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ON REPRESENTATIONS OF ERROR TERMS RELATED TO
THE DERIVATIVES FOR SOME DIRICHLET SERIES

JUN FURUYA, T. MAKOTO MINAMIDE AND YOSHIO TANIGAWA

ABSTRACT. In previous papers, we examined several properties of
an error term in a certain divisor problem related to the deriva-
tives of the Riemann zeta-function. In this paper, we obtain
representations of error terms related to the derivatives of some
Dirichlet series, which can be regarded as generalized versions of
a Dirichlet divisor problem and a Gauss circle problem. We also
give the upper bounds of the error terms in terms of exponent
pairs.

1. Introduction and statement of results

Let ((s) denote the Riemann zeta-function, and ((*)(s) denote the kth
derivative of ¢(s) with ¢(9(s) = ((s). Further let D 1,,1y(n) be the coefficient
of Dirichlet series (—1)*+¢(®)(5)¢((s) in Rs > 1 for any non-negative integers

k and [, namely :
D1y (n) = Z(logd)k (log g) .
d|n
In the previous works, we investigated the upper bound estimates for the
error term A y(x), which is the error term on the summatory function
> n<w Dk,p)(n). In particular, we treated the upper bound estimates for the
case k=11n [15], and general k and [ in [7]. As other properties for this er-
ror term, the truncated Voronoi-type formula and a mean square formula for
A(1,1)(z) were derived in [15]. Furthermore, the Riesz means and differences
between two kinds of mean values of the error term were treated in [2].
In [7], we derived the representation of Ay ;) () called the “Chowla~Walum
formula”, that is, the sum of the periodic Bernoulli function. Actually, we
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proved that
(1.1) Ay (@) = ={Rra(2) + Rig(2) } + O((log)**)
with

Ra,w):i(f)( oge)* 3 (2 o)

j=0 n<{z
where (I;) is the binomial coefficient and ¥ (z) = — [z] — 1/2 is the periodic
Bernoulli function. Here [z] denotes the greatest integer not exceeding .

The formula (1.1) is derived by using the “Dirichlet hyperbola method”,
which is formulated as

Yo fgm)= D" f(n) Y gm)+ D g(n) Y f(m)

mn<z n<xze m<z/n n<gl—c m<z/n
() ( X o)
n<xe n<gl—e

for any arithmetical functions f and g, where ¢ is a real number with 0 <¢ <1
(see [1, Theorem 3.17]).

For an arithmetical function f(n), we put L(s) => ", f(n)n™* for Rs >
oy, where oy is an abscissa of absolute convergence of this series. Then we
have

oo

(1.3) ¢W(s)L(s) = Y 2 ’“) nif)

n=1

for Rs > max(1,0y), where

(1.4) gy (n; £) = f(d (log )k.

d|n
The aim of this paper is to study the summatory function
(1.5) > day (i f),
n<zx

and derive the Chowla-Walum type formula for the error term of (1.5). In
particular, we treat two examples; one is L(s) = (—1)/¢V (s —a) (-1 < a < 0),
and the other is L(s) = (=1)' L") (s, x) (x is the Dirichlet character mod 4).

1.1. The case L(s) = (—1)/¢(s — a). For a real number a (—1 < a < 0),
let 04(n) denote the arithmetical function defined by

=) d.

d|n
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This is the coefficient of the Dirichlet series ((s)((s — a) for f&s > 1. A gen-
eralized divisor problem is to study the behaviour of the error term A,(x)
defined by
_ ((1+a) 4
Ayx) = Z oa(n)—C(1—a)x — Tra © “.

n<x

The Chowla—Walum type formula of A,(z) is of the form

(1.6) Ag(z) = — n1/)<x) 2§ e (I> +0(1)
(cf. e.g. [6]). There are many researches on A,(z), for example, the upper
bound estimates, Voronoi-type representations and mean value formulas for
Ay (z). We note that the studies of the function A,(z) for —1 < a <0 are
deeply connected with the behaviour of the Riemann zeta function ((s) for
1/2 < 0 < 1. For the details of these topics, see [3], [4], [5], [6], [16].

Now, we shall consider a divisor problem for (—1)*+/¢*) (5)¢" (s — a) with
—1 < a <0 (the case of a =0 was already studied in [7]). In this case, f(n) =
n%(logn)! in (1.4), and we put

n k
) o) = da () = S (osa) (1og; )

d|n
We consider the error term of 3 _ 0(11.4)(n) and obtain the following the-

orem.

THEOREM 1.1. Let o(1,1,4)(n) be the arithmetical function defined by (1.7).
Then we have

Z O(k,1,0)(n) = v Py (log ) + ' t*Q(logz) + A1) (),
n<z

where Py(x) and Q(x) are certain polynomials in x of degree k and l respec-
tively, whose coefficients depend on k, | and a, and A, q)(x) is the error
term defined by

A(k,l,a)(x) = R(k,l)(x; a) + x“R(Lk)(x; —a) + O((logm)kﬂ)
with
P
j — s (T .
Rpg)(@5m) = —Z (p) (—=1)? log )P~/ Z n w(ﬁ) (logn)a+7,
=0 n<VE

We can see that the formula in Theorem 1.1 implies the previous formula
(1.6).

As a direct application of Theorem 1.1, using the theory of exponent
pairs, we obtain the following corollary, which is the non-trivial estimate of
A(k,1,0) (). For the theory of exponent pairs, refer to [10], [13] and [14].
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COROLLARY 1.2. Let (k,\) be any exponent pair. Then we have

25 +en (log )+ for a + 2 1 >0,
A(k,l,a) (93) < (ta)m k4142 A—kK
x1-x+2x (log ) for a+ 227 <0.

Specific exponent pairs give several upper bound estimates of Ay q)(z)
under some condition on a. For example, if we take (k,\) = (11/82,57/82),
we have

A1,-1/2) (%) = O (2" (log 2)"1+2)
(11/94=10.11702...). We shall discuss this topic in Section 5.

1.2. The case L(s) = (—1)'LW(s,x). Let x(n) be the primitive Dirichlet
character modulo 4, and L(s,x) be the Dirichlet L-function associated to
defined by

= Z x(n)n=% (Rs>1).

The Gauss circle problem is to study the error term related to the Dirich-
let series 4¢(s)L(s,x). Indeed, let P(x) denote the error term in the circle
problem defined by
P(x)= Z r(n) — mx,
1<n<z
where r(n) denotes the number of integer solutions of Diophantine equation
22 4+ y?> =n. The main object of the Gauss circle problem is to find the
best possible estimation of P(z). There are many results concerning several
estimations of P(x) and related topics on the circle problem. See e.g. [14]
and [13] in details.
The Chowla—Walum type formula for P(x) is of the form

v)=—4Y x(nW(%) -4 w(xzmn)

n<VE n<va
3
+4 3 w(x ”) +0(1)
n<vE

(cf. [10, Theorem 4.8]).
Now we treat the arithmetical function r ;y(n) defined by

k
n
(1.8) T (k1) (N ZX (logd) (log E) ,
d|n

which is the coefficient of the Dirichlet series (—1)*+¢®)(s)L"(s,x). In
[8], we studied several arithmetical properties of the error term of the sum
> n<sT(1,1)(n). Actually we derived the truncated Voronoi formula, the mean
square formula and the non-trivial estimate of the error term.
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Here, we shall derive the Chowla—Walum type formula of the error term
related to the summatory function ) .7 (n) for general k& and I. We
obtain the following theorem. -

THEOREM 1.3. Let r(;)(n) be the arithmetical function defined by (1.8).
Then we have

Z (k1) (n) = —xQr(logz; k1) + Py () + O((logw)kH)

n<z

where Qq(x; k,1) is the polynomial in x of degree d whose coefficients depend
on k and 1,' and P(k’l)(x) is the error term defined by

Py (@ i( > ) (loga)* =7 ) x(n)w(%)(logn)l”

7=0 n<Vw
+RE )l)(m X) +R(kl (z;x) + O((logz)* 1)
with

R (5 le( ) Y (loga)' ™ 3 w<y4n“”)<logn>’““

Jj=0 n<\/z

fora=1 and 3.
As an application of Theorem 1.3, we obtain the following corollary.

COROLLARY 1.4. Let (k,\) be any exponent pair. Under the notations of
Theorem 1.3, we have

/3 (log a)F+ ifk=A=1/2,

P hAR<E K
(k) (@) {xm(logx)mz+|P(x)|(log;g)k+l if K# A

In particular, the exponent pair (k,\) = (97/251,132/251) gives the estimate

Py () = O (5 (log x)**).

Note that 229/696 = 0.329022. ... In the case k =1=0, the best estimate
(Huxley [12]) at present is

18627

Plo) () = O (a4 (log ) 57 )

(131/416 = 0.314903...). In this case, our Corollary 1.4 is weaker than the
above estimate.

1 Note that the leading term of —zQy, (logz; k,1) is positive, since cr(0) <0 (cf. e.g. [9]).
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2. Preliminaries

As a preparation for the purpose, we consider the summation formulas
involving the log-function. We present these formulas as the following lemmas.

LEMMA 2.1 ([7, Lemma 1]). For a non-negative integer q, we have
> " (logn)* *yzaq (logy)’ — 1(y)(log y)*

n<y
logt)?~!
+q/ polosty ™
1 t
where ay(j) = (—=1)7q! /5! and ¢, is given by

Cq= . ,
(=1)attq! ifg> 1.

LEMMA 2.2. For a non-negative integer q and a real number a with —1 <
a <0, we have

q

S nt(logn)? =y 3 (# (logy)? — ¥(y)y" (log )"

1 a)a—i+1
n<y Jj=0 + )

+ /y t* alogt + q)y(t)(logt) Tt dt +
1

Cq
(14 a)att
with
~ {(1—a)00 if ¢=0,

Cq= :
Cq ifq=1,
where aq(j) and cq are the constants defined in Lemma 2.1.

Proof. This lemma can be proved by the Euler-Maclaurin summation for-
mula and an integral formula

(=Datiq!

(2.1) /121 t“(logt)th:y1+az%(logy)j + TR

Note that the formula (2.1) is valid for the cases a =0 and ¢ =0.
Now we shall transform 3, _ dx)(n; f) by the hyperbola method (1.2).
By the definition of d)(n; f) and (1.2) with ¢ =1/2, we can see that

Zd(k) n; f) = Z f(n Z (logm)*

n<z n<\z mgz/n

+ > (logn)* > f(m

n<yz m<x/n
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(X ) (X tognrt)

n<y= n<yx
=51+ Z (logn)* Z f(m)—5s,
n<\/x m<xz/n

say.
In S, we have by Lemma 2.1 that

e { S (ort) () o)

n<{z

+k/ Ogt dt—l—ck}

=:511 + S12 + Si3 + ¢k Z .f(n)
n<yx

It is easy to see from the binomial expansion and partial summation that

Sll—xZak Z()( 1ogzﬂVZ f )(logn)”

n<\/_
(47 3 ) e
_xéaku)g(i)(—l)“(logxy'-” / ﬁ{ (1051 }Zf

(2.2) g: (‘Z) (_Qi)n = QLN

Similarly, we have

slzz—fj(D( I(logz)k=7 >~ f(n < >10gn)

j=0 n<\z

In S;3, interchanging summation and integration we have

Siz =k (Zf )/ Mdt

n<\/_

n<z/t
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Furthermore, in S, we again apply the formula in Lemma 2.1 to obtain

k .
R N))> “’;(j ) (log )

n<{z j=0
—2"% logm Z f(n
n<y/x
+k<z F(n >/ ¥ logt Cdtt e S fn).
n<\z n<\/x

Therefore, we obtain the following lemma.

LEMMA 2.3. We have

(2.3) > day(n; f)

n<z
'y
Y a3 (1) (1) logay
v=0
JE
X (logt) } fln
gty ot
—Z() logxkuf ( >logn)
n</T
+k/ ¥(®)(log )" logt Z fyde+ S (ogn)t 3 f(m
n<x/t n<y/T m<z/n
+ 277 (v/) (log )* Z f(n
n<Va
From now on, we assume some conditions of » _, f(n). Actually, we put
(2.4) > f(n)=g(x) + E(),
n<x

where g(z) is the “main term” and E(z) is the “error term”. We assume that
the function g(x) is continuously differentiable and F(z) = O(z% (logx)?),
where 60, is a constant with —1 < #; <0 and 65 is a non-negative integer.
Further we assume that the mean value of E(z) is of the form

/ E(t)dt = Ajz + By + O(2% (log2)™)
1

with some constants Ay, By, 03 and a non-negative integer 04. Note that
Ay =0if §; <0, and By is included in the O-term if 63 > 0.
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Now we shall transform the formula (2.3) under the assumption (2.4). In-
deed, we have

(2.5) Z dky(n; f)

n<x

=—wZak Z()( v (log )i /lf{ (log ) }/g(wdt

v=0
—Z() logkaZf w<)logn
n<\/x
Y(t)(logt)F—1 (:v) k <:1c>
+k —— gl = )dt+ 1 —
[ S Y 5 e

+27 " (v/x) (log )" g(V) + T ()
with
1) =0y a3 (1)1 togy
7=0

v=0
’

« [ﬁ{%(logt)”} B(t)dt
+k/\:_ME<%) dt+ > (logn)kE<%>
““’ <Vz

+27 () (log )" E(V)
=Ti+Ta+ Y (1ogn)kE<f) + T3,
n<VE "

say. By the assumption F(z) = O(z% (logx)%) with the constants 6, defined
n (2.4), it is trivially seen that

Ty <z (10gx)92+k_1/ t=1=% gt
JE

_ logz if6; =0
< (1 Oath—1 o ’
(log) 201/2 i —1<6, <0

and T3 = O(2%/2(log x)?2t*). Hence, we have T < Tj.

On Ty, we see that f;’i{l (logt)* Y E(t)dt = O(z~(1=9)/2(log 2)%2+") by
the assumption of E(x), and therefore fl 1og t)*} E(t)dt is convergent.
More precisely, by the assumption fl = Ayx + By + O(2% (log )%)
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and integration by parts, we can see that

/;{%(logt)”}/E(t) dt

{1(10@5)”}/ t_ﬁ/lﬁE(t)dt/\:{1(logt)”}ﬂ/1tE(u)dudt

= Az ?(log \/E)V + O(:E*HGS/Q(log:E)G””).

Hence by putting cy(v fl logt YV E(t)dt we have
k J j )
1=y )y () (~1)* o)/~ ()
§=0 v=0
1/22 +O( 03/2(1ng)04+k)
by (2.2).

Combining all the above results, we obtain

26 T =-e>al) Y (1)1 toga) e,
=0 v=0
k .
Apzt/? Z a’;—(jj)(logaz)j + Z (logn)kE<%)
7=0

n<yVx
+ O(xol/Q(logx)oﬁk) + O(x93/2(10g:c)94+k).

As for the second preliminary, we transform the fourth term on the right-
hand side in (2.5). We put this part as U. By partial summation, we have

U=g(va) 3 (logn)* +a / ﬁt*g’(%) > (logn)* dt

n<\/x n<t
=U; + U,,

say. As for the function U;, we have by Lemma 2.1 that

U =g(Ve {\/_Z 5 (logz)! —¥(V/z)(log V)"

Ve o )
+k/ 7¢(t)(1tgt) dt—|—ck}

1

=Un — 9(vVx)y(Vz)(log \/E)k + Utz + crg(Vx).

Note that the second term on the right-hand side in the above is canceled by
the fifth term on the right-hand side in (2.5).
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On U,, we have

(2.7) Uy = /;g’(t){gzk:oak(j)OOg%)j _¢<%) (log %)k

say. It is easy to see that
VT 1 k—1
Usy — k/ M%f) du— U,
1 u u

On U1, we have

k J .
=7 an(i J —1)(lo xj—y ‘ / (logt)y
=Y. (Y () vrtosey [y i

v=0

> (V)evr=40 fnay
= \n |0 ifN>1
Collecting these estimates we have

U- —méaku)i (2)crrtosey= [ o] Joosor} a

v=0 VT

+I<:/1ﬁ w(")(k;gu)klg(i) du/\;g'(t)i/)<f> (log f)kdt

— 27 g(Va)p(vVa) (log 2)* + (ar(0) + cx) g(x).

197

Therefore, as the preparation of the proofs, we obtain the following

lemma.
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LEMMA 2.4. Let dgy(n; f) be the function defined by (1.4). Under the
assumption (2.4), we have

(28) > duy(n; f)

/

:—xiak i() Y (log ) ”/j{%(logt)”}g(t)dt

v=0

+k/ Pt (lotgt (f) gt
[von(z) ) o

—Z() ) (log )" Y~ f(n) ( )logn)j

n<T
+ (ak(0) + cx)g(z) + T'(z)

k J .
(2.9) T(x) = —xZak(j) Z (Z) (=1)"(logz) " cs(v)
=0 v=0
k .
— Apzt/? Z a’;—(jj)(logaz)j + Z (logn)kE<%>

Jj=0 n<x
+ O(xel/Q(logx)oﬁk) + O(x93/2(logx)94+k).

3. Proof of Theorem 1.1

Let f(n) =n®(logn)' and o) (n) = dky(n; f). By Lemma 2.2 we find
that the main term g(y) and the error term E(y) in >, ., f(n) are of the
forms -

!

(3.1) gw) =y (ai(log y)’

= 1+ a)l=i+t
and

E(y) = —y“(y)(logy)' + /1 ’ t*(alogt + D)y (t)(logt)' " dt

C
(1+a)ttt’
respectively. From the definition of a;(j), we find that

(3.2) g (y) =y"(logy)".

+
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Since the integral on the right-hand side of E(y) converges when y — oo
we have the following expressions:

Bly) = Ay — " v(o)ogy) ~ [ e alogt + D(t) (log ) di

Y

= Ay +O(y"(logy)"),

and
Y
(3.3) / E(t)dt = Ayy+ By + O (y*(logy)"),
1
where N oo
_ C a—1 -1

A=+ [ alogt + Du(e)(logt)' " at,

and

Bf:—Af—/lootaw(t)(logt)ldt—/loota(alogt—i—l)t/)(t)(logt)l_ldt.

Hence, we can take 6 =60, =0, 03 =a and 04, =1. We remark that 3 =a <0
in this case (compare with the choice in Section 6).
Now we shall consider the formula (2.8).
The fourth term on the right-hand side in (2.8) coincides with R ;)(z;a).
By (3.1), (3.2) and integration by parts we find that

(3.4) /1 x{%(logt)”}/g(t) dt

_ [Mg(t)r - /1 £ log £)" ! dt

1

= (logz)"2  g(z) — 6, — / t* (logt) ! dt
1

o0
+ / t* L (logt) ! dt,
xT

where 0, =0 if v > 1 and §p = g(1). We should note that the integral in the
second and third lines are convergent by the condition a < 0. Hence, the first
term on the right—hand side in (2.8) becomes

(3.5 Zak (log ) i(i)(—l)“
+chk:ak(j)2j:<i>( Y (log )i~ ”<5y—|—/100t“ 1(logt)”+ldt>
—xZak EJ: ( '>( Y(logz)’~ /Oot“ L(logt) * dt.
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The first line on the right-hand side of (3.5) equals to —g(z)ay(0) since the
sum over v vanishes for j > 1. We consider the third line of (3.5), which we
denote by J(z). By putting back the binomial expansion we have

z) = —a:]z:ak(j) /:o o1 (1og%>j(logt)l dt.

If we change the variable by 7 = u, we have

(3.6) J(z) = —x'te jio ar(4) /01 u” " (logu)’ (log g) l du
k Loy
—-e Y ai) Y () )1 oga)
j=0 v=0

1
X / u” " (logu)’* du.
0

Hence by (3.5) and (3.6), we can see that the first term on the right-hand side
of (2.8) has the form

k 1
x Z Ay j(a,k,1)(logz)? + T Z Ay j(a,k,1)(log ).

=0 =0

Next we treat the second term on the right-hand side in (2.8). Let ¢1(y) =
J () dt. Noting that t;(y) = O(1) uniformly in y, we have by integration
by parts that

[ 2 a5 )

+O(ac_1(loga:)k_1).
By (3.1), we get

(10gi)""1g(§)

l

. g ’ v+k—1
— 1+az ai(j) g . _, (log )
s OWZO(V)(—I) (log )~ 2.
J= v=

k/lx w(t)(lf;gt)’“‘lg@) i@t

!
_kaaZ 1_|_al g+1Z() ¥(log)™"

.70

and thus
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T o v+k—11Y"/
x/l wl(t){%} dt
+O(x_1(logx)k_1).

Since —1 < a < 0, we see that the integral in the above is convergent absolutely.
We obtain

x k—1 T l .
k/l ng) dt =2+ 3" As j(a, k1) (log )’

§=0
+O(z ' (log :U)’Hl*l).
As for the third one, we have by noting the formula (3.2) that

[ () ()

:x/lﬁu_%(u)g’(g)(logu)kdu
l

N
=glte /1 w2 % (u) <log %) (logu)* du

— gt zl: (i) (~1)"(logz)' ™"

v=0
\/E
X / w2 % (u) (logu)” T du.
1

Since

VT oo
/ u 2% (u) (log )" * du = / w27 %) (u) (log u) t* du
1

1
+0(z7 172 (log )" +F),

[ron(2) )

1
=gt Z Ay j(a,k,1)(logz)’ + O(m“/2 (logz)**1).
§=0
Clearly ar(0)g(x) in the fifth term of (2.8) cancels with the first line of
(3.5), hence it becomes c¢,g(x), which we write

we get

!
crg(z) = ztte Z As j(a,k,1)(logz).
Jj=0
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It remains to consider the formula of (2.9). By the definition of E(z), we

have
5 ot s(3) - 5 ot {-(3)o(2) (o)

n<Vz n<y=@
+ / t* Y alogt 4 1)y (t)(logt)' ~t dt + Af}
z/n
=Vi+Va+ Vs,

say. For V7, it is easy to see that

. Z( ) Y(log) ™ Y n“w<%)(logn)k+”

n<\/z

which coincides with 2% R 1) (2; —a). Also it is easily seen from Lemma 2.1
that

Vo= ApVES aui)log Vi) + O((og)").

7=0

For V5, changing the summation and integration, we have

VQ:/ t* Y(alogt + 1)1 (t)(logt)' ! Z (logn)® dt
Ve o /t<n<\Z

+ (n;/;logn)k) /:0 t*Yalogt + 1)y (t)(logt)' ~t dt

= —/;t“1(alogt+1)¢(t)(logt)l1 Z (logn)* dt

n<z/t

+ < > (logn)k)/ " Halogt + 1) (t)(logt) ~* dt
n<VE vE
= ‘/21 + ‘/227
say. It is easy to see that Vo < 2%/2(logz)**!. For Va1, we apply Lemma 2.2
and get

k

Vo1 = Izak(j)/j—taz(alogtJrl)?/’(t)(logt)l1 <10g f)jdt

j=0

+ O( a/Q(IOgl‘)k_H)

= oYY (1) vromay

j=0 v=0
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x
X / t*2(alogt + 1)1 (t)(logt)! =1 dt
\/.’L_'

+0 (xa/2 (log 1’)k+l)
< z%?(log x)F+.

Collecting these estimates we obtain that

k
5 (togm*B( £ ) =" Ry (o -) + Arva D (i) log V)"

N i=0
+O((logz)*) + O(x“/Q(logx)k'H).

The second term on the right-hand side above is canceled by the second term
on the right-hand side in (2.9). Clearly the first term of T'(x) has the form
332?:0 Ag j(a,k,1)(logz).

Collecting all formulas, we obtain the assertion of Theorem 1.1.

REMARK. We can see that the coefficient of z(log x)¥, which is the greatest
term for the main term of ) 5 __ 0 (1.1,4)(n), does not vanish. Actually, we can
see this fact as follows: The explicit value of such coefficient is equal to the
sum of the terms from Ay (a,k,l) and Agy(a,k,l) in the case j =k and
v =0. By the definitions of Ay x(a,k,l) and Agk(1,k,1), we have that the
corresponding term coming from A, ;(a,k,!1) is

(=n' /°° -1 !
= t* “(logt)" dt
1+ a)+t + \ (log)
and the term corresponding to Ag k(a,k,1) is
-1l e
= —¢;(0)=(-D)"1¢®Wa - _ —/ t* 1 (logt)! dt.
e (0)= ()70 —a) = (o~ [ s

Then we have that the coefficient of z(logz)* is (—1)""1¢W (1 — a). We can
trivially see that ¢()(1 —a) # 0 for all non-negative integer | and the real
number a with —1 < a <0, hence we see that the coefficient of z(logx)* is
not equal to zero.

4. Proof of Corollary 1.2

In order to prove Corollary 1.2, we apply the formula of #(x) in the fol-
lowing lemma.

LEMMA 4.1 ([11, p. 245]). Let h be any real number. We have

(1) s =5 Y o)

27
1<|h|<H
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with e(y) = exp(2wiy), where By (x) is the function estimated and represented

as
0

. 1
EH (I) = min (].7 ]J”x”) = hzgioob(h)e(hx)
with

log H logH H

and  b(h) < min(T, ﬁ) (h#0).

(4.2) b(0) <

By using this lemma, we have the following lemma.

LEMMA 4.2. Let r be a real number and let gn(x) be the function defined

by
s (T
(4.3 e = Y (%)
N<n<2N
with 1 < N <+/z. Then we have
(4.4) gN(x)<<a:f~+r1NT+:%logx

for any exponent pair (r,\).
Proof. Substituting (4.1) in (4.3), we have
1 1 hx - x
49 =g ¥ 5 X o(2)ro( X wea(2))
1<|h|<H = N<n<2N N<n<2N

Let (k,A) be an exponent pair. By partial summation and applying this
exponent pair, we get

» [ hx hx -
> o)« s 2 o)y

N<n<2N N<n<t

< NT{<%>N(tN)A+ ‘2[—;}

< hl{xliNa+)\72l€.
Hence the first term on the right-hand side of (4.5) is evaluated as as

logH k=0,

< annNaJrAon X
1 K> 0.

On the other hand by using (4.2), the second term on the right-hand side of
(4.5) is bounded as

Z anH<£> < <x/<Na+)\2/<Hn+
n

N<n<2N

a+1

)logH.
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Hence, we get

a+1

(4.6) an(7) < (x“N““—?”HH + ) log H

for H > 1. Note that gy (z) < N**! trivially, hence (4.6) holds for all H > 0.
Taking H = ="/ (v+1) NO=AT26)/(541) e get (4.4). O

Proof of Corollary 1.2. Let r be a real number and let

Gla,r) = ngzﬁnw (Z) (log )4

for a non-negative integer A. In view of Theorem 1.1, we have to estimate
the upper bounds of G(z,a) and 2°G(z, —a).

Let
g(t) = an(g).

n<t
By partial summation, we have

Nz

Gla,r) = g(v7)(log V) * — A /

(1) (log 1)~ di
1

< {2%|g(t)|}(1ogx)4

Hence, it is enough to evaluate |g(¢)| for ¢ in the range 1 <t < \/z. Let
N; =t/27. Then by the standard decomposition technique we have

g(t) = ng (z) +0(1),

where jo = [logt/log?2].

For G(x,a) we take r =a for —1 <a <0 in (4.4). We consider the three
cases.

Case 1. Suppose that a + 2%’1‘ > 0. In this case, we have

t a"'%
g(t) K x=+1 Z(gg) logx
J
< pRETOT AT logx.

Case 2. Suppose that a + i—:_’f < 0. Let t be a real number such that
0 <t < 1. By the theory of exponent pairs,

(K, M) =t(0,1) + (1 = t)(k, A) = (1 = )k, t/2+ (1 — t)A)
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is also an exponent pair. If we take
—a(k+1)— (A —K)
l—ak—A—k) ’
then we have a(kt, + 1) + Aty — K, = 0. We also note that 0 <ty <1 by the

2;'1{ < 0. Applying this exponent pair in (4.4), we get

to =

assumption a +
—rfo_ (ta)s
gn () € a7+ logx = 1-*+2~ log x,
and hence
(1+a)k 9
g(t) € x1->+2 (log x)~.
Case 3. Suppose that a + % =0. As in the case 2, we get
g(t) < z=+1 (logz)?.

From these estimates, we have

2453ty A+1 A=k
2" 2=+D (log x , a+=%>0,
(4.7) G(z,a) < { (ta)e (log A)+2 N
13 (logz) T2, a+ 237 <0.
For *G(x,—a) we take r =—a >0 in (4.4). Since —a + iﬁ > 1 we have
(4.8) Gz, —a) < XA ey (logz)A+1,
Therefore, by the definition of A q)(7) in Theorem 1.1, we obtain
e CE (log )k ++1 a-+ f;—;'{” >0,

A k.l (13) < (1+a)r a Ar
() w1e2w (log )P H1H2 + 272050 (log o)+, o+ 224 <.

Remarking that % +5 (’\H‘:"l) < 1@‘;1)2’; for a + 2%’1‘ < 0, we obtain the assertion

of Corollary 1.2. O

5. Some remarks on Corollary 1.2

We first recall that the constant a satisfies the condition —1 < a < 0.
If we take the trivial exponent pair (k, A) = (0,1), we have a+ i;ﬁ >0 and
hence

a+tl
Ak, () ZO(x P (1ng)k+l+1)
. K -
for —1 <a <0. Similarly, if we take (x,A) = (1/2,1/2), we have a + 277 <0
and hence

atl
Ak,1,0) () = O(x 3 (1ng)k+l+1)
for —1<a<0.
Here are some other examples. Each exponent pair is taken from [14].

(i) Put (r,A) = (1/6,4/6), then
25131 (log )M+ for —%<a<y,

A o)) < a
(k) (@) {mﬂi“aogx)kﬂﬁ for —-1<a<-3.



ERROR TERMS FOR SOME DIRICHLET SERIES 207

(i) Put (k,\) = (2/18,13/18), then
$+3 (1 k41+1 for — 1L 0
Agory(@) < 4 7 los) el
” 5@t (logz)k+t+2 for —1<a< -4
(iii) Put (k,\) = (11/82,57/82), then
2518 (logz)k i+l for — 49 <a<0
A a << a
(k) (@) {xw (logz)*++2  for 71 <a<—35

Thus, the third one gives the special estimate

Ageg,—1/2)(x) = O(x% (1ng)k+l+2) .

6. Proof of Theorem 1.3

We put f(n) = x(n)(logn)!, then d)(n; f) = r(;,)(n) in this setting. By
the formula

e

(cf. [6, Lemma 4.7]), we have by partial summation that

S s ={-o( ) + o (152) aowar' + 4 + 01 tos ),

n<y

where Ay is a constant. Hence, we have

/ Zf dthfy+O((logy))

n<t

Thus if we put g(z) =0, E(x)=>_,., f(n), 61 =03=0 and 0y =0, =1, we
can see that the function f(n) of this setting satisfies all assumptions of the
error term E(x) in Section 2.

On this setting, the formula (2.5) is reduced to

Do) = —Ek: (k> (1) (log )"~/ > X(“W(%) (logn)'+

n<x 7=0 J n<\/x
k j j ‘
Y a()Y (V)u)“(logx)“cf(v)
7=0 v=0
1/22 loggc 4 Z (logn) kE( )
n<{z

+ O((logm)k”).
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Here the second term on the right-hand side contributes the main term
—2Qi(logx; k,l) of the theorem; the first one above is the first term of
Py ().

On the fourth term in the right-hand side of the above formula, applying
partial summation and substituting the formula (6.1) into it, we have

3 (logn)kE(%>

n<yx
=Y (ogn)* Y x(m)(ogm)'
o Ry
=n§5<10gn>k{ (o (257 +o(72)) (bg%)l +y

+ O((logx)kﬂ*l)

i( Jewtogey 0 {5 ) v (T ) foent

J= n<{z
( 1/22 logz JrO((logx)k)> +O((logz)**t=1).

Hence, the term Contalnlng Ay cancels and the remaining terms containing

1 (x) contribute R(kl (x,x) and R(kl (z,x) of Py py(x) of the theorem. The
proof of Theorem 1.3 is complete.

The assertions of Corollary 1.4 can be proved by using Theorem 1.3 and
the method used in [10] and [7, Section 5]. We omit the details of the proof
of this corollary.
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