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A computation of universal weight function
for quantum affine algebra U,(gly)

By

Sergey KHOROSHKIN and Stanislav PAKULIAK

Abstract
We compute weight functions (off-shell Bethe vectors) in any rep-
resentation with a weight singular vector of the quantum affine algebra
U,y (gly) applying the method of projections of Drinfeld currents devel-
oped in [EKP].

1. Introduction

In [EKP] a new method for the construction of weight functions, also
known as off-shell Bethe vectors, was suggested. In this paper we apply the
constructions of [EKP] and [KPT] to the quantum affine algebra U,(gly) and
compute explicitly off-shell Bethe vectors in representations with a weight sin-
gular vector.

Off-shell Bethe vectors in integrable models associated with the Lie algebra
gly have appeared in [KR] in the framework of the algebraic nested Bethe
ansatz. Except for N = 2, off-shell Bethe vectors are defined inductively. They
are functions of several complex variables. If the variables satisfy the Bethe
ansatz equations, the Bethe vectors are eigenvectors of the transfer matrix of
the system. The construction of [KR] was developed in [TV1], where weight
functions were defined as certain matrix elements of monodromy operators.
Recently, the construction of [TV1] was used in [TV2] for the calculation of
nested Bethe vectors in evaluation modules and their tensor products.

The approach of [EKP] is based on the “new realization” of quantum affine
algebras [D] and its connection to fundamental coalgebraic properties of weight
functions, found in [TV1]. The key role is played by certain projections to
the intersection of Borel subalgebras of different kind of the quantum affine
algebra, introduced in [ER]. It is shown in [KP], [EKP] that acting by a pro-
jection of a product of Drinfeld currents on highest weight vectors of irreducible
finite-dimensional representations of U,(gly) one obtains a collection of ratio-
nal functions with the required comultiplication properties, that is, a weight
function.
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In this paper we perform a calculation of those projections and present
explicit expressions for weight functions of the quantum affine algebra U, (gly)
in modules with a weight singular vector. We present the result in two different
ways. First, we write the weight function as a polynomial over Gauss coordi-
nates of defining L-operators with rational dependence of parameters, see eq
(5.3); this is equivalent to certain Cauchy type integral over Drinfeld currents,
see Theorem 1; eq. (4.38) and eq. (4.39). Second, we express the weight func-
tion as a polynomial with rational functional coefficients over matrix elements
of the same L-operators (Theorem 2). As an application we compute off-shell
Bethe vectors in evaluation modules.

We compare our results with calculation of [TV2] and verify a variant
of the conjecture of [KPT] about the coincidence of the two constructions of
weight functions. For such a verification we need to adjust our construction to
the data of [TV2], were the different R-matrix is used.

The paper is organized as follows. In Section 2 we recall the two descrip-
tions of U,(gly): by means of the fundamental L-operators and the so called
new realization’ of Drinfeld. In Section 3 we describe, following [KPT], the
construction of a weight function as a certain projection of products of Drin-
feld currents. Section 4 contains the main calculations with the constructions
of [EKP] and [KPT]. For this we extend the projection operators of [ER] to a
natural completion of the algebra, where we use so called composed currents
of [DK] and strings. Their projections are then expressed in Gauss coordinates
of the fundamental L-operator.

In Section 5 we translate the results to the L-operator’s language. The
resulting formula, see Theorem 2, is more general then in [TV2]: it does not
refer to any evaluation map. Its structure is rather curious: the order of L-
operators’s entries does not correspond to any normal ordering of the root
system. A specialization to the evaluation map is given by eq. (5.24). In Section
6 we compare our results with [TV2]. The R-matrix in [TV2] differs from ours
by a finite-dimensional twist. We modify accordingly our construction and
observe the resulting literal coincidence with [TV2]. This allows us to verify the
conjecture of [KPT] for the defining R-matrix as in [TV2]: the two constructions
of weight functions give the same result in any irreducible Uq(g[ n)-module with
a weight singular vector. This result can be formulated on a formal level, see
Theorem 3. The paper contains three appendices with important technical
results, including various properties of strings and of their projections.

o~

2. Quantum affine algebra U,(gly)

2.1. L-operator description
Let E;; € End(C%) be a matrix with the only nonzero entry equal to 1 at
the intersection of the i-th row and j-th column. Let ¢ be a complex number,
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which is neither 0 nor a root of unity. Let R(u,v) € End(CN @ CV) ® C[[v/u]],

R(u,v) = Y Eu®Ey

1<i<N
L= v E;®E;; +E ®F
(2.1) T qu—gq-1v Z (Ei @ Bj; + Ejj ® Eqy)
1<i<j<N
q—q !
qu—g-1v Z (vEij @ Bji + uE;j; @ Eyj),

1<i<j<N

be a trigonometric R-matrix associated with the vector representation of gl .
It satisfies the Yang-Baxter equation

(2.2) Riz(ur,u2)Riz(ur, us)Ros(ug, us) = Raz(ug, ug)Rig(u1, uz)Riz(uy, ug),
and the inversion relation
(2.3) Ria(ur, u2)Ror (ug, uq) = 1.

The algebra U, (5[ ~) (with the zero central charge and the gradation opera-
tor dropped out) is a unital associative algebra generated by the modes ij E=R

k>0,1<1i,j <N, of the L-operators L*(2) = Y7, Z?fj:l E;; ®L$ [+k]2FF,

subject to relations
ng(u, U) . Lli

(2.4) Riz(u,v) - LT

where 1 <i < j<N,1<k<NandLf(u)=L%u)®1, Lf(u) =10 L*(u).
The coalgebraic structure of the algebra U,(gly) is defined by the rule

(2.5) A (L(w) =Y Lis(u) @ L, ().
k=1

2.2. The current realization of Uq(g[N)

The algebra U, (gA[ n) in the current realization (with the zero central charge
and the gradation operator dropped out) is generated by the modes of the
Cartan currents

(2.6) k()= ) kTEmETT, KOk [0) =1,

m>0

i =1,...,N, and by the modes of the generating functions (called ‘Drinfeld
currents’)

(2.7) Bi(z) =Y Eiln]z™",  Fi(z)=)»_ Fin]z"",

neZ nez
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i=1,..., N — 1, subject to the commutation relations

(2.8)

I\

\
£
&
O
&
+
=
& =
Il
=
s
S
&
N
=
N}—‘
\
=)
s

ki (2) Fi(w) (kil(z))_l _z-qw

kE(2)Fj(w) (K (2) T = Fiw)  if i#j,j+1,

KB (w) () = o= o Biw),
Ei () Biw) (K () = S Biw),

KE(2)Ej(w) (K (2) 7 = Bi(w)  if i+ 1,
(i), Fy ()] = 61y 8(2/w) (a — ™) (6 () /K () — b () b ()
where 0(2) = 3, ., 2" and to the Serre relations
Sym,, ., (Ei(21)Ei(22) Eix1(w) — (¢ + ¢~ ") Ei(21) Ei1 () Ei(22)+
+ Eit1(w)Ei(21)Ei(22)) = 0,
Sym,, _, (Fi(21)Fi(z2) Fix1(w) — (¢ + g ) Fi(21)Fiz1 (w) Fi(22)+
+ Fiz1(w)Fi(21) Fi(22)) = 0.

The isomorphism of the two realization is established with a help of the Gauss
decomposition of L-operators. We define Gauss coordinates Fjil(z)7 Ej[](z)

1<i<j<Nand kli(z), i =1,..., N by the relations

N N
LE(z) = (Z Eii + Z ngz(Z)E”>

(2.9)

L
(2.10) ~

N N N
i=1 i=1 1<J
We identify k(2) with the Cartan currents (2.6) and set [DF]
(2.11) Ei(z) = E:rz+1(z) - E;i—',—l(z)’ Fi(z) = Fj+1z(z) - F;+1,i(z)'

For any series G(t) = ), ., G[m]t™™ we denote GH)H =3 Gm]t™™,
and G(t)(7) = =" _  G[m]t~™. The initial conditions (2.4) imply the rela-
tions B

(2.12) F

) =FE(E®, EE, () =z(E()T.
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In [D] the current Hopf structure for the algebra U, (gly ) has been defined,
1

AP (Ei(2)) = Ei(2) @ 1+ k7 (2) (ki3 (2)) T ® Ey(2),

(2.13) AP (F(2)) = 18 Fi(=) + Fi(2) @ k7 (2) (k1 ()

AP (kE(2)) = ki () © k7 (2).

We consider two types of Borel subalgebras of the algebra U, (5[ ~)- Borel
subalgebras U, (b%) C U, (gA[N) are generated by the modes of the L-operators
L(i)( ), respectively. Another type of Borel subalgebras is related to the cur-
rent realization of U, (g[N) The Borel subalgebra Ur C U, (g[N) is generated
bythemodesF[]k[m]Z—l LSN-—-1,5=1,. NnEZandmZO
The Borel subalgebra Ug C Uq(g[N) is generated by the modes E;[n], k; [-m],
i=1,....N—1,7=1,...,N, n € Z and m > 0. We also consider a sub-
algebra U, C U, generated by the elements F;[n], k’]‘" [m], i =1,...,N —1,
j=1,...,N,n€Zand m > 0, and a subalgebra Uy, C Ug generated by the
elements F;[n], k; [-m],i=1,...,.N—1,j=1,...,N,n € Z and m > 0.
Further, we will be interested in the intersections,

(2.14) Uy =UpNU(b7),  Uf =UpNUy(b*)

and will describe properties of projections to these intersections.
It was proved in [KPT] that the subalgebras U, and Ujt are coideals with
respect to Drinfeld coproduct (2.13)

AP UE) c Uy(gly) @ Us,  API(UF) CUF @ Uy(gly),
and the multiplication m in U, (gA[ n) induces an isomorphism of vector spaces
m:U; @Ug — Up.

According to the general theory presented in [EKP] we define projection op-
erators Pt : Up C Uy(gly) — Up and P~ : Up C U,(gly) — U, by the
prescriptions

PH(f- f+) =e(f-) f+ P(f- f+) = f- e(f+),
(2.15) for any f-eU;, fy+e€ U;.
Here ¢ : Uq(g[N) — C is the counit map.

Denote by Up an extension of the algebra Up formed by linear combi-
nations of series, given as infinite sums of monomials a;, [n1]-- - a;, [nx] with
ny <--- <mnyg,and ny + - - - + ny, fixed, where a;,[n] is either Fj,[n;] or k: [ny].
It was proved in [EKP] that

(1) the action of the projections (2.15) can be extended to the algebra U r;

(2) for any f € Up with AP)(f) = ZZ fl @ fI' we have

(2.16) f= ZP - PT(fD.
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3. Weight functions

3.1. Definitions
This section is based on the paper [KPT]™.
We call a vector v a weight singular vector if it is annihilated by any non-

negative mode F;[n], i =1,...,N — 1, n > 0 and is an eigenvector for k;r(z),
i=1,...,N
(3.1) Ej‘zﬂ(z) v=0, kf(z)-v=X\(2)v,

where \;(z) is a meromorphic function, decomposed as a power series in z~*.

The L-operator (2.10), acting on a weight singular vector v, becomes upper-
triangular

(3.2) Li(z)v=0, i>j, Li(z)v=»X(z)v, i=1,...,N.

We define a weight function by its comultiplication properties.

Let II be the set {1,..., N — 1} of indices of the simple positive roots of
gly. A finite collection I = {i1,...,4,} with a linear ordering i; < -+ < i,
and a ‘coloring’ map ¢ : I — II is called an ordered II-multiset. Sometimes, we
denote the map ¢ by ¢;. A morphism between two ordered II-multisets I and J
is a map m : I — J that respects the orderings in I and J and intertwines the
maps ¢y and ty: tym = mey. In particular, any subset I’ C I of a IT-ordered
multiset has a unique structure of II-ordered multiset, such that the inclusion
map is a morphism of IT-ordered multisets.

To each IT-ordered multiset I = {41,...,4,} we attach an ordered set of
variables {t;|i € I} = {t;,,...,t;, }. Each element i;, € I and each variable t;,
has its own ‘type’: ¢(ix) € IL.

Let i and j be elements of an ordered II-multiset. Define a rational function

ti — 1 . ) .
di—q 4, if (@) =1(j)+1,
1t —qt;
79 i () =)+ 1,
(3.3) Vtit) =4 fiTh
ti —q Mt
LA it ) =)
q—t; — qt;
1, otherwise.

Assume that for any representation V' of Uq(gA[N) with a weight singular
vector v, and any ordered II-multiset I = {41, ...4,}, there is a V-valued ratio-
nal function wy, ;(¢;,,...,t,) € V depending on the variables {t;|i € I}. We
call such a collection of rational functions a weight function w, if:

*1The definition of the weight function used in this paper differs from that of [KPT] by the
reverse order of the variables. The definition of the modified weight function is the same.
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(a) The rational function, corresponding to the empty set, is equal to v:
’LUV’@ =0 .

(b) The function wy,;(¢;,,...,t;, ) depends only on an isomorphism class
of an ordered II-multiset, that is, for any isomorphism f : I — J of ordered
[T-multisets

(3.4) wy,r(traylier) = wv,s(tilier).

(c) The functions wy. 1 satisfy the following comultiplication property. Let
V =V, ® V5 be a tensor product of two representations with singular vectors
vy, vo and weight series {/\,()1)(1;)} and {)\l(f) (u)}, b=1,...,N. Then for any
ordered II-multiset I we have

wyr(tilier) = Z wvy, 1, (tilier,) @ wyy, 1, (tilier,)
I=0 111
(3.5) ()
A ()
x ®p, 1, (tilier) [] ﬁ,
JEIL 7u(j)+1\"

where

1,1, (tilier) = H Y(tiyt;).

i€ly, jel, i<j

The summation in (3.5) runs over all possible decompositions of the set I into
a disjoint union of two non-intersecting subsets I; and I. The structure of
ordered II-multiset on each subset is induced from that of I.

Given elements 4, j of an ordered multiset define two functions ¥(t;,t;) and
B(ti,tj) by the formulae

ti —1; . . )
qti — g t; ) if (@) =) +1,
It ts) = Lt —qt
Wit =) EI Gy =) 1
ti —t,
1, otherwise
and
1t —qt;
LT i i) =),
(36) B(ti;tj) = ti — tj
1, otherwise.

A collection of rational V-valued functions wy, 1 (¢;|icr), depending on a

representation V' of U, (gA[N) with a weight singular vector v, and an ordered
IT-multiset I, is called a modified weight function w, if it satisfies conditions
(a), (b) above and the condition (c¢’):



284 Sergey Khoroshkin and Stanislav Pakuliak

(¢") Let V = V1®V; be a tensor product of two representations with singular
vectors vy, vo and weight series {)\1(71)(“)} and {/\l()2) (w)}, b=1,...,N. Then
for any multiset I we have

wurtilier) = D wvn(tilien,) ® Wv, 1, (tilier,)
=1, ][I

5 2 1
x 1, (tilien) - TT A () TT A (),
Jjeh j€EI2

(3.7)

where
&)11712(ti‘i61) = H ﬁ(tivtj) H :Y(tivtj)'
i€ly, jelz i€ly, jeI1, i<7J

There is a bijection between weight functions and modified weight func-
tions given by the following relations. Let w be a weight function. Then the
collection wy s (t;|;cr), where

(3.8) wyr(tilier) = wvr(tilier) [] 8t t;) T Mo+ ()
i<j il

is a modified weight function.
3.2. Weight function and projections

Let I ={i1,...,in} and J = {j1,...,Jn} be two ordered II-multisets. Let
o : I — J be an invertible map, which intertwines the coloring maps ¢y and ¢;:
tjo = oy, but does not necessarily respect the orderings in I and J (that is,
o is a ‘permutation’ on classes of isomorphisms of ordered IT-multisets).

Let w(t;|jes) be a function of the variables ¢j|jcs. Define a pullback
TNo(t;|;er) by the rule

(3.9) Tw(tilier) = w(toe)lier) 1T V(tis t;)-
i,j€I,i<j, o(j)=<o(3)

One may check [KPT] that the pullback operation (3.9) is compatible
with the comultiplication rule (3.5). We call a weight function wy, ;(t;|icr)
q-symmetric, if for any ordered Il-multisets I and J and an invertible map
o : I — J, intertwining the colouring maps, we have

(3.10) TTwy, g (tilier) = wyv 1 (tilier).

For any multiset I we define a U;—valued series Wy (t;];c1) as the projection
(3.11)  Wi(tilier) = PT (Foa) (tin) Fugin ) (tin_y) - Fugin) (ti) Fui) (i)
We call the series Wy (t;|icr) universal weight function.

Theorem 1 (KPT). A collection of V-valued functions

wy, 1 (tilier) = Wr(tilier) v,
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where V is a Uq(gA[N)-module with a singular weight vector v, form a q-sym-
metric weight function.

Let 7 = {ny,n2,...,nny_2,nNn_1} be a set of non-negative integers. Let
I7, be an ordered II-multiset, such that its first n; elements have the type 1,
the next ny elements have the type 2 and the last ny_; elements have the type
N — 1. Denote by f[ﬁ] the set of related variables:

(3.12) ) = {t},...,til;t%,...,tiz; ;t{V—l,...,tﬁ;}I}.

The variable tf is of type a. If n, = 0 for some a, then the variables of the
type a are absent in the set (3.12). Denote by WY ~! () the universal weight
function associated with the set of variables (3.12).

W @) = PH (P (004) -+ Py (8

nNN-1

(3.13)
B(i2,)- B3)F(t,) - Fi(t)).

For any weight singular vector v let wg_l(t_[m) = WN*I(f[ﬁ]) v be the related

weight function and

MNa—1

N
(3.14) wi  (E) = B [ T Aate™) w™ ' (Ea)
a=2 (=1

the corresponding modified weight function. Here

N—-1 _ 4—11a /1a
sy =] ] LL it i/t

__ta/a
a=1 1<0<t/<ng 1 té/tf’

We call the modified weight function (3.14) off-shell Bethe vector.

One can see that any II-ordered multiset is isomorphic to a permutation
of some Ij. The g-symmetric property then implies that the series (3.13) com-
pletely describe the universal weight function (3.11), and of-shell Bethe vectors
(3.14) completely describe the corresponding modified weight function.

4. A computation of the universal weight function

In this section we express the universal weight function W™ ~1(#;) in gen-
erators of Uq(g[N), using the definition of the projection operator PT. Our
strategy is as follows. Under projection operator in (3.13) we separate all fac-
tors Fy(t?) with a < N — 1 and apply to this product the ordering procedure
of Proposition 4.1, based on the property (4.9). We get under total projection
a symmetrization of a sum of terms z; P~ (y;) P™(z;) with rational functional
coefficients; here each x; is a monomial on the modes of Fy_1(t), and y;, 2;
are monomials on the modes of F,(t) with a < N — 1. Then we reorder z;
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and P_(y;). At this stage composed currents, collected in so called strings, ap-
pear. The calculation of the projection of strings is a separate problem, which
is solved by analytical tools.

4.1. Basic notations
Let [ and 7 be two collections of nonnegative integers satisfying a set of
inequalities

(4.1) lo<re, a=1,...,N—1.

Denote by [I,7] a collection of segments which are sets of positive increasing
integers {l, + 1,...,7q4 — 1,74} including r, and excluding I,. The length of
each segment is equal to r, — [,.

For a given set [I,7] of segments we denote by t[7,7 the set of variables

T _ 1 1. A N=2 N-—-2, 6 ,N-1 N-1
(4.2)  Fgm =Lt ot e et T T

The number of the variables of the type a is equal to r, — [,. In this notation,
the set of the variables (3.12) is 5] = #]5,5)- One can consider (4.2) as a list of
variables, corresponding to the ordered multiset, naturally related to [I, 7].

For any a = 1,..., N—1 we consider the segment [l,,7,] = {lo+1,...,74—
1,74} as an ordered multiset {l, + 1 < --- < r, — 1 < 7.}, in which all the
elements are of the type a. The related set of variables is denoted as

(4.3) B oy = (e 0,

All the variables in (4.3) have the type a. For the segment [l,,7,] = [0, n,] we
use the shorten notation E([lo,na] = ffna}

Our basic calculations are performed on a level of formal series attached
to certain ordered multisets. To save space we often write some series as
rational homogeneous functions with the following prescription. Let {¢;]i €
I} = {t;,,...,t;, } be the ordered set of variables attached to an ordered set
I ={iy <ia <+ <iy} and g(t;|i € I) be a rational function. Then we
associate to g(t;|i € I) a Laurent series which is the expansion of g(¢;|i € I) in
the region |t;,| < |ti,| < -+ < |t;, | If, for instance, 1 < 2, then we associate

a series — Y, < tht; k=1, With this convention

to a rational function ;
1 —t2
to a rational function of the variables f[; we associate a Taylor series on t} /tf
with b < ¢ and on #{ /t§ with i < j.
For a collection of variables 7 ; we consider an ordered product

F(ts) = H H Fo(t})
(4.4) N-1>a>1 \re>0>1,
= Fna(thy ) Fvoa(th, b ) - Fu(th) - Pt 1),

where the series F,(t) = Fo41,4(t) is defined by (2.7). As a particular case, we

have F(t% ]) = Fa(t7,) Fa(tf o) Fa(tf 1)

(la:7a
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— —_—

Symbols [] 4, and [] A, mean ordered products of noncommutative en-

tries A,, such that A, is on the right (resp., on the left) from A, for b > a:

IT 4e=44,11 - A Ai, [ Aa=A4iAigr - A1 Ay

j>a>i 1<a<j

For collections of positive integers 7 and [ which satisfy inequalities (4.1) we
denote by S;; = Spy_,—1x_, X *++ X Sy -y, a direct product of the symmetric
groups. The group S;; naturally acts on functions of the variables f[l-ﬂ by
permutations of variables of the same type. f c = ¢V 1 x ... x o' € Sy 7, set

tNl

g . et 1
(45) tlr _{ta'N l(lN 1+1) oN 1(7'1\7,1)’.'.7t01(l1+1)"“’t01("“1)}‘

For a formal series or a function G(#;) the g-symmetrization means

(46) Y I 1 q_—1 q- ta (e)/tga(e') G ().

1<a<N-1 s¢ 1
o (O)<a®(€)

The operation (4.6) is well-defined throughout the paper, see [KP] for details.
According to (3.10) we call a formal series G(t; ) g-symmetric if

N-1

(4.7) Sym g, (G(f[lfﬂ)) = [ (e — 1)! G(E0))-

a=1

The g-symmetrization of any series is g-symmetric.

For a set of segments [l,7] we introduce a third collection of nonnegative
integers 5 such that 0 < s, <r,—1l,,a=1,..., N —1. Each integer s, divides
the segment [[,7] into two nonintersecting segments [I,7 — 5] and [F — 5,7).
Recall that we include into segment its left edge and exclude the right one. It
means that [ly,7¢ — Sa] = {la +1,...,7¢ —Sa — L,7q — S} and [rg — 84,74] =
{ro —sa+1,...;70 — 1,14} )

For a set of the variables {7 ;) and a collection of integers § which divide
the set of segments [I, 7] we define a series

N-—-2 q— 71 ta /ta—i-l
TN /
(4.8) Zs(tia) = 1 II W—
a=1 Ta—8a<L<Tq ¢
lo41<l <rgi1—Sa+1
Note that this series does not depend on the variables tTN U TORUNS
and t11+17 ... 7t,l«l 1 If sy_1 = ry—1 then this series does not depend on all

variables of the type N — 1 from the set ¢ 5. Also if r, = [, for all a except

one value a = j then the collection [I, 7] of segments contains only one segment
of the type j and we set the series (4.8) equal to 1.
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We call any expression ), fﬁi) . ff), where f&i) e Uy and ff) € U]}"
(normal) ordered. Using the property (2.16) of the projections we can present
any product (4.4) in a normal ordered form.

Proposition 4.1.  We have an equality
Ftgn) =

1
(49) 2 RSPy | O e

0<sy-1<rN-1—INn-1 0<s1<r1—l; 1<a<N-1

x Sym g, (Zsltn) P~ (FErosm) - P* (FlEres)))-

Proof. We use the coproduct (2.13). The g-symmetrization appears in
(4.9) due to the commuting of the Cartan and simple root currents correspond-
ing to the same type, and the series Zg(f[l-ﬂ) appears due to the relation

1
ka1 (0 ) R (6 0) - Falty,) - Fa(ty, o 1) =

—1 ja a+1
q—q "ty ]/t
= L e Rl Ralth )
Ta—Sa<l<rTq [4 e
lay1<t'<ray1—sat1

1 1
X k:+1(tgj;1—sa+1) T k:+1(t7at1+1)

which has to be used in order to apply the operator P~ in the right hand side
of (4.9). O

4.2. Composed currents and strings

Following [DK], [KP], we introduce composed currents F;;(t) for i < j.
The composed currents for nontwisted quantum affine algebras were defined
in [DK]. The series Fi+1,(t), ¢ =1,...,N — 1, coincides with F;(¢), cf. (2.7).
According to [DK], the coefficients of the series Fj ;(t) belong to the completion
Ur of the algebra Ur, see Section 2.2.

The completion U determines analyticity properties of products of cur-
rents (and coincide with analytical properties of their matrix coefficients for
highest weight representations). One can show that for |i — j| > 1, the product
F;(t)F;(w) is an expansion of a function analytic at ¢ # 0, w # 0. The situation
is more delicate for j = i,i+ 1. The products F;(t)F;(w) and F;(t)F;+1(w) are
expansions of analytic functions at |w| < |¢?¢|, while the product F;(t)F;_1(w)
is an expansion of an analytic function at |w| < |t|. Moreover, the only sin-
gularity of the corresponding functions in the whole region ¢t # 0, w # 0, are
simple poles at the respective hyperplanes, w = ¢t for j =4,i+ 1, and w = ¢
for j =i — 1. Recall, that the deformation parameter ¢ is a generic complex
number, which is neither 0 nor a root of unity.

The definition of the composed currents may be written in analytical form

dw dw

(410) Fjﬂ;(t) = — ie:s,tFj7a(t)Fa7i(w) — = i(e:S)gFj’“(w)F“(t)

w ’ w
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forany a =i+ 1,...,7 — 1. It is equivalent to the relation
dw gt —qt/w dw
F;;(t)= @ F; () Fys — = ———— Fi(w)F;.(t) —,
oy 0 P Fst) 5 = I FwB0

dw gt —qu/t dw
D= Fa(w)F,,t) 2L - ¢ L "9 p )F; (w) 22
) f o Fut) = § = B0 ()
In (4.11) § 2 g(w) = go for any formal series g(w) = Y, .7 gn2~

Using the relatlons (2.8) on F;(t) we can calculate the residues in (4.10)
and obtain the following expressions for Fj;(t), i < j:

(4.12) Fii(t)=(q—q )" E ) Figa(t) - Fj_1(t).

For example, Fj 1 ,(t) = F;(t), and Fy10,(t) = (¢ — ¢ ') F;(t)Fi11(t). The last
product is well-defined according to the analyticity properties of the product
F;(t)Fi+1(w), described above. In a similar way, one can show inductively
that the product in the right hand side of (4.12) makes sense for any i < j.
Formulas (4.12) prove that the defining relations for the composed currents
(4.10) or (4.11) yields the same answers for all possible values i < a < j.

Calculating formal integrals in (4.11) we obtain the following presentations
for the composed currents:

Fji(t) =Fjq(t)Fai[0] — qFa[0]F} q(t)
(4.13) + (=g Faslk] Fya(t) 7,

k<0

Fj,i(t) :Fja[O]Fai(t) - _1Fai(t)F‘a[0]

q_q ZFaz t_k

k>0

(4.14)

which are useful for the calculation of their projections.
The analytical properties of the products of the composed currents, used
in the paper, are presented in Appendix A.

For two sets of variables {uj,...,ur} and {v1,...,vx} we introduce the
series
k k _1
: “1I I = U [ Um
Vi, univey o0 1—w /u 1= Ut [
— — ’
m=1 MEEM = m1 m m

(4.15)

m—1 1

ﬁ Hq—qv/u'
- .

—Um/um iy 1 — v /U

m=1 =1

Consider again a collection of segments [I, 7] and associated set of variables
t,7- Let j = max(a) such that 7, =1 for b=a+1,...,N — 1. Let 5 be a set
of nonnegative integers, which besides the inequalities

(4.16) 0<s,<rqg—1lg, a=1,...,j
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satisfies the following admissibility conditions
(417) 0280§81SSQ...SSj_lgsj‘:Tj*lj.

Having the set § which satisfy both restrictions (4.16) and (4.17) we define
a series depending on the set of the variables f[z_s 7:

j—1
(4.18) X(Ersm) = [ [ Y (0] i oo st e ).
a=1

When j =1 we set X(-) = 1.
Define a special ordered product of the composed currents, which we call
a string:

(4.19) A =11 I1 Fiina(t])

j>a>1 \lj+sq>0>1i4+54_1

The string (4.19) depends only on the variables {t{jH, e ,t{j} of the type
J, corresponding to the segment [I;,7;]. The set of nonnegative integers 5
satisfying the admissibility condition (4.17) divides the segment [l;,r;] into j
subsegments [l;+s,—1,l;+54] fora =1,...,j. This division defines the product
of the composed currents in the string (4.19).

Besides the product (4.19) which we called the string we consider the
inverse ordered product of the same composed currents which we call the inverse
string

—_ —_—

(4.20) A =11 I1 Fjina(t])

1<a<j \lj+sqa—1<€<lj+3sa

The inverse string satisfies analytical properties formulated in Appendix A
which allows to calculate the projection of the direct and inverse string.

4.3. Recurrence relation
Let 7 be the set of nonnegative integers i = {ni,...,ny_1}. We claim
that the projection (3.13) satisfies the recurrence relation given by the following

Proposition 4.2.

N N-1 1
oy =2 e
x Sym g, (Zs(Em) X (s PH (FY 1@ )) W 20003
where the sum is taken over all collections 5 = {s1, 82, ...,8N—-1}, such that 0 =

SoSSlSSQ...SSN_QSSN_lz’I’LN_l andogsagna,azl,...,N—Z.
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Due to the restriction sy_1 = ny_1 and definition (4.8), the series Zg(t}5))
depends only on the variables with type N — 1 missing. The same restriction
implies that the set f[ﬁ_ 5) does not contain variables of the type N —1 and an

element WN=2(f;_y) is a universal weight function for the algebra Uq(gl N_1)-
This fact allows to iterate the recurrence relation (4.21) and reduce the universal
weight function (3.13) to the g-symmetrization of the product of projection of
strings. This will be done in the next section.

Proof of Proposition 4.2.  The proof of the recurrence relation (4.21) fol-
lows the strategy of calculation of the universal weight function which was
described in the introductory part to the Section 4.

) Set 7' = {n1,...,ny_2,0}. We have a decomposition F(tz)) = f(tfywl 1])
F(ta) where the first term only contains the variables of the type N — 1, and
the last term does not contain the variables of the type N — 1

Fty) = Froalt) ) Fnoa (i),

[nn-1] NN-—1
F(t) = Fn—a(t) %) -+ Fn—a(ty %) -+ Fi(t),) -+ Fi(t)).

We apply to the product F (f[ﬂ/]) the ordering procedure of Proposition 4.1 and
substitute the result into (3.13):

WN_l(f[ﬁ]) = E I | Sym in (Zgl(f[ﬁ,])
(4.22) W
X P+ (.; (thNl ])P_ (;(E[ﬁlfglyﬁ/]))) . WN—Q(E[ﬁ/fg/])) .

The sum is taken over all nonnegative integers {s1,...,sy—2} such that s, <
ng, a =1,..., N —2; & means the collection {s1,...,sy_2,0} and g-symmetri-
zation is performed over the variables f[ﬁ/].

Lemma 4.1.  For any n = {n1,...,nn—1}, § = {s1,...,Sn-1} such
that all s, <ng fora=1,...,N —2 and sy_1 =ny_1 we have
N-1 - 7
P (FE P (Fli—sa) ) =
N-1
1 1
(4.23) =17 —
s1! al_[:2 (Sa — Sa—1)!
y N—1/37N—1
xSy g, (X(Esm) - PH(FNNET)))

if s1 < 89 < - < sy_1; otherwise the projection in (4.23) is equal to zero.

In (4.23) we follow the above notations 7’ = {ny,...,ny_2,0}, 3 =
{s1,...,5N-2,0}. The series X(f[_57)) is defined in (4.18). The proof of
Lemma is given in the end of this section.

Substitute (4.23) into (4.22). By definition (4.8) the series Zy (t7) =
Zg(f[ﬁ]) is symmetric with respect to permutations of the variables t[; _s ») of the
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same type, and the universal weight function WY =2(fz_s1) = WN"2({[5_5))
does now depend on the variables f5_5 ). We can include the series Zg(f[ﬁ])

and WV ’Q(t_[ﬁ_ 5)) inside the g-symmetrization Sym ; (1) and replace the

n—3,n

double symmetrization by a single one, using (4.7):

Proposition 4.2 is proved. O

Proof of Lemma4.1. Foranyj=1,..., N—1 denote by U; the subalgebra
of Uy formed by the modes of Fy(t),...,Fj(t). Let Us = U; NKere be the
corresponding augmentation ideal.

We claim first that the projection P~ (}'(t_[ﬁ/,g/,ﬁ/])) can be presented as

<i X(z[ﬁ/—g’,ﬁ’])
—3/,n’]

s1! H(]lv=713(sa+l — Sq)!

Sym ¢,

(4.24)

x P (f;\]2(tf>/;;%2_5N—2,nN_2]>>> mod P~ (UJEV—S) “Un—1
if admissibility conditions 0 < s1 < 55 < -+ < sy_3 < sy_o are satisfied and
is zero modulo P~ (Ug_) - Un—1 otherwise.

This can be shown by iteratively using Proposition C.2, proved in Ap-
pendix C. Due to (2.15) and (2.16) we have P~ (f1-f2) = P~ (f1-P~(f2)) for any
elements f1, fo € Uf. Thus we can present the projection P~ (f(f[ﬁ/_g/ﬁ/]))
as

LP_ H f(iﬁna—sa,na])

N-2>a>3

X f(£[2n2—527n2]) Sym th P~ (]:(f[lnl—shnl]))

[n1—s1,m1]

We now apply (C.10) with j = 2 to the last two terms of (4.25), and under
condition s; < s5 replace them by

[ E— Iy 2 2 _

Sym {[ﬁ(z) _5() 7(2)) (X(t[ﬁ&)*g&) ,7_1(2)])‘7:5(2) (t[nz—sz,nz] )) -

— . 2 2 41 1

= Sym 5[271,2—‘@2,"'2]’t[1n1—-<1m1] (X(tTlQ—SQ—"-Sl’ oo 7tn2—52+17 tnla oo 7tn1—sl+l)

X Fo(tn,) -+ Faa(th, o o) Foi(th, oia) F31(t22_52+1))-

modulo P~ (Uf) - Uy. Here we use the notation 7(?) = {ni,n,,0,...,0} and
52 = {s1,59,0,...,0}. If s5 < sy, the last two terms in (4.25) are zero
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modulo P~ (Uf) - Us. Due to the commutativity [Fy(¢), Fi(t')] = 0 for a > 3
we can move the elements of P~ (Uf) to the left through the first product
[lo>s ]:(Efna—sa,na]) and then out of the projection P~ , since P~ (P~ (f')-f) =
P=(f")- P~(f). These terms are absorbed into P~ (U§_3) - Un—1 in (4.24).
Going further, we replace the appearing string f§2(2) (5[2”2_82%2]) by its pro-

jection P~ and apply Proposition C.2 to the product
F(thry—ssms)) - Sym Bin () _5(2) () (X(t_[mm_g(m,mmﬂp_ (7:52<2> ({[2n2—32,n2])>) :

Using the notations 7(*) = {n{,na,n3,0,...,0}, 53 = {s1,52,53,0,...,0} and
the assumption so < s3 we can replace this product by

- 3 (73
(o5 —5a)! Sym ) _53) a3 (X(t[ﬁ<3>—§(3>,ﬁ<3>])-7:g<3) (t[ng—ss,ng]))

modulo elements of P~ (U§) - Uz, which are again moved to the left out of the
projection and are absorbed into P~ (U§_3) - Un—1 in (4.24). Finally we get
(4.24).

For the calculation of the projection P (]—"(tN ! PP (f(f[ﬁ,_§,7ﬁ,])))

[nn—
we replace the second factor by (4.24). Elements of P~ (U5_;) - Un—1 do
not contribute, since any element of Uy_3 commutes with modes of F_1(¢):

pt (J:(tval 1]) P~ (Ug_s) -UN,l) = 0. Thus we are rest to calculate (we set

30*0)

N—
H Sy t[ﬁlfgl’ﬁ/] P+(X(t[ﬁ’f§’,ﬁ’])

- Sa*Sal

< F P (2 )

Due to Proposition C.2 the latter expression is non-zero only iff sy_o < ny_1
and is equal to the right hand side of (4.23). O

4.4. Iteration of the recurrence relation

Let [[3]] = {s], 1 <i < j} be a triangular matrix with nonnegative integer
coefficients. We say that the matrix [[3]] is -admissible, and denote this by
the symbol [[3]] < 7, if it does not increase in the lines, see equation (4.27),
and its sum over the columns is n:

(4.26) na=» st a=1...,N-1
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We also follow the convention 5‘6 =0forj=1,...,N -1

(4.27)
1 _ ol 1
51 0=s5p5<s7
52 52 0 0=s3 <s?<s3
15 =
W 0= )P sl < <N
N-1 _N-1 N-1 _N-1 _ JN-1_ N-1 N—-1
51 S5 Sy_s Sy_1 / 0=s5" <35 <...<sy_]

Let 7, j = 1,...,N — 1 be the j-th line of the admissible matrix [[3]].
Define a collection of vectors
(4.28) pEY =5 T NN =1, N1
with non-negative integer components. Set p(5)" = 0. Note that according to
admissibility condition (4.26) p(5)! = 7.
The iteration of the recurrence relations (4.21) gives the following
Theorem 4.1.  The weight function (3.13) can be presented as a total

q-symmetrization of the sum over all . admissible matrices [[5]] of the ordered
products of the projections of strings with rational coefficients:

(4.29)

N—1 b
WA ) = S, 3 (HH

[[s]]l<7n \b=1a 1
N— N-1 ‘
H o Ta-pere) [T X - 17(5)1773—7?(5)"*1]) H pr (fj( ]])>
7j=3 =2 —1>5>1

The rational series in (4.29) may be gathered into a single multi-variable
series. Set

N—
Zis) () = H Zsi (Hn—p(s)i+1]) H (ta—p(s)7 a—p(5)1+1])

(4.30) = H U H — b} =i

£+nq—pl €+na+1—pb+1

ngp1—pli—1 13 a+1
R Rl Ry

X b/ta+1 )

=1 L=t
where p’ are components of the vector (5)?. Using (4.30) the formula for the
universal weight function (4.29) can be written in a compact form:
(4.31)

N — 2115 Frmy (@

FN-1>j>1
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Theorem 4.1 reduces the calculation of the universal weight function to the
calculation of the projections of the strings.

4.5. Projection of composed currents and strings
Let A be the standard comultiplication in U,(gly) defined by (2.5). For

any elements z,y € U, (gA[N) we define the adjoint action by the relation

(4.32) ad, y= Zz a(z))-y-z/, where Ax= Zz x; @ x)

and a(z) is an antipode map related to the comultiplication (2.5). By screening

operators we understand the operators of the adjoint actions of zero modes F;[0]

of Fz (t)

(4.33) Si (y) = adp, ) (y) =y F[0] — F[0] ki ki y kj iy,

where k; are zero modes of k;" (t): k; = k;7[0] = k; [0]7L.

Proposition 4.3. For anyi,j, 1 <i < j < N we have the equalities

P* (Fjy1i(w) = SiSiv1 -+ Sj—1 (PT(Fj(u)))

(4.34)
= SiSit1++Sj-1 (Fj(u)m) = (SiSiy1 -+ Sj1 (Fy(w) ™V

Proof. Taking (4.13) for a = 41 and using the definition of the projection
P7 we obtain

(4.35) P (Fji(t)) = S;i(PT(Fji(t)), i<j—1

The first equality of Proposition follows from (4.35) by induction. One should
take into account the commutativity of the projections and screening operators
proved in [KP]. Then we apply (2.12). O

An analog of Proposition 4.3 for P~ (Fj11,(u)) is given in Appendix B.

For a set {uq,...,u,} of formal variables we introduce a set of the rational
functions

n

noo_
U — U q "Um — qUg
(4.36) Ouy, (U UL, ey Up) = H — - m_
k=1, ke om T Uk S 4 U T UK

satisfying the normalization conditions ¢, (us; U1, ..., Un) = Oms. We set
n
(437) Fyyva(uiun,.oyun) = Fjpna(u) = Y @uy (Wi, un) Py (um)
m=1

for 1 <i < j < N. Here we regard ¢, (u;u1,...,u,) as a formal power series
in a region |ug| > -+ > |up| > |u|. By (4.34) we have
PH(Fijp(uu, . yup)) = SiSiyr -+ Sja (Fj(u)(+)) -

(4.38) n
— Z P (u; ULy - - 7’U/n)SiSZ‘+1 s Sj,1 (Fj (um)(+)) .
m=1
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Proposition 4.4 below and the relation (4.38) suggest a factorized form for the
projection of the inverse string FZ (# i TJ])
Proposition 4.4.
J (] —

(f (t[ljﬂ"y])) -

(4.39) — — o _
— H H pt (Fj+17a(t%;t{j+1, . ,tﬁ_l))
1<a<j \lj+sa—1<t<lj+sq

Proof of Proposition 4.4 is shifted to the Appendix B.

Projections of the string (4.19) and of the inverse string (4.20) are related,
namely

PH(RE@,,)) =P (Hd,)) 11 o' —at/t,

_ 4 /4
<i<ticr; 1 to/te

1—t1/t,

1<a<j \lj+sa_1<t<t/<l+s, 4 74

(4.40)

This statement is the direct consequence of the relations between composed
currents given by Proposition A.1. For the details see [KP].
The particular case of the basic relations (2.8),

q—q '/t

+ +n—1 _
kj (t/)Fj,j—l(t)kj (t/) -1 t/t’

Fjj-1(t)
implies the following relation for the projections:

q—q 't/

(4.41) By ()P (Fyga(8) k()7 = == t/t

j PT(Fjj-1(t¢)),

and in general

(4.42) ot X o=t
—q t/t,
= H u Pt (Fj’jfl(t;tl, .. .,tn)) .

Applying a sequence of the screening operators S; - - - Sj_o to (4.42) we obtain

(4.43) a=1 a=1

—1
q—q 't/ta oo
= || ———2P" (Fji(tite,. .. tn
|| H/t (Fjiltite, - tn)
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due to the commutativity of any of zero modes F;[0], ..., F;_1[0] with kg+1( ).
We rewrite the relation (4.43) in the form

P+ (Fjﬁi(t;tl,... H

—H e Hk* Fya(t).

Using (4.44) and (4.40) we rewrite the relation (4.39) and its analog for the
string (4.19) in the following form:

1—t),/t
P (A, ) T e = 11 P

r=l;+1 <0<t/ <r;

(4.44)

(4.45)

—

X H H Pt (Fj+1,a(t%)) kf+1(t§) )

1<a<j \lj+sa—1<t<lj+s,

P+( ljr;] ) H ]+1

=l;+1
1—t)/t
— el e
(4.46) - H H _ —1tj/tj
1<a<j lj+5a71<f<f'§lj+sa 4

—

x H H Pt (Fj—l-l,a(t%)) k()

1<a<j \lj+sqa—1<<lj+sa
5. Weight function and L-operators

5.1. From Gauss coordinates to L-operator’s entries

The results of the previous section_ show that the projection of the string
multiplied by certain number of k] T.1(t)) can be factorized in such a way that
each factor is a product of projection of the composed currents and of some
k;r+1( 7). In this section we use this observation and express the weight func-
tions via matrix elements of L-operators (2.10). First, we relate projection of
composed currents with Gauss coordinates of L-operators. This is given by the

following
Proposition 5.1.  We have for any i < j —1
(5.1) PT(Fji(t) = (¢ —q¢ Y7 FS(0).
Proof. We use the equality

(5.2) (g—q DHF/(t) = S (Ff (1), i<j—1
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It is proved in [KPT] and is a direct consequence of the relations (2.4) taken for
the modes of L-operators. The claim of Proposition now follows by induction
from Proposition 4.3 and relation (2.12). O

Let V be Uq(gA[N)—module with a weight singular vector v. The relation
(4.46) and Proposition 5.1 allows to rewrite the corollary (4.31) to Theorem 4.1
in the following form:

_ I\ (g —s?)

N I (q—q )= ’

wy  (fn) = B(tm) Sym g, [[Z]] < T (st — b))t
sll<n as a a=17

(5.3) x Z () [ II 11

N—-1>b>1 \1<a<bsb  <¢<sb

b

S
a tb_tb
+ + ¢ e
X | Fiy o (80K (£7) H Py —y H ki ) | v
v O e e ) )

where the series Z[(5))(#7)) is given by (4.30).

For any ¢ = 1,..., N denote by I, the left ideal of U, (b+), generated by the
modes of E;'z(u) with 4 > j > ¢. We have inclusions 0 = Iy C [y_1 C -+ C I.

Lemma 5.1. Fizanyc=1,...,N —1. Then
(i) the left ideal 1. is generated by modes of L?:j (u) withi>j > ¢
(ii) for any a and b with a < b and b > ¢ we have equalities

(5.4) Lzb(t) = F;a(t)k:;'(t) mod I, LZb(t) =k (t) mod I,

(iit) for any a < ¢ and b > c the modes of Lf .(t) and of LIb(t) normalize
the ideal I.:

(5.5) I.-Lf.(t) C L I -Li,(t) C L.

Proof.  We have three types of relations (5.1):

(5:6)  Li,()=Fy, (ki) + > FL.0kLOE@), a<b,
b<m<N

(6.7 L=k + > FL Ok, (),
b<m<N

(5.8) L&, (t)=k](t) + > Fh LB, a>b
a<m<N

Denote E;rz(u) = k:r(t)E (1) and F‘j](u) = Fj](t)k;r(t) for ¢ > j. In these
notations the relation (5.8) looks as

(5.9) L, =E,0)+ > Ff i), a>b.

a<m<N
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Since k; (t) is invertible, the ideal I. is generated by the modes of E;‘Z(u)
with ¢ > j > ¢ as well. Now we inverse the relations (5.9), that is we write
E;:N(t) = L-ij\_/,j (t) for j < N; then EIN—1(t) = LJ-tf—l,j (t) — FE,N—1(t)LE,j(t)
for j < N —1 and so on by induction. This proves (i). In the same manner we
rewrite first (5.6) and (5.7) in F;rj (u), E;rz(u) and k" (t) and prove by induction
that LIb(t) = F;’,a(t) mod I. and L;:b(t) = kj (t) mod I, for b > c and
a < b, which means (ii).

The statement (iii) is a corollary of the Yang-Baxter relations (2.2). Let
Rij.x1(u, v) be the matrix elements of the R-matrix (2.1). We have fora < ¢ < k
and for a < c < j <

Ree (u,t) Ria; k(u,t)
Ly o(w)Lgo(t) = R:Z.CC (0. 1) Lt (L o(u) — Rk:a (0, 1) Lo o(wLy (1),
R";cc(ua t) Ria;ai ’U/,t)
L EE) = R AL (0L ) - R (L 1)
Rejsje(u, t)
e L (HL]
+ Rii;aa(u;t) a,c() z,c(’u‘)

These relations precisely mean the inclusion I - L;C(t) C I.. The second part
of (iii) is proved in an analogous manner and is actually well known. O

Theorem 5.1.  For any U, (gA[N) module V' with a weight singular vector
v we have

Wy (Em) = Bm) Sym g, D (

(sll<n

(g — g~1)>e=r' ()

N—
[Toc, (sh— b )

(5.10) < Zgam) 1 II 1II

sh
N-1>b>1 \1<a<b fr=sb 41
‘ b 4b
= t)—t
+ b ¢~ tp
X La,b+1(t6) H 140 _ opb
v 4 e T e

S

ny
+ b
H Lb+1,b+1(tf) v.
Z:sg—i-l

Observe that non-commutative products over b and a run in the opposite
directions and the ordering in the product over £ is not important now, because
of commutativity of the matrix elements of L-operators with the same matrix
indices.

_ Proof. The theorem states that in (5.3) we can replace each entry of
Ef (t) =FF (k) (t) by L, (t) and each entry of ki (¢) in the last product of
(5.3) by L;b (t). This is done with a help of Lemma 5.1. Indeed, we can present
the right hand side of (5.3) as a linear combination of terms

ANAN=L . AZBw,

where each A§ is an ordered product of some an(tﬁ_l), and B; is a product
of some kb(t?_l). We start from A}Y. Here we have FY ,(t) = L v (t) by (5.6).
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By the statement (i) of Lemma 5.1 each multiplier of AN ™! can be written
as L;N_l(tév_z) + a; for some a < N — 1, parameter ¢; 2 and z; € In_1.
Due to the part (iii) of Lemma 5.1, we can rewrite the whole product in Afv_l
as Hj L;Nil(tévﬁ) + yn_1 with a single yy_1 € Iy_1. Moving further, we
replace the product AN AN!... A2B; by

(5.11) (ANAY'- A7 + ) Bov,

where each Af equals to A with all F, (¢) replaced by L .(t), and y» € I C I.
We apply ﬁnally the last part of Lemma 5. 1, (iii) and replace (5.11) by the
product ANAN L. -+ A2 B;v, where B; consists of L;rb(tb 1Y only. This proves
the theorem |

We can slightly simplify the formula (5.10) by a renormalization of g-sym-
metrization (see [TV2]). We set for a series or function G(f[5)):

(5.12) Sym tq) G(tm) = Btm) Sym ¢, (G(ta)) -

Let G¥™(uy,...,u,) be any symmetric function of n variables uy, that

is GY™(7q) = G“y“’( ) for any element ¢ from the symmetric group S,. Let
1
B(a) = [Tren #w One can check the following property of renormal-
ized g-symmetrization:

(5.13) L sm @ () evm@) =

n!

=

[n]q!

where [n], = %a and [n]q! = [n]g[n — 1] - - [2q[1]q-

We can apply the relation (5.13) to the right hand side of (5.10) because
in this formula inside the total g-symmetrization there is a symmetric series
in the sets of variables {t}} for s, +1 < ¢ < 8% a =1,...;band b =
1,...,N — 1. This follows from the commutativity of matrix elements of L-
operators [L},(t), L7 ,(#')] = 0, and from the explicit form of the series (4.30).
Restoring this series and denoting p2 = n, —p2 = s2 +--- + 55! we formulate
the following corollary of Theorem 5.1

_Corollary 5.1.  The off-shell Bethe vectors for quantum affine algebra
Uqg(gly) can be written as

(5.14)

N-1
N1/t (q —1 N-—1 _ b 1
wy ! () = Sym i (q—g)>=r (om0 T Ty
s1<n asp 7o ™ Famtle
b 24Pl -1 — +1
N—1b-1 s, 1 Pat1™5 g — 1t?+pb/ta
X /ta+1 H /ta+1
b=2 a=1¢=1 €+pb +B54, =1 +7,
— — Sa np

x H H H Libﬂ(t?) H Ll—;-l,b-i-l (t?) .

N—1>b>1 \1<a<b \f=st ,+1 L=sb+1
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Expression (5.14) for the off-shell Bethe vectors given in terms of matrix
elements of L-operators can be written as the recurrence relation

(5.15)
N—-2 —1
_ — 1 (q—q_l)‘;a
N—-1
wy (tm)) = = = = =
v L T H A — sy Tl ne — s !
(@ N-—-2 Ng
x Sym 32 | X (F—sv—1,77) Zsv— () II Aat1(t7)

N—-1

Sq
S | A | Gl R

1<a<N-1 \ y=sN-141

where summation in (5.15) runs over first row of the admissible matrix [[5]].
The vector valued function wg_z(tf[ﬁ_gwfl]) is the off-shell Bethe vector for the
algebra Uq(g[N_l) embedded into Uq(gA[N). This embedding ¢ : Uq(a[N_l) —

U, (gA[ ) can be described on the level of Gauss coordinates of the corresponding
L-operators:

6 (FE.O™ ) =FE, (0™, o (EE,0W) =EL, (0™,

(5.16)
& (k;t(t)W*U) —kEWN, 1<a<b< N—1.

Here Fia(t)<N ~1) etc., denote Gauss coordinates of the source Uq(gA[ ~_1) while
Fgfa (t)V) etc., the Gauss coordinate of the target Uq(gA[N).

5.2. Evaluation homomorphism

The quantum affine algebra U, (gly) contains a quantum group U, (gly). It
is generated by the zero modes of L-operators (2.10). Using them, we introduce
Cartan-Weyl generators Eqp, 1 < a,b < N of U,(gly). We set L* = L*[0], and
(5.17)

Eqiq 1
E22 0 I/E12 1 0
Lt = KLar = . )
0 : .
Evn vEiy -+ VvEn—in 1
(5.18)
1 7I/E21 cee 7I/EN1 El_ll
E. 0
L =LK'= ~ - ,
1 —VEN7N_1 O
1 Exiy



302 Sergey Khoroshkin and Stanislav Pakuliak

1

where v = ¢ — ¢7*. Generators Eq,, Eq q+1 and E, 41, may be considered as

Chevalley generators of U, (gly) with commutation relations

-1 Sab—0ac
EaaEbcEaa =4q b Ebm

(5.19) =P —EzlEatia
[Ea’aJrl, Eb+1,b] _ (5ab a—i—l,a-&q—lﬁ qitia +1,a+1

)

(5 20) EiilﬁaEa,a:Fl - (q + q_l)Ea:tl,aEa,a:Fl Ea:i:l,a + Ea,aflE?lj:],a = 0>

Ea,ail EaIl,a - (q + qil)Ea,ailEa¥1,aEa,a:|:1 + EaIl,aEzﬁail =0.

The rest of E,, may be constructed from these Chevalley generators as
follows

Ec,a = Ec,bEb,a - qu,aEc by
(5.21) e
Ea,c = Ea,bEb,c - q_ Eb,cEa,bu a<b<ec.

Using generators E,;, we define an evaluation homomorphism:

(5.22) v, (Lt (u)) =L+ - % L=, Ev. (L~(u) =L — % L+

One can check that the relations (5.19) and (5.21) follow from (2.4).
Let M be a U, (gl )-module generated by a vector v, satisfying the condi-
tions Eq v = ¢+ v and Eqpv =0 for a < b. Then v is a singular weight vector

of the evaluation Uq(g[N) module M,(z). Taking into account reordering of
the factors

b

N-2 N-2b-1 s}
(5.23) IT II 2n@d) =TT IT 11 Mesr )
b=1 g:slb)+1 b=2 a=1/¢=1

we can present the off-shell Bethe vector in My (z) as

(5.24)
Rt N-1
Wi (=) () = o= g Pem ——
M (2 n N—1 171, b _ b |
Ha:l HZ:I t? [[8]]< 7 a<b [Sa Sa—l]Q'
i - 32_52—1
X H (ZEbJrl,aEl;}l,b—i-l) v
N—-1>b>1 1<a<b
N=1b-1 sq oAa A1, CHPasa—1 -1 +1
% Svm @ H H 13—[ q “t‘e’wz g f[l a—4a tZH?Z/t?'
ym t[ﬁ] 1—to /ta+1 1_+¢a /ta+1 )
b=2 a=1/(=1 C+ph Teph =1 o+po /e

where p% = 5% + .-+ sb7 L
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6. Relation to the Tarasov-Varchenko construction

The original inductive construction of nested Bethe vectors of [KR] was
then developed in [TV1], where these vectors were defined as certain matrix
elements of monodromy operators (see below). In [KPT] a conjecture about the
coincidence of the construction from [TV1] and those used in the present paper
was stated. Recently, Tarasov and Varchenko managed to calculate nested
Bethe vectors in evaluation modules [TV2]. In this section we use the results
of [TV2] to prove a variant of the conjecture of [KPT].

The R-matrix, used in [TV2] differs from (2.1). To achieve a compatibility
of the results, we slightly modify our construction. Let R € Uy(b™) ® U,(b™)
be the universal R-matrix of U,(gly) (with droped factor ¢~ (¢®d+d®¢)/2) anq
R be the universal R-matrix of the Hopf subalgebra U, (gly), described in the
previous section. Define ¢; € U,(gly) by the relation ¢ = E;;. Define the
reduced R-matrix R of U, (gly) by the relation

Ro = Rg>Xicisi®si,

Then R3! is a two-cocycle with respect to comultiplication A. For any x €
U,(gly) we set A(z) = (RZ)"'A(z)RZ. The universal R-matrix R for the
comultiplication A is R = Ry 'RRZ'. It is an element of U, (b%) ® U, (b~),
where the new Borel subalgebras U, (b%) and U,(b~) are determined by L-
operators Lt (z) = (n(z) ® 1)(R?')™1) and L™ (2) = (n(z) ® 1)(R). Here 7(2)
is a vector representation of U, (5[ ) evaluated at the point z. We have by the
construction

(6.1) LF(2) = (L) " LE) (L),

where L*(z) are L-operators of Section 2.2, and LT are given by the relations
(5.17) and (5.18). The L-operators L*(z) satisfy the Yang-Baxter relations
with R-matrix (6.2), initial conditions (6.3) and comultiplication rule (6.4):

R(u,v) = Z Eii ® Eii
1<i<N
u—v

(6.2) T > (Ei®Ej; +Ej; ®Ey)
1<i<j<N
q—q!
+——— > (uE; ®E;+vE; @Ey),
=9 "V, TN

(6.3) LE0]=L;[0] =0, L} [0L,[0=1 1<i<j<N, 1<k<N,

(6.4) A(LEw) =3, Liw e L w).
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Let

N N
L*(z) = ZEz‘z‘ + Zﬁjfi(z)Eij
1=1

i<j

N N N
X (Z kli(z)E“> . Z Ey + Z Eii,j(z)Eji
i=1 i=1

i<j

be the Gauss decomposition of L¥(z). We have the following connection to the
current realization of U, (gly):

(6.6) Ei(z) = E:rzﬂ(z) - Ez‘_,i+1(z)a Fi(z) = I:—‘j_-i-lz(z) - Fi_-i-l,i(z)v
6.7)  Bfa(x)=Ei(2)®), FE L (2) =2 (= Fi(2)™.

Besides, the correspondence (6.1) imply the relations
(6.8) Ezizﬂ(z) = Ei:i-&-l(z) — E;[0], inzﬂ(z) = F;tz-l—l(z) + F5[0].

We have the new decomposition Up = Uf_ﬁ;f, where Uf_ = U}, NU,(b™), and

Ut = Up NU,(b%), and the new projections P+ : Up — Uf and P~ : Up —
U; defined as

(6.9) PH(f- fo)=e(f) fv. P(f- f1) = e(f4),

where f_ € U}T and f, € U;f . For any II-ordered multiset I we set

(6.10)  Wrl(tilicr) = P (Fyiy (ti, ) Foin 1) (tin_s) - Fogip) (tin) Fugiy) (tir)) -

A small modification of arguments of [KPT] shows that a collection of V-valued
functions @y 1 (tilicr) = Wi(tilier) v , where V is a Uq(gA[N)—module with a
singular weight vector v, form a g-symmetric weight function, that is, satisfy
the setting of Section 3.1 with respect to the comultiplication A.

Denote by WV “(f[m)) the universal weight function associated with the
set of variables (3.12).

VNVN_l({[ﬁ]) =Pt (FJ\/,l(tN_1 )"‘FN71(t§V71)

NMN-—-1

(6.11)
Fi(th) - Fi(#)).
and by Wy_l(f[ﬁ]) = B(trn) Hi\[:2 [T Aty WN_l(f[ﬁ])v the related mod-
ified weight function, associated with a weight singular vector v of a U, (QTIN)—
module V.

Set Y (@;0) = []* _, 2= Y(u; D), where the series Y (@;0) is defined by

m=1 wu,,
(4.15) and let X(f[ ) be the series defined by (4.18) with Y'(-) replaced

7—1,7]
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by Y(-). The first step of the calculation of recurrence relation for (6.11), as
well as the definition of strings is unchanged. The difference appears during
the calculation of the projection (4.23). This difference results that the series
X (tja—s,7)) in (4.21) is replaced by X’(f[ﬁ_gﬁ]) and the recurrence relation for
(6.11) takes the form

N-1 N—-2

1 1 1
( [ ]) Eg: 51! ot (S0 — Sa—1)! et (Na — 5a)!
X %ﬂm (Zg(t_[ﬁ]) X(E[ﬁ—gﬁ]) P+ }—év_l(t_[ﬁ;iﬂ)) WN_2({["_S]))

The iteration of this relation yields an analog of Theorem 4.1
(6.12)

. _ _ Z -
WNfl(t[ﬁ]) = Sym f[;,,] 27 Ha<b[([sb (7 Sé 1)’ H P+ (fj ( ])) )

(s]< 7 N-1>j>1
where
11 & /a+1 4p5 -1 g Le o+l
~ _ £+pb p o1 q— g_;'_pb/
Z[[s] t"] H H H /ta+1 H 1— ta /ta+1
b3 aiis1 L £+pb +pb,, =1 2

and p% = 5% +--- + s2~1. An analog of Proposition 5.1 reads

P+ (Fja(t) = (¢—g¢ 'YL, i<j-1L

allows to rewrite (6.12) in the Gauss coordinates of L-operator L+ (t):

— TS ()
Wi (tm) = B(fm) Sym ¢, g
v () (tm) tn] Z Hivg_bl(sz —sh_))!

N-12b>1 \1<as<b =gt _ 41

b

S
a tb _ tb
+ + ¢ by
X Fb+1 ot )karl( ?) H 7_%2 ) H kb+1 .
U=0+1 f=sh+1

The arguments for the derivation of an analog of Theorem 5.1 and Corollary 5.1
are unchanged. We get finally the following expression for the modified weight
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function:

Wi ! (t[z) = Sym Ef]n)] S [ (g—gHEem s H

[[8]]< 7 a<b a q
b 1 50—
N-1b—1 s, a at+ tPoiq—1 _1 a+1
6.13 te+p /te+p bt =g t?+pb /te
o1 < [T i I —
b=2 a=1/¢=1 /+pb =1 +pt
— —_ ny
[+ b
X H H H La b1 (t2) H Ly pia(te) | ] v
N—-12b>1 \1<a<b \(=s’  +1 f=sb+1

The embedded algebra U, (gl ) is given again by zero modes of L-operators. We
set L* = L*[0]. Due to (6.1), we have L* = (L )'K and L™ = K~*(L§)™*
Introduce generators E; ; of U,(gly) by the relations

1 VEQl e VENl Eu ~
P Eos O
1 I/EN’Nfl 0 ~
Erl 1
i Ess O —vE;p 1 0
0 ) : )
E&%\f —I/ElN e _VEN—l,N 1

In particular, Eij = E;; if |i — j| <1, so the Chevalley generators Ema, Eoat+1
and Eq41 , satisfy the same relations (5.19) and (5.20) with different rules for
the composed roots generators

mn
S

a — I~Ec,b|~5b,a - q_léb,aégbv
Ea,c = I~Ea,bEb,c - qu,cEa,by a<b<ec.

Define the evaluation homomorphism of the algebra Uq(é\[N) to Uy(gly) as in
(5.22):

(6.14) Ev, (E+(u)) .
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The substitution of (6.14) into (6.13) gives

(6.15)
~ N—1 /7 _ —1\ SN,
WM(Z)(t[ﬁ]) =(q—q )Z“’l
" Z ﬁ qszf1(5271_32) <st st
[sb —sb_ ], t+la v
[[8]]< 7 N-1>b>a>1 Ja  “a—1la"
b ~b
N—1b—1 Sq ,Aqi14a o= Aagr, HHPoy1—1 _jat+l . —1ia
T BT SR, §
y tim) ta+1 _4a ta+1 _ta ’
b=2 a=1/¢=1 458, 4pb =1 I £04-pt

where Eb+1,a = INEbH,aEbH’bjrl. The factor qsifl(szfl_sf;) appears after the
reordering of the generators Eyy1 4. To obtain (6.15) from (6.13) we use again
the reordering (5.23).

Remind the construction of [TV1]. Let L-operator

o) N
L(z)=> > Eij®Lyklz™"

k=01i,5=1

of some Borel subalgebra U, (b%) of Uq(aN) satisfies the Yang-Baxter relation

with a R-matrix R(u,v). We use the notation L*)(z) € ((CN)®M ® U, (b%) for
an L-operator acting nontrivially on k-th tensor factor in the product (CV )®M
for 1 <k < M. Consider a series on M variables

(6.16) T(uy,...,up) = LY (ug) - LD (upg) - RO D (g0 )

with coefficients in (End((CN))®M ® U,(bT), where

—
(6.17) ROy, w) = [ RYD (g, w).
1<i<j<M

In the ordered product of R-matrices (6.17) the factor R is to the left of the
factor R(™) if j > m, or j =m and i > I. Consider the set of variables (3.12).
Following [TV1], set

B(t[n) =trcem ®@id (T(t],... th;5 ... 3t1 S th 1)

(6.15) o
xEfM @ @By 1),

where |fil| = ny + -+ 4+ ny_1. The element (6.18) is given by (6.16) with the
identification: M = |a|; for a = 1,...,N —1and n; + -+ + ng_1 < @ <
ny 4+ ng, ug =t§_, ., . The coefficients of B(ts) are elements of the
Borel subalgebra U, (b%). For any U, (gA[N)—module V with a singular vector v
denote

(6.19) BV(E[ﬁ]) = B(E[ﬁ])v.
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We can establish a correspondence of the calculations above and of [TV2] as
follows. We identify the R-matrix R(u,v), see (6.2) and R(u,v), the Borel
subalgebra U, (b™) (see the beginning of this section) with U,(b*) of [TV2].
Set

_ tb — ‘1t?
nm) = ]] II 1I %

1<a<b<N-1 1<j<n, 1<i<ng J

Then we have
(6.20) Wi (o) Em) = 1) Bary (o) ()

for arbitrary evaluation module My(z). This is just a literal coincidence of
eq. (6.15) and of eq. (6.11) in [TV2]. Next, we know that the comultiplication
property of the weight functions Wiy ~* () and By (fj5]) coincide [KPT]. Thus

- N-1 .
(6 21) W19(20)®MA1 (Zl)®"'®MA"(Zn)(t[ﬁ]) =

= n(ta)B1, . @M, (1)@ Ma,, (20) ()

for any tensor product of evaluation modules and a one-dimensional module
Ly(zy), in which every L;;(z) acts by multiplication on g(zo) (both weight func-
tions in consideration are trivial for one-dimensional modules). The identity
(6.21) is sufficient to conclude the general coincidence of the two constructions.

Let J be the left ideal of U, (b%), generated by all modes of Ey 4 (t), a > b.
Let WN=1(#;) be the universal weight function given by eq. (6.11).

The following result verifies the conjecture of [KPT] for the universal
weight function (6.10), and the weight function of (6.18), related to R-matrix
(6.2).

Theorem 6.1.
(i) The two weight functions are equal for each irreducible finite-dimensi-
onal Uy(gly)-module V' with a singular vector v:

W (Em) = 1(m) By (fa)-
(i) Consider Uy(b*) as an algebra over C[[(q — 1)]]. Then

N—1 ng

(6.22) W (01) TT T k(68 = 0 B(Ea)  mod

a=1 (=1

Proof.  For the proof of (i) we apply (6.21) and the classical result [CP]:
every irreducible finite-dimensional U, (5[ n)-module with a singular vector v is
isomorphic to a subquotient of a tensor product of one-dimensional modules
and of evaluation modules. More precisely, this subquotient is a quotient of the
submodule of that tensor product generated by the tensor product of weight
singular vectors. The singular vector corresponds to the image of the tensor
product of the singular vectors within this isomorphism.
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Due to (6.21), for the proof of (ii) it is sufficient to verify the following
statement. Let € U(b,) be an element of the universal enveloping algebra of
a Borel subalgebra of gl [t,t~!], which does not belong to J. Then there exists
a tensor product of evaluation modules with a weight singular vector v such
that zv # 0. This can be observed as follows. Let Ey j[n], i,j=1,...,N,n € Z
be the generators of the Lie algebra gly[t,t™'], such that [E; ;[n], Ey [m]] =
0, kEi[n+m]—0y Eg j[n+m] and the ideal J is generated by all Ey ;[m], k < I,
m > 0. By PBW theorem, we can present = as a sum of ordered monomials on
the generators E; ;[n] € gly[t,t7!] with 1 <i <j < Nandn > 0. Clearly, x
admits a weight decomposition with respect to Cartan subalgebra of gl,. Take
a maximal weight component xy. Present x( in a form

(6.23) Ty = ZXIcPk({Eaﬂ[na]})’

where each X}, is a monomial Eg 1[n1]Ee 1[ng]---Es1[n]---En n_1[nm] with
all n; > 0 of a given weight and P ({Eq 4[n4]}) is a polynomial over commuting
imaginary root vectors E, q[nq], a =1,..., N. Let m; ; denotes the number of
occurrences of all possible E; ;[r] in the decomposition of Xj.

Let M; be a gl Verma module with a highest vector v, satisfying the
relations E;;[0lv = 0 for ¢ > j and E, 4[0Jv = 6,,v. Let M;(z) be the cor-
responding evaluation gly[t,#~!] module. For a collection i = {ny,...,ny}
and a set of variables zz = {2{,...,2},..., 25"} define M(zz) as a ten-
sor product M(zz) = Mi(2f) @ -+ ® Mn(z),). Its weight singular vector
is v = v®: - ®v. Denote by vy, 3 € M(2z) the vector Eg1[0jv® ---
RE21[0lv ®@ -+ @ ENn-1[0]v ® v ® - -+ @ v where the number of occurrences
of each E; ;[0]v is m;; (we suppose that the numbers ny are big enough).
Equip the dual space M*(z) with a structure of contragredient gl module
(E;,:[0]" = E;;[0]). Then the vector Vlmy € M*(z5) is well defined.

Consider the matrix element (vfmij}, 2v). By weight arguments it is equal
to (vfmij}, xgv). It is also clear that we have nonzero contribution only for the

terms with the same number of occurrences of E; ;[r] (neglecting degrees ) as
in X;. In this matrix coefficient the imaginary root vector E, ,[m] contributes
as the Newton polynomial sf, = (2{)™ 4 --- + (25 )™ of degree m over the
variables z{,...,z; and thus each polynomial Py({Esa[n.]}) contributes as
this polynomial over symmetric functions sg,.

In order to describe the contribution of monomials on E; ;[r] with i < j we
make the following renaming of the variables z¢. We write them first in a nat-

N 12

ural order 27,. .., Zp, and then rename first m; o of them as x717,. .. ,x,l,flz, the
next my 3 of them as z{%,..., 23 ~and so on. The rest of the variables remain

unchanged. Then each E; ;[r] with ¢ < j contributes as the Newton polynomial
s/ = («7)" + -+ (a3, )" of degree r over the variables ', ..., z}J .

Now we use the following properties of symmetric (with respect to a prod-
uct of symmetric groups) functions: (i) the Newton polynomials of degree less
then the number of the variables are algebraically independent; (ii) the prod-

UCtS 1, Sy -+ * Sm,, Of the Newton polynomials s, = 2% +...+zF of n variables
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taken over all unordered collections (my, ..., m;) of nonnegative integers form a
linear basis of the ring of symmetric functions on n variables; (iii) for any finite
set of linearly independent polynomials of n variables one can find N > n such
that all these polynomials will be linear independent over the ring of symmetric
functions of N variables.

These properties of symmetric functions imply that once we take a col-
lection n with all n{ big enough, the matrix element (Uf{‘mw}, xv) is nonzero

polynomial over {z}. O

Clearly, the formality restriction in (ii) is artificial and is taken for technical
simplification of the proof.

A. Analytical properties of composed currents

An analytical reformulation of Serre relations (2.9), see [E], imply the
following statements in the completed algebra U g:

(i) the products Fj(z)F;(w) have a simple zero at z = w; *

(i) the product (g™ 21 — g25)(25 — 25)(q21 — 4~ 28) Fi1(21)Fi (22) Fi1 (23)
vanish on the lines zo = 21 = ¢ 223 and 25 = ¢ %21 = 23;

(iii) the product (21 — 22)(q t2z2 — qz3)(q21 — ¢ t23) Fi(21) Fi_1(22) Fy(23)
vanish on the lines zo = 21 = ¢?23 and 25 = ¢%2; = 23.
The properties (i), (ii) and (iii) imply the commutativity

(A1) [Fi—1(2)Fi(2) Fiy1(2), Fy(w)] = 0.

2

Let us prove (A.1). The basic relations (2.8) imply that:
(A2)  (¢7'2 = qu)(z —w)(gz — ¢~ w)[E;—1(2) Fi(2) Fipa (2), Fy(w)] = 0.

Consider the product F;_1(z)F;(z)F;1+1(2)F;(w). Due to (2.8) this product as a
function of w has poles at the points w = g2z, z, ¢?z. On the other hand it has
zero at w = z due to (i). Due to (ii) the product F;(z)F;+1(z)F;(w) has zero at
w = ¢~ 2z and due to (iii) the product F;_;(2)F;(2)F;(w) has zero at w = ¢*z.
This means that the whole product F;_1(2)F;(z)F;+1(z)F;(w) has no zeros and
no poles. The same is true for the inverse product F;(w)F;—1(2)Fi(2)Fi+1(2).
The relations (A.2) implies now the commutativity in (A.1).

We will use (4.12) in order to describe the analytical properties of the
product of composed currents.

Proposition A.1. The following relations hold in Up for any a < b
and ¢ < d:

(AS) Fb,a(Z)Fd,c(w) e Fd,c(w)Fb,a(z)a b < c,

(¢ 'z — qu)Fy o (2)Fgc(w) =
= (z —w)Fyc(w)Fyqa(2), b=c,
*2LLet v be a vector of a highest weight module V and £ € V*. The analytical property (i)

means that the matrix element (&, F;(z)F;(w)v) is a meromorphic function of w and z equal
to zero at w = z.

(A4)




A computation of universal weight function for quantum affine algebra Uq (E[N) 311

1

—q "z/w
(A.5) Fyo(2)Fgc(w) = %Fd’c(w)ﬂj,a(z), a>c, b=d,
—q lw/z
= /2 By ol(2) Fao(w) =
—w/z
(4.9) q—q 'z/w
= E c F a =G = a4,
T—2/w de(W)Fpo(2) a=c b=d
(A7) Foo(2)Fgc(w) = Fye(w)Fpo(z), a<ec<d<b,
q—q 'w/z
(AS) WFb,a(z)Fd,c(w) = Fd’c(w)Fb’a(z), a=c, b<d.

Proof. We note that in the analytic language, both sides of all relations
in (A.3)-(A.8) are analytical functions in (C*)*. This means, for instance, that
the product Fy ,(w)Fp4(2) in (A.8) has no zeroes and no poles for b < d, while
the product Fp o (2)Fgq(w) has a simple zero at z = w and a simple pole at
z = ¢ %w. Let us prove (A.8). Consider the product Fy,(z)Fy.(w). Due
to (A.1) and (4.12), analytical properties of this product are the same as of
F,(2)F,(w)F,t1(w). This product considered as a function of z has poles at
the points z = ¢ 2w and z = ¢?>w. On the other hand due to (i) it has a
zero at z = w and due to (ii) a zero at z = ¢?w. It means that the product
Fyo(2)Fi0(w) has a simple pole at z = ¢ 2w and a simple zero at z = w.
Consider now the inverse product Fy ,(w)F; (%). Its analytical properties are
defined again due to (A.1) by the properties of the product Fi, (w)Foi1(w)Fy(2).
The latter has poles at z = ¢?w and at z = w. Due to (i) and (ii) it has
zeros at the same points. It means that the inverse product Fy o(w)Fy o(2) of
composed currents are analytic function in (C*)? without zeros and poles. Now
the relations (2.8) imply (A.8). O

Corollary A.1.  The inverse string (4.20) have simple zeros at t], = tJ,
and simple poles at t, = g~ 2t

7. for all pairs (m, k) such that r; > m >k > [;.
These poles are the only singularities of the inverse string.

Proof. Proof follows from the analysis of the ordering of the product of
currents in the inverse string. It contains the products of the composed currents
Fit1,0(t])Fj41,c(t],), where always a < ¢ and k < m. Properties (A.5) and
(A.6) of the products of the composed currents shows that Fjqq(t])Fj11,c(t2,)
will always have the pole at ti = ¢ 2tJ, and zero at ti =t . O

The assertion A.1 will be used in the next Appendix in order to calculate
the projections of the inverse string (4.20).
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B. Projections of the string

In this Appendix we prove Proposition 4.4 describing the projection P+
of the inverse string. We also describe projection P~. Up to renaming the
variables the inverse string is a product Fj; (t1)---Fj;, (t,) for 1 < 43 <
<o+ < i, < j. The region of analyticity of each equality in this Appendix is
[v1| > |va] > ... > |vy|, where v is the first variable appearing in the equation
when we read it from the left, v, is the second and so on.

Lemma B.1. Foranyl<i <---<i, <k <j we have an equality
PH(Fju, (1) -+ Fja, (ta) Fy (1) =
= P (Fji(t) - Fya, (ta)) - P (Fe(t) +

" Vi(ty, ... t)
t—q?t,

(B.1)
+
b=1

where Vy(t1,...,t,) take value in U;r and do not depend on the variable t.

Proof. We want to move the difference F} ;(t) — Pt (F} ;(t)) to the left of
the product Fj;, (t1)--- Fj, (t,) and observe that during this process appear
only simple poles at the points ¢ = ¢?t;, with (independent on t) operator-valued
residues.

A particular case of the formula (4.13) for a =i + 1 can be written in the
form

(B.2) Fin(t) = Sk(Fipe1(t) + (7" = @) Fe(t) ) Fjpsa (1)

Tterating (B.2) we obtain

(B.3) Fj(t) = Sk Skt1--Sj—2(Fj—1(t)) + Fjx(t),

where we set Fj, 1 () = 0 and

(B.4) Fin)=("=q) > (Fmﬁ(t)(_) - Fm,k(t)(_)> Fjm(t),

if j — k > 1. Proposition 4.3 and (B.3) imply that

(B.5) Fj(t) = PT(Fji(t) = Fje(t)™ — Fje()).

and Pt (ij(t)) = 0. Applying Proposition 4.3 and (B.3) once again, we get
also an equality PT (F;(t)(7) = 0.

Permuting the difference Fj(t) — Pt (F;x(t)) and the product of the
currents Fj ;, (t1) -+ Fj;, (tn) we consider the terms Fj 5 (t)*) and F} x(¢)(7) in
the r.h.s. of (B.5) separately.
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Lemma B.2. Forl<i <---<i,<k<j
(B.6) P (Fpar (0) -+ Fa (ta) - Eu(8)) = 0.

Note that the equality (B.6) is equivalent to a system of two equalities,
each of them is used further:

(B.7) Pt (Fj,il(tl) o Fin (ta) - Fjvk(t)(i)) =0

Proof. We use presentation (B.4), the equality P+ (F},(t)(~)) = 0 and
prove the statement of Lemma by induction over k. For k = j—2 the statement
(B.6) follows from the relations

Fjs() k()T = Fpn(®) O F; (), s<k

=14/
oy _ gt —qt -
(B.8) Fj ot F(8) ) = ﬁFm,k(t)( VF i (t)
-1 _ t/ _
= 7 ,f) F e (8) 7 Fy(t),

valid for m < j. The latter relations are the result of applying the integral
transformation — § 42 1_1t/z to (A.7), (A.8) with renaming w — t'. For k = j—3
we use again (B.8) and relations (B.7) for k = j — 2, which are already proved

and so on. O

Lemma B.3.  The following relations hold for i < k

-1
FoE ) = T e Oy D g (o)
J,Z( ) J,k() q_lt—qt’ J,k() J,Z( )+ q_lt—qt’ J,Z( ) J,k( ) )
Fi 1 (t)F; (t)(—)_w ) (t)(‘)F- (t")+
g,k J,k = q_lt —qt’ J,k J,k
(¢ — ot _ _
o (B Eut)O + But) O (1))

Proof. Apply the integral transform — ¢ 4L 7> to the relations (A.5),

(A.6) and rename w — t'. O

Lemmas B.3 and B.2 imply Lemma B.1. Exact form of V,(t1,...,t,) is
not important. O

Let Fy ;(t;t1,...,t,) be the linear combination of currents introduced by
the relation (4.37). Lemma B.1 implies now the following

Lemma B.4. Forl1 <iy <.--<i, <k < j we have the equality of
formal series
PH(Fju,(th) - Fya, (ta) Fj (1))
= P (Fji,(t1) - Fji, (tn)) PT (Fji(tite, .. t0)) -
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Proof. Corollary A.1 to Proposition A.1 states that the product of the
currents Fj;, (t1) -+ Fj, (tn)Fj x(t) has simple zeroes at hyperplanes t = t,,

i =1,...,n. Substituting these conditions in (B.1) we get a systems of n linear
equations over the field of rational functions C(¢1,...,t,) for the operators
%(tl, - ,tn)i

"Vt tn)
(BI) 3L = VP (Flta), =T,

b=1 ¢

where V. = Pt (F;;,(t1)--- Fj;, (tn)). The determinant of the matrix B, =
(ta — q*ty) ™! of this system is nonzero in C(ty,...,t,),

nentn) Loz (ta — )

det(B) = (—¢°) L, (e — )’

hence the system has a unique solution over C(ty,...,t,). This implies that
the operators V4 are linear combinations over C(ty,...,t,—1) of the operators
V- Pt (Fjk(ta)), a=1,...,n, and the projection

PT(Fji, (t1) -~ Fja, (tn) Fj () = V- P (Fj (1))

B.10 n
( ) _ZSOtb(t;tla---,tn) V.p* (ijk(tb))’
b=1

where ¢y, (tit1,...,tn) = Ap(tite, ..., tn)/I1—,(t — ¢*tm) are rational func-
tions whose numerators are polynomials on ¢ of degree less then n. The system
(B.9) is satisfied if the rational functions ¢y, (t;t1,. .., t,) have the property

(,Otb(ta;t17...,tn) :6a7b7 a,b=1,...,n.

This interpolation problem has a unique solution given by formula (4.36). This
proves Lemma B.4. O

The iteration of Lemma B.4 proves Proposition 4.4. O

Now we describe the projection P~ of the composed currents and strings.
Let ad, denotes the adjoint action in Uq(gA[N) related to comultiplication A°P,
ad, y =3, 2} -y-a~(z}) , where Az = 3, 2 ® /. Define screening operators
5}, i=1,..., N —1 by the relation

Si (y) = adg,(o) (y) = F[0] y — k; ki1 y ki ki Fi[0]

Inductive use of (4.14) implies an analog of Proposition 4.3 (we do not use it
further):

P (Fy i) = §,8,-1 - St (P~ (B(0) =~ (8,821 S (B1)
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Set
- uU—u QU — ¢ 1u
(B.11) Gu, (Wi, un) =[] a H m “,
Um — Uq qu —q—
a=1, a#m a=1
and
n
Fipri(usur, ..o un) = Fiy1i(u Z Pu (W U1, - ) g1 i (Um),
=1
where 1 <4 < 5 < N. The series EJH Uy UL, - .., Upy) admits another presen-

tation, which will be used below. Namely, in the notation v = ug and

n n —1
Uy — Uj H-zl(quk*q Uj)
7un):H . ' ¥

Vu,, (U0 U1, - - - -

' jog Qo — a7y [0 joen (ke = uy)

we have
n

Fiy1i(uoiu, ... up) = Zwum (wos ur, ..o, un) Fji(ur)

so that
P~ (Fj+17i(u0;u1, ey Un))

(B.12)

n
= P, (w0, un) P (g i(ug)) -
k=0

We have an analog of Proposition 4.4:
P (Fj,(th) -+ Fja, (tn))
(B.13) =P (Fj,il (ti;ta,. .. ,tn)) P~ (Fj,iz (ta;ts,. .. ,tn)) e
P By (bn1itn)) P (B ()

Using (B.13) we present the projection of the string P~ (fg, (5{57])) in a fac-

torized form

P~ (]:j ({{s,])) - H ﬁ P (Fj+17a(t§;tz+l’ a "tgj))

1<a<j \sa—1<l<sq

oo e (o e
V) —147 /4
1<i<iics; 1T/ 12z \saiicegs, 479 e/
C. String product expansion

Let U;; be subalgebra of Up generated by the modes of the currents
Fi(t),..., F;(t) and Uf ; = U; jNKere be the corresponding augmentation ideal.
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Lemma C.1. For any i and j such that 1 <i < j < N we have
(C.1) P~ (Fi(t)) = =F(t)7) mod P~ (Uf;_5) - Uj1.

Proof. Proof is based on the relation

P~ (Fyu®) + Fa() ) = S (P (Fiisa(®) + Frana (07)
mod P~ (UZE’,L) . Ui,jfl

which is direct consequence of (B.2). Using this relation several times we obtain

P (Fyat) + Fia(t) ) = S+ 80 (P~ (Fyjoa(t) + Fiym(07))

mod P ( ij— 2) Ui,j—l

But for the simple roots currents we have P~ (Fj;_1(t)) + Fj;—1(t)7) =
Using the commutativity of screening operators and the projections [KP], we

prove the Lemma. O
Let 5 = {sj4+1,5j,...,52,81} be a collection of non-negative integers sat-
isfying admissibility conditions: sj41 > s; > .-+ > 51 > 50 = 0. Set

5 ={0,s5,...,51}.

Proposition C.1.  For any product f(f{:;l]) and a string F, (f{sj]) we
have an equality

(C.2)
Jj+1 1
S+l pe (i (7 _ ARTiTAR!
Fllig) - P (]:5/(1&[3;'])) B };[1 (85 — 8i-1)! Sym Hoe) (]: o)
X Sym -+ Sym g Sym (Y(tgfl,...,t{“;tg_,...,t{)))
[s;_1.55] [s1.52] [s1] ’ !

modulo P~ (UJE) “Ujq1.

Proof. Substitute (B.14) instead of the second factor of the product
F (tf:il]) P~ (.7-'] t] ) Our strategy is to move each factor

P- (F+1a( M,...,t;’j))

to the left of the product ]—"(f{;ﬁl]) and keep the terms modulo P~ (UT ;)- U1 j41.
We start from the most left factor taken at @ = 1 and ¢ = 1. We replace
first P~ (F~fj+1)1 (t:t),... ,tgj)) with a linear combination of Fjy 1(#1)() with
rational coefficients. This can be done due to Lemma C.1 and (B.14), since
the modes of the current F)j1(t) commute with any elements from P~ (Uf ;_;)
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and thus can be moved to the left forming modulo terms. Then we use the
relations (A.5) and ordering rules

1

Fra(OFj1.a(t) T = = 77 Freaa(t) +
©3) -
: —1y -1
a—q '/t ) 4—q _
T (1_715//15 Fip1a(t)) - ijﬂ,a(t)( )> Fy(t),
for a =1,...,7, which are consequence of (A.4). They give the equalities
(C4)

‘ j , j+1 , (-) _ — T qtf;rl/tzﬂ
Fip () Fa@™) - R ==>" 1

a=1 a<l<sji1

1— té+l/t%+1

Fjpoa (B Fipa (7)) Fja ()

Sj41

H q -1 qtj+1/tj+1 1
1— t]+1/tj+1 1— t/t£+1

1<t<a )
Fj (31 omitted

modulo P~ (Uj ;) - Uy j+1. The iteration of (C.4) using other ordering rules,
being consequences of (A.8) and (A.7),

—1 /
_ g —qt'/t _
Fii2.a(t)Fit1.a(t') ):( —t//t Fit1a(t))

q —a, _
T a7 Frizalt)
Fjioa(t) Fja1p(t) ) = Fj+17b( )T Fja4(t), a<b.

leads to the following result. Denote

-1 _ -1 _ o
(C.5) o (z) = %; az(z) = %7 as(z) = w-

Then the product f(f{;il]) <P~ (fg, (f{sj])) modulo P~ (U5 ;) - Uy j+1 is equal
to the following sum:

(C.6)
J
H H a3(t§/tj/)71 Z Y(t{z:rjl t?z:rl’ti a'”vtjl-)
i=1 \s;_1<€<l'<s; Aj Ay A
> H H ay t]+1 t”l) H Ozz(tfl/tfl) H a3(ti+1/t%,+l)
=, centvea tediny Hed:

 TL (Freasltlt? )+ Fraaal) Fraa(h) -+ By (™)

1<i<y

J+1(ta1 Yoo J+1(15]Jr ) omitted
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The sum in (C.6) goes over all non-ordered subsets Ay, Az, ..., A; of the set
A ={1,...,sj41}. These subsets are defined as follows. Let Ay = @ be an
empty set. Denote A = A. Define inductively the subsets A; and A of Ag
for i = 1,...,j by the relations: A; U A} = A ,. Denote the elements of
the set A; by the letters as, ,+1,...,as,-1,as,. Number of the elements in the
subset A; is equal to s; — s;_1. Note also that because subsets Ay is defined
inductively through previous subsets Aj_1, ..., A1 the summations in (C.6) are
not commutative. First, we have to sum over all possible subsets A; in Ag,
then over all possible Ay in A{ and so on.

The last line in (C.6) is the inverse string. We can use the relations (A.5)
between the composed currents and the last product of the rational series in the
second line of (C.6) to transform it to the string, again modulo P~ (U5 ;)-Uy j+1:

sty (i) -1 T ) S5

i=1 \s;_1<t<l/<s; j Ay Ay

XY H I @6 I ™ /61
J

= e<e! e<e!

ZZ’EA reAt

’ .
E, vea;

» | _
< B Fa@™) T (Bt ) Freatih).

1<i<j

Fj+1(t,]‘;lrl),...,Fj_'_l(tﬂ:jl) are omitted

Let us also decompose the summation over the non-ordered sets 4; = {as,_,+1,

.,as,} to the summations over ordered sets A; = {as, ,+1 < -+ < ag,} and
to the sums over all permutations among fixed {as, ,+1,...,as,}. Denote the
sum over permutation of the fixed elements {as, ,+1,...,as,} as > . 5, The

previous formula can be written in the form modulo P~ (Ut ;) - Uy j+1:

(C.7)
J
i+l i 49 \—1
FE )P (FE)) =TI I et ™ |33
=1 Si_1<t<l'<s; Aj Al
J
H H oy t]+1 tj,“) H t]+1 t]+1 Z Z Y ( t]:rjl’.“’ti:rl tf ])
i=1 s ifeejii EeAl,if?yE’eAi perd; perd;
1 )
X FaH) - Fa™) I (Fj+2,z(t] L) "Fj+2,z‘(tézl)) :
1<i<y
J+1(ta1 ), J+1(tj+1) omitted

The summations chr 4, can be translated to the ¢- symmetrlzatlon of the

series Y(téjjl N AR .,1]) over the sets of variables {t] . ,,....t}
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for i =1,...,7. We have the identity of the formal series proved in [KP]:

I I et I a8

i=15;_1<€<'<s; . §<Z%
‘e
(C.8) _ .
X Sym g, ---Sym AlY(tﬁLj'jl ...,t{;l,tf ])
= Sym 5 Sym;  Sym g (Y(t{fl, e ,t{:l,tf ])> .
[sj—1,84] [s1,s2] [51] %3
This identity allows to present the r.h.s. of (C.7) in the form
(C.9)
N I
p 234 q-— _ltj—H/tJ-H
CeAd | veA,
j+1 1
x o P Fra™) ] (Fﬁz (8 Fypa ()T 1+1))
: ; 1<i<y
Fj+1(tfzirl)wajJrl(tfz:r;) are omitted
X Sym ~-Sym 5z  Sym g (Y(t7+1,.. AR ,tjl))
[sj—1.55] [s1,s2] [s1] g i’

In its turn, the summation over ordered sets A; in (C.9) can be written as
g-symmetrization over the set of variables {tj 1 ]} so finally we obtain the
statement of Proposition C.1. O

Let t_[g] and f[g/] be the sets of variables defined by collections of segments
[0,5] = [3] and [0, §'] = [3] respectively. Proposition C.1 implies the following

Proposition C.2.

FEN ) Sym (X(z[g/]) P~ (fg, (Z{sj]))) _
(C.10) _ 1 S F) - FIT (@
= Gy S (X AVELL))

modulo elements of the form P~ (U;) “Ujy1.

Note that the g-symmetrization Sym o in (C. 10) goes over the set of

g
variables #z] which does not include the variables t[s i This means that the

left hand side of (C.10) can be written in the form
To 7 71 — (i (79
Svm 1, (X () - @S )P (7L, ))) -

To prove Proposition C.2 we have to substitute (C.2) into this expression. We
need the following
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Lemma C.2.  Rational series Sym gl Sym 2 ]Sym G ]X(fgl) 18
i1 52 o1

symmetric in each group of variables {tii—l‘i‘l’ e ,t{;i}, i=1,...,7.

Proof. of this Lemma results from the definition of the rational series
(4.15) and from the following corollary of (C.8): the g¢-symmetrization
Symg;Y (u;7) is a symmetric series on the set of variables «. O

Statement of Proposition C.2 follows now from the identity for the series

Sym 7 (Sym F-1 - Sym o ]X(t_g,)x
sj S1

[sj—1l

><Sy1n 7 N Syn’l ¥ ]Sym t—f‘ ]Y({]+1{] )) —
S1

[sj_1.5] [s1,52 [s5] 7 "[s4]

= ]Z[(sl — Si_1)! Sy—m t’[g,] (X( 5)) .
(]

Acknowledgement. The authors thank S. Loktev, A. Molev and V.
Tarasov for useful discussions. The work of the first author was supported
by RFBR grant 07-02-00878, ANR project GIMP No. ANR-05-BLAN-0029-01
and Federal atomic agency of Russian Federation. This work was partially done
when the second author visited Laboratoire d’Annecy-Le-Vieux de Physique
Théorique. He thanks LAPTH for the hospitality and stimulating scientific
atmosphere. His work was supported in part by RFBR grant 06-02-17383 and
grant for support of scientific schools NSh-8065.2006.2.

INSTITUTE OF THEORETICAL & EXPERIMENTAL PHYSICS
117259 Moscow, Russia
e-mail: khor@itep.ru

LABORATORY OF THEORETICAL PHysics, JINR
141980 DUBNA, MOSCOW REG., RUSSIA
e-mail: pakuliak@theor.jinr.ru

References

[CP] V. Chari and A. Pressley, Quantum affine algebras and their repre-
sentations, Representations of groups, CMS Conf. Proc. 16 (1994),
59-78.

D] V. Drinfeld, New realization of Yangians and quantum affine algebras,
Sov. Math. Dokl. 36 (1988), 212-216.

[DF] J. Ding and I. B. Frenkel, Isomorphism of two realizations of quantum

~

affine algebra Uy (gly), Comm. Math. Phys. 156 (1993), 277-300.



A computation of universal weight function for quantum affine algebra Uq (gA[N) 321

[DK]

[E]

[EKP]

[ER]

[TV1]

[TV2]

J. Ding and S. Khoroshkin, Weyl group extension of quantized current
algebras, Transform. Groups 5 (2000), 35-59.

B. Enriquez, On correlation functions of Drinfeld currents and shuffle
algebras, Transform. Groups 5-2 (2000), 111-120.

B. Enriquez, S. Khoroshkin and S. Pakuliak, Weight functions and
Drinfeld currents, Comm. Math. Phys. 276 (2007), 691-725.

B. Enriquez and V. Rubtsov, Quasi-Hopf algebras associated with sly
and complex curves, Israel J. Math. 112 (1999), 61-108.

S. Khoroshkin and S. Pakuliak, Weight function for U, (;\[3)7 Theoret.
and Math. Phys. 145-1 (2005), 1373-1399, math.QA /0610433.

S. Khoroshkin, S. Pakuliak and V. Tarasov, Off-shell Bethe vectors
and Drinfeld currents, J. Geom. Phys. 57 (2007), 1713-1732.

P. Kulish and N. Reshetikhin, Diagonalization of GL(N) invariant
transfer matrices and quantum N-wave system (Lee model), J. Phys.
A: Math. Gen. 16 (1983), L591-L596.

V. Tarasov and A. Varchenko, Jackson integrals for the solutions to
Knizhnik-Zamolodchikov equation, Algebra and Analysis 2-2 (1995),
275-313.

, Combinatorial formulae for nested Bethe vectors, preprint,
math.QA /0702277.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


