(G,D) =0,

it is easy to check that

An*h = (50 — N(G‘,D)

/W*h“@D) =0,

and hence by Remark 1.8 we have

7 h(x) = 9.0 (0,2).

Thus we are interested in the solution of (3.3).

With the above notation, assume in addition that G is an irreducible hy-
perelliptic graph of genus n > 2. We define a partial order < in Vert(G/(1))
and Ed(G/(t)) with respect to [o] as follows. First note that there exists
a unique geodesic connecting any two vertices since G/(t) is a tree. For
[v], [w] € Vert(G/{(t}), we write [v] < [w] if [v] is in a halfway of the geodesic
connecting [o] and [w]. Similarly, for [e], [¢/] € EA(G/{t)), we write [e] < [¢/] if
[e] # [¢] and [e] is a part of the geodesic connecting [o] and a vertex on [e/].

Let {s[e] }[e]eEd(G/(L>) be a collection of arc-length parameters s : [O, )\[e]]

— [e] such that sij(0) < si (Ajg), where [e] € Ed(G/(1)) is regarded as a
closed line segment in the realization. For a function h on G/(¢), let k() denote

ho 5[, for simplicity. Then we have a collection {h[e} }[e] €RA(C/ () of functions,

where each h. is defined on a closed interval [O, )\[e]].
Let D be a polarization of form

(3.4) D= Z(bv — 2)’[) + Z 2d[e]w[e],

[e]€Ed1 (G /(1))

where v ranges over the vertices of G with «(v) # v, b, is the valence at
v, and wy is the (-fixed extremity of e. For this kind of polarization, we
would like to describe the function h satisfying (3.3) in terms of the collection
{hie }[e]eEd(G/(Q) of functions on intervals. To do that, we are going to define,
for all [e] € EA(G/(¢)), the rational functions oq, p).je], B(c,D),[] a0d Y(G,D),[e]
on .
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In G/(1), there is exactly one edge starting from [o], which is denoted by
[eo]. First we put

P&
deg(D) 4+ 2)Lg(N)

(3.5) D). (A) = g (A) = 2(

for each [e] € Ed(G/(t)). Note that we have

2d;,
(3.6) 2 Z 206, [e) (M) Aje + Z # =1
eg(D) +2
[e]€Ed(G/ (1)) [e]€Ed1 (G /(1))

since the admissible metric has total volume 1 (cf. Proposition 3.4). Next for
any [e] € Edi(G/()) \ {[eo]}, we put

dpe)

(3.7) Biap) (V) = B (A) = — deg(D) +2

20,0y, [e] (M) Afg]-

For other [e] € Ed(G/(t)), we define B¢, p)e)(A) by the following descending
induction. Since it is defined for the other 1-jointed edges than [eg], we already
have B(q py,e)(A) for the maximal edges with respect to <. Suppose that
B(a,p),er)(A) is defined for any [e’] that is next to [e] with respect to <. Then,
we put

(3.8) Bia.) (V) = BN =Y Bia.n.).ie1(N) = 2060y (M)A
]

where [¢/] ranges over the edges of G/(:) with [e] < [¢]. Finally, let v, p),j¢] =
Ve’s be the solutions of the following equations:

(3:9) Y6.0).1](N) = (@.0) 1 (MAen” + Bia.ny ] (N Aer] + Y(6.0) e (V)
for all [e”] and [e] with [¢”] < [e], and
(3.10)

1

1
2 Y (ga(G,D),[e] M)A + iﬁ(G,D),[e](A))‘[e]
[e]€EA(G/(e))

+ ”Y(G,D),[e]()\)) (20(G,p), (e (M) Ae))

2d[€]
+ > des(D) 1 2 (26,000 (M)Al + Bic.0) e (Mg
[e1€Bds (G/ )\ {leol}
+ @0y (V)
+ 2d[€0]
deg(D) + 2
= 0.

VG, 0Y,1e] (V)
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It is not difficult to see that this system of equations on 7 (\)’s have a unique
solution (cf. (3.14)). B
By the equation (3.9), there exists a function h on G/{t) such that

hie)(t) = e (N + By (At + e (V).

Such a function is unique and piecewise smooth, and moreover, taking account
of Proposition 3.4, we can check by a messy but straightforward computation
that h satisfies (3.3). Thus we can describe the admissible Green function as a
piecewise quadratic function.

The values of the Green function at vertices can be given by 7j(A)’s: Let
e be an edges of G, and let v be the nearer extremity of e to [0o]. Then form
the construction above, we have

(3.11) 9(c,0)(0,v)(A) = vy (A)-
Thus, the v[,’s are important for the calculation of the admissible constants.

Remark 3.6. Here let us consider A\ = ()\[e]) as a system of valuables,
and let R[A] be the polynomial ring of them. Let R[)](;) denote the subset of
homogeneous ones of degree k. From the above description, we can see

IR[)‘](n—l)

and
1
Bej(A) € mRP\](W

Accordingly we have, by (3.14) which follows from (3.9) and (3.10),

(3.12) ) = e (V) € %@)

It is also easy to see that v[j()) is a rational function on . In fact, a little
more calculation (cf. (3.14) again) tells us

R[A](n-i-l)

1

Ve (A) € m

Let us carry out the calculation for minimal graphs here.

Example 3.7. Let G be a minimal hyperelliptic graph of genus n > 1.
We use the same notation as that in Example 3.1. Let w; denote the (-fixed
vertex of e; and let D = """  2d,w; be a polarization with deg(D) # —2. We
fix 0 := wp. Let A = (Ag, A1, - .-, An) be a weight, where \; = A(e;). Under those
notations, let us describe a; := ae,1(A), Bi := Be,)(A) and 7; := 7,1 (A). Let oy

denote the k-th elementary symmetric polynomial on Ag, A1, ..., A, and let a,(ci)
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denote the k-th elementary symmetric polynomial on Ag, ..., Ai—1, Ait1, .-+, An.
Then, by Example 3.1 and (3.5), we have
(i

On

)
. -1
%= 2(deg(D) + 2)o”

and by (3.7) and (3.8), we see
b 1
deg(D)+2 2 _
d; 0'5:11/\1'
deg(D)+2  (deg(D)+2)oy,
From (3.9) and (3.10) we can obtain

if i =0,
6 =

otherwise.

(2 "2
Yo=-> (gai/\iQ + @‘M) (20:i) = > m(ai/\i2 + BiXi)
i=1

i=1

4 2d
+ (SOto)\o2 + 50>\0> (2a0X0) + <deg(D())—|—2 - 1) (apXo” + Bodo)-

U Sing equalilies
O'(Z) Ao =0\ — 0O
n—1"\ n\g n+1

Z(UT(Lizl)Z)\iB =0n (Unal - (277, + 1)O'n+1),

we have

2 - ) Oni1 2dg+1 1
([N (143d43d2) N+ (n—1 - L PV
0= 3(deg(D) + 22 <§( +3di+3d:7)Aic+(n )crn> (deg(D)+2 2) 0

Using the description as quadratic functions, let us show that the val-
ues of Green function and hence the admissible constants are compatible with
contraction. Let G be an irreducible hyperelliptic graph with such a polariza-
tion D as (3.4), and let X\ be a hyperelliptic weight. For an edge e € Ed(G),
let contr : G — G’ be the contraction of {e,c(e)}, and let D’ and X be the
associated polarization and weight on G'.

Lemma 3.8.  Under the situation above, let o be an i-fixed verter and
let v be any vertex. Then we have

A[li]nio 9(c,p)(0,v)(X) = g(a,p) (contr(o), contr(v)) (/\')

and

A{lﬁi}go e(G,D)(\) =¢€(G',D") (XN).
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Proof. To show the first equality, it is enough to see that

lim a(g,p),[e(A) = aGr,pr), () (X)
)\[E]—>O

Mh]nio Bic,p).1en(X) = Biar,p) e (N)

am, Y60y} (N) = @01 (V)

for any [¢’] € EA(G/(¢))\ {[e]}, which can be straightforwardly verified by their
definitions.

The second equality follows from the first equality and the fact that the
resistances are compatible with the contractions. O

3.3. Denominator of the admissible constant

The purpose of this subsection is to show that e(G, D) is a rational func-
tion with a denominator Lg, namely, Lge(G, D) is a polynomial function on
Wx0(G/{(1)). To do that, we will show that for one o € Vert(G) with ¢(0) = o
and any v € Vert(G), the functions g(g py(0o,w) and rg(o,w) have a denomi-
nator Lg.

Let us look at g(g p)(o,v) first. As in Remark 3.6, we know that ag [,
Ba,le] and g, [¢) are rational functions on the weight A\. Moreover, we see that
ag,leg and Bg ¢ have a denominator Lg. Then how about vg )7 Indeed, it
will be technically the most important question for our goal. The next lemma
gives us an answer.

Lemma 3.9.  Let G be an irreducible hyperelliptic graph of genus n > 2
and let D be a polarization as (3.4) with deg(D) # —2. Let w be an t-fixed
verter and w' be any vertex. Then Lg(N)gq,p)(w,w')()) is a homogeneous
polynomial function on \ of degree n + 1.

Proof. We show our assertion by induction on the genus n. If n = 2,
then it is minimal and hence it follows from Example 3.7. Suppose we have our
assertion for those of genus up to n — 1.

Let G be an irreducible hyperelliptic graph of genus n(> 2). By virtue
of Lemma 3.2 (2) and Lemma 3.8, we may assume that it is maximal. Let
o1 and oz be tfixed vertices of G. Taking account of (3.11) and (3.12), we
see that if L is a denominator of g(g, p)(0s,0;5) for some 7,5 = 1,2, then so
is it for any 4,j = 1,2. Therefore, it is enough to show that Lgg(e, p)(0,0)
is a homogeneous polynomial of degree n + 1, for o such that there exists an
extreme circuit {[eo], [e1]} with [o] € [eq].

Now we adopt the notation in Subsection 2.2: let [eg] and [e;] be the 1-
jointed edges jointed at [v], and let [es] be the 0-jointed edge going away from
[v]. Let G’ be the seriesization of {[eg], [e1]} and let X' be the associated weight
with A. Recall that the genus of G’ is n — 1.Let v, be the (-fixed vertex in G}
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as before. We write o’ := v|, to indicate that it is the “origin” of the new graph
G'. We define a polarization D’ on G’ associated with D as (3.4) by

D=> (b, —2v+ > 2djewie + (2deq) + 2dje,) + 2)wiey),
g [el€B (G D\ (€4}

where we note we;) = [0'] = [vg]. Note also that deg(D’) = deg(D).

To simplify the notation, we write o), Bj¢) and v for ag ()(A), Ba, e (V)
and g [¢](A) respectively, and similarly we write a’[e], for agr ¢ (N'), ete. Now
our purpose is to show Lg(A)Y, is a polynomial function on A under the
induction hypothesis that L ,)(N )7{66] is a polynomial function on \'.

Before proceeding the proof, recall that, as in Remark 2.18, there are
identifications between sets of edges of G/(1) and sets of edges of G'/(¢):

& =Ed(G"/(1)) \{leo]} = EA(G/(1) \ {[eo]. [e1], [e2]}-
Further, we have naturally
Edi(G"/() \ {[eo]} = Ed1(G/()) \ {[eo. [ea]},
which is denoted by £, and
Edo(G'/(1)) = Edo(G"/ () \ {[e2]},

which is denoted by &. Moreover, for [¢] € £, we put

&= {le e &l €] < [e]}-
By the equations (3.9), we have
(3.13)

Ve = > (e M en” + BenAien) + Aeq)Aeol” + Bieo) Meal + Vol

[ (651 ) Ule2l}

Substituting (3.13) to (3.10) and taking account of (3.6),we find
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2
Aleo] )‘[80 + ﬁeo]/\ leo] T 7[60]

+2 Z < Oz[e]>\ [e] + ﬂ[e]A [e] + Se]) (204[6])\[6])
le]e€

1 , 1
+2<%@Mkﬂ+ﬁ@Mkﬂ>

1
+ 2 < 61]>\ 61] + 6[61 )\[61 >

P
(3.14) +2<—g%mAm3—§@mAmO
de 2
E: dea(D) 72 P+ O (WA + Sie))
ele&r
2d[e,) 2
a%z‘y;g(akﬂQVAkﬂ + Bleat (M Ajea)
2d[€0] 2
- m(a[eo])‘[eo] + Bleo) Meo])
p— O7
where we put
2
S[e] = Z (a[e/])\[e/] —i—ﬁ[e/])\[e/]).

[/l (&5 ) U feal}

From (3.14), we see that Lg? is a denominator of Yieo)- In the similar way, we
find

NeoMea] ) Aleo] Aley]
/ 0 1 / , 0 1 !/ ,
‘H%]<;E5i;§;5 MG v wny RiCh

+2§:( afghie” + 5@Ne+sm)( A ALe)

le]e&

1 x
42<3 ANy + 6

NeoMea] \ Aleg) Ales)
_ ! , 0 1 / 0 1 2 / , )\l/
(a[eo] (A[eo] + )\[61] + ﬁeo] )\[ + )‘[61] ( a[eo] 60)

2d¢) 2
* 2 gty (O B + )

. 2d[eo]+2d[e1]+2 o, < /\[60]/\[61] )2+ﬂ// ( A[eo])\[el] >
deg(D) +2 I\ Areq] + Aea) 0\ Ateg) + Aea]
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where we put

. / 2 / / ;2 /
Stg= D (feqdien” + BlenAien) + ey Ny + Bl Moy

We would like to compare 7., with ’yf - First, by (3.2) and the definition

’
€o

of aj,, we have ap = ozfe] for [e] € £ and ap.,) = ozf - Then by (3.7) and

’
€0

(3.8), we have B = 5[/@] for [e] € €. Therefore, by (3.8), we also have

Aleo] Aley]
Bl 1 = Brey — 200y [ el )
ey] = Bleal b\ Noo) + e

From these equalities, we can check easily

Aleo] A 2 Aeo] A
/ ’r 2 / / / [eo] Mei] / [eo] Mea]
Vegl ey T Pleg Mg ~ <O‘[66] <7A[eo1 n A[el]> + Bey) (A[eo] +)\[61]>>

= ey Nea) + Blea)Nea]s

which tells us Sjj = S|/ Further, we can see

1 ’ ;7 2 1 / ’
(ga[emea + 5B Aey)
Aegl A 2 Aegl A
—Na, ( [eo] Mles] > s ( [eo] Mes] ) 2l N,
< [ep] Aeo] + Aer] [eo] Aeo] + Ner] ( [eo] eo)

2, MNeoMeal \7 1, Aleo] Mey] ) Aleo] ey
= — - / 0 - ’ I —— 2 ’ S ——
<3a[e°] ()‘[eo] ) e (e A 0 \ o) + A

1 1
+ <§O‘[ez])‘[ez]2 + ﬁmez}) (2051 Me2))

Accordingly, we find
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(3.15)

— e Ao A
Yeol = Ve + | Gog(py 72~ - (HeolMeol” + Fleol Meo)

2
B 2d[60] —|— Qd[el] + 2 _ 1 a, , )\[eo])\[el] + B/ , A[EO]A[EI]
deg(D') + 2 [0l \ Meo) + Ates] O\ Meo) + Aper]

2 o 1
+2 (504[@01%] + §ﬁ[emeo1> (201[e] Aleo))

1 9 1
- 2<§a[e1]>\[61] + 55[@1])‘[@1]> (2a[@1]/\[61])

2
Lol 2 [ DM )L 8 Aleo] Afea] ot [ AeolMea ) )
3TN Neg) + A 27160\ Meg) + Aler) I\ Neo] + Aea)
Recall that our goal is to show

1
—R .
Veo] € LG()\) P‘](n-i—l)

As in Remark 3.6, we have

1
Veo] € WR[)\](%H).

Since Ajey) + Ale,] and L(A) are co-prime to each other, it is enough to show
(Ateo] + Aer)) “La (M Yeo) € R

for some a € N.
By the induction hypothesis, we have

LG/ ()\l)’yfe[)] S R[/\I] .

Therefore, taking account of Lemma 3.3, (3.5) and (3.7), we can see that the
first two lines in the right-hand side of (3.15) lie in

1
(A[eo] + A[el] )GLG()‘)

R[A]

for some a € N. Further, eliminating 8., by

dley]

- e
Fent = deg(D) + 2

— 20ey) Aley]s

we are reduced to show

3
Aleo) ey 1

c R[A

Aleo] T Afea] (Aleo] T Aper))* L (A) A

3 3 2
a[€0]2)‘[80] +a[61]2/\[61] _Offe(g] (
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for some a € N.
For simplicity, let us put Ao := Aeo), A1 1= Ay}, Po i= PC[fD], P = Pc[fl],

P, = P([;eQ] and L := Lg. Comparing (3.6) for G and that for G’, we have

(316)  2af[ellel ) Lo apA
' T\ Ateol + M) deg(D) +2 ool teol T ea}Heo
Recalling
Py Py P,

Yol = 5(deg(D) + 2)L 1 T 2(deg(D) + 2)L ") T 2(deg(D) + 2)L°
we have by (3.16)
Po)oA1 = (Ao + A1) (Poro + PiAr) mod L
in R[A]. Thus, we are reduced to show
(Mo 4+ A1) Po?x0® + (Mo + A1) PN — (Podo + P )2 Ao =0 mod L

in R[A].

Let B be the polynomial such that AgA\; B is the sum of all the monomials
of L which are divisible by AgA;. Then, since L is symmetric on Ag and A; and
any monomial in L has the factor A\g or A1, we can see that there is another
polynomial C such that L = XA B + (Ao + A1)C. Note that B and C' are
the polynomials which does not have the indeterminate Ay nor A\;. By the
definitions, we have Py = M1 B + C, P, = A\oB + C and hence

Py)g + P11 = Ao\ B mod L.
Then, we see
(Mo + AP X + (Ao + A1) P2A2 — (Podo + Pidi)? Ao
= (Ao + A1) PoAo*(Podo + Pi)p)
+ (Mo + M) PP — Podo?) — (Podo + PiA1)? Ao\
= (Ao + A1) Podo* (Ao B)
+ (Mo + AM)PIAM (AP AB + M%C = X* M B = \?C) — (Ao B)?Aoh
mod L
= (Mo + M) Poro (Mo B) + (A% = Ao Pid(AoM B)
+ (Mo + M) (M2 = X2 PAC — (MAodiB)?Xos.
Here we have
(Mo + M) Poro” + (M7 = X0®) Pidr — (Ao B) Ao
= (Ao + A1) (Mo(AoA1B) + A°C) — (AoA1B)AoA + (M7 — Ao*) Prh
= 22N B+ (Ao +A)C) + (M2 = 2D PiA
= (/\12 —Xo?)Pi A mod L.
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Therefore, we have

(Mo + A Po* X0 + (Mo + A1) P2A2 — (Podo + Pidi)? Ao
0HPIAM (Mo B) + (Ao + A1) (M2 = XD PAMC mod L
0°)Pidi (oM B + (Ao + A1)C)

mod L,

= (/\12 - A
=(M2=A
=0

thus, we complete the proof of our assertion. O

Next let us consider the resistances.

Lemma 3.10. Let G be an irreducible hyperelliptic graph of genus n
and let o be an t-fized vertex of G. Then, for any vertex v, the function

La(Mra(o,v) ()
on A € Wso(G/{1)) is a homogeneous polynomial function of degree n + 1.
Proof. We proceed in four steps.

Step 1. The case of t(v) = v. In this case, it is elementary to see
1
TG(O7 U)(A> = 5 Z A[e]v
[e]

where [e] ranges over all edges of G/(¢) between [o] and [v].

Step 2. The case where o and v are the extremities of an edge. We know

2 _P{W
A +ra (A Le(A)

Since
1 1 1

- = 4y
ra(0,v) A rae(A)

by Ohm’s Law, we obtain our assertion.

Step 3. The case where v is the extremity of a 1-jonted edge e with t(v) #
v. Let o/ be the other extremity of e. We know

ra(0,v) = g(¢,p)(0,0) — 29(¢,p)(0,v) + 9(G,p) (v, v)
ra(0',v) = g(,p)(0',0") = 2g9(c,p) (0", v) + g(a,p) (v, v).

Therefore by Lemma 3.9, rg(o,v) — rg(0’,v) has a denominator Lg. Since
ra(0',v) has a denominator Lg by Step 2, and so does rg(o,v).
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Step 4. General case. We will prove our assertion by induction on n. If
n < 2, we are in a situation above.

Now let us assume n > 2. We may assume that ¢(v) # v and that no
1-jointed edge has v as an extremity by virtue of Step 3. Then, the subtree H
of G/(v) generated by Edy(G/(¢)) is not a chain, that is to say, it has at least
3 ends. Therefore, there exist two distinct extreme circuits {[ego], [eo1]} and
{le10], [e11]} away from [o]. Then considering the seriesization of each of them,
we can see by the induction hypothesis that both (A, + Afeoi))*La(A) and
(Mero] + Aera])*La(A) are denominators of rg(o,v)()) for some a € N. Since
Aleoo] T Aleor] @0d Afe;o) + Afe;,) are co-prime to each other as polynomials, we
find that Lg(\) is a denominator. Thus, we obtain our assertion. |

Now we can obtain the following proposition.

Proposition 3.11.  Let G be a hyperelliptic graph of genus n and let D
be a polarization as in (3.4) with deg(D) # —2. Then,

La(MNe(G, D)(A)
is a homogeneous polynomial function of degree n+ 1 on the A € W(G).

Proof. By virtue of Lemma 3.2 and Proposition 1.10, we may assume G
to be irreducible. Then our result follows from Lemma 3.9, Lemma 3.10 and
[4, Lemma 4.1], except for n = 1. If n = 1, we can prove Theorem 3.14 directly
and hence we omit it. O

3.4. An explicit formula for the admissible constants

In this subsection, we will prove an explicit formula for the admissible
constant of a hyperelliptic graph.

Let G be a hyperelliptic graph. We define a polynomial function Mg on
A € W(G/(v)) as follows. For a subset T' of EA(G/(:)) with #T =n + 1 we

define ¢, = ¢ in the following way: If # MV (GT/@)) =1, then we put

c&=c"=#(BEd (GT/{())) — 2,

and otherwise we put ¢, = ¢’ := 0. Note that ¢’ = k — 1 if and only if G7 is
a sum of n — k copies of minimal hyperelliptic graph of genus 1 and a minimal
hyperelliptic graph of genus k. Then we define Mg by

Ma(A) => " [] Mo
T le]eT
where T ranges over all subsets of Ed(G/(t)) with #T = n + 1. Note that
Mg = 0 as a polynomial if G have only 2-jointed edges.

Example 3.12. Let G be the minimal hyperelliptic graph of genus n.
(1) If n =1, then Mg(X\) =0.
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(2) Suppose n > 1. Then Ed(G/(:)) consists of (n + 1) 1-jointied edges,
namely, [eo], [e1], ..., [en]. We write A = (Ag, ..., An), where A(e;) = A;. Then
we have Mg(\) = (n — 1) iy Ni-

The polynomial Mg is compatible with the operations of the one-point
sum and the contraction:

Lemma 3.13.  Let G be a hyperelliptic graph.

(1) If G = G1 V Ga, then Mg = Lg, Mg, + La, Mg, .

(2) Let G’ be the contraction of {e,t(e)} and let X' be the associated weight
with A. Then Mg/(\') = limy,,—.o Mg(A).

Proof. Let n denote the genus of G. Let T be a subset of EA(G/(:))
with #(T) = n+ 1, and put Ty = TNEA(G1/{¢)) and To = T N Ed(G2/(1)).
Then, by the definitions, we can see that ¢, = k—1 if and only if “(5511 =1 and
cgzz =k—1"or “5522 =1and cgll = k—1". Accordingly we can find M¢, Lg, +
Lg, Mg, = Mg. The equality in (2) is obvious from the definition. a

Let D be a polarization on G as (3.4). For any [¢] € Ed(G/(t)), the
contraction GU} is the minimal hyperelliptic graph of genus 1, and associated
polarization on G} with D is of form av+bw, where v and w are the vertices
and a,b € R. We put tp([e]) := min{a,b}. Now, we can explicitly express
€(G, D) by means of Lg and Mg:

Theorem 3.14. Let G be a hyperelliptic graph, and let D be a po-
larization as (3.4) with deg(D) # —2. Then, for any hyperelliptic weight
A€ Wxo(G/(1)), we have

(G, D)(A)

. 2deg(D) + 3 tp([e])(deg(D) — tp([e])) | 2deg(D) Mg (})
3(deg(D) + 2) €™ 3(deg(D) + 2) La(N)

[e]€E(G/(¢))

Before going on to the proof, we check the theorem for minimal hyperel-
liptic graphs:

Lemma 3.15.  If G is minimal of genus n, then Theorem 3.14 holds.

Proof. If m =1, it is easy to see from [4, Proposition 4.2, Corollary 4.3].

Let G be the minimal hyperelliptic graph of genus n > 1. We adopt the
notation in Example 3.7. In addition, let v be a vertex with ¢(v) # v. We can
see that

U,SIOZIAOQ - 1

ra(wo, v)(\) = rg(wo, t(v))(N) = g — 2t = = <)\0 " 0n+1>7

20, 2 n

ra(wg, w;)(A\) = %(wo + w;)
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by Ohm’s law. Therefore taking account of Example 3.7, we obtain, for ¢ £ 0,
(deg(D) + 2)g(c...p)(wo, v)(A) + 76 (wo, v)(N)

- (do - degQ(D))Ao + (deg(D) + 20,

(deg(D) + 2)g(c.p) (wo, wi)(A) + ra(wo, wi)(A)

= —d;N + (do - degT@> Ao + (deg(D) + 2)70-

Thus by [4, Lemma 4.1],

«(@GD)N) = - Xn: 2d;°\; + (deg(D) — 2dy) (do - degT(m> o

i=1

+ (deg(D))(deg(D) + 2)7o.
Now, our formula can be straightforwardly verified from Example 3.7. O

Let us start the proof of Theorem 3.14. Put

Fla,p)(N)
— 2deg(D) + 3tp(e)(deg(D) — tp(e))
- [e]eEdz(;;/<L>) 3(deg(D) +2) ALl +

2deg(D) Mcg()N)
3(des(D) +2) LoV

and put
P(G7D) = Lge(G,D) - LGF(G7D)~

Let us show P py = 0 by induction on [ := #(Ed(G/(1))). If | < 2, then G is
minimal, and it is nothing more than Lemma 3.15. Next, we assume that we
have our assertion up to ! (I > 2) and will prove it for [ + 1. First, we consider
the case where GG is reducible. Then, we can write G = G1 V G5 and G; is a
hyperelliptic graph for ¢ = 1,2. Put D; = D¥4(G) which is a polarization on
G;. Then by virtue of Proposition 1.10 and Lemma 3.2, we have

P,p)y = La, PG,,py) + La, Pa,,p,)-

Since #(Ed(G;/(1))) < I for i = 1,2, we have P p) = 0 by the induction
hypothesis.

Next we consider the case where G is irreducible. We may assume that G
is not minimal by Lemma 3.15. Then, the genus n of G is less than [. Here we
note the following claim.

Claim 1. Let P be a homogeneous polynomial on Y7,...,Y,, of degree
d with d < m. Suppose that P(aq,...,a,) =0 if a; = 0 for some i. Then, we
have P = 0 as a polynomial.
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Proof. For a (ki,...,kq) with 1 < k < ko < -+ < kg < m, let
m(ki,...,kq) be the coefficient of the monomial Yy, --- Yy, in P, ie., P =
Zklgkgg---gkd m(ki, ..., ka)Ye, -+ Yi,. For any (ki,...,kq), let us take an in-
teger k € {1,...,m}\ {k1,...,kq}, and put

P(Y1,...,Y) = Z m(ky, ... kg)Ye, - Vi,
k1< <kg,ki£k

Then, we have
P,(Y1,....Y,)=P(Y1,...,Y_1,0,Y41,...,Y,) =0,
and hence m(k1, ..., kq) = 0. Thus we have our assertion. O

Take any A € W~ (G/(t)). By virtue of Proposition 3.2 and Lemma 3.8,
we have

A([lel]r;[Lo Pa.n) = P(G{[enmew}) ()‘G“e”)
for any [e] € (Ed /(i)). Since #(Ed(G{e,.(e)3/(t))) < I, the right-hand side is
equal to 0 by the induction hypothesis. Since deg(Pg,p)) =n+ 1 is less than
(I + 1), where n is the genus of G, we can see P py = 0 by the above claim.
Thus, we complete the proof of Theorem 3.14.

4. Effective version of the geometric Bogomolov conjecture
for hyperelliptic curves

4.1. Main results

Let f : X — Y be a semistable curve of genus g > 2 as in the introduction.
We say that f is hyperelliptic if there is an action of a finite group (¢) of order
2 that induces the hyperelliptic involution on the generic fiber.

In order to describe our results, let us recall the notion of types of nodes.
Let P be a node of a semistable curve Z of genus g over an algebraically closed
field. We can assign a number ¢ to the node P, called the type of P, in the
following way. Let v : Zp — Z be the partial normalization at P. If Zp is
connected, then ¢ = 0. Otherwise, i is the minimum of arithmetic genera of the
two connected components of Zp. We denote by 0;(Z) the number of nodes
of type ¢, and by 6;(X/Y") the number of nodes of type ¢ in all the fibers of
f X — Y, i.e., 6Z(X/Y) = ZyEY 51(Xy)

In case of hyperelliptic curves, we can further define the notion of subtype
for nodes of type 0. Let X, be a fiber of f. It should be called a semistable
hyperelliptic curve over k with the involution ¢, = ¢|x,. Let P be a node of X,
of type 0. We can also assign a number j to the pair of nodes (P, t(P)) of type
0, which we call the subtype of (P, ¢(P)), in the following way (see [1, §4 (b)]
and [11] for details). If P = +(P), we set j = 0. If P # ((P), then the partial
normalization (X,)p,p) at P and «(P) has two connected components since
X, /{ty) is a tree of smooth rational curves. We set j to be the minimum of the
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arithmetic genera of the two connected components of (X,)p,p). We denote
by &o(X,) the number of nodes of type 0 and of subtype 0, and by & (Xy) the
number of such pairs of nodes of type 0 and of subtype j for j > 1. Note that
0<5< [g—gl] and

22
50(Xy) = fO(Xy) + Z 2§j(Xy)-
j=1
Further, we put
GX/Y)=) &(X
yey

The following theorem is our main result.

Theorem 4.1. Let f : X — Y be a generically smooth semistable hy-
perelliptic curve of genus g > 3 in which Y is a nonsingular projective curve
over an algebraically closed field k and X is also nonsingular. Assume that f
s not smooth. Let r1 be the number given below:

(a) If g = 3,4, then
r _ 91
bog2g+ 1)

g 1 [2}
2 2

29 go (X/Y)+ Z (2(g—1—j) - 1)&(X/Y) + > _4i(g—i)5;(X/Y)
j=1 i=1

(b) If g > 5, then

_g—1
T2t
5] |
2 Sexyyyy S BI04y

(4]
+Z4z —)6(X/Y)

Then we have

(Wk/y - Wi/y)a =11 >0,
where (wg(/y -wg(/y)a is the admissible self-pairing of the admissible dualizing
sheaf.

Recall that, as we mentioned in the introduction, we have

inf  ro(P) > — 1) (w% )y - w
pnl re(P) 2 /(= Dy @Sy )a
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if (w§ Jy Wk /Y)a is positive. Thus we obtain an answer to the effective version
of the geometric Bogomolov conjecture for hyperelliptic curves as a corollary:

Corollary 4.2. In the same situation as above, let r1 be the positive
number in Theorem 4.1. Then we have

inf _ ro(P) >+/(9g—1)r.

PeJc(K)

4.2. Estimate of the admissible constant from the above

The goal of this subsection is Proposition 4.5. To prove it, we have to
prepare some more notations.

Let G be an irreducible hyperelliptic graph of genus > 1. Let & denote
the power set of Edg(G/(t}). (There is nothing to do with “£,” in the pre-
vious section.) Note that for any S € &, we have naturally Ed,(G/(:)) =
Ed (G(mao(c/mms)/ (1) and § = Edo (G mao(/w))\s)/ (1) For an S € &,
put

MV{S} := MV (G ((mao(c/m)\8)/ (1)

and for any [v] € MV{S}, let EY([v]) be the set of those 1-jointed edges of
G/(t) which, as edges of G (ga,(c/u))\s)/(t), have [v] as an extremity. We set

vy ([v]) = #E7 ([v])-

Let 05)] and T[i] be the (v{([v]) —1)-th and the v{ ([v])-th elementary sym-
metric polynomials on the valuables {Ar)}ijeps ([)) respectively. Further we

put

St
P
<
=
i

#{ le] € Edo (G ((rday(c/w)ns) /(1) | [v] € Ole]}
v ([o]) := v ([v]) + 7 ([v]).

By definition, v¥([v]) is nothing but the valence at v in G (Bdo(G/())\S)-
First, we note the following lemma.

Lemma 4.3. In the above situation, we have the following equalities:

LeW =2 | 11 ofy) II M
le]es

Se&o \ [v]eMV{S}

Me =S X (e*wh-27 I oS II 2o

Seg \[v]eMV{S} [v'1eMV{SH\{[v]} [eles

Proof. For a fixed S € &, let S" be a subset of EA(G/(¢)) such that
#S" =n and S’ NEdo(G/(t)) = S. Note that

s _
G° = (GEdO(G/(L>)\S)(Edl(GEdl(G/m)\s)\S,) .
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Then, it is not difficult to see that 65" = 1 if and only if we have, for each
[v] € MV{S},

#(BY (W) \ S) =1,
or equivalently,
# (B () N S") = vy ([o]) — 1.

Our first equality follows from this observation.
Let us fix S € &. Let T be a subset of EA(G/(t)) such that #T =n +1
and T NEdo(G/{¢)) = S. Then we have also

T _
G" = (Grag(@/t\S) (B (Gay () s \T) °

Let [v] € MV{S} and let [ be a positive integer. Then it is not difficult to see
that ¢’ =1 and [v] € MV (GT/(1)), if and only if EY([v]) C T, I+ 2 = v5([v])
and

# (BY (W) NT =i ([v]) — 1
for any [v'] € MV{S}\ {[v]}. From this observation, we can obtain our second

equality. O

Using the expression in the above lemma, we can prove the following in-
equalities.

Lemma 4.4.  Let G be an irreducible hyperelliptic graph of genus n. For
any A € Wso(G/(1)), we have

Ma (X 1
< E — E .
La(\) — Aa 4 Al

[e]eEdo (G/(+)) [e]€Ed1 (G/{e))

N

Moreover, if n < 4, then we have

Yo g+ Yoo Al

[e]€Edo (G /(1)) [e]€Ed1(G/(t))

Mg (M)
La(N)

<

N =
] =

Proof. By the above lemma, we have

La(Y) ) Neﬁi > A

[e]€Edo (G/{t)) [e]€Ed1 (G /(1))

(4.1) = > II ot II M Yo e

Seé [v]eMV{S} [e]les [e]€Edn(G/ (1))

1
+1 > I e I[TAa) |y 2 e

Se&o []eMV{S} [e]les [e]€Ed; (G/ (1))
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Taking account that Ed1(G/(¢)) = [1j,jemvsy E7([v]) and using an elementary
inequality

(a1+--+ap)(araz - ag—1 + azas- - ap + -+ agay - - ap_2) > k*agas - - ax,

which holds for non-negative numbers, we have

( II 05})( > Nel)
[v]eMV{S}

[e]€Ed1(G/(c))

(v (l ) s
=2 ( LTI | R
[EMV{S} )MV {S}\{[u]}

1
4
s
(%} ( A[e]) 11 %1)
[e]€ EF ([v]) [0 1EMV{SI\{[v]}
Let us go on to the estimate of (4.1). Suppose S # (). For any [e] € S,
let Oile] and O_[e] denote the extremities of [e]. We put c([e])

= ContrEdo(G/(L))\(S\{[e]})([6]) for simplicity. Note that it is a vertex of
GEdo(G/(L>)\(S\{[€]})/<L>' Then, we have

S\{[ 1} _ s S S s
Oclel) = Tor[e%0-[e] T T0,[eTo_[e]"

By this formula, we see that

O O VO

le]eS \[v]eMV{S\{[e]}}

_ s s S\{[e]}
= Z T, [e]90_[e] H T1w]
eJes [w]eMV{S\{[e]}}\{e([v])}

S S S\{[e]}
05,170 [e] II Tlo) )

leMV{S\{[e]} 1\ {e([v]}

42 =3 (Tfi €195 (¢] II oh
o]

v]eMV{SI\{04[e].0-[e]}

S S
08, (e To_e] f’[v])
[v] €MV {S}\ {04 [e].0—[¢]}

= (Tfi[e] II ol + 75 (g I1 0[31)

[e]es [P]EMV{SI\{04 [e]} [P]eMV{SI\{0-[e]}

= 2 (Vg([v])qi] 11 U[va)-
/]

[v]eMV{S} v ]eMV{SH\{[v]}
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Here we set
£ = {8 € & | #(S) =k},

for each k. Then we have

> 11 f’ﬁ]HW( > A[e'])
leles )

See() [v]eMV{S} [e/|€Edo(G/

g
=D ( 2 ( II <411 /\[e]/\[e’}))
see® \[¢1€Bdo(G/()\S \[W]eMV{s}  [c]es
_ T\{[e]}
- Z (Z( H T1v] )H)‘[e])
Teg((]k+1) le]eT \[v]eMV{T\{[e]}} le]leT
-2 (3 (eern W) ).
Tesé“” [v]eMV{T} [ 1eMV{TI\{[v]} le]leT
where we used (4.2) at the last equality. Thus, we have
1
LG(A)( Yo Aty 2 A[e])
[e]€Edo (G /(1)) [e]€Edy (G/(t))
g 2
(v () S S S
ZZ( 2 ((er”O(M) T[o] II ot | 11 At | -
Se& \[v]eMV{S} [v]eMV{SH\{[v]} [e]les
Since
2
(v ([v)

ML () > () = 1) + () — 1) = 5 ([e]) — 2

for any [v], we obtain the first inequality.
We can also obtain

1 1
Lo(V) (5 Y. gty D A[e])
[eJBAa(G/ (1)) (1B (/1))
s 2 S
(v ([v]) v (W) s s
s (5 ((HCea) ey T T
Se& \[v]eMV{S} [v']eMV{SH\{[v]} [e]es

in the same way. If n < 4, then we can see #(Edo(G/(¢))) < 2, and hence
v§ ([v]) <2 for any S € & and [v] € MV{S}. Therefore, we have

V(D) S (
( (Z[l})) N 0(2[ DI WS () — 1) + (W (0]) — 1) = v5 (o)) — 2,
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and we obtain the second inequality. O
Accordingly we have the following estimate.

Proposition 4.5. With the same notation as that of Theorem 3.14, we
have the following inequalities.
(1) For any hyperelliptic graph G and for any A € Wso(G/(1)), we have

(G, D)(\)
4deg(D) + 3tp([e])(deg(D) — tp([e])) 5deg(D)
= tp(%;ﬂ 3(deg(D) + 2) A[eﬁtpde])zo 6(deg(D) + 2) 1"

(2) If every irreducible component of G is of genus less than 5, then

(G, D)(\)
deg(D) + tp([e]) (deg(D) — tp([e])) 5deg(D)
= tp(%):#o deg(D) + 2 At + tp(%;_o 6(deg(D) + 2) 1"

Proof. By the compatibility with one-point sum, we may assume G to be
irreducible. Since we know that e is 1-jointed if tp(e) = 0, our inequalities are
immediate from Theorem 3.14 and the above lemma. a

4.3. Proof of Theorem 4.1
Now we are ready to complete the proof of Theorem 4.1. We recall (w% e

w‘)’(/y)a = (wx/y -wx/y) — Zer €y. Let us compare (wx,y - wx,y) with the
admissible constants. Since f is hyperelliptic, we have

=Py ,
=1

[
—1
(wxyy - wx/v) = 5 +1é“o(X/Y)ﬂL > 59+ 1
J

4]
Z<12§ " 9 _ 1>5i<X/Y>
1

by virtue of [1, Proposition 4.7], or [11] for char(k) = 2, with Noether’s formula.
There is no problem in this part.

Let us consider the admissible constants. Let f : X — Y be the stable
model of f: X — Y, G, the dual graph of Yy = (7)_1 (y) and let A = A,
be the associated weight (cf. Subsection 1.3). The hyperelliptic involution ¢
naturally acts on G, and A is invariant under the action.

Lemma 4.6.  For G, we have the following properties.

(1) If e € Ey is a self-loop, then (e) = e.

(2) If by, < 2, then t(v) = v and the irreducible component corresponding
to v has positive genus.
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Proof. Since X, /(1) is a tree of smooth rational curves, an irreducible
component of X, with self-intersection is stable by the hyperelliptic involution.
Thus we see that a self-loop of G, is t-fixed. The assertion (2) follows from
the assumption of stability of Yy and that the hyperelliptic quotient has genus
0. O

Let E,iq be the subset of Ed(G,) defined as follows: e € Eq if and only if
“(e) # €” or “eis not a self-loop, ¢(e) = e and the action of ¢ on the extremities
of e is the identity”. Let Gy o1q be the subgraph generated by F,;4. Then, since
the nodes in Ed(Gy) \ Eoiq are the nodes mapped to the regular points by the
quotient map X, — X,/(¢), we find that the quotient graph Gy ,14/(¢) is the
dual graph of X, /(t). Thus Gy oa/(t) is a tree.

Now we define a graph G+ to be the graph obtained from G, by dividing
all the edges in Ed(G,) \Eold into two line segments. Then we can write

Vert(G;r) = Vnew II ‘/old7

where Vg = Vert (Gy) and V,,¢,, denotes the set of vertices which newly appear
as a division point of edges in Ed(Gy) \ Eoq, and

Ed(G;) = Enew I Eold>

where F, ¢, is the set of edges which newly appear as fragments in the division
of edges of G,. Moreover, the hyperelliptic involution acts naturally on G;‘
as follows: On V,;q and on E,q4, the action is the same as that on G,. For
v € Vpew, we have t(v) = v and for e € Ey.,, the edge ¢(e) is the other
fragment. We can induce a natural weight A* on G;‘ from A so that if e; and
e, are the fragments of e,

A
==
It is ¢t-invariant.

By the definition of the action and the fact that Gy oa/(t) is a tree, we
find G /(1) is a tree. By the construction, the realization of (G, AT) is the
metrized graph G, associated with the (semi)stable model as in [12].

Since the intersection of wy,y with a (—2)-curve is 0, the canonical polar-
ization w, can be regarded a divisor on Gy, i.e., it is supported in Vert(G,).
Therefore it is also regarded as a polarization of G;r.

Finally, let GJr be the graph obtained by contracting all the (-fixed edges
of G. Then, taklng account of Lemma 4.6 (2), we can see that G‘”‘1 with
the ¢ actlon is a hyperelliptic graph by its construction unless it is a one-point
graph. Note that it is endowed with a natural weight )\+ = A"|g, ,, which is a
hyperelliptic weight. Let w, 1 be the polarization of G;l associated with w, on

y,17

Gf. Since any vertex v of G;l with ¢(v) # v corresponds to smooth rational
component, the coeflicient of such v in wy 1 is equal to b, — 2.

To the contrary, let Gu 5, A3 and wy o be the contractions of the non-i-
fixed edges. Taking account that a non-c-fixed edge itself generate an irreducible



Geometric Bogomolov congecture for hyperelliptic curves 441

component of G+ we have
€y = E(G;rawy)(/\+) = E(G;pwy,l)(x’_) + e(Gy QaWy,Z)()‘;_)

by virtue of Proposition 1.10.
By the definition of the weight A\]", we see

1
) M (le) = 560(X,)
[e]€Ed(G /(1)) tp(e)=0
and
> AT ([e]) = &(X,)
[e]€Ed(G /() tp(e)=]

Suppose g > 5. Then by Proposition 4.5 (1), we have

(23] ‘ ‘
4(g—1)+6j(g—1—7j)
+ > 3

59 —1)
12¢g

6(G@/J"*".y,l) < §o(Xy) + §i(Xy),

Jj=1

and by [6, Corollary 5.8], we have

(5] /.
G(Gyﬂ’wyﬂ) < Z(le(ggl) - 1) 6i(Xy),

where we used deg(wy) = 2(g — 1). Consequently we have

2

U AT S (et 2 ILT i
j=1

39

Therefore,
(Wg(/y ) W?{/Y)a

o (9= D2 -5)
129(29 +1)

2(9g-1)3jlg—1-3j)—g—2)

S(X/Y)+ > 3025 7 1)

Jj=1

§(X/Y)

N\m

+ 2 42g+1)52—(X/Y).

Now since g > 5, we have

3j(g—1-J)—g—2>3(9g—2)—g—2=2(g—4) >0,
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which shows (w% /3 - w5y )a > 0. Thus, we obtain our main result for g > 5.

Secondly, let us consider the case of g < 4. Then the genus of G, is at
most 4. Therefore, we can apply the inequality of Proposition 4.5 (2), and by
the same way as above, we obtain an inequality

o < 20 Veyx,) + [:fj? 2oLt 1= x,)
and hence we find )
@y -y )a
D=0 [Z] 6010 =D iy
N % M= Dila =), v

—~  9(29+1)
All the coefficients of £;(X/Y") and 0;(X/Y") are positive if g > 3, thus we have
reached our main result for g = 3,4.

DEPARTMENT OF MECHANICAL ENGINEERING AND SCIENCE
GRADUATE SCHOOL OF ENGINEERING

Kyoro UNIVERSITY, KyoTO, 606-8501, JAPAN

e-mail: yamaki@kusm.kyoto-u.ac.jp

References

[1] M. Cornalba and J. Harris, Divisor classes associated to families of stable
varieties, with application to the moduli space of curves, Ann. Sci. Ecole
Norm. Sup. 21 (1988), 455-475.

[2] W. Gubler, The Bogomolov conjecture for totally degenerate abelian vari-
eties, Invent. Math. 169 (2007), 377-400.

[3] A. Moriwaki, Bogomolov conjecture for curves of genus 2 over function
fields, J. Math. Kyoto Univ. 36 (1996), 687-695.

[4] , A sharp slope inequality for general stable fibrations of curves, J.
Reine Angew. Math. 480 (1996), 177-195.
[5] , Bogomolov conjecture over function fields for stable curves with

only irreducible fibers, Compositio. Math. 105 (1997), 125-140.



[9]

[10]

[11]

[12]

[13]

[14]

Geometric Bogomolov congecture for hyperelliptic curves 443

, Relative Bogomolov’s inequality and the cone of positive divisors
on the moduli space of stable curves, J. Amer. Math. Soc. 11 (1998), 569
600.

, Arithmetic height functions over finitely generated fields, Invent.
Math. 140 (2000), 101-142.

E. Ullmo, Positivité et discrétion des points algébriques des courbes, Ann.
Math. (2) 147 (1998), 167-179.

K. Yamaki, Geometric Bogomolov’s conjecture for curves of genus 3 over
function fields, J. Math. Kyoto Univ. 42 (2002), 57-81.

, A direct proof of Moriwaki’s inequality for semistably fibered sur-
faces and its generalization, J. Math. Kyoto Univ. 42 (2002), 485-508.

, Cornalba-Harris equality for semistable hyperelliptic curves in pos-
itive characteristic, Asian J. Math. 8-3 (2004), 409-426.

S. Zhang, Admissible pairing on a curve, Invent. Math. 112 (1993), 171
193.

, Small points and adelic metrics, J. Algebraic Geom. 4 (1995),
281-300.

, Equidistribution of small points on abelian wvarieties, Ann. of
Math. (2) 147 (1998), 159-165.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


