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COHOMOLOGY OF IDEALS IN ELLIPTIC SURFACE
SINGULARITIES

TOMOHIRO OKUMA

ABSTRACT. We introduce the the normal reduction number of
two-dimensional normal singularities and prove that elliptic sin-
gularity has normal reduction number two. We also prove that
for a two-dimensional normal singularity which is not rational, it
is Gorenstein and its maximal ideal is a pg-ideal if and only if it
is a maximally elliptic singularity of degree 1.

1. Introduction

Let (A,m) be an excellent two-dimensional normal local domain containing
an algebraically closed field isomorphic to the residue field. In this paper, we
simply call such a local ring a normal surface singularity. Lipman [12] proved
that if (4, m) is a rational singularity, then for any integrally closed m-primary
ideals I and I’ we have that the product I’ is also integrally closed and that
I? = QI for any minimal reduction @ of I. Cutkosky [3] showed that the
first property characterizes the two-dimensional rational singularities. In [17],
[18], [19], we introduced the notion of p,-ideals, which satisfy the properties
above, and proved many nice properties. For any normal surface singularity,
pg-ideals exist plentifully and form a semigroup with respect to the product.
It is easy to see that A is a rational singularity if and only if every integrally
closed m-primary ideal is a pg-ideal (see Remark 2.11). So it is natural to ask
how the semigroup of the py-ideals encodes the properties of the singularity.

Let X — Spec A be a resolution of singularity. Suppose that an inte-
grally closed m-primary ideal I is represented by a cycle Z on X (see Sec-
tion 2.2). Then I = H°(X,Ox(—Z)). We define an invariant ¢(I) to be
lA(HY(X,0x(—Z))), where £4 denotes the length of A-modules. Then I is
called the py-ideal if ¢(I) = py(A), where p, denotes the geometric genus (see
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Definition 2.8). In general, we have p,(A) > ¢(I") > ¢(I"*1) (see Proposi-
tion 2.9), where I™ denotes the integral closure of I", and we know that there
exist ideals with ¢ =0 and ¢ = p,(A); however, the range of g is still unknown.
We are interested in obtaining the range of ¢ and also the minimal integer ng
such that q(I™) = q(I™0) for n > ny. This integer connects with the normal
reduction number 7(I) (see Section 3). The results of Lipman and Cutkosky
above implies that 7(A) =1 if and only if A is a rational singularity (The-
orem 3.2). Then a very simple question arises: can we characterize normal
surface singularities with 7(A) =27

In this paper, we give partial answers to the questions above. We will prove
the following (see Theorem 3.3, Corollary 3.13, Theorem 4.3).

THEOREM 1.
(1) If A is an elliptic singularity, then 7(A) =2, and for any 0 < q < py(A)
there exists an integrally closed m-primary ideal I with q(I) =q.
(2) Assume that A is not rational. Then A is Gorenstein and m is a pg-ideal
if and only if A is a mazimally elliptic singularity with —Z% =1, where
Z g 1is the fundamental cycle on a resolution.

Throughout this paper, we assume the following.

AssuMPTION 1.1. For any integrally closed m-primary ideal I C A repre-
sented on a resolution X — Spec A with exceptional set E, and for a general
element h € I, if H denotes the the strict transform of divgpeca(h) on X,
then H is a reduced divisor which is a disjoint union of nonsingular curves
and each component of H intersects the exceptional set transversally, namely,
the local equations of H and E generate the maximal ideal at the intersection
point. (This condition holds in case the singularity is defined over a field of
characteristic zero.)

This paper is organized as follows. In Section 2, we recall the definitions
and several properties of elliptic singularities and pg-ideals in normal surface
singularities which are needed later. In Section 3, we introduce the normal
reduction number and study the invariant ¢, and then prove (1) of Theorem 1.
In the last section, we prove (2) of Theorem 1 and give an example of non-
Gorenstein elliptic singularity with —Z% =1 of which the maximal ideal is a
pg-ideal.

2. Preliminaries

Throughout this paper, let (A,m) denote a normal surface singularity,
namely, an excellent two-dimensional normal local domain containing an al-
gebraically closed field isomorphic to the residue field and f: X — Spec A a
resolution of singularity with exceptional set E := f~*(m). Let E=J,_, E;
be the decomposition into irreducible components of E. A divisor on X sup-
ported in F is called a cycle. A divisor D on X is said to be nef if DE; >0 for
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all F; C E, where DE; denotes the intersection number. A divisor D is said
to be anti-nef if —D is nef. Since the intersection matrix is negative definite,
there exists an anti-nef cycle Z # 0 and it satisfies Z > E.

For a cycle B > 0, we denote by x(B) the Euler characteristic x(Op). We
have x(D) + x(F) — DF = x(D + F). By definition, p,(B) =1 — x(B). The
fundamental cycle on Supp(B) is denoted by Zp; by definition, Zp is the
minimal cycle such that Supp(Zg) = Supp(B) and ZgFE; <0 for all E; < B.

For any function h € H°(Ox) \ {0}, which has zero of order a; at E;, we
put (h)g=>_a;E;. Clearly the cycle (h)g is anti-nef.

2.1. Elliptic singularities.

DEFINITION 2.1 (Wagreich [25, p. 428]). A normal surface singularity
(A, m) is called an elliptic singularity if one of the following equivalent condi-
tions holds:

(1) x(D) >0 for all cycles D >0 and x(F) =0 for some cycle F > 0;
(2) x(Zg)=0.

REMARK 2.2. The proof of the implication (2) = (1) is given by several
authors: for example, Laufer [10, Corollary 4.2], Tomari [23, Theorem (6.4)].
See also [23, Remark (6.5)].

DEFINITION 2.3 (Laufer [10, Definitions 3.1 and 3.2]). Suppose that (A, m)
is an elliptic singularity. Then there exists a unique cycle Fi, such that
X(Emin) =0 and x(D) > 0 for all cycles D such that 0 < D < E;,. The cycle
Epin is called a minimally elliptic cycle. The singularity (A, m) is said to be
minimally elliptic if the fundamental cycle is minimally elliptic on the minimal
resolution.

The next proposition follows from [10, Proposition 3.2].

PROPOSITION 2.4. Assume that A is an elliptic singularity. Let D >0 be
a cycle with x(D) =0. Then we have the following.

(1) D> Ewin. Consequently, D is connected (i.e., Supp(D) is connected).
(2) Any connected reduced cycle F not containing any component of D is the
exceptional set of a rational singularity and satisfies DF <1.

The notion of elliptic sequence was introduced by S. S.-T. Yau [26], [27] for
elliptic singularities.

DEFINITION 2.5. Assume that (A,m) is an elliptic singularity. Let B be
a connected reduced cycle such that Supp(Emin) C B. We define the elliptic
sequence on B as follows: Let By = B. If Zp,Emnin <0, then the elliptic
sequence is {Zp,}. If Zp, Emin =0, then define B;1 < B; to be the maximal
reduced connected cycle containing Supp(FEmin) such that Zp, B;11 =0. If we
have Zp, Emin <0, then the elliptic sequence is {Zp,,...,Z5,, }.
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PROPOSITION 2.6 (Tomari [23, Theorem (6.4)]). Let {Zp,,...,Zp,, } be the
elliptic sequence on B. For an integer 0 <t <m, we define a cycle C; by

Then the set {Cy | 0 < k <m} coincides with the set of cycles C > 0 supported
on B such that C is anti-nef on B and x(C)=0.

LEMMA 2.7 (Réhr [21, 1.7], cf. [16, Lemma 3.2]). Assume that A is an
elliptic singularity. Let D be a nef divisor on X such that DEy;, > 0. Then
HY(Ox (D)) =0.

2.2. py-Ideals. Let I C A be an integrally closed m-primary ideal. Then
there exists a resolution X — Spec A and a cycle Z > 0 on X such that IOx =
Ox(—Z). In this case, we denote the ideal I by Iz, and we say that I is
represented on X by Z. Note that I = H°(X,0x(-Z2)).

When we write Iz, we always assume that Ox (—Z2) is generated by global
sections, namely, IOx = Ox(—2).

We denote by h'(Ox(—Z2)) the length {4(HY(X,O0x(—Z2))).

DEFINITION 2.8. The geometric genus py(A) of A is defined by py(A) =
h'(Ox). We define an invariant q(I) by ¢(I) = h'(Ox(—Z2)); this does not
depend on the choice of representations of the ideal (see [17, Lemma 3.4]).

Kato’s Riemann—-Roch formula [9] shows a relation between the colength
4(A/I) and the invariant ¢(I) of I =Iy:

eaa/n o =- 2T )

In particular, £4(A/I) can be computed from the resolution graph if I is a
pg-ideal (see Definition 2.10). However, the computation of the invariant ¢(I)
(or £4(A/I)) is very difficult for nonrational singularities, and it seems to be
given only for very special cases (e.g., [17, Section 7]).

We say that Ox(—Z) has no fized component if H°(Ox(—Z)) #
H°(Ox(—~Z — E;)) for every E; C E; this is equivalent to the existence of
an element h € H*(Ox(—Z2)) such that (h)g = Z. It is clear that Ox(—Z2)
has no fixed component when [ is represented by Z.

PROPOSITION 2.9 ([17, 2.5, 3.1]). Let Z' and Z be cycles on X and assume
that Ox(—Z) has no fized components. Then we have

W (Ox(=2" = 7)) <h'(0x(=2))-

In particular, h*(Ox(—Z)) < py(A); if the equality holds, then Ox(—Z) is
generated by global sections.
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DEFINITION 2.10.
(1) We call I a pg-ideal if q(I) =pg(A).
(2) A cycle Z >0 is called a pg-cycle if Ox(—Z) is generated by global sec-
tions and h'(Ox(—2)) =py(A).

REMARK 2.11. If A is rational, namely py(A) = 0, every integrally closed m-
primary ideal is a pg-ideal by [12, 12.1]. Conversely, this property characterizes
a rational singularity because we always have integrally closed m-primary ideal
I with ¢(I) =0 (see, e.g., [17, 4.5]).

In [17] and [18], we obtained many good properties and characterizations
of pg-ideals. Let us review some of these results.

Recall that an ideal J C I is called a reduction of I if I is integral over J
or, equivalently, I"*1 = I"J for some integer r > 1 (see, e.g., [7]). An ideal
Q@ C I is called a minimal reduction of I if ) is minimal among the reductions
of I. In our case, any minimal reductions of an m-primary ideal is a parameter
ideal (cf. [7, 8.3]).

PROPOSITION 2.12 (see [17, 3.6]). Let I and I' be any integrally closed
m-primary ideals of A. Then we have the following.

(1) I and I' are py-ideals if and only if so is II'. In particular, the set of
pg-ideals forms a semi group with respect to the product.
(2) If I is a py-ideal and Q a minimal reduction of I, then I* = Q1.

Next, we recall a characterization of py-ideals by cohomological cycle. Let
Kx denote the canonical divisor on X. Let Zi, denote the canonical cycle,
i.e., the Q-divisor supported in E such that (Kx + Zk,)F; =0 for every
E; C E. By [20, Section 4.8], if p,(A) > 0, there exists the smallest cycle
Cx >0on X such that h'(Ocy ) = py(A); if A is Gorenstein and the resolution
f+ X — Spec A is minimal, then Cx = Zk,. The cycle Cx is called the
cohomological cycle on X. We put C'x =0 if A is a rational singularity.

PRrROPOSITION 2.13 (cf. [19, Proposition 2.6]). Let C >0 be the minimal
cycle such that H°(X \ E,0x(Kx)) = H°(X,0x(Kx + C)). Then C is the
cohomological cycle. Therefore, if g: X' — X is the blowing-up at a point in
Supp(Cx) and Ey the exceptional set of g, then Cx = g*Cx — Ey. For any
cycle D > 0 without common components with Cx, we have hl((’)D) =0.

PROPOSITION 2.14 ([17, 3.10]). Assume that py(A) >0. Let Z >0 be a
cycle such that Ox(—Z) has no fized component. Then Z is a pgy-cycle if and
only if Ocy (=Z) = Ocy .

PROPOSITION 2.15 ([18]). Let I be an integrally closed m-primary ideal.
Then I is a py-ideal if and only if the Rees algebra @, ~,I"t" C Alt] is a
Cohen-Macaulay normal domain. B

The following theorem shows that the pg-ideals exist plentifully.
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THEOREM 2.16 (cf. [19, Theorem 5.1]). Let I be an integrally closed m-
primary ideal and g an arbitrary element of I. Then there exists h € I such
that the integral closure of the ideal (g,h) is a pg-ideal.

3. The normal reduction number

DEFINITION 3.1. Let I be an integrally closed m-primary ideal and @ a
minimal reduction of I. We define the normal reduction number 7 of I by
F(I) =min{r € Zso | ["*1 = QI™ for all n>r}.
We shall see that 7(I) is independent of the choice of minimal reductions by
Corollary 3.9. Let
7(A) =max {7(I) | I is an integrally closed m-primary ideal of A}.

The normal reduction number has been studied by many authors implicitly
or explicitly in the context of the Hilbert function and the Hilbert polynomial
associated with {I"},>o (e.g., [14], [8], [6]). We study this invariant in terms
of cohomology of ideal sheaves of cycles toward a geometric understanding of
the normal reduction number.

If A is rational, then by Lipman [12] (cf. Proposition 2.12), we have 12 =
I? = QI for any integrally closed m-primary ideal I. On the other hand,
Cutkosky [3] proved that the converse holds too. Hence we have the following.

THEOREM 3.2. 7(A) =1 if and only if A is a rational singularity.

Note that the rationality is determined by the resolution graph (see [1]).
The main result of this section is the following.

THEOREM 3.3. If A is an elliptic singularity, then 7(A) =2.
DEFINITION 3.4. Let D >0 be an effective cycle and let
h(D) = max {hl(OD/) | D" >0, Supp(D’) C Supp(D)},

where we put h!'(Op/) =0 if D’ =0. There exists a unique minimal cycle C
such that h*(O¢) = h(D) (cf. [20, Section 4.8]). We call C the cohomological
cycle on D. We define a reduced cycle D+ to be the sum of the components
FE; C F such that DE; =0.

REMARK 3.5. Suppose that Ox(—Z) has no fixed component. Then there
exists a function h € H%(Ox(—Z)) such that divx(h) = Z + H, where H is
the strict transform of divgpeca(h). Since ZE; = —HE; for any E; C E, it
follows that Supp(Z+) and Supp(H) have no intersection. Thus for any cycle
F >0 supported in Z+, we have Op(—2) = Op(—divx(h)) = Op.

Let Z >0 be a cycle on X and let L(n) = Ox(—nZ).

If Ox(—Z) has no fixed component, we define an integer ny(Z) by

no(Z) =min{n € Zxq | k' (L(n)) = h' (L(m)) for m >n}.
This is well-defined by Lemma 3.6(1).
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LEMMA 3.6 (see [18, 3.1 and 3.4]). Suppose that Ox(—Z) has no fized
component. Let C denote the cohomological cycle on Z+. Then we have the
following.

(1) ht(L(n)) >h'(L(n+1)) for n>0.

(2) If Ox(—Z) is generated by global sections, then no(Z) = min{n € Z>¢ |
hY(L(n))=h"(L(n+1))}. If Z is a py-cycle, then no(Z) =0.

(3) Let ng =ng(Z). Then Oc(—noZ) = Oc and h*(L(ng(Z))) = h'(O¢).

(4) L(n) is generated by global sections for n > ng.

Proof. The claims (1)—(3) are proved in [18]. Let h € Iz be a general
element and consider the exact sequence

0= L((n—1)) X L(n) = C(n) >0,
where C(n) is supported on the divisor divx(h) — (h)g. If n > ng(Z), then

H%(L(n)) — H°(C(n)) is surjective since H'(C(n)) =0. This shows that
H%(L(n)) has no base points. O

DEFINITION 3.7. For an integrally closed m-primary ideal I represented by
Z, let no(I) =no(Z); this is independent of the choice of representations since
so is q(I).

REMARK 3.8. Let us explain the invariant ¢(I,,z) in terms of “par-
tial resolution.” Suppose that I is represented by a cycle Z >0 on X.
Let Y be the normalization of the blowing-up of Spec A by I, namely,
Y = Proj Ganzo I,zt". Let ¢: X — Y be the natural morphism and let
7' = ¢.Z. Then 10y = Oy(—Z"). Since ¢.Ox = Oy, from Leray’s spec-
tral sequence, we obtain the following exact sequence for n > 0.

(3.1) 0— H'(Oy(-nZ')) = H' (Ox(—nZ))

— H(R'$,0x ® Oy (—nZ')) — 0.
Let Sing(Y) denote the set of singular points of Y. Since the support of
R'¢.Ox ® Oy(—nZ’) is contained in Sing(Y), we obtain that R'¢.Ox ®
Oy (—nZ') = R'¢.Ox. It follows from Lemma 3.6(3) that

La(R1'9.0x) = D pe(Yey) = allngz).
yESing(Y)
The sequence (3.1) implies the following equalities.
q(Ingz) =pg(A) — hl(Oy) =pt ((’)X(—nZ)) for n > no(I),
q(Inz) —q(I,,) =h' (Oy(—nZ')).
In particular, h' (Oy (—nZ’)) =0 if and only if n > ny.

COROLLARY 3.9. Let I be an integrally closed m-primary ideal represented
by Z. Then #(I) =no(I) + 1.
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Proof. Let @ = (f1,f2) C Iz a minimal reduction of Iz. Then for any
integer n, we have the following exact sequence.

(f1,£2) ®2 (}{2)
(3.2) 0 L(n— 1)) £y Y 20 1) S0,

From Lemma 3.6(1), (2) and the sequence (3.2), for an arbitrary integer r > 0,
we have that QI,z = I(,11)z for all n > if and only if h*(L(n)) = h' (L(r —
1)) for all n > 7. O

REMARK 3.10. In [8, Corollary 14], Ito proved that if py(A) =1, then
m? = qm?, where q is a minimal reduction of the maximal ideal m. This fact
is also obtained as follows. If py(A) =1, then A is elliptic (e.g., [25, p. 425]).
Therefore, m3 = qm2 by Theorem 3.3. Suppose that m = I; and m? # qm.
Then m is not a py-ideal by Proposition 2.12(2), namely, h'(Ox(—Z2)) =0.
From the exact sequence (3.2) with n =1, we have £4(m2/qm) = 1. Since
m? = qm, we obtain m2 = m?. Hence, the following ideals coincide:

qm2 = qm? ¢ m3 c m3.
LEMMA 3.11. Assume that A is an elliptic singularity, Ox(—Z) has no
fixed component, and ZFE.i, =0, where Eyniy, is the minimally elliptic cy-

cle. Let B be the mazimal reduced connected cycle such that ZB =0 and
Supp(Emin) C B. Then h'(Ox(—Z)) = h(B) and no(Z) < 1.

Proof. Let {Zp,,...,Zp,, } be the elliptic sequence on By = B and let C' =
> o Zp,. By Proposition 2.6, C'is anti-nef on B and x(C) = 0. Suppose E; ¢
B and E; N B # (). By Proposition 2.4(2), we have that CE; <1 and that the
cohomological cycle on Z+ has support in B, so h(B) = h(Z1). Since ZE; <0
by the definition of B, it follows that Z 4+ C' is anti-nef on E. By Lemma 2.7,
we have H(Ox(—Z — C)) =0. Therefore, by Remark 3.5, h!(Ox(—Z2)) =
h'(Oc(=Z)) = ht(Oc) < h(B). On the other hand, by Lemma 3.6(1) and
(3), we have h'(Ox(—2)) > h'(Ox(—noZ)) = h(B). O

Proof of Theorem 3.3. By Lemma 3.11, for any integrally closed m-primary
ideal T represented by Z, we have ¢(I,,z) = q(Iz) for n > 1. By Corollary 3.9,
we obtain 7(A4) < 2. O

The invariant q is a function on the set of integrally closed m-primary ideals
in A. So we define a set Im 4(¢q) C Z by
Im(q) = {q(I)| I C A is an integrally closed m-primary ideal }.
By Proposition 2.9, we have
Ima(q) C {0, 1, ...,pg(A)}.
Let Ny denote the set of integers ng(W), where W runs through cycles on

resolutions Y of Spec A such that Oy (—W) has no fixed component. Then
we define an invariant ng(A) by ng(A) = sup Np.
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PROPOSITION 3.12. If ng(A) =1, then Ima(q) ={0,1,...,ps(A)}.

Proof. Let Z >0 be a cycle on X such that Ox(—Z2) is generated by
global sections and ¢(Iz) =0 (e.g. [17, 4.5]). Take a general element h € I
(see Assumption 1.1) and H :=divgpeca(h). Let Xo =X and let ¢;: X; —
X;—1 be the blowing-up at a point in the intersection of Supp(C,_,) and the
strict transform of H on X; 1. Let F; denote the exceptional set of ¢; and
Zi:=¢;Zi—1 + F;, where Zy = Z. By Proposition 2.13 and Proposition 2.14,
the sequence of blowing-ups {¢;} ends in a finite number of steps. If ¢,, is the
last one, then Z,, is a py-cycle. From the exact sequence

0— Oxl(—ZZ) — OXi (_erZifl) — Opl — 0,
we obtain that

0<h' (Ox,(=Z;)) — W' (Ox,_,(—Z;—1)) < 1.
Therefore, there exists a sequence {io,...,%,, (a)} C {0,1,...,n} such that
hl(OXik(—Zik)) = k. By the definition of the cycle Z;, Ox,(—Z;) has no
fixed component. Therefore, for each i, h'(Ox,(—nZ;)) is stable for n > 1

since no(Z;) < 1. By Lemma 3.6(4), Ox,, (—2Z;,) is generated by global sec-
tions and thus ¢(I2z,, ) =k by the proof of Theorem 3.3. O

Lemma 3.11 and Proposition 3.12 implies the following.

COROLLARY 3.13. If A is an elliptic singularity, then
(3.3) Ima(q) ={0,1,...,pg(A)}.

REMARK 3.14. Assume that A is an elliptic singularity and Z > 0 is
a pg-cycle. Let B be the maximal reduced connected cycle such that
ZB =0 and Supp(Emin) C B and let {Zp,,...,Zp, } be the elliptic se-
quence on Bp=B. Let Zp , =7 and D; = ZE:_lZBi. Then it follows
from Lemma 3.11 that h!'(Ox(—=D;_1)) = h'(B;) for 0 <i < m. Therefore,

Ima(q) = {h*(B;) |i=0,1,...,m} U{0}.

The property (3.3) does not imply that A is an elliptic singularity. In fact,
we have the following.

EXAMPLE 3.15 (¢f [17, Example 4.6]). Let C' be a nonsingular curve of

genus g =2 and put
R=EH*(Oc(nKc)).
n>0

Suppose that A is the localization of R at Ry = €D, H°(O¢(nK¢)) and
let f: X — SpecA be the minimal resolution. Then p4(A4) =3, E=C,
Op(—E)~20p(Kg), —E?=2, Kx = —2F = —Cx, and Ox(—E) is generated
by global sections. In particular, m = I. It follows that H'(Ox(—2E)) =0
by the Grauert—Riemenschneider vanishing theorem.
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We show that Im4(q) ={0,1,2,3}. From the exact sequence
0= 0Ox(—E) = Ox — 0O —0,

we have h!'(Ox(—E)) =py(A) —2=1. Hence, 1 =¢g(m) € Ima(q). Let h€em
be a general element and suppose divx(h) =FE + H; + Hy. Let ¢: X' - X
be the blowing-up at EN (H; U Hy), and let E; = ¢~*(E N H;) and Z =
¢*E + Ey + E3. If Ey denote the strict transform of E, then Opg, (—Z2) =
Op, (cf. Remark 3.5), and hence h!'(Ox/(—nZ)) > h'(Og,) =2 for n > 1.
Since Cx' = ¢*(2F) — E1 — E by Proposition 2.13, we have ZCx = —2. By
Proposition 2.14, h'(Ox/(—nZ)) # 3. Hence, h'(Ox/(—nZ)) =2 for n > 1.
By Lemma 3.6(4), Ox/(—2Z%) is generated by global sections and 2 = ¢(I2z) €
Ima(q).

PROBLEM 3.16. For any normal surface singularity (A, m), does the equal-
ity Ima(q) ={0,1,...,py(A)} holds?

4. When is the maximal ideal a p,-ideal?

From Example 3.15, we see that in general the maximal ideal is not a pg-
ideal. It is natural to ask for a characterization of normal surface singularities
(A, m) with ¢(m) = p,(A). In [18, Example 4.3], it is shown that for a complete
Gorenstein local ring A with py(A4) >0, m is a pg-ideal if and only if A =
k[z,y, 2]/ (x®+g(y, 2)), where k is the residue field of A and g € (y,2)3\ (y, 2)*.
In this section, we give a geometric characterization of such singularities. So
we work on the resolution space. We assume that p,(A) > 0.

Let us recall that for a function A € m, which has zero of order a; at E;,
(h)E denotes a cycle such that (h)g =) a; F;.

DEFINITION 4.1. The maximal ideal cycle on X is the minimum of
{(h)g | hem}.

A cycle M >0 on X is the maximal ideal cycle if and only if Ox(—M) has
no fixed component and m = H°(X, Ox(—M)).

LEMMA 4.2. Let M be the maximal ideal cycle on X. Then m is a pg-ideal
represented by M if and only if po(M) =0.

Proof. From the exact sequence
O%Oy(*M) %Oy — OM *)O,

we have p,(M) =py(A) — h*(Ox(—M)). Since Ox(—M) has no fixed com-
ponent, the assertion follows from Proposition 2.9. O

The following theorem is proved by Tomari (see [23, Corollary 3.12 and
Theorem 4.3]). Let us give a proof from our point of view.
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THEOREM 4.3 (Tomari). Let M be the mazximal ideal cycle on X and
f': X' — Spec A be the blowing-up by m. Then p(M) =0 if and only if
the following three conditions are satisfied.

(1) embdim A =mult A + 1.
(2) X' is normal.
(3) Ox(—M) is generated by global sections.

Proof. Assume that pe(M)=0. By Lemma 4.2, m is a pg-ideal and
Ox(—M) is generated by global sections. By [17, 6.2], (1) holds. Propo-
sition 2.15 implies (2).

Conversely assume that the conditions (1)—(3) are satisfied. By (1) and
Goto-Shimoda [4, 1.1 and 1.4], G :=@,,,m"/m" ! is a Cohen-Macaulay
ring with a(G) < 0, where a(G) denote the a-invariant of Goto-Watanabe
[5]. Then h'(Ox/) =0 by [24, (1.18)]. By (2) and (3), X’ is obtained by
contracting the cycle M+ on X, and there exists the following exact se-
quence:

0—H'(Ox/) = H'(Ox) = H°(R'$.0x) — 0.

This shows that py(A) = (4(R'$.Ox) = h(M*). Therefore, we obtain
Y (Ox(—M)) =py(A), since h(M+) <h'(Ox(—M)) by Lemma 3.6. O

COROLLARY 4.4. If A is Gorenstein and m is a py-ideal, then mult A = 2.

Proof. Tt follows from Lemma 4.2 and Theorem 4.3 that embdim A =
mult A+ 1. Since A is Gorenstein, mult A =2 by [22, 3.1]. O

REMARK 4.5. If m is a pg-ideal, then for any general element h € m,
Spec A/(h) is a partition curve (see [2, Section 3]), because 6(A/(h)) =
embdim A/(h) — 1 by the formula of Morales [13, 2.1.4]. Note that if m is
represented on a resolution X, the strict transform of divgpeca(h) on X is
nonsingular by Assumption 1.1.

DEFINITION 4.6. A normal surface singularity A is said to be numerically
Gorenstein if Zi, € ), ZE;. The definition is independent of the choice of
the resolution.

It is known that (A, m) is Gorenstein if and only if (A, m) is numerically
Gorenstein and —Kx ~ Zk .

DEFINITION 4.7 (Yau [28, Section 3]). Assume that A is elliptic and nu-
merically Gorenstein. Let Zy > --- > Z,,, be the elliptic sequence on E. Then
pg(A) <m+1. If pg(A) =m+1, A is called a mazimally elliptic singularity.

THEOREM 4.8 (Yau [28, Theorem 3.11)). A mazimally elliptic singularity
is Gorenstein.
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Let Zg be the fundamental cycle. The number —Z% > 0 is called the degree
of A. It is known that the degree is independent of the choice of the resolution.

The following result (even more general results) can be recovered from
2.15, 3.10 and 5.10 of [16] (cf. [15]). However, we put a proof for readers’
convenience.

LEMMA 4.9. Assume that A is a numerically Gorenstein elliptic singular-
ity and that X — Spec A is the minimal resolution. Moreover, assume that
—Z% =1. Then we have the following.

(1) Let Emin be the minimally elliptic cycle. Then E can be expressed as
E = Supp(Fmin) U (U:':)l E;) with the following dual graph:
-2 -2

Supp(Emin) ——— . —®

En1 Eq

Note that EninEm—1 =1 by Proposition 2.4(2).
(2) A is Gorenstein and Zg coincides with the mazimal ideal cycle if and only
if A is a maximally elliptic singularity.

Proof. (1) follows from Corollary 2.3 and Table 1 in [27]. We prove (2).

Let Zy > --- > Z,, be the elliptic sequence on E. Then py(A) <m+1. It is
casy to see that Z; = Epin + Em—1+ -+ E;. Let Cj:= Zzij Z;. Note that
Ocﬁ+1 (*Zj) = Ocjl_Jrl(*Zl) for [ S j

Assume that A is Gorenstein and Zy = Zg is the maximal ideal cycle.
By Remark 3.5, we have (905+1(ij) = (9(;3_+1 for 0 <j<m—1. It follows
from Grauert-Riemenschneider vanishing theorem (or Lemma 2.7) and [16,
Lemma 2.13] that h'(Ox(—Zp)) = h*(Ox(=C,,)) +m =m. As in the proof
of Lemma 4.2, we obtain py(A) =h'(Ox(—Zo)) +1=m+ 1.

Conversely, assume that A is a maximally elliptic singularity. Then A
is Gorenstein by Theorem 4.8 and h'(Ox(—Zp)) = m. By Proposition 2.4,
we easily see that Z; is 1-connected (cf. [20, 3.9]) for 0 < j <m. Since

(OZH—l( C )) = X(Zj+1) — C'Zj+1 = 0, we have
R (Oz,,,(—C;)) =h°(0z,,,(-C;))) <1

Jj+1

by [20, 3.11]. From the exact sequence
0— Ox(—Cjy1) = Ox(=C;j) = Oz, (—C;) =0,

we obtain that 0 < h'(Ox(—C;)) — h'(Ox(=Cjt1)) <1 for 0 < j<m — 1.
Thus h'(Ox(—Cj)) = h' (Ox(—Cjt1)) + 1 for 0 <j <m — 1. Therefore, by
[16, Lemma 2. 13] again, there exists h € H°(Ox(—Zp)) which maps to the
generator of H°(Oz, (—Zy)) = H°(Oyz,). Then the cycles (h)g and Zy co-
incide on Supp(Z;). Since (h)g is anti-nef, we must have (h)g = Zy. This
shows that Z; is the maximal ideal cycle. O
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THEOREM 4.10. Assume that A is not a rational singularity, namely,
pg(A) > 0. Then the singularity A is Gorenstein and m is a pg-ideal if and
only if A is a maximally elliptic singularity with —Z% =1, where Zg is the
fundamental cycle on E.

Proof. Let Y — Spec A be the resolution which is obtained by taking the
minimal resolution of the blowing-up of m, and let M be the maximal ideal
cycle on Y. Let Xy — Spec A be the minimal resolution and ¢: Y — X the
natural morphism.

Assume that A is Gorenstein and m is a pg-ideal. By Corollary 4.4,
mult A = —M? =2. Since A is Gorenstein, there does not exists a p,-cycle
on the minimal resolution Xy by Proposition 2.14. Thus, ¢: Y — X; is not
an isomorphism. Let N = ¢, M; this is also the maximal ideal cycle on Xj.
Since N is not a pg-cycle, m is not represented by N, namely, Ox, (—N)
is not generated by global sections. Therefore, —N? < mult A = —M? = 2.
This implies that —N? =1, and that ¢ is the blowing-up at the unique
base point of Ox,(—N) and M = ¢*N + Ey, where Ej is the exceptional
set of ¢. Let Z; be the fundamental cycle on Xy. Since Zy < N and
0< —Zg < —N2 =1, we have Zy = N, namely, N is the fundamental cy-
cle. Since p,(M)= (M? + KyM)/2+1=0 by Lemma 4.2 and Ky M =
(¢*Kx, + Eo)(¢*N + Eg) = Kx,N — 1, we obtain that Kx,N = 1. Thus
pa(N) = (N? + Kx,N)/2+1=1. Hence, A is an elliptic singularity. By
Lemma 4.9, A is a maximally elliptic singularity.

Conversely, assume that A is a maximally elliptic singularity with —Z2 = 1.
Then A is Gorenstein and Zj is the maximal ideal cycle by Lemma 4.9. There
exists h € H*(Ox,(—Zp)) such that divx,(h) = Zo + H, where H has no
component of E. Since —Z2 =1, we have HZy =1 and that Ox,(—Zp) has
just one base point on Supp(Zy) \ Supp(Z;) which is resolved by the blowing-
up at this point (cf. [16, 4.5]). Then M = ¢*Zy+ Ey and Cy = ¢* (>0 Zi) —
Ey since Kx, = —Y i~y Z; ([28, Theorem 3.7], 23, 6.8]). Since Zy — Z is
reduced (cf. Lemma 4.9), we have Ey £ Cy and thus O¢, (—M) = O¢,. by
Remark 3.5. Hence, M is a pg-cycle by Proposition 2.14. O

Let us recall that there exist two hypersurface elliptic singularities with
—Z% =1 which have the same resolution graph, but have different geometric
genus.

ExXAMPLE 4.11 (Laufer [11, Section V], ¢f. [15, 2.23]). Let A; =
Clx,y,2} /(2% + > + 2'®) and Ay = C{z,y,2}/(2? — y(z* +y°)). Then the
exceptional set E of the minimal resolution X of both these singularities con-
sists of an elliptic curve Es and (—2)-curves Fg and Fy, and F = Ey+ E1 + Ey
is a chain of curves such that FsE; = E1Eyg =1 (the dual graph of F is sim-
ilar to that in Lemma 4.9). We have py(A;) =3 and py(A2) =2. So A, is a
maximally elliptic singularity. For As, we have that the maximal ideal cycle
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on X is M =2FE5+2E; + Ey, Ox(—M) is generated by global sections since
mult Ay =2 =—M? (cf. [20, 4.6]), and h'(Ox(—M)) =1=py(A2) — 1 (cf.
Lemma 3.11).

ExXaMPLE 4.12. By [16, 4.5, 6.3], for any positive integer m, there ex-
ists a numerically Gorenstein elliptic singularity A with elliptic sequence
{Zo,...,Zy} on the minimal resolution X such that —Z3 =1,

CX:Zl++Zm7 pg(A):ma MX:Z0+Zlv
embdim A — 1 :multA:—M)Q( +1=3,

where Mx denotes the maximal ideal cycle on X. This singularity is not
Q-Gorenstein by [16, 6.1]. We claim that m is a p,-ideal. The base point
of Ox(—Myx) is a nonsingular point of C'x, which is a point in Supp(Z;) \
Supp(Z2) by [16, 3.1]. Let ¢: Y — X be the blowing-up at the base point of
Ox(—Mx) and F the exceptional set of ¢. Then the maximal ideal cycle My
on Y is ¢*Mx + F, and the cohomological cycle on Y is Cy = ¢*Cx — F.
Since My Cy = MxCx — F*=22 —F?=0, My is a pg-cycle.

Acknowledgments. The author would like to thank Professor Kei-ichi
Watanabe and Professor Ken-ichi Yoshida for inviting him to those research
and valuable discussions. He was told the notion of the normal reduction num-
ber by Professor Watanabe. The author would also like to thank Professor
Masataka Tomari for letting us know the result of Theorem 4.3.

The author is grateful to the referee for very careful reading of the pa-
per, and for valuable suggestions and comments which are very helpful for
improving the paper.

REFERENCES

[1] M. Artin, On isolated rational singularities of surfaces, Amer. J. Math. 88 (1966),
129-136. MR 0199191

[2] K. Behnke and J. A. Christophersen, Hypersurface sections and obstructions (rational
surface singularities), Compos. Math. 77 (1991), no. 3, 233-268. MR 1092769

[3] S.D. Cutkosky, A new characterization of rational surface singularities, Invent. Math.
102 (1990), no. 1, 157-177. MR 1069245

[4] S. Goto and Y. Shimoda, On the Rees algebras of Cohen-Macaulay local rings, Com-
mutative algebra (Fairfax, Va., 1979), Lecture Notes in Pure and Appl. Math., vol. 68,
Dekker, New York, 1982, pp. 201-231. MR 0655805

[5] S. Goto and K.-I. Watanabe, On graded rings. I, J. Math. Soc. Japan 30 (1978), no. 2,
179-213. MR 0494707

[6] C. Huneke, Hilbert functions and symbolic powers, Michigan Math. J. 34 (1987), no. 2,
293-318. MR 0894879

[7] C. Huneke and I. Swanson, Integral closure of ideals, rings, and modules, London
Mathematical Society Lecture Note Series, vol. 336, Cambridge University Press, Cam-
bridge, 2006. MR 2266432

[8] S. Itoh, Integral closures of ideals generated by regular sequences, J. Algebra 117
(1988), no. 2, 390-401. MR 0957448


http://www.ams.org/mathscinet-getitem?mr=0199191
http://www.ams.org/mathscinet-getitem?mr=1092769
http://www.ams.org/mathscinet-getitem?mr=1069245
http://www.ams.org/mathscinet-getitem?mr=0655805
http://www.ams.org/mathscinet-getitem?mr=0494707
http://www.ams.org/mathscinet-getitem?mr=0894879
http://www.ams.org/mathscinet-getitem?mr=2266432
http://www.ams.org/mathscinet-getitem?mr=0957448

COHOMOLOGY OF IDEALS IN SURFACE SINGULARITIES 273

[9] M. Kato, Riemann-Roch theorem for strongly pseudoconver manifolds of dimension
2, Math. Ann. 222 (1976), no. 3, 243-250. MR 0412468

[10] H. B. Laufer, On minimally elliptic singularities, Amer. J. Math. 99 (1977), no. 6,
1257-1295. MR 0568898

[11] H. B. Laufer, On normal two-dimensional double point singularities, Israel J. Math.
31 (1978), no. 3-4, 315-334. MR 0516153

[12] J. Lipman, Rational singularities, with applications to algebraic surfaces and unique
factorization, Publ. Math. Inst. Hautes Etudes Sci. 36 (1969), 195-279. MR 0276239

[13] M. Morales, Calcul de quelques invariants des singularités de surface normale, Knots,
braids and singularities (Plans-sur-Bex, 1982), Monogr. Enseign. Math., vol. 31, En-
seignement Math., Geneva, 1983, pp. 191-203. MR 0728586

[14] M. Morales, Cléture intégrale d’idéaur et anneauz gradués Cohen-Macaulay,
Géométrie algébrique et applications, I (La Rébida, 1984), Travaux en Cours, vol. 22,
Hermann, Paris, 1987, pp. 151-171. MR 0907911

[15] A. Némethi, “Weakly” elliptic Gorenstein singularities of surfaces, Invent. Math. 137
(1999), no. 1, 145-167. MR 1703331

[16] T. Okuma, Numerical Gorenstein elliptic singularities, Math. Z. 249 (2005), no. 1,
31-62. MR 2106969

[17] T. Okuma, K.-I. Watanabe and K.-I. Yoshida, Good ideals and py-ideals in two-
dimensional normal singularities, Manuscripta Math. 150 (2016), no. 3—4, 499-520.
MR 3514743

[18] T. Okuma, K.-I. Watanabe and K.-I. Yoshida, Rees algebras and pg-ideals in a two-
dimensional normal local domain, Proc. Amer. Math. Soc. 145 (2017), no. 1, 39-47.
MR 3565358

[19] T. Okuma, K.-I. Watanabe and K.-1. Yoshida, A characterization of two-dimensional
rational singularities via Core of ideals, J. Algebra 499 (2018), 450-468. MR 3758511

[20] M. Reid, Chapters on algebraic surfaces, Complex algebraic geometry, IAS/Park City
Math. Ser., vol. 3, Amer. Math. Soc., Providence, RI, 1997. MR 1442522

[21] A. Rohr, A vanishing theorem for line bundles on resolutions of surface singularities,
Abh. Math. Semin. Univ. Hambg. 65 (1995), 215-223. MR 1359130

[22] J. D. Sally, Tangent cones at Gorenstein singularities, Compos. Math. 40 (1980),
no. 2, 167-175. MR 0563540

(23] M. Tomari, A pg-formula and elliptic singularities, Publ. Res. Inst. Math. Sci. 21
(1985), no. 2, 297-354. MR 0785140

[24] M. Tomari and K. Watanabe, Filtered rings, filtered blowing-ups and normal two-
dimensional singularities with “star-shaped” resolution, Publ. Res. Inst. Math. Sci. 25
(1989), no. 5, 681-740. MR 1031224

[25] P. Wagreich, Elliptic singularities of surfaces, Amer. J. Math. 92 (1970), 419-454.
MR 0291170

[26] S. S. T. Yau, Gorenstein singularities with geometric genus equal to two, Amer.
J. Math. 101 (1979), no. 4, 813-854. MR 0536042

[27] S. S. T. Yau, Hypersurface weighted dual graphs of normal singularities of surfaces,
Amer. J. Math. 101 (1979), no. 4, 761-812. MR 0536041

(28] S.S.T. Yau, On mazimally elliptic singularities, Trans. Amer. Math. Soc. 257 (1980),
no. 2, 269-329. MR 0552260

TOMOHIRO OKUMA, DEPARTMENT OF MATHEMATICAL SCIENCES, FACULTY OF SCIENCE,
YAMAGATA UNIVERSITY, YAMAGATA, 990-8560, JAPAN

E-mail address: okuma@sci.kj.yamagata-u.ac.jp


http://www.ams.org/mathscinet-getitem?mr=0412468
http://www.ams.org/mathscinet-getitem?mr=0568898
http://www.ams.org/mathscinet-getitem?mr=0516153
http://www.ams.org/mathscinet-getitem?mr=0276239
http://www.ams.org/mathscinet-getitem?mr=0728586
http://www.ams.org/mathscinet-getitem?mr=0907911
http://www.ams.org/mathscinet-getitem?mr=1703331
http://www.ams.org/mathscinet-getitem?mr=2106969
http://www.ams.org/mathscinet-getitem?mr=3514743
http://www.ams.org/mathscinet-getitem?mr=3565358
http://www.ams.org/mathscinet-getitem?mr=3758511
http://www.ams.org/mathscinet-getitem?mr=1442522
http://www.ams.org/mathscinet-getitem?mr=1359130
http://www.ams.org/mathscinet-getitem?mr=0563540
http://www.ams.org/mathscinet-getitem?mr=0785140
http://www.ams.org/mathscinet-getitem?mr=1031224
http://www.ams.org/mathscinet-getitem?mr=0291170
http://www.ams.org/mathscinet-getitem?mr=0536042
http://www.ams.org/mathscinet-getitem?mr=0536041
http://www.ams.org/mathscinet-getitem?mr=0552260
mailto:okuma@sci.kj.yamagata-u.ac.jp

	Introduction
	Preliminaries
	Elliptic singularities
	pg-Ideals

	The normal reduction number
	When is the maximal ideal a pg-ideal?
	Acknowledgments
	References
	Author's Addresses

