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A NOTE ON NONEXISTENCE OF MULTIPLE BLACK HOLES
IN STATIC VACUUM EINSTEIN SPACE-TIMES

H. BALTAZAR AND B. LEANDRO

ABSTRACT. The purpose of this note is to study the static vac-
uum Einstein space—time with half harmonic Weyl tensor, that
is, SW™ = 0. We prove that there are no multiple black holes on
a four-dimensional static vacuum Einstein space—time with half
harmonic Weyl tensor.

1. Introduction

In the last few decades have been a steadily growing interest in the study
of the static space-times. A fundamental question on this subject is related
with the uniqueness of black hole as well as the nonexistence of multiple
black holes in static space. In this context, in a celebrated article [14], Israel
gave the first answer for the uniqueness of black hole. More precisely, he
proved that a static, topologically spherical black hole is described by the
Schwarzschild or the Reissner-Nordstrom solutions. Afterward, inspired by
[9], [14], [18], Bunting and Masood-ul-Alam [6] studied such a problem in an
asymptotically Euclidean static vacuum space—time. In general, many authors
have investigated this problem and provided important contributions to the
development of this theory, we refer the reader to [11], [12], [10], [13] and [20]
for an overview of the progress on such a subject.

DEFINITION 1. A Riemannian manifold (M™,g), n > 3, is said to be a static
vacuum Einstein space—time if there exist a lapse function f: M — (0,+00)
satisfying the static vacuum Einstein equation

(1.1) V2f=fRic and Af=0.

Received October 13, 2016; received in final form April 11, 2017.

H. Baltazar was partially supported by CNPq/Brazil.

2010 Mathematics Subject Classification. Primary 53C25, 53C20, 53C21. Secondary
53C65.

(©2017 University of Illinois

811


http://www.ams.org/msc/

812 H. BALTAZAR AND B. LEANDRO

A straightforward computation ensures R = 0, where R stands for the scalar
curvature of g. Moreover, it is known that the only complete solution to the
static vacuum equations (1.1) with f > 0 everywhere is a flat metric, with
f = constant (cf. Theorem 3.2 in [1]).

In the sequel, given a static metric
(1.2) G=g— f2de?
on M = M x5 R (cf. [10], [17], [15], [16], [20]), it is well known that:
® Rici(X,Y) = Ricy(X,Y) — %Vﬁf(X,Y),

o Ricy(V,H)=—g(V,H)=# and

e Ricz(X,V)=0,

where Vg and A, are, respectively, the Hessian and the Laplacian operator
for g. Moreover, X and Y are horizontal vector fields, while H and V are
vertical vector fields (see [5], [19]). From this, M is Ricci-flat if and only if
the lapse function f satisfies (1.1).

Here, we consider non-trivial solutions of the static vacuum Einstein equa-
tion (1.1), complete and connected up to the boundary OM of M. Moreover,
we assume that the set f=1(0) = M is compact, and that the metric g and
the function f extends smoothly to M. To do so, let us recall that the set
OM = f=1(0) is called the horizon, which corresponds to domains surrounding
a collection of black holes. We say that there are no multiple black holes in
(M™,g) when the horizon M = f~1(0) is connected. For more details see,
for instance, [1] and [13].

It is already known that four-dimensional Riemannian manifolds are very
special. For instance, it is well known that the bundle of 2-forms on a 4-
dimensional compact oriented Riemannian manifold can be invariantly de-
composed as a direct sum (cf. [5], [8]). Moreover, on an oriented Riemannian

manifold (M4, g), the Weyl curvature tensor W is an endomorphism of the
bundle of 2-forms A? = A2 & A? such that

W=wtrow-,

where W* : A2 — A% are called of the self-dual and anti-self-dual parts
of W. Half conformally flat metrics are also known as self-dual or anti-self-
dual if W= =0 or W+ =0, respectively.

For what follows, we recall that the tensor W™ is harmonic if W' =0,
where § is the formal divergence defined for any (0,4)-tensor F' by

(5F(X1,X2,X3) :traceg{(K Z) — VYF(Z,Xl,XQ,Xg)},

where g is the metric of M*. It is worth to point out that in dimension 4 we
have

SW2 = [sW | + |sw .
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From here it follows that the half harmonic Weyl tensor assumption (that
is, SW* =0) is weaker than the harmonic Weyl tensor condition (that is,
O0W =0). Moreover, it is well-known that compact oriented 4-dimensional
manifolds with parallel Ricci tensor must have W' = 0. This implies that
every four-dimensional Einstein manifold has half harmonic Weyl tensor (cf.
16.65 in [5], see also Lemma 6.14 in [8]). But, the converse statement is not
necessarily true. Therefore, according to [5] “Besse’s book”, the assumption
W™ =0 can be seen as a generalization of the Einstein condition. For a
detailed overview on the half harmonic Weyl tensor condition see Chapter 16
(Section H) in [5]. From these comments, it is natural to ask which geometric
implications has the assumption of the harmonicity of the tensor W+ on a
four-dimensional static space-times.

Before proceeding, it is convenient to recall that a Riemannian manifold
(M™,g) has f-weakly harmonic curvature if the Ricci tensor Ric, satisfies

dP Ricy(Vf,-,Vf)=0

for a function f: M — R, where d” is the first-order differential operator from
the space of sections of symmetric 2-tensors C*°(S?M) into C“’O(/\2 "M ®
T*M) defined by

dPw(X,Y,Z) =V xw(Y,Z) — Vyw(X, Z).

With these notations, recently, Hwang, Chang and Yun [13], studied static
vacuum FEinstein space—time with f-weakly harmonic curvature. More pre-
cisely, they proved the following result.

THEOREM 1 (Hwang—Chang—Yun, [13]). Let (M™,g, f) be a static vacuum
FEinstein space—time satisfying (1.1) with f-weakly harmonic curvature. Then
there are no multiple black holes in M™.

In this article, we shall replace the assumption of f-weakly harmonic curva-
ture in the Hwang—Chang—Yun result by the hypotheses that the tensor W+
is harmonic on M. More precisely, we have established the following result.

THEOREM 2. Let (M*,g, f) be a static vacuum Einstein space—time satis-
fying (1.1) with half harmonic Weyl tensor (i.e., W™ =0). Then there are
no multiple black holes in M*.

Obviously if we change the condition W T = 0 by the condition W~ =0
the conclusion of Theorem 2 is the same. Furthermore, one should be empha-
sized that there is no relationship between f-weakly harmonic curvature and
the condition that manifold has harmonic tensor W .

2. Preliminaries

In this section, we shall present some preliminaries which will be useful
for the establishment of the desired result. We start recalling that for a
Riemannian manifold (M™,g), n > 3, the Weyl tensor W is defined by the
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following decomposition formula
1
(2.1) Rijrr = Wi + m(Rikgjl + Rj19ik — Rugjr — Rjrgir)
R
(n—=1)(n—-2)
where R;j; stands for the Riemannian curvature operator. Moreover, the
Cotton tensor C' is given according to

(gjlgik - gugjk),

1
(2.2) Cijk =ViRji, — VR, — m(vijok - VjRgik)~
These two tensors are related as follows
(n—2),
2. = .
( 3) Czjk (TL — 3) \Y Wzgkh

provided n > 4.

In what follows, M* will denote an oriented 4-dimensional manifold and g
is a Riemannian metric on M*. As it was previously pointed out 4-manifolds
are fairly special. For instance, following the notations used in [8], given any
local orthogonal frame {e;,es,e3,e4} on an open set of M* with dual basis
{e!,e?,e3 e}, there exists a unique bundle morphism x called Hodge star
(acting on bivectors), such that

>«ﬁ(e1 A\ 62) =e3Aet.

This implies that  is an involution, that is, *> = Id. In particular, this ensures
that the bundle of 2-forms on a 4-dimensional oriented Riemannian manifold
can be invariantly decomposed as a direct sum A% = A2 & A2. From this, it
follows that the Weyl tensor W is an endomorphism of A2 = A+ @ A~ such
that

(2.4) W=wrew-".
Recalling that the Weyl tensor is trace-free on any pair of indices, we have
1
(2'5) W;qrs = §(qurs + quﬁ)v

where (735), for instance, stands for the dual of (rs), that is, (rs7s) = 0(1234)
for some even permutation o in the set {1,2,3,4} (cf. Equation 6.17, p. 466
in [8]). For instance, we have

1
Wihas = 5(W1234 + Wiz12).

For more details we refer to [4], [3], [5], [8]-
The next result, which can be found in [13], will be useful in the proof of
our main result.
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LEMMA 1 ([13]). Let (M™,g,f) be a static vacuum FEinstein space—time.
If f is non-trivial, then the set Crit(f) ={p € M™;Vf(p) =0} has zero n-
dimensional measure.

3. Proof of the main result

Our approach is inspired by ideas outlined in [4], [3] and [2]. To start with,
we show a formula relating the Cotton tensor with the Weyl tensor on a static
vacuum Einstein space-time.

LEMMA 2. Let (M™, g, f) be a static vacuum Einstein space—time. Then:

(n—1)
(n—2)

RisV° fgji — RjsV° fgir).

fCiji =Wijis Vo f +
1

W)l

Proof. First, taking the covariant derivative of (1.1), we have

VifRjr + fViRj, = V;V;Vif.
Then, from Ricci equation we get that
R Nif — RiVif + f(ViRjx — V;Rix) = RijuV' f.

Since R =0, from (2.2), we obtain
(3.1) Rk Vif — RgV;f + fCiji = RijuV' f

and, from the Weyl tensor formula (2.1) we achieve

(RixVjf — RjiVif)

1
RijuV'f =WiuV'f + pr— (RirVjf — RjyVif + RyV' fgi — RuV' fgjk).

Combining the above equation with (3.1), we get the promised result. (|

Next, following the notations employed in [4], [3], we define the tensor T},
as follows

(n—1)
(n—2)
1

o)
Taking into account this definition, we deduce from Lemma 2 that
(3.3) fCijk = WijnsV® f + Tiji.

An analogous proof for the next lemma can be found in [3]. Nonetheless,
since its proof is non-trivial, for sake of completeness, we shall sketch it here.

(3.2) Tz‘jk = (Rikvjf - R]kvzf)

RisV® fgik — RjsV° fgir).-

LEMMA 3. Let (M*,g, f) be a complete static vacuum Einstein space—time
with harmonic (anti-)self dual Weyl tensor. Then V f is an eigenvector of the
Ricci curvature Ric.
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Proof. Since the scalar curvature is zero, we know that (2.2) becomes
Oklj = Vlej — Vlej.

So, as an immediate consequence of (2.3), we have

(34) 45Wj+kl = Cklj + ij.
From Lemma (2) and Eq. (3.4), we get
(3.5) AfSWiy = F[(VeRj — ViRjk) + (ViR — ViR7)]

= [Wkljsvsf—f' ijsvsf'*'lej +ij]

In the sequel, we shall use our assumption dW™* = 0. In order to do so,
we consider an orthonormal frame {ej, es,e3,e4} diagonalizing Ric at a point
q, such that V f(q) # 0, with associated eigenvalues A\ (k=1,...,4), respec-
tively. It is important to highlight that the regular points of M*, denoted by
{pe M*:Vf(p) # 0}, is dense in M*. Otherwise, f must be constant in an
open set of M*; for more details, see, for instance [7]. Therefore, from (3.2)
and (3.5) we have

(M =) Vi fVaf+ (A3 — A)V5fVaf =0,
(3.6) (M —23)V1fVsf4+ (A —X2)VyufVaf =0,

(M1 = AV fVaf 4+ (A2 = A3) V2 fV3f =0.
We now claim that V f, whenever nonzero, is an eigenvector for Ric. In fact,
taking into account that V f(p) # 0 we have that, at least, one of the (V; f) #
0, 1 <j<4. If this occurs for exactly one of them, then Vf = (V;f)e;
for some j, which gives that Ric(Vf) = X\;Vf. On the other hand, if we
have (V;f) # 0 for two directions, without loss of generality we can suppose
that Vif #0, Vof 20, V3f =0 and V4f =0. Then, from (3.6) we have
A1 =Xz = A. In such a case we have Vf = (Vif)e; + (Vaf)es. From this, we
infer

RZC(Vf) = Ric((Vlf)el + (v2f)€2) = (Vlf)Ric(el) + (VQf)RiC(@Q)
= (Vif)her + (Vaf)haea = AV f.

Next, the case (V;f) # 0 for three directions is analogous. Now, it remains
to analyze the case (V,;f) #0 for j =1,2,3 and 4. In this case we use again
(3.6) to obtain

(M = X)*(VifVaf)? + (A3 — Ma)* (V3 fVaf)?
+ (A1 = A3)%(V1fV3)* + (s — A2)*(VafVaf)?
+ (01 = M)2(VifVaf)? 4+ (Ao = X3)A(VafVaf)2 =0.

Therefore, A\ = Ay = A3 = A\4. Of which follows that V f is an eigenvector for
Ric. This finishes the proof of the lemma. O
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3.1. Proof of Theorem 2.

Proof. Proceeding, for any point p € M where V f(p) # 0, we consider a
local coordinates systems {62,602 0%} on the level surface {x € M : f(z) =
f(p)}. In this case, for any neighbourhood of the level surface ¥ where |V f| #
0, we use the local coordinates system

($1’$27$37$4) — (f’ 92703’94)

adapted to level surfaces. Under this above notation, the metric g can be
expressed as

1

ds? = ——
IVfI?

df? + gas(f,0) 0" 6,
where a,b € {2,3,4}. In what follows from Lemma 3, we will consider the
normal vector field e; = ‘g—% to Y. and es, e3, e4 as an orthonormal frame on
Y. such that {e1,eq,e3,e4} orthogonalizes the Ricci tensor Ric.

With this notation in mind, since Ric(Vf)=AVfand V., f=¢g(Vf,e,) =
0 for a ={2,3,4}, we immediately deduce from (3.3) that

fCra1 =Wiq1s VP f +T1q01 =0.

In fact, since the Weyl tensor is skew-symmetric we have W(Vf,-,Vf,
V f) =0. Moreover, from (3.2) we get

3 1 )
Tlal = E(Rllvaf - Ralvlf) - 5 (Rlsvéfgal - Rasvsfgll) =0.

This allows us to conclude that fCij;; =0 for j € {1,2,3,4} at a point p
where Vf(p) # 0. Moreover, remember that f >0 on M. Consequently,
we deduce C(Vf,-Vf)=0 in M\ Crit(f). Therefore, from continuity of the
Cotton tensor and Lemma 1 we conclude that, in fact, C(V f,-, V f) vanishes
on M*.

Finally, from the definition of the Cotton tensor (2.2) we arrive at

dDRZC(Vf7 Nl vf) = 07

and then we are in position to use Theorem 1 (see also Theorem 1 in [13]) in
order to conclude that there are no multiples black holes in M*. So, the proof
is completed. O

Acknowledgments. The authors want to thanks Professor Ernani Ribeiro
Jr. for valuable discussion about this issue. Finally, the authors want to
thanks the referee for his careful reading and helpful suggestions.



818

(1]
(2]

H. BALTAZAR AND B. LEANDRO

REFERENCES

M. Anderson, Scalar curvature, metric degenerations and the static vacuum Einstein
equations on 8-manifolds, Geom. Funct. Anal. 9 (1999), 855-967. MR 1726233

A. Barros, R. Diégenes and E. Ribeiro Jr., Bach-flat critical metrics of the volume
Sfunctional on 4-dimensional manifolds with boundary, J. Geom. Anal. 25 (2015), 2698
2715. MR 3427144

A. Barros, B. Leandro and E. Ribeiro Jr., Critical metrics of the total scalar curvature
Sfunctional on 4-manifolds, Math. Nachr. 288 (2015), no. 16, 1814-1821. MR 3417871
A. Barros and E. Ribeiro Jr., Critical point equation on four-dimensional compact
manifolds, Math. Nachr. 287 (2014), no. 14-15, 1618-1623. MR 3266127

A. Besse, Einstein manifolds, Springer, Berlin, 1987. MR 0867684

G. L. Bunting and A. K. M. Masood-ul-Alam, Non-ezistence of multiple black holes
in asymptotically Euclidean static vacuum space—times, Gen. Relativity Gravitation
19 (1987), 147-154. MR 0876598

J. Corvino, Scalar curvature deformations and a gluing construction for the Einstein
constraint equations, Comm. Math. Phys. 214 (2000), 137-189. MR 1794269

F. Dillen and L. Verstralen, Handbook of differential geometry, vol. 1, Elsevier, Ams-
terdam, 2000. MR 2184989

G. W. Gibbons, The motions of black holes, Comm. Math. Phys. 35 (1974), 13-23.
MR 1552605

S. W. Hawking and G. F. R. Ellis, The large scale structure of space—time, Cambridge
University Press, Cambridge, 1973. MR 0424186

M. Heusler, Black hole uniqueness theorems, Cambridge Lecture Notes in Physics,
vol. 6, Cambridge University Press, Cambridge, 1966. MR 1446003

S. Holland and A. Ishibashi, Black hole uniqueness theorems in higher dimensional
space-times, Classical Quantum Gravity 32 (2012). MR 2960981

S. Hwang, J. Chang and G. Yun, Nonezistence of multiple black holes in static space—
times and weakly harmonic curvature, Gen. Relativity Gravitation 48 (2016), 120.
MR 3539987

W. Israel, Event horizons in static vacuum space—time, Phys. Rev. 164 (1967), 1776—
1779.

O. Kobayashi and M. Obata, Certain mathematical problems on static models in gen-
eral relativity, Proceedings of the 1980 Beijing symposium on differential geometry and
differential equations, vol. 3, 1980, pp. 1333-1344. MR 0714372

O. Kobayashi and M. Obata, Conformally-flatness and static space—time, Manifolds
and Lie groups, Progress in Mathematics, vol. 14, 1981, pp. 197-206. MR 0642858

A. Lichnerowicz, Théories relativistes de la gravitation et de I’éléctromagnetismc, Mas-
son, Paris, 1955. MR 0058337

H. Muiller zum Hagen and H. J. Seifert, Two asymmetric black holes can not be in
static equilibrium, Internat. J. Theoret. Phys. 8 (1973), 443-450. MR 0441192

B. O’Neill, Semi-Riemannian geometry with applications to relativity, Academic Press,
San Diego, 1983. MR 0719023

J. Qing and W. Yuan, A note on static spaces and related problems, J. Geom. Phys.
74 (2013), 18-27. MR 3118569

H. BALTAZAR, DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE FEDERAL DO PIAU{—
UFPI, CampPUs PETRONIO PORTELLA, CEP 64049-550, TERESINA—PI, BRAZIL.
E-mail address: halyson@ufpi.edu.br

B. LEANDRO, CENTRO DE CIENCIA EXATAS, UNIVERSIDADE FEDERAL DO GoiAs—UFG,
REGIONAL JaTAf, BR 364, kM 195, 3800, CEP 75801-615, JATAI—GO, BRAZIL.

E-mail address: bleandroneto@gmail.com


http://www.ams.org/mathscinet-getitem?mr=1726233
http://www.ams.org/mathscinet-getitem?mr=3427144
http://www.ams.org/mathscinet-getitem?mr=3417871
http://www.ams.org/mathscinet-getitem?mr=3266127
http://www.ams.org/mathscinet-getitem?mr=0867684
http://www.ams.org/mathscinet-getitem?mr=0876598
http://www.ams.org/mathscinet-getitem?mr=1794269
http://www.ams.org/mathscinet-getitem?mr=2184989
http://www.ams.org/mathscinet-getitem?mr=1552605
http://www.ams.org/mathscinet-getitem?mr=0424186
http://www.ams.org/mathscinet-getitem?mr=1446003
http://www.ams.org/mathscinet-getitem?mr=2960981
http://www.ams.org/mathscinet-getitem?mr=3539987
http://www.ams.org/mathscinet-getitem?mr=0714372
http://www.ams.org/mathscinet-getitem?mr=0642858
http://www.ams.org/mathscinet-getitem?mr=0058337
http://www.ams.org/mathscinet-getitem?mr=0441192
http://www.ams.org/mathscinet-getitem?mr=0719023
http://www.ams.org/mathscinet-getitem?mr=3118569
mailto:halyson@ufpi.edu.br
mailto:bleandroneto@gmail.com

	Introduction
	Preliminaries
	Proof of the main result
	Proof of Theorem 2

	Acknowledgments
	References
	Author's Addresses

