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Gorenstein cohomology in abelian categories

By
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Abstract

We investigate relative cohomology functors on subcategories of
abelian categories via Auslander-Buchweitz approximations and the re-
sulting strict resolutions. We verify that certain comparison maps be-
tween these functors are isomorphisms and introduce a notion of perfec-
tion for this context. Our main theorem is a balance result for relative
cohomology that simultaneously recovers theorems of Holm and the cur-
rent authors as special cases.

Introduction

Let A be an abelian category equipped with subcategories W and X such
that X is closed under extensions and W is an injective cogenerator for X. (See
Section 1 for definitions and Section 2 for motivating examples from commu-
tative algebra.) Given an object M in A with finite X-projective dimension,
Auslander and Buchweitz’s theory of approximations [3] provides a “strict WAX-
resolution” of M. Such a resolution enjoys good enough lifting properties to
make it unique up to homotopy equivalence and, as such, yields a well-defined
relative cohomology functor Ext’y, (M, —) for each integer n. The functors
Ext’yy(—, N) are defined dually.

These functors have been investigated by numerous authors, beginning
with the fundamental work of Butler and Horrocks [6] and Eilenberg and
Moore [8]. Our approach to the subject is based on a fusion of the techniques
of Avramov and Martsinkovsky [5], Enochs and Jenda [10], and Holm [16].

The contents of this paper are summarized as follows. In Section 3 we
present a brief study of the pertinent properties of strict resolutions. Sec-
tions 4 focuses on conditions guaranteeing that natural comparison maps are
isomorphisms. In Section 5 we introduce a notion of relative perfection and
establish a duality between certain classes of relatively perfect objects.

The main theorem of this paper is the following balance result, contained
in Theorem 6.7. It showcases the benefit of our approach to studying these
functors, as it simultaneously encompasses a result of Holm [16, (3.6)] and our
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own result [21, (5.7)]; see Corollary 6.11 and Remark 6.18.

Main Theorem. Let X, Y, W and V be subcategories of A. Assume
that X and Y are closed under extensions, W is an injective cogenerator for
X, V is a projective generator for Y, W L Y and X L V. Assume further
Extﬁ,lA(T, V)=0= EX‘sf&,(W, U) for all objects T and U with W-pd(T) < oo
and V-id(U) < oco. If M and N are objects of A such that X-pd(M) < co and
Y-id(N) < oo, then there are isomorphisms Ext’y 4 (M, N) = Ext’yy,(M, N) for
alln € Z.

1. Categories and resolutions
We begin with notation and terminology for use throughout this paper.

Definition 1.1.  Throughout this work A is an abelian category. We
use the term “subcategory” to mean a “full, additive, and essential (closed
under isomorphisms) subcategory.” Write P = P(A) and T = Z(A) for the
subcategories of projective and injective objects in A, respectively.

We fix subcategories X', J, W, and V of A such that W is a subcategory
of X and V is a subcategory of ). For an object M € A, write M 1 Y (resp.,
X L M) if Ext3'(M,Y) = 0 for each object Y € Y (resp., if Ext5' (X, M) =0
for each object X € X). Write X L Y if Extil(X, Y) = 0 for each object
X € X. We say that W is a cogenerator for X if, for each object X € X, there
exists an exact sequence

0-X—-W-—->X -0

with W € W and X’ € X. The subcategory W is an injective cogenerator for
X if W is a cogenerator for X and X L W. The terms generator and projective
generator are defined dually.

Definition 1.2.  An A-complex is a sequence of homomorphisms in A

81M+1 81\/1 81”1
n n—
M= " M, s M, ——5% ...

such that 8%8,%1 = 0 for each integer n; the nth homology object of M is
H, (M) = Ker(9}")/Im(d}% ;). We frequently identify objects in A with com-
plexes concentrated in degree 0. For each integer i, the ith suspension (or
shift) of a complex M, denoted Y*M, is the complex with (X*M), = M, _;
and 0X'M = (—~1)?0M .. The notation X is short for ¥' X.

A complex M is Hom 4(X, —)-ezact if the complex Hom4 (X, M) is exact
for each object X in X. The term Hom 4(—, X)-exact is defined dually.

Definition 1.3.  Let M, N be A-complexes. The complex Hom 4 (M, N)
is the complex of abelian groups with Homa (M, N),, = [[, Homa(M,, Npin)

with OR°mAMN) given by o = {ap} — {oN ap — (—1) 102"} A mor-
phism M — N is an element of Ker(@?omA(M’N)), and a morphism is null-

HomA(M,N))
1 .

homotopic if it is in Im(0 Two morphisms a,a’: M — N are
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homotopic if a — o/ is null-homotopic. The morphism « is a homotopy equiva-
lence if there is a morphism 3: N — M such that S« is homotopic to id;; and
af is homotopic to idy.

A morphism «: M — N induces homomorphisms H, («): H,(M) —
H,(N), and « is a quasiisomorphism if each H,(«) is bijective. The map-
ping cone of « is the complex Cone(«) defined as Cone(a), = N,, & M,,_1 and

N
goeme(@) _ (a" oot ) The morphism « is a quasiisomorphism if and only if

Cone(q) is exact.

Definition 1.4. A complex X is bounded if X,, = 0 for |n| > 0. When
X_n, =0=H,(X) for all n > 0, the natural morphism X — Hy(X) = M is a
quasiisomorphism. In this event, the morphism X — M is an X-resolution of
M if each X,, is in X, and the exact sequence

T o5 o
XT=..—-X  —Xy—>M-—0

is the augmented X -resolution of M associated to X. We write “projective
resolution” in lieu of “P-resolution”. The X-projective dimension of M is

X-pd(M) = inf{sup{n > 0| X,, # 0} | X is an X-resolution of M}.

The objects of X-projective dimension 0 are exactly the objects of X'. We let
res X denote the subcategory of objects M with X-pd(M) < oco. One checks
easily that res X is additive and contains X.

The terms Y-coresolution and Y-injective dimension are defined dually.
The augmented )-coresolution associated to a )-coresolution Y is denoted 1Y,
and the Y-injective dimension of M is denoted Y-id(M). The subcategory of
R-modules N with Y-id(N) < oo is cores )A); it is additive and contains ).

Definition 1.5. An X-resolution X is proper if the augmented resolu-
tion X T is Hom 4 (X', —)-exact. The subcategory of objects admitting a proper
X-resolution is denoted res X. One checks readily that res X' is additive and
contains X'. Projective resolutions are P-proper, and so A has enough projec-
tives if and only if resP = A. B

Proper coresolutions are defined dually, and we let cores ) denote the sub-
category of objects of A admitting a proper Y-coresolution. Again, cores) is
additive and contains ) as a subcategory. Injective coresolutions are always
Z-proper, and so A has enough injectives if and only if coresZ = A.

The next lemmata are standard or have standard proofs: for 1.6 see [3,
pf. of (2.3)]; for 1.7 see [3, pf. of (2.1)]; for 1.8 argue as in [5, (4.3)] or [10, pf. of
(8.1.3)]; and for the “Horseshoe Lemma” 1.9 see [5, (4.5)] or [10, pf. of (8.2.1)].

Lemma 1.6. Let 0 — My — My — M3z — 0 be an exact sequence in A.

(a) If M3 L X, then My L X if and only if My 1L X. If My L X and My L X,
then Ms L X if and only if the given sequence is Hom4(—, X) ezact.
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If X L My, then X L My if and only if X L Ms. If X L My and X 1 Ms,
then X L My if and only if the given sequence is Hom 4(X, —) ezact.

Lemma 1.7. IfX 1Y, then X L res)A) and cores X | V.

Lemma 1.8.  Let M,M’', N, N’ be objects in A.

Assume that M admits a proper W-resolution v: W — M and M’ admits
a proper X -resolution v': X' — M'. For each homomorphism f: M — M’
there exists a morphism f: W — X' unique up to homotopy such that
v f = fy. If f is an isomorphism, then f is a quasiisomorphism. If f is
an isomorphism and X =W, then f is a homotopy equivalence.

Assume that M admits a projective resolution v: P — M and M’ admits
a proper X-resolution v': X' — M'. For each homomorphism f: M — M’

there exists a morphism f: P — X' unique up to homotopy such that
~'f = fv. If f is an isomorphism, then f is a quasiisomorphism.

Assume that N admits a proper Y-coresolution 6: N — Y and N’ admits
a proper V-coresolution §': N' — V'. For each homomorphism g: N —
N’ there exists a morphism g: Y — V' unique up to homotopy such that
g0 = 0'g. If g is an isomorphism, then G is a quasiisomorphism. If g is an
tsomorphism and V =), then g is a homotopy equivalence.

Assume that N admits a proper Y-coresolution 6: N — Y and N’ admits an
injective resolution 6': N' — I'. For each homomorphism g: N — N’ there
exists a morphism §: Y — I' unique up to homotopy such that gé = &'g.
If g is an isomorphism, then g is a quasiisomorphism.

Lemma 1.9. Let0— M' — M — M" — 0 be an exact sequence in A.

Assume that M’ and M" admit proper X-resolutions v': X' — M’ and
¥ X" — M" and that the given sequence is Hom 4 (X, —)-exact. Then M
admits a proper X-resolution v: X — M such that there exists a commu-
tative diagram whose top row is degreewise split exact.

0 X' X X" 0
R
0 M’ M M 0

Assume that M' and M" admit proper Y-coresolutions §': M' — Y’ and
6" M"” — Y" and that the given sequence is Hom4(—,))-exact. Then
M admits a proper Y-coresolution §: M — Y such that there exists a
commutative diagram whose bottom row is degreewise split exact.

0 M’ M M 0

1

0 Y’ Y Y” 0
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The last result of this section is for Corollary 6.9; it follows from [22, (2.3)].

Lemma 1.10. For each integer n > 0, let X,, and Y, be subcategories
of A such that X,, and Y, are closed under extensions when n > 2.

(a) If X, is a cogenerator for X,i1 for each n > 0 and X, L Xy for each
n > 1, then X, is an injective cogenerator for X, ; for eachn,j = 0.

(b) If Y, is a generator for Y,11 for each n =0 and Yo L Y, for eachn > 1,
then Y, is a projective generator for Vn4; for each n,j > 0.

2. Categories of interest

Much of the motivation for this work comes from module categories. In
reading this paper, the reader may find it helpful to keep in mind the examples
of this section, wherein R is a commutative ring. We return to these examples
explicitly in Sections 5 and 6.

Definition 2.1. Let M(R) denote the category of R-modules. For
simplicity, we write P(R) = P(M(R)) and Z(R) = Z(M(R)). Also set
Ab = M(Z), the category of abelian groups. If X(R) is a subcategory of
M(R), then X/(R) is the subcategory of finitely generated modules in X'(R).

The study of semidualizing modules was initiated independently (with dif-
ferent names) by Foxby [11], Golod [15], and Vasconcelos [24].

Definition 2.2. An R-module C is semidualizing if it satisfies:
(1) C admits a (possibly unbounded) resolution by finite rank free R-modules,
(2) the natural homothety map R — Hompg(C, C) is an isomorphism, and
(3) Extz'(C,C) = 0.

A finitely generated projective R-module of rank 1 is semidualizing. If R is
Cohen-Macaulay, then D is dualizing if it is semidualizing and idg (D) is finite.

Based on work of Enochs and Jenda [9], the following notions were intro-
duced and studied in this generality by Holm and Jgrgensen [18] and White [25].

Definition 2.3. Let C be a semidualizing R-module. An R-module is
C-projective (resp., C-injective) if it is isomorphic to P ® g C for some pro-
jective R-module P (resp., Hompg(C,I) for some injective R-module I). The
categories of C-projective and C-injective R-modules are denoted P¢(R) and
Zco(R), respectively.

A complete PPc-resolution is a complex X of R-modules such that:

(1) X is exact and Hompg(—, Pc(R))-exact, and

(2) X, is projective when n > 0 and X, is C-projective when n < 0.
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An R-module G is Gg-projective if there exists a complete PPc-resolution X
such that G = Coker(d;Y), in which case X is a complete PPc-resolution of G.
We let GP¢(R) denote the subcategory of Go-projective R-modules.

The terms complete ZcZ-coresolution and Gg-injective are defined dually,
and GZ¢(R) is the subcategory of Ge-injective R-modules.

Fact 2.4. Let C be a semidualizing R-module. There is a containment
P(R)UPc(R) C GPc(R), and Pco(R) is an injective cogenerator for GP ¢ (R)
by [25, (2.2),(2.6),(2.9)]. Dually, one has Z(R) UZ¢(R) C GZ¢(R), and Z¢(R)
is a projective generator for GZ¢(R).

The next definition was first introduced by Auslander and Bridger [1], [2]
in the case C'= R, and in this generality by Golod [15] and Vasconcelos [24].

Definition 2.5. Assume that R is noetherian, and let C' be a semidu-
alizing R-module. A finitely generated R-module H is totally C-reflexive if

(1) Ext?%l(H, C)=0= Extil(HomR(H, C),C), and
(2) the natural biduality map H — Hompg(Hompg(H, C'), C) is an isomorphism.
Let Go(R) denote the subcategory of totally C-reflexive R-modules.

Fact 2.6. Assume that R is noetherian and let C' be a semidualizing R-
module. Then Go(R) = Q’Pé (R) by [25, (4.4)], and so Pf(R)Upé(R) C Ge(R).
Also, Pé(R) is an injective cogenerator for Go(R) by [25, (2.9),(4.3),(4.4)].

Over a noetherian ring, the next categories were introduced by Avramov
and Foxby [4] when C' is dualizing, and by Christensen [7] for arbitrary C."!
In the non-noetherian setting, these definitions are from [19], [25].

Definition 2.7. Let C be a semidualizing R-module. The Auslander
class of C is the subcategory Ac(R) of R-modules M such that

(1) Torf,(C, M) =0=Ext3'(C,C ®x M), and

(2) The natural map M — Hompg(C,C ®g M) is an isomorphism.

The Bass class of C' is the subcategory Bo(R) of R-modules N such that
(1) Extz'(C,N) =0 = TorZ, (C, Homg(C, N)), and

(2) The natural evaluation map C ® g Hompg(C, N) — N is an isomorphism.

Fact 2.8. Let C be a semidualizing R-module. If any two R-modules in
a short exact sequence are in A¢(R), respectively B (R), then so is the third;
see [19, Cor. 6.3]. There are containments

resP/(E) U coresl?(\R) C Ac(R) C cores I and

res 7%(}) u coresI/(\R) C Bo(R) CresPco(R)
by [19, Cors. 6.1, 6.2] and [23, (2.4)].

“INote that these works (and others) use the notation Ac(R) and Bo (R) for certain cate-
gories of complexes, while our categories consist precisely of the modules in these categories
by [7, (4.10)].
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3. Strict and proper resolutions

This section focuses on the existence of certain proper resolutions which,
following [5], we call “strict”. Our treatment focuses on the use of “approxi-
mations” (special cases of the “special precovers” of [10]) and blends the ap-
proaches of [3], [5], and [10].

Definition 3.1. Fix anobject M in A. A bounded strict WX -resolution
of M is a bounded X-resolution X — M such that X,, is an object in W for
each n > 1. An exact sequence in A

0-K—->Xg—M-—0

such that K € resW and Xp € X is called an WX -approzimation of M. The
term WX -hull of M is used for an exact sequence in A4

0—-M-—-K —-X =0

such that K’ € resW and X’ € X. The terms bounded strict YV-coresolution,
YV-coapprozimation and YV-cohull are defined dually.

The first result of this section outlines the properness properties of certain
(co)resolutions and (co)approximations.

Lemma 3.2. Assume X LW andV 1L ).
(a) Bounded W-resolutions are X-proper and hence WW-proper.

(b) If W is an injective cogenerator for X, then bounded strict WX -resolutions
are X-proper and WX -approximations are Hom 4(X, —)-ezact.

(¢) Bounded V-coresolutions are Y-proper and hence V-proper.

(d) If V is a projective generator for Y, then bounded strict YV-coresolutions
are Y-proper and YV-coapproxzimations are Hom 4(—, Y)-exact.

Proof. We prove parts (a) and (b); the others are proved dually.

(a) Let M be an object in A admitting a bounded W-resolution W — M.
We need to show that Hom4 (X, W™) is exact for each object X in X. Set
M,, = Coker(9}". ,) and, when n > 0, consider the associated exact sequence

0—- M, - W, — M,_1—0.

The object M, is in res W for each n. Lemma 1.7 implies X L res 17\/\, and so
the displayed sequence is Hom 4 (X, —)-exact by Lemma 1.6(b). It follows that
W is Homy4 (X, —)-exact as well, that is, the resolution is X-proper.

(b) Let X — M be a bounded strict WX -resolution such that X; = 0
for each i > n, and set K = Im(9;*). The next exact sequence is a bounded
W-resolution

(3.1) 0—-X,—- - —=-X1—=K—=0
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and so part (a) implies that it is Hom 4 (X, —)-exact. The following sequence
(3.2) 0—-K—-Xy—M-—0

is a WX -approximation. We show that WX -approximations are Hom 4 (X, —)-
exact; we then conclude that X is X-proper by splicing (3.1) and (3.2).
Consider a WX-approximation as in (3.2). Using Lemma 1.7, the assump-
tion X L W implies X | K. Thus, for each X’ € X the long exact sequence in
Ext4(X’, —) associated to (3.2) implies that (3.2) is Hom4 (X, —)-exact. [

The next two lemmata provide useful conditions guaranteeing the existence
of proper (co)resolutions. Lemma 3.4 is for use in Proposition 4.10.

Lemma 3.3.  Assume that X and Y are closed under extensions, W is
a cogenerator for X, and V is a generator for Y. Let M and N be objects in A.

(a) If X-pd(M) < oo, then M has a WX -approzimation, a WX -hull, and a
bounded strict WX -resolution X = M such that X; = 0 fori > X-pd(M).

(b) If W is an injective cogenerator for X, then res X isa subcategory of res X.

(¢) If Y-id(N) < oo, then N has a YV-coapprozimation, a YV-cohull, and a
bounded strict YV-coresolution N =Y such that Y_; = 0 fori > Y-id(N).

(d) IfV is a projective generator for Y, then cores Yisa subcategory of cores .

Proof. Parts (a) and (c) follow as in [3, (1.1)]. Parts (b) and (d) follow
from (a) and (c) using Lemma 3.2(b) and (d). O

Lemma 3.4.  Assume that X and Y are closed under extensions, VW is
a cogenerator for X, and V is a generator for ).

(a) If X is a subcategory of res W, then res X is a subcategory of res W.
(b) If Y is a subcategory of cores 17, then coresji\ is a subcategory of cores V.

Proof. We prove part (a); the proof of part (b) is dual. Let M be an
object in res X. By Lemma 3.3(a), the object M admits a WX -approximation

(3.3) 0 K—-X—-M-—0.
Since X is a subcategory of res W, the object X admits a proper W-resolution
W = X. Set X' = Im(d}"). Notice that the object X’ is in res W and the

following natural exact sequence is Hom 4 (W, —)-exact

(3.4) 0— X' —Wy 5 X —0.
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In the following pullback diagram, each row and column is exact, the bottom
row is (3.3), and the middle column is (3.4).

0 0
X' — X
(3.5) 0 U - Wo —— M 0
. ml
0 K X M 0
0 0

We show that U is in res W and that the middle row of (3.5) is Hom4 (W, —)-
exact. It is then straightforward to see that a proper W-resolution of M can be
obtained by splicing a a proper W-resolution of U with the middle row of (3.5).

Let W’ be an object in W. The assumption X L W implies W L W and
SO Extil(W' ,Wp) = 0. The long exact sequence in Ext4(W’, —) associated to
the middle column of (3.5) includes the next exact sequence

Hom_ (W', Wo) 222D, Hom 4 (W', X) — Extly (W, X') — 0.

The middle column of (3.5) is Hom 4 (W, —)-exact, so the map Hom (W', 7)
is surjective, and it follows that ExtY (W’, X’) = 0. Lemma 1.6(b) implies that
the leftmost column of (3.5) is Hom 4 (W', —)-exact. Since W’ is an arbitrary
object of W, this column is Hom 4(W), —)-exact. The object K is in res W by
Lemma 3.2(a). Since X’ is also an object in res W, we may apply Lemma 1.9(a)
to the leftmost column of (3.5) to conclude that U is in res W.

To conclude, we show that the middle row of (3.5) is Hom 4 (W', —)-exact,
that is, that Hom 4 (W', 7) is surjective. Applying Hom 4(W’, —) to the middle
and lower rows of (3.5) yields the next commutative diagram with exact rows.

Hom 4 (W', 7
Hom 4 (W',U) — Hom 4 (W', Wy) AW Hom (W', M)

[ ’

Homy (W', K) —— Hom4 (W', X) Hom (W', M) ——0

Recalling that Hom4 (W', 1) is surjective, chase this last diagram to conclude
that Hom 4 (W', ) is also surjective. O
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4. Relative cohomology

This section contains the foundations of our relative cohomology theories
based on the context of Section 3.

Definition 4.1. Let M, M’, N, N’ be objects in A with homomorphisms
f:M — M and g: N — N’. Assume that M admits a proper X-resolution
~v: X — M, and define the nth relative X A cohomology group as

Exty4(M,N) =H_,,(Hom4(X, N))

for each integer n. If M’ also admits a proper X-resolution 7': X’ — M’ let
f+ X — X’ be a morphism such that v'f = f+, as in Lemma 1.8(a), and define

Ext%4(f, N) = H_,,(HomA(f,N)): Exty,(M', N) — Ext (M, N)
EthfA(Mv g) = H_H(HOHlA(X, g)) EXt%A(M7 N) - EXt%A(Mv Nl)

>1

We write ExtZ,4(M,Y) = 0 if Extf(i‘(M, Y') = 0 for each object Y € . When
X CresW, we write Extﬁ}A(X,y) =0if Extﬁ}A(X, Y) =0 for each X € X.
The nth relative AY-cohomology Ext’jy,(—, —) is defined dually.

Remark 4.2. Definition 4.1 describes well-defined bifunctors
Ext4(—,—): res X x A — Ab Ext"y(—, —): A x cores Y — Ab

by Lemma 1.8, and one checks the following natural equivalences readily.

= HOIII_A(*, 7)|res XxA

(7a 7)|res73><.A
HomA(—a _)lecoresi
|_A><c0resf

Lemma 1.9 yields the next long exact sequences as in [10, (8.2.3),(8.2.5)].

Lemma 4.3. Let M and N be objects in A, and consider an exact
sequence in A

L= o1 Lo

(a) Assume that the sequence L is Hom (X, —)-exact. If the object M is in
res X, then L induces a functorial long exact sequence

Exth 4 (M,f") Exta (M, f)
—_— —_— 5

< = Exth (M, L) Ext% 4 (M, L)

% Ext’y i (M, f'
Exty (M, L) P40 Bt (M, ) 24
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(b) Assume that the sequence L is Hom 4 (X, —)-exact. If the objects L', L, L"
are in res X, then L induces a functorial long exact sequence

Exth 4 (f,N) Ext% 4 (f',N)
—_— _—

- = Exth (L, N) Exty4(L, N)

o (L,N) Ext% 3 (f,N)

Ext%, (L', N) Extyi ' (L”, N)
(c) Assume that the sequence L is Hom4(—,Y)-exact. If the object N is in
cores ), then L induces a functorial long exact sequence

ExtRy (f,N) Exty, (f/,N)
_ _—

- — Ext’yy,(L", N) Ext’yy (L, N)

3%, (L,N Ext" Tl (f,N

Exty (L, N) 22N, ppnst g yy 2 00

(d) Assume that the sequence L is Homa(—, Y)-exact. If the objects L', L, L"”
are in cores Y, then L induces a functorial long exact sequence

Ext’y (M, f") Ext%y (M, f)
_ _

- — Ext’y (M, L) Ext’yy (M, L)

8%y (ML) Ext” 3 (M, f')

Ext'y, (M, L") Ext’y! (M, A")

To prove the next “dimension-shifting” lemma, use Lemma 4.3 with the

vanishing from Remark 4.2; compare to [10, (8.2.4),(8.2.6)].

Lemma 4.4. Let M and N be objects in A, and consider an ezxact
sequence in A

L= o1l oo

(a) Assume that the sequence L is Hom4(X, —)-ezact and that M is in res X.
If Extil“(M, L) =0, eg., if M is in X, then the following map is an
isomorphism for eachn > 1

na(M,L): Ext’ (M, L") = Exti (M, L').

(b) Assume that the sequence L is Hom 4(X, —)-exact and that L, L', L" are in
res X. If Exti,i‘(L, N) =0, e.g., if L is in X, then the following map is an
isomorphism for eachn > 1

2L, N): Extlhy (L', N) = ExtBh (L, N).

(¢) Assume that the sequence L is Hom 4(—, V)-ezact and that N is in cores Y.
If Exti%,(L,N) = 0, e.g., if N is in Y, then the following map is an
isomorphism for eachn > 1

Z\y(LaN): Ext:f‘y(L’,N) =, EXtZG;l(L”,N).
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(d) Assume that the sequence L is Hom 4(—, Y)-exact and that L, L', L" are in
cores Y. If Exti;(M, L)=0, eg., if L is in Y, then the following map is
an isomorphism for each n > 1

By(M,L) : Exty,(M, L") = Ext"3! (M, L).
The next result is motivated by [5, (4.2.2.a)].

Proposition 4.5. Let M and N be objects in res X and cores JNJ, respec-
tively, and let n be a nonnegative integer.

(a) Assume that X is closed under direct summands and Ext’yi' (M, —)

=0.
If X — M is a proper X-resolution, then Im(9;X) € X and X-pd(M) < n.

(b) Assume that one of the following conditions holds:
(1) x L X, or

(2) X is closed under extensions and W is an injective cogenerator for X.
Then Ext’y 4 (M, —) = 0 whenever n > X-pd(M).

(¢) Assume that Y is closed under direct summands and Ext:ﬁ&l(—, N)=0.If
N — Y is a proper Y-coresolution, then Im(9Y,)) € ¥ and Y-id(N) < n.

(d) Assume that one of the following conditions holds:
(1) Y LY, or

(2) Y is closed under extensions and V is a projective cogenerator for Y.
Then Ext’yy(—, N) = 0 whenever n > Y-id(N).

Proof. 'We prove parts (a) and (b); the proofs of (c) and (d) are dual.
(a) Let X — M be a proper X-resolution, and set M; = Coker(ﬁjﬂ_Q) for

each j. Note that M; € res X and M = M _1, and consider the exact sequences
(+5) 0— M; — X; =5 M 1 —0

when j > 0, which are Hom 4 (X, —)-exact.
Assume first Exty (M, —) = 0. An application of Lemma 4.3(a) to the
sequence (xq) yields the following exact sequence

0 — Hom.a(M, My) — Hom(M, Xo) Somallco),

Hom 4 (M, M) — 0.
Hence, there exists ¢ € Hom 4(M, Xg) such that eg¢p = idps. Thus M is a direct
summand of Xy, and M € X because X is closed under direct summands.
Now assume Extyi'(M,—) = 0. Apply Lemma 4.4(b) to each sequence
(*;) inductively to conclude Ext4(M,_1,—) = 0. The previous paragraph
implies Im(9;X) = M,,_y € X. The conclusion X-pd(M) < n is now immediate.
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(b) Assume without loss of generality that p = X-pd(M) is finite. It
suffices to show that M admits a proper X-resolution X — M such that X,, =0
when n > p. If condition (1) holds, then Lemma 3.2(a) implies that every X-
resolution X — M such that X,, = 0 for each n > p is proper. If condition (2)
holds, then Lemmas 3.2(b) and 3.3(a) yield the desired conclusion. O

The rest of this section is devoted to the study of comparison maps.

Definition 4.6. Let M, N be objects in A.

(a) When M admits a proper W-resolution v: W — M and a proper X-
resolution v': X — M, let idy;: W — X be a quasiisomorphism such that
v =~'idps, as in Lemma 1.8(a), and set

mowa(M,N) =H_,,(Homy(idpr, N)): Exth, (M, N) — Ext}), ,(M, N).

en admits a projective resolution «: — and a proper X-

b) When M admi jecti lution ~: P M and X
resolution v X — M, let idp;: P — X be a quasiisomorphism such that
v =+'idps, as in Lemma 1.8(b), and set

5% (M, N) =H_, (Hom(idar, N)): Ext%, (M, N) — Ext" (M, N).

(c) When N admits a proper )-coresolution §: N — Y and a proper V-
coresolutioLé’: N — V,let idy: Y — V be a quasiisomorphism such
that ¢’ =1idyd, as in Lemma 1.8(c), and set

(M, N) = H_, (Hom (M, idy)): Ext’yy,(M, N) — Ext’y, (M, N).

(d) When N admits a proper Y-coresolution 6: N — Y and an injective resolu-
tion d’: N — I, letidy: Y — I be a quasiisomorphism such that §' = id x4,
as in Lemma 1.8(d), and set

#y(M, N) = H_,,(Hom (M, idy)): Ext’yy,(M, N) — Exty (M, N).

Remark 4.7. Lemma 1.8 shows that Definition 4.6 describes well-
defined natural transformations that are independent of resolutions and lift-
ings.

. n __ - n . -
?(W-A(_’ _) : EXtXA(_’ _)l(resWﬁres XyxA EXtW.A(_7 _)|(resWﬂresX)><A
(=) Bxta(= s Frnes 4 = BXEAs s P 7
XA\ XA (res PNres X)x A AV (res PNres X)x A
Z\yV(i’ 7): EXtZl‘ly(i’ 7)‘A><(cores VNcores Y) - EXtZ‘\V(i’ 7)|AX(COI‘ES VNcores V)
%j‘l\y(_’ _) : EXt:Z)}(_’ _)|A><(Coresfﬁcores Y) - EXtT-/Z(_’ _)lAX(coresfﬂcoresy)

The next result compares to [5, (4.2.3)].

Proposit/i(\)n 4.8. Assunje that X L W and V 1L Y, and consider ob-
jects M € resW and N € cores V.
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(a) The following natural transormations are isomorphisms for each n
Dy a(M, =) Extlyy (M, —) = Bxth, (M, -).

(b) The following natural transormations are isomorphisms for each n
i (=, N): Extpy(—, N) = Bxt’yy,(—, N).

Proof. We prove part (a); the proof of (b) is dual.

Let W — M be a bounded W-resolution. Lemma 3.2(a) implies that W
is X-proper and W-proper, so Exty, 4(M, —) and Ext% (M, —) are defined.
Further, in the notation of Definition 4.6(a), we can take idy; = idy, and so
there are equalities
Vsewa(M, =) =H_,(Hom(idas, —)) = H_,(Hom(idw, —)) = idu _,, (Hom(w,~))

n

which establish the desired result. O

The next lemma is a tool for the proofs of Propositions 4.10 and 4.11. Note
that we do not assume that the complexes satisfy any properness conditions.

Lemma 4.9. Let M, N be objects in A, and assume X L W andV 1L Y.

(a) Let a: X — X' be a quasiisomorphism between bounded below complexes in
X. If W-pd(N) < oo, then the morphism Hom 4 (o, N): Hom4 (X', N) —
Hom 4 (X, N) is a quasiisomorphism.

(b) Let B: Y — Y’ be a quasiisomorphism between bounded above complexes in
Y. If V-id(M) < oo, then the morphism Hom (M, 3): Hom4(M,Y) —
Hom 4(M,Y") is a quasiisomorphism.

Proof. We prove part (a); the proof of part (b) is dual. It suffices to show
that Cone(Hom 4 (o, N)) is exact. From the next isomorphism

Cone(Hom 4(a, N)) 2 ¥ Hom 4 (Cone(a), N)

we need to show that Hom 4(Cone(w), N) is exact. Note that Cone(a) is an
exact, bounded below complex in X'. Set M; = Ker(ajconc(a)) for each integer

J, and note M;_, € X for j < 0. Consider the exact sequences
(%) 0 — M; — Cone(a); — M;_1 — 0.

The condition X L W implies & L N by Lemma 1.7. Hence, induction on j
using Lemma 1.6(a) implies Extil(M i N) = 0 for each j and so each sequence
(*;) is Hom 4 (—, N)-exact. It follows that Hom 4(Cone(a), N) is exact. O

The next two results compare to [5, (4.2.4)]. Note that Lemmas 3.3
and 3.4 provide conditions implying the containments res X’ C res X' NresW
and cores ) C cores) N cores V.
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Proposition 4.10.  Let M, N be objects in A, and let X L W and
V1.

(a) If M is in res X NresW and N is in res W, then the following natural map
s an isomorphism for each n

nova(M,N): Ext’ (M, N) = Extl}, ,(M, N).

(b) If M is in coresV and N is in cores Y NcoresV, then the following natural
map is an isomorphism for each n

"o (M, N): Ext’yy, (M, N) = Ext’yy, (M, N).

Proof. We prove part (a); the proof of part (b) is dual. The object M
has a proper W-resolution v: W — M and a proper X-resolution v': X — M.
Lemma 1.8(a) yields a quasiisomorphism idas: W — X such that v = ~'idyy,
and Lemma 4.9(a) implies that the morphism Hom 4(idps, N) is a quasiisomor-
phism. The result now follows from the definition of ¥%,,, (M, N). O

Proposition 4.11.  Let M, N be objects in A, and let X L W and
v1iy.

(a) If M isin resX NresP and N is in res )7\7, then the following natural map
s an isomorphism for each n

o~

wy 4(M,N): Extvs(M,N) — Ext’y (M, N).

(b) If M is in coresV and N is in cores Y N cores f, then the following natural
map is an isomorphism for each n

5y (M, N): Exty, (M, N) = Ext'y (M, N).

Proof. Argue as in Proposition 4.10. When invoking Lemma 4.9(a), use
the category X @ P whose objects are precisely those of the of the form X & P
for some X € X and P € P. O

The next two lemmata are tools for Proposition 4.14 and Theorem 6.7.

Lemma 4.12.  Let W be a cogenerator for X and V a generator for Y.
(a) fWL(WUY) and Extf\}A(res W, V) =0, then Extl%\}A(res W,Y) =0.
(b) If (XUV) LV and ExtiL(W,cores V) =0, then Exti%;(X, cores V) = 0.

Proof. 'We prove part (a); part (b) is proved dually. Fix objects M in
resW and Y in ), and set Yy =Y. Because V is a generator for ) there exist
exact sequences

0—-Y, 41— V,—Y,—0
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with V,, in V and Y,,41 in Y. The assumption W L ) implies that each of these
sequences is Hom 4 (W, —)-exact by Lemma 1.6(b). Fix an integer j > 1 and
set p = W-pd(M). The vanishing hypothesis implies Extﬁ}A(M, V) = 0 for
each n, and so Lemma 4.4(a) yields the isomorphism in the following sequence

Ext]y, (M, Y) = Ext], ,(M,Yy) = Ext]/h(M,Y,) =0
where the last equality is from Proposition 4.5(b) because W L W. O

Lemma 4.13.  Assume that W is a cogenerator for X andV is a gener-
ator for Y. Let M, N be objects in A with W-pd(M) < oo and V-id(N) < co.

(a) Assume (XUV) LV and ExtiL(W, coresV) = 0. Ifa: X = X' is a quasi-
isomorphism between bounded below complexes in X, then the morphism
Homy (v, N): Hom (X', N) — Homy(X, N) is a quasiisomorphism.

(b) Assume W L (WUY) and Ext3, 4 (res W,V) =0. If3: Y =Y is a quasi-
isomorphism between bounded above complexes in Y, then the morphism
Homy (M, 8): Homa(M,Y) — Homa(M,Y’) is a quasiisomorphism.

Proof. We prove part (a); the proof of part (b) is dual.

Set M; = Ker(@fonc(a)) for each j, and note M; € & for j < 0. As in the
proof of Lemma 4.9, it suffices to show that each of the following sequences

(*5) 0 — M; — Cone(a); — M;_1 — 0.

is Hom4(—, N)-exact. The condition X L V implies M; L V for j < 0 and
Cone(ar); L V for all j € Z. Applying Lemma 1.6(a) to the sequences (x;)
inductively implies M; L V for all j € Z and so each (x;) is Hom 4(—, V)-exact.
Lemma 4.12(b) implies Ext7,(M;, N) = 0 for j < 0 and Ext7,(Cone(a);, N)
=0 for all j € Z. Applying Lemma 4.4(c) to (x;) yields Extf&,(Mj, N) =0 for
all n € Z. Thus, each sequence (x;) is Hom 4 (—, N)-exact, as desired. O

The next result is proved like Proposition 4.10, using Lemma 4.13 in place
of Lemma 4.9.

Proposition 4.14.  Assume that W is a cogenerator for X and V is a
generator for Y. Let M and N be objects in A.

(a) Assume (XUV) LV and Extf&,(W,coreS V) =0. If M is in res X Nres W
and N is in cores V, then the next map is an isomorphism for each n

(M, N): Exth (M, N) = Ext}y, (M, N).

(b) Assume W L WUY) and Ext%le(res W, V)=0. If M is in resW and N
1s in cores Y N cores V, then the next map is an isomorphism for each n

%y (M, N): Ext’yy, (M, N) = Ext"y,(M, N).
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5. Relative perfection

This section is concerned with a relative notion of perfection akin to the
Gorenstein perfection of [5], the quasi-perfection of [12] and the generalized
perfection of [15]. We begin with the relevant definitions.

Definition 5.1. Let A° be another abelian category with subcategory
X° and let T and T° be objects in X and X°, respectively. The pair (T,7°) is a
relative cotilting pair for the quadruple (A, X', A°, X°) when the next conditions
are satisfied:

(1) The functor Hom4(—,T) maps A to A° and X to X°.
(2) The functor Hom 4o (—, T°) maps A° to A and X° to X.

~

(3) There are natural isomorphisms Hom 4o (Homy(—,T),7°)|x = idy and
Hom 4 (Hom g0 (—,7°), T)| xo = idyo.

The term relative tilting pair is defined dually.

Definition 5.2. Let T be an object in A. An object M in A with
g =X-pd(M) < oo is XT-perfect of grade g if Ext"y (M, T) = 0 for each n # g.
The term T'Y-coperfect of cograde g is defined dually.

Our motivating example comes from our categories of interest.

Example 5.3. If R is noetherian and C is a semidualizing R-module,
then (C, C) is a relative cotilting pair for (M(R),Gc(R), M(R),Gc(R)). (More
generally, if C'is a semidualizing RS-bimodule as in [19], then the pair (rC, Cs)
is a relative cotilting pair for (M(R), Go(R), M(5°),Gc(S°)).) In this case, we
write “Go-perfect” instead of “Go(R)C-perfect”. The class of Go-perfect R-
modules includes the totally C-reflexive R-modules and the perfect R-modules.
When C = R, this notion recovers the G-perfect modules of [5].

Our main result on relative perfection establishes a duality between cate-
gories of relatively perfect objects.

Proposition 5.4.  Let M be an object in A, and let A° be an abelian
category with subcategories X° and Y°.

(a) Let (T,T°) be a relative cotilting pair for (A, X, A°, X°) such that X L T
and X° L T°. Assume that A and A° have enough projectives. If M is
XT-perfect of grade g, then Ext% (M, T) is an object of A° that is X°T°-
perfect of grade g, and Ext%, (Ext% (M, T),T°) = M.

(b) Let (U,U°) be a relative tilting pair for (A,Y,A° V°) such that U L Y
and U° L Y°, and assume that A and A° have enough injectives. If M
is UY-coperfect of cograde g, then Ext% (U, M) is an object of A° that is
U°Y°-coperfect of cograde g, and Ext%,(U°, Ext% (U, M)) = M.
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Proof. 'We prove part (a); the proof of part (b) is dual.

The result is trivial if M = 0, so assume M # 0. Let X = M be an
X-resolution such that X,, = 0 for each n > g = X-pd(M). By assumption,
the complex Hom 4(X,T") consists of objects and morphisms in X°.

As in the proof of Proposition 4.11, Lemma 4.9(a) yields an isomorphism

H_,(Hom (X, T))  Ext’y(M,T)

for each n. Because M is XT-perfect of grade g, we conclude that the complex
Y9 Homy (X, T) is an X°-resolution of Ext% (M, T) with (X9 Homu(X,T)), =
0 for each n > g. In particular, the object Ext (M, T) = Coker(Hom4(9,%,T))
is in A° and ¢g° = X°- pd(Ext% (M, T)) < g < oo.

Similarly, we conclude that there is an isomorphism

Hy_p(Hom 4o (Homy (X, T), T°)) = Ext’y. (Ext% (M, T),T°)
for each n. Our assumptions yield the isomorphism in the next sequence
Hom 4o (Homy (X, T),T°) 2 X ~ M
while the quasiisomorphism is by construction. These displays imply

0 ifn#yg

Ext". (Ext? (M, T),T°) =
o (Ext( ) 1) {M ifn=g.

It remains to justify the equality ¢° = g. We already know ¢° < g, so suppose
g° < g. Using Lemma 4.9(a) as above, this implies Exty, (Ext% (M, T),T°) =0
for each n > g. In particular, we have a contradiction from the sequence
0 = Ext%, (Ext% (M, T),T°) = M. O

We conclude this section with the special case of Proposition 5.4 for our
categories of interest. The special case C' = R recovers [5, (6.3.1,2)].

Corollary 5.5. Let R be a commutative noetherian ring and let C, M
be finitely generated R-modules with C' semidualizing and Ge-dimg(M) < oo.

(a) There is an inequality grader(M) < Geo-dimg(M), and M is Go-perfect
of grade g if and only if gradegr (M) = Go-dimg(M) = g.

(b) If M is Ge-perfect of grade g, then so is the R-module Ext%,(M,C), and
there is an isomorphism M = Ext%(Ext% (M, C), C).
Proof. Part (a) is established in the next sequence:
gradeR(M) = depthAnnR(M) (R)
= depthAnnR(M)(C)
= inf{n > 0 | Extk (M, C) # 0}
<sup{n >0 | Extx(M,C) # 0}
= GC— dlmR(M)



Gorenstein cohomology in abelian categories 589

The first equality is by definition. The second equality follows from the fact
that a sequence is R-regular if and only if it is C-regular; see [15, p. 68]. The
third equality and the inequality are standard. The last equality is in [13, (2.1)].

Part (b) follows immediately from Proposition 5.4(a); see Example 5.3. O

6. Balanced properties for relative cohomology

Definition 6.1. Fix subcategories X’ C res X and Y’ C cores )N) We
say that Extxq and Ext 4y are balanced on X’ x Y’ if the following condition
holds: For each object M in X’ and N in ), if X — M is a proper X-resolution,
and N — Y a proper Y-coresolution, then the induced morphisms of complexes

Hom(M,Y) — Hom(X,Y) < Hom4 (X, N)
are quasiisomorphisms.

Remark 6.2. Fix objects M € X' and N € Y'. If Extyq and Ext 4y
are balanced on X’ x )’ then Exty (M, N) = Exty;,(M, N) for all and all
n € 2.

The next four lemmata are tools for the proof of our Main Theorem.
Lemma 6.3.  Assume VW 1 V.
(a) If Ext%le(res W, V)=0and W LW, then resW L V.

(b) If Exti;(W, coresV) =0 and V LV, then W L cores V.

Proof. We prove part (a); part (b) is verified similarly. Fix objects M in
resVW and V in V and set n = W- pd(M). We proceed by induction on n. If
n =0, then Ex‘ui1 (M,V) =0 since W L V. So assume n > 1. There exists an
exact sequence

(6.1) 0—-M SW—-M-—0

such that W is an object in W and W-pd(M’) = n — 1. The induction hy-
pothesis implies Extil(M’, V) = 0. Fix an integer i > 1. Using the hypothesis
W L V, a standard dimension-shifting argument yields 0 = Ext’(M',V) =
Extfjl(M, V), so it remains to show Exti\(M, V)=0.

By Lemma 1.7 we know W L W implies W L res W. Hence, the se-
quence (6.1) is Hom 4 (W, —)-exact by Lemma 1.6(b). By assumption, we have
Extf\,1 A(M,V) =0 and so the long exact sequence in Extyy4(—, V') associated
to (6.1) has the form

Hom(e,V)
_

0 — Hom(M, V) — Hom(W, V) Hom(M', V) — 0.

Thus, the map Hom(e, V') is surjective. The assumption W L V implies that
the long exact sequence in Ext(—, V') associated to (6.1) starts as

Hom(e, V')
—_—

0 — Hom(M, V) — Hom(W, V) Hom(M',V) — Ext'(M,V) — 0.

Since Hom 4 (€, V') is surjective, this implies Ext}“(M, V) =0 as desired. O
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Lemma 6.4. Let W be a cogenerator for X and let V be a generator
for Y. Assume that X and Y are closed under extensions.

a) fW1IWand X LV and ExtZ) resl//\ZV =0, then resX L V.
WA

(b) IfV LV and W LY and ExtiL(W, cores V) =0, then W L cores Y.

Proof. We prove part (a); the proof of part (b) is dual. Fix an object
M € res X and, using Lemma 3.3(a), a WX-hull

0—-M-—-K — X' —0.

Because X’ is in X, we have X’ L V. Lemma 6.3(a) implies K’ L V and so
Lemma 1.6(a) guarantees M L V), as desired. O

Lemma 3.3 provides the proper resolutions and coresolutions in the next
two lemmata which are the primary tools for proving the Main Theorem.

Lemma 6.5.  Assume the following: X and )Y are closed under exten-
sions, W is an injective cogenerator for X, V is a projective generator for Y,
WLYand X L V.

(a) Assume Extl%\}A(res 17\/\, V) = 0. If M is an object in res X with proper
X-resolution X — M, then X+ is Homy(—,))-exact.

(b) Assume Exti%,(W,cores V) = 0. If N is an object in coresY with proper
YV-coresolution N — Y, then 7Y is Hom 4 (X, —)-ezact.

Proof. 'We proof part (a); the proof of (b) is dual. Lemma 3.3(a) yields a
strict WX-resolution X’ — M, and Lemma 3.2(b) implies that this resolution
is X-proper. Lemma 1.8(a) shows that X and X’ are homotopy equivalent, so
we may replace X with X’ to assume that X — M is a strict WX -resolution.

Fix an object Y € Y. For each n, set M, = Coker(d;',,), noting M_; =
M. When n > 0, we have W-pd(M,,) < oo and we consider the exact sequences

(6.2) 0— M, X X,, — M,_; — 0.

It suffices to show that each of these sequences is Hom4(—,Y)-exact, that
is, that the map Hom4(v,,Y): Homu(X,,,Y) — Hom4(M,,Y) is surjective.
Since V is a generator for ) and Y is in ), there is an exact sequence

(6.3) 0-Y -V5Y =0

such that Y is an object in Y and V is an object in V. The assumption W 1L Y
implies that this sequence is Hom 4 (W, —)-exact by Lemma 1.6(b).

Fix an element A € Hom4(M,,Y). The proof will be complete once we
find f € Homy4(X,,Y) such that A = f~,. The following diagram is our guide

Tn

0 Mn 5 /Xn Mn—l —0

/ ///
o o
L - 2

0 Y’ 7, v 0
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wherein the top row is (6.2) and the bottom row is (6.3).

Since the sequence (6.3) is Hom 4 (W, —)-exact, it yields a long exact se-
quence in Extyy4(Mp,, —) by Lemma 4.3(a). From Lemma 4.12(a) we conclude
Extw A(M,, Y = (), so this long exact sequence begins as follows

0 — Homu(M,,Y") — Homa(M,,V) 224D gom (M., Y) — 0.

Hence, there exists o € Hom 4(M,,, V') such that A = 70.
Lemma 6.4(a) implies Ext’ (M,,_1, V) = 0, so an application of Ext 4(—, V)
to the sequence (6.2) yields the next exact sequence

0 — Homa(My_1,V) — Homa(Xn, V) 22220 V) g0 4 (My, V) — 0.
Hence, there exists 6 € Hom 4(X,,, V) such that o = d~,,. It follows that
(10) Yy =70 = A
and so f =76 € Hom4(X,,, V) has the desired property. a

Lemma 6.6.  Assume the following: X and ) are closed under exten-
sions, W is an injective cogenerator for X,V is a projective generator for Y,
WLYand X L V.

(a) Let M be an object in res X with proper X -resolution a: X — M. IfY' is
a bounded above complex in Y and Ext‘%\}A(res W, V) =0, then the induced
map Hom4(M,Y") — Homu(X,Y") is a quasiisomorphism.

(b) Let N be an object in cores) with proper Y-coresolution a: N — Y'. If
X' is a bounded below complex in X and Exti%,(W, cores V) = 0, then the
induced map Hom 4 (X', N) — Hom (X', Y) is a quasiisomorphism.

Proof. 'We proof part (a); the proof of (b) is dual. Lemma 6.5(a) shows
that the complex Hom 4(X™,Y},) is exact for each n, and a standard argument
demonstrates that Hom 4(X*,Y) is exact. From the following isomorphisms
of complexes

Cone(Hom 4(a,Y)) = ¥ Hom 4 (Cone(a),Y) = X Hom4(XT,Y) ~0
one concludes that Hom 4(a, Y) is a quasiisomorphism. O
The next result contains the Main Theorem from the introduction.

Theorem 6.7.  Assume that X and Y are closed under extensions, W
18 an injective cogenemtor for X,V is a projective generator for Y, W L Y,
X LV and ExtWA(resW V) =0 = Extj‘t(W cores V) Then Extyxa and
Ext _Ay are balanced on res X x coresy In particular, there are isomorphisms
Exty4 (M, N) = Extyy, (M, N) for all objects M in res X and N in coresY and
for all n e .
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Proof. Fix objects M in res X and N € cores). Using Lemma 3.3, we
have a proper X-resolution : X — M and a proper Y-coresolution 3: N — Y.
Lemma 6.6 implies that the induced morphisms

Hom 4 (a,Y") Hom 4 (X,3)
b St I AN Pl il

Homy(M,Y) Homy(X,Y) Hom 4 (X, N)

are quasiisomorphisms, and hence the desired conclusion. O

Remark 6.8. Under the hypotheses of Theorem 6.7, it follows almost
immediately from Proposition 4.8 that Extyy 4 and Ext4y are balanced on
resW X coresV This conclusion also follows from the weaker hypothesis
ExtWA(resW V)=0= ExtAV(W cores V) using [10, (8.2.14)].

The next result follows from Lemma 1.10 and Thoerem 6.7.

Corollary 6.9. Forn = 0,1,2,..., let X, and YV, be subcategories of
A such that X,, and Y,, are closed under extensions when n > 1. Assume that
X, s an injective cogenerator for X,411 and YV, is a projective generator for
yn+1 for each n > 0. Assume X,, L Yy and Xy L Y, for each n > 0. If

Ext/Y A(res XO, yo) =0= ExtAy (X, cores yo) then Exty, 4 and Ext sy, are

m

balanced on resX X cores yn for each m,n > 0.
We conclude with special cases of Theorem 6.7 for our categories of interest.

Definition 6.10. We simplify our notation for certain relative coho-
mology functors and for some of the connecting maps from Definition 4.6

Extp, (= =) = Extp (myr(——)  Extz (= —) = Extrz,(r)(— —)
Extgp, (— —) = Extgp,(myr(— —) Extgr (- —) = Exthgr (r)(— —)
Extgp(—, —) = Extgpryr(—, —) Extgz(—, =) = Extggz(r)(— —)
#Po = #Po(R)R 1o = #RIc(R)

We now show how Theorem 6.7 recovers [16, (3.6)].

Corollary 6.11. If R is a commutative ring, then Extgp and Extgr
are balanced on resGP(R) x coresGZ(R).

Proof. Set X =GP(R),Y =GZ(R), W ="P(R) and V = Z(R). From [17,
(2.5),(2.6)] we know that X and ) are closed under extensions. Fact 2.4 implies
that W is an injective cogenerator for X and V is a projective generator for ).
Clearly, we have W 1. Y and X L V. The natural isomorphisms

Extppym(r) (= —) = Extip(—, =) = ExtRyryz(r)(— —)
from Remark 4.2 yield
Extfle(res W, V)=0= Extib (W, cores V).
Hence, Theorem 6.7 yields the desired conclusion. O

The next lemmata are for use in Corollary 6.16.
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Lemma 6.12. Let R be a commutative ring and let B and B’ be semid-
ualizing R-modules. If Torl;l(B7 B') =0, then Pp(R) L Ip/(R).

Proof. Let P be a projective R-module and I an injective R-module. For
each i > 1, the first isomorphism in the following sequence is a standard form
of adjunction using the fact that P is projective and I is injective

Extyy(P ©p B,Homp(B', 1)) = Homp(Tor[ (P ®r B, B),I)
= HOIHR(P QR TorzR(BaBl)aI)
- 0.

The second isomorphism follows from the fact that P is projective, and the
vanishing is by assumption. O

The next example shows how to construct semidualizing R-modules satis-
fying the hypotheses of Lemma 6.12.

Example 6.13. Let R be a commutative ring and let B and C' be semid-
ualizing R-modules. One has C € Bp(R) if and only if B € Go(R) by [21,
(3.14)]. Assume C € Bg(R). From [7, (2.11)], we conclude that the R-module
Bfe = Homg(B, C) is semidualizing, and [13, (3.1.b)] yields Bf¢ € Ag(R) and
B € Agic (R). In particular, we conclude Torg/1 (B, Bi¢) = 0.

For example, one always has C' € Br(R) = M(R). If R is Cohen-Macaulay
and D is dualizing, then D € Bx(R). For discussions of methods for generating
other semidualizing modules B and C' such that C' € Bg(R), see [13], [14], [20].

Lemma 6.14.  Let R be a commutative ring and let B and C be semid-
ualizing R-modules such that C € Bg(R). With B'¢ = Homg(B, C), there are

containments res 7%(\]%) C Bp(R) N Apgic(R) D coresZgic (R).

Proof. We verify the first containment; the second one is dual. Fact 2.8
implies res Pg(R) C Bg(R). Example 6.13 shows that B € Ag+ (R), and this
implies Pg(R) C Agic (R). Fact 2.8 then yields res Pp(R) C Agic (R). 0

Lemma 6.15.  Let R be a commutative ring and let B and C be semid-

ualizing R-modules such that C' € Bg(R). If B¢ = Homg(B,C), then Extp,
and Extz_,  are balanced on res Pr(R) x coresIgic (R).

Proof. Let M, N be R-modules with Pg-pd (M) and Zgtc-idg(N) both
finite. From Lemma 6.14 we conclude M, N € Bp(R) N Agic (R) and so [21,
(4.1)] implies that the following natural maps are isomorphisms for each n € Z

s (M,N) %%BTC (M,N)
Extp, (M, N) Exti(M,N) «————— Ext} o (M,N).
= = B
In particular, we have

Extp, (resPp(R), Ipte (R)) =0 = EthBTC (Pp(R),coresTgic (R))
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and the desired conclusion follows from [10, (8.2.14)]. O
Theorem 6.7 and Lemma 6.15 yield the next result.

Corollary 6.16. Let R be a commutative ring and let B and C be
semidualizing R-modules such that C' € Bg(R). Set Bf¢ = Hompg(B,C) and
assume Pp(R) L GZgic(R) and GPp(R) L Zgic(R). Then Extgp, and

Extgr . are balanced on res GPp(R) x cores GL pic (R).

Question 6.17. Let R be a commutative ring and let B and C' be
semidualizing R-modules such that C' € Bg(R). With Bf¢ = Homg(B,C),
must one have Pgp(R) L GZgic (R) and GPg(R) L Zgic (R)?

If the answer to this question is “yes” then the assumptions Pg(R) L
GZIgic(R) and GPp(R) L It (R) can be removed from Corollary 6.16. Next
we discuss one case where this is known, showing that [21, (5.7)] is a special
case of Corollary 6.16.

Remark 6.18. Let R be a commutative Cohen-Macaulay ring with a
dualizing module D. Let B be a semidualizing R-module. The membership
D € Bg(R) isin [7, (4.4)]. The conditions Pg(R) L GZ zip (R) and GPp(R) L
Igip (R) follow from the containments GZ gip (R) C Bp(R) and GPp(R) C
Apip (R) in [18, (4.6)]. It follows that Extgp, and Extgz . = are balanced on

—

resGPc(R) X cores QI;TD\(R).

The following question is from the folklore of this subject and is related to
the composition question for ring homomorphisms of finite G-dimension; see [4,
(4.8)]. Remark 6.20 addresses its relevance to Corollary 6.16 and Question 6.17.

Question 6.19. Let R be a commutative ring and let B and C be
semidualizing R-modules such that C € Bg(R). Must the following hold?

GP5(R) € GPc(R) GIp(R) € GIc(R)
Ac(R) € Ap(R) Bo(R) C Be(R)

Remark 6.20. Let R be a commutative Cohen-Macaulay ring with a
dualizing module D. Let B and C be semidualizing R-modules such that
C € Bp(R). Arguing as in [13, (3.9)], one concludes B> € Bgi. (R) and
B € Bgicip(R). Assume that the answer to Question 6.19 is “yes”. Then we
have

GPB(R) C Apip (R) € Apgic (R)

gIBTC (R) - BBTCTD (R) - BB(R)
by [18, (4.6)]. Ome concludes Pg(R) L GZgic(R) and GPr(R) L Zzic(R)
from the easily verified conditions Pg(R) L Bg(R) and Agic (R) L Zgic (R).
In particular, if the answer to Question 6.19 is “yes”, then the same is true

for Question 6.17 and the assumptions Pg(R) L GZgic(R) and GPp(R) L
Igic (R) can be removed from Corollary 6.16.
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