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SPECTRALLY UNSTABLE DOMAINS

GERARDO A. MENDOZA

ABSTRACT. Let H be a separable Hilbert space, A. : D. C H — H
a densely defined unbounded operator, bounded from below, let
Dmin be the domain of the closure of A. and Dmax that of the
adjoint. Assume that Dmax with the graph norm is compactly
contained in H and that Dmin has finite positive codimension in
Dmax- Then the set of domains of selfadjoint extensions of A,

has the structure of a finite-dimensional manifold G2 and the
spectrum of each of its selfadjoint extensions is bounded from
below. If ¢ is strictly below the spectrum of A with a given
domain Dy € &2, then ¢ is not in the spectrum of A with do-
main D € &2 near Dy. But G2 contains elements Dy with the
property that for every neighborhood U of Dy and every ¢ € R
there is D € U such that spec(Ap) N (—o0, () # 0. We character-
ize these “spectrally unstable” domains as being those satisfying

a nontrivial relation with the domain of the Friedrichs extension
of A..

1. Introduction
Throughout the paper, H is a separable Hilbert space,
(1.1) A.:D.CH—H

is a densely defined unbounded operator which is semibounded from below,
and

A:Dpax CH—H

is the adjoint operator, automatically an extension of the symmetric opera-
tor (1.1).
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The space Dyax is a Hilbert space with the inner product
(1.2) (u,v)a = (Au, Av) + (u,v), U,V € Diax,

where the inner product on the right is that of H. It is further assumed that
the inclusion Dy, < H is compact and that Dy, the domain of the closure
of (1.1) (the closure of D, in Dyax) has finite positive codimension in Dy ax.
With these assumptions, all closed extensions of (1.1) are Fredholm and

the set of domains of extensions with index 0 can be parametrized by the
elements of a compact manifold (a Grassmannian) in which the domains of
the selfadjoint extensions form a real analytic compact submanifold G2. It
is a fact that all these selfadjoint extensions have discrete spectrum bounded
from below. (See Section 2 for details.) Write Ap for the operator with
domain D. The assertion that

every Dy € G2 has a neighborhood Uy for which there is Cy € R such

that D € Uy = spec(Ap) C{A:RA>Cp}

is false. Namely, if it were to hold, then G2, being compact, would admit a
finite cover by open sets U; such that the spectrum of Ap is bounded from
below by the same constant in each set U;. Hence, there would be an absolute
lower bound for the spectra of all selfadjoint extensions, which is not true (see
Lemma 2.10 below). So in fact there is Dy € & such that

for every neighborhood U of Dy and every ¢ € R there is D e U
such that spec(Ap) N (—o0,¢) # 0.

Such domains will be called spectrally unstable. The main purpose of this
paper is to establish the following characterization of these domains (proof in
Section 7).

(1.3)

THEOREM 1.4. Let Dp € G2 be the domain of the Friedrichs extension of
(1.1). The element D € G is spectrally unstable if and only if

(D N DF)/Dmin 7é 0.

The set of elements in G2 for which (DN Dg)/Dumin # 0 is a real analytic
subvariety of codimension 1.

Viewing the problem from the perspective of the von Neumann theory [8]
(see [9, Theorem X.2]), let Ky; =ker(Ap,,, F1i). With the assumptions of
the first two paragraphs above, these subspaces of H have the same finite
dimension. Let Dy € G2, The spectrum of Up, = (Ap, —i)(Ap, + 1)~ !, the
Cayley transform of Ap,, consists of 1 and a discrete subset of the circle
S' C C. The part of the spectrum of Up, in I\ < 0 accumulates at 1, and
so the fact that arbitrarily small perturbations of Dy to D € G2l can lead to
an apparently spontaneous generation of spectrum of Ap arbitrarily close to
—00 is not surprising. What Theorem 1.4 does, is characterize those domains
Dy for which arbitrarily small perturbations lead to spectrum of the Cayley
transform spilling over from S\ <0 to SA > 0 across 1.
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Note in passing that for no D € G2 can the part of the spectrum of Up
on the semicircle in S\ > 0 accumulate at 1, since the spectrum of any Ap is
bounded below by [1, Theorem 7, pg. 217], quoted here as Theorem 2.11.

The key technical results are a very simple “regularity” result, Proposi-
tion 4.1, and Theorem 6.9, a statement concerning recovering the essential
part of the domain of the Friedrichs extension as a limit of spaces associated
with ker(Ap,,,. — ). To describe these more precisely, let £ be the orthogonal
complement of Dyi, in Dpax and 7max the orthogonal projection on £, all
with the inner product (1.2). Domains of closed extensions of (1.1) correspond
to the various subspaces D C € via D = D + Dy, with selfadjoint extensions
corresponding to the points of a submanifold G2 of the Grassmannian of
subspaces of £ of a certain dimension (so it is not Dp that belongs to G2
in Theorem 1.4, but a certain subspace Dp C £). Let Ky =ker(Ap,,. — )
and Ky = mmax/Cx. Then A — K is a smooth curve in G2{ if A is sufficiently
negative, and limy_, o, Ky = Dp. This is a consequence of the following. For
any domain D = D + Dy,;, with D € &2 and any s > 0 we define Hilbert
spaces H3, using Ap; these Sobolev-like spaces give HS = H and HL =D.
For u € D+, the linear functional d,, defined by D > v+ (Av,u) — (v, Au) € C
is an element of the dual space of H}, and may also be in HLP for 0<s <1,

the dual of Hj. We show that 8, ¢ H!/? for Dp = D + Dyyin if u # 0.

Elliptic semibounded cone operators on compact manifolds M with bound-
ary acting on weighted L2-spaces of sections of a Hermitian vector bundle
E— M,

A: C’so(/\jl,E) Cax VLI M;E) = a2 "L} (M;E),

have the properties stated in the first two paragraphs, see Lesch [7, Proposi-
tion 1.3.16 and its proof]. The fine structure of the domain of the Friedrichs
extension for these differential operators was given in [4, Theorem 8.12]; the
interested reader may consult these references for detailed information about
such operators. The research leading to the papers [5], [6] was the motiva-
tion for looking into the instability issue. Friedrichs defined his extension
in [3]. The nature of the domain in the abstract context was elucidated by
Freudenthal in [2].

The author is grateful to T. Krainer for suggestions that improved the
manuscript and for pointing out reference [1].

2. Domains, selfadjointness

All closed extensions of (1.1) considered here will have as domain a sub-
space of Dpax containing Dyyi,. Thus, the domain of every closed extension
of (1.1) is of the form

D=D+ Dmin
with D a subspace of the orthogonal complement, £, of Dyin in Dpax with
respect to the inner product (1.2); £ is finite-dimensional by hypothesis. In
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particular, the domain of the Friedrichs extension of (1.1) has the form Dp =
Dp + Dy, for some subspace Dp C £.
The resolvent family of

A:DpCH—H

consists of compact operators Br(\): H — H, since they are also continuous
as operators H — D and the inclusion Dg < H is compact. It follows that
A with domain Dy,i;, or Dy is Fredholm, and from this and the finiteness
of dim€&, that every closed extension of (1.1) is Fredholm (with compact
resolvent when it exists). It is easily verified that the index of A with domain
D =D+ Dy, is

(2.1) indAp =ind Ap,,, +dim D.

min

Since Ap,,, — Al is injective for large negative A, indAp,,, < 0. And

min

since Ap,,. — Al is surjective for such A, ind Ap, . > 0. From indAp =
indAp,,, +dim€ and ind Ap_, = —ind Ap,,, (because Ap,, and Ap_, are
adjoints of each other) one derives that dim € = 2d with d = —ind Ap__; this

is a positive number since dim & > 0. One can then view the set of domains
of selfadjoint extensions of (1.1) as

GA={D C &: A with domain D + D,y is selfadjoint},

a subset of Gry(€), the Grassmannian of d-dimensional subspaces of £. As
such, &2 is a compact real analytic submanifold of dimension d? (see Propo-
sition 2.9).

Let

[,-]4 : Dmax X Dmax — C
denote the skew-Hermitian form
[u,v] 4 = (Au,v) — (u, Av).
Then [u,v]4 =0 if either u or v belongs t0 Dpin, SO
[, 0] 4 = [Tmaxt, Tmaxv] 4,
where
Tmax : Dmax — Dmax

is the orthogonal projection on £. The restriction of the Green form [-,--]4
to £ is non-degenerate because the Hilbert space adjoint of A with domain
Dimax is A with domain Dpip-

The facts collected in the following lemma can be verified directly, or fol-
lowing the arguments in [6, Section 6].

LEMMA 2.2. We have

2.3 E ={u € Dpax : AU € Dyax and A%u=—u}.
(2.3) {
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If ue &, then Au €&, and the map

(2.4) Alg :E—E

is an isometry with inverse —Alg. If u, v € £, then

(2.5) [u, Av] 4 = (u,v) 4.

Consequently, for any subspace D C &, the adjoint of
A:D+Dyiw CH—H

18

(2.6) A: A(D*) + Dyin € H — H,

where D+ is the orthogonal complement of D in E. Consequently

(2.7) De®A <+ AD')=D <+ AD)=D".

and in particular, D € 6A = D+ € G.

We discuss the claim about the adjoint. The combination of (2.3) and (2.4)
gives A2|¢ = —1I, so (2.5) can also be written as

[u,v]4 = —(u, Av) 4.

Suppose D = D + Dy, with D C £. The domain of the adjoint of Ap is
D* = D* 4+ Dpin for some subspace D* C €. Since Ap_, is symmetric, the
condition that v € D* reduces to the statement that [u,v]4 =0 for all u € D,
equivalently,

veD* <«— (u,Av)4=0 forallueD.

Thus, v € D* <= Av € D+, and so D* = (AD)*. Also D = (AD*)*, so
D+ = AD*, and using A% = —I again we get D* = A(D'), which gives the
assertion in (2.6).

If D€ Grg(€) and T: D — D% is a linear map, then

graphT ={u+Tu:ueD}C&

is again an element of Grg(£). The set Up of all such elements is a neighbor-
hood of D in Gry(&).

LEMMA 2.8. Suppose D € GA. Then
Up NG&A={graphT: the map AT : D — D is selfadjoint}.
Here selfadjoint means with respect to the A-inner product.

Since Alg is unitary, if 7: D — D+ is such that AT : D — D is selfadjoint,
then also TA: D+ — D+ is selfadjoint.
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Proof of Lemma 2.8. Let D € G, let T: D — D+ be a linear map. In
view of (2.7), the condition that graphT € G2 is that

(u+Tu, A(v+Tv)) , =0 for all u,v € D.
For a general T: D — D+ and u,v € D we have
(u+Tu, A(v+Tv)) , = (u, Av) A + (u, AT) o + (T, Av) o + (Tu, ATv) 5.

Since D € &2 and u,v € D, (u, Av)4 =0, and since Tu, Tv € D+ and D+ €
G2, also (Tu, ATv) o = 0. Further, since A is an isometry on £ and A% = —1,
(Tu, Av) g = —(ATu,v). Thus,

(u+Tu, A(v+ TU))A = (u, ATv) 4 — (ATu,v) o

so graphT € & iff AT : D — D is selfadjoint with respect to the A-inner
product. O

Thus G2, as a subset of Gry(&), is structurally simple.

PROPOSITION 2.9 ([6] Proposition 6.3). The set G2 is a smooth real-
algebraic subvariety of Gry(£).

The dimension of the vector space of selfadjoint operators D — D (a real
vector space) is d?, so &2 is a real submanifold of Gry(€) of dimension d?.

LEMMA 2.10 ([6] Proposition 6.4). Every A € R appears as eigenvalue of
some selfadjoint extension of A.

Proof. Let A€ R. If ker(Ap,,, — A) #0, then A € spec(Ap4p,,,) for every
D € 62, so the lemma holds in this case. Suppose now that Ap,_, — A is
injective and let ICy =ker(Ap, .. — ). Then Ky NDpin =0, 50 Ky = Tmax/Cx
has the same dimension as K. The injectivity of Ap,_,, — A implies the
surjectivity of its adjoint, Ap, _ — A, so the index of the latter, namely d, is
equal to the dimension of its kernel. So Ky € Gry(£). Let D = K + Duin.
To verify that K € &2 let u,v € Ky and ug,vg € Din (note that D=y +
Dinin). Then [u+ ug,v 4+ vo|a = [u,v] 4 using that the Hilbert space adjoint of
Ap is Ap and that Ap_.  is symmetric. So

min max min

[u+ ug, v+ vola = (u, Av) — (Au,v) = (u, Av) — (Au,v) =0

since A € R. It follows that Ap is symmetric, and from this and ind Ap =0,
that A is selfadjoint. O

We end with the following fundamental fact.

THEOREM 2.11. Let m be a lower bound of A.. Fvery selfadjoint extension
of A. is semibounded from below and the part of its spectrum in (—oo,m) is
discrete with at most d eigenvalues counting multiplicity.
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This is [1, Theorem 7, pg. 217]. Indeed, in view of the semiboundedness
of (1.1), all we need to verify is that the deficiency indices of A, are finite
and equal. Since A, is semibounded from below, Ap_, — A is injective if
SA#0 or A € R is sufficiently negative. For such A, K =ker(Ap, ., — A) has
constant dimension d, because of (2.1) and the definition of d as —ind Ap_, .
In particular, the spaces IC; and K_; have the same dimension. But these
spaces are the orthogonal complements in H of the ranges of Ap_, +i and
Ap,,. —i. We note in passing that both X; and K_; are subspaces of &,
with £ =K,; @ K_;. This is the decomposition of £ into the eigenspaces of the
almost complex structure of £ determined by A.

3. D-Sobolev spaces
Let A:D C H — H be a selfadjoint extension of (1.1), let
Upy:H— H
be the orthogonal projection on ker(Ap — A). Define, for arbitrary s > 0,

H% = {u eH: Z (1 + |A|)2S||HD,)\U/||2 < OO}

A€spec(Ap)
This is a Hilbert space with inner product
2s
(wv)e= > (1+A) " (pau,Ip x0).
Aespec(Ap)

We will write || - ||s for the norm of Hf. We shall not make explicit the
dependence on D of the norm or the inner product, and omit s altogether
when s =0.

Clearly Hf)/ is densely and continuously contained in H if s’ > s > 0.

LEMMA 3.1. The spaces Hi, and D are equal and the A-norm on D and
the norm of Hj, are equivalent. The space D. is contained in HS, for every
0<s<1, and its closure in H% 18 Dmin-

In particular, Hll) 2 Diax since D # Diyay. We will write Hf) for the closure

of D, in Hj (0<s<1). Evidently H% is independent of D (despite the
notation), but H3, may depend on D if s < 1.

Proof of Lemma 3.1. Suppose v € H},, let
Up = Z Ip.a(v)
A<n

and note that
Av, =Y Mp 5 (v).

A<n
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Since v € H, v, — v in H, but since in fact v € Hj,, Av, also converges in
H. Since Ap is closed, v € D. Thus H} C D. The opposite inclusion follows
from an application of the Spectral theorem. An explicit calculation gives

1

ZIIUH? <lull% < llullf, weD.
That the closure of D, in Hll) is Dpyin follows from this and that D. C H3, for
0 < s <1 follows form Hj, C H3 for such s. O

Let H,; be the dual of H, with the norm topology. Denote the pairing of
¢ € Hy? and u € H, by (1, u)s. Define hf: H3, — H-? by setting

(3.2) <h£v,u>8 = (u,v)s.

The Riesz representation theorem gives that the map hf is surjective, so in-
vertible since it is also injective, and an antilinear isometry. The inverse will
be denoted h’.

The space Hy7 is again a Hilbert space with inner product

(W.m)—s = (R, h20) ,  ,n€ Hpi.

The Hilbert space norm of an element of H_? is equal its norm as linear

functional Hz — C.
Suppose 0 < s <1, let H.7 be the dual of Hf. The inclusion map

Ls: HY — H3)
gives the dual map
JoHSE - HL
We are interested in the elements of the kernel of these maps.

The kernel of ¢f, the annihilator in H_? of the closure of Hy, in Hj, is
isomorphic via hz to the orthogonal complement of H% in H3, so dimker.f =
dim H% /H3,. In particular, dimker Li =d, since by Lemma 3.1, H}, = Dyin
and HS = D + Dpip.

Suppose 0 <s < s <1, and let js ¢ :Hg — H3, be the inclusion map.
T

Then t5 = js 5 0 Ls, SO Lz =1y Ojl,s/. Since js s has dense image, j;s/ is
injective. Consequently u € ker ! if and only if LL (j;sl (u)) =0 and we deduce
that j;s, restricts to an injective map ker:f — ker Li,. Identifying H_; with

its image in Hgf/ by j;s, this means
(3.3) keri! = HL? Nker d, 0<s<s

All that is left is to determine ker LJ{.
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PROPOSITION 3.4. The kernel of LJ{ consists of all maps &, : H}y — C of the
form

(3.5) Hp 3¢ (8u,9) =[,u]a €C

for some v € D+. Here, as before, D is the orthogonal complement of D
in €.

Proof. Let w € D*+. The functional §, is clearly linear. Its continuity
as a map 0, : Hy — C is an immediate consequence of the Cauchy—Schwarz
inequality, the definition of the A-norm and the equivalence of the latter and
that of Hh. If ¢ € H%), then [1),u]a = 0 because H} = Dyin and D+ C
Dinax, S0 0y € kerﬂi. If 6, =0, then (A, u) — (¥, Au) =0 for all ¢ € D, since
Dt + D,y is the domain of the adjoint of Ap. So u belongs to the domain of
the adjoint of Ap. But since Ap is selfadjoint, we must have v € D, so u = 0.
So the map

Dt >uw b, € Hy!
is an antilinear isomorphism into ker LJ{. The surjectivity follows from the
equality of the dimensions of D+ and H}/HX ~ D. O

4. Estimates
For D € G2 we let Pp. be the collection of functionals (3.5):
Ppr = {5u Tu € DL}.
Because of (3.3), elements of Pp. may have better regularity (the number —s)

than HE}, but of course no element J, with u # 0 belongs to H%T. The

following proposition gives an upper bound for the regularity of elements in

ker LJ{ in the case where D is the domain of the Friedrichs extension of A.

PROPOSITION 4.1. Let Dy = D + Dyin be the domain of the Friedrichs

extension of (1.1). Then Pp.i N H_Tl/2 =0.
F Dp

Proof. We show that H;D/FQ = Hgf (so also H%F =Hp if0<s<1/2
because of (3.3)), an equality we obtain directly by following the construction
of the Friedrichs extension of A. Let

Q(u,v) = (Au,v) 4 c(u,v), u,ve Hp
with a large enough constant c¢. The norms on H%F induced by 9 and that of
Hllj/f are equivalent, so the Q-completion of H}, can be identified with Hzla/pz .
Let
B:H - HY?

be the operator such that

Q(Bu,v) = (u,v) forallue Hve H%/FQ
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Then B is injective and its image is the domain of the Friedrichs extension of
A+ cl, which is the same as that of A. That is, Dp C H;)/FZ, which is to say

that Hj, C H}D/FQ Since Hy,  is dense in H;)/FQ, H;)/FQ is a dense subspace of
H;)/FQ . Thus, Hgf = H}D/FQ . We note that this equality is standard. O

Returning to the case of an arbitrary domain D on which A is selfadjoint,
let {A;}72, be the sequence of eigenvalues of Ap repeated according to mul-
tiplicity and in increasing order, and let {43} C D be an orthonormal basis of
H corresponding to these eigenvalues.

The v are also a complete A-orthogonal system for D. Therefore, an
element u € Dyay belongs to D+ if and only if (u,1;)4 = 0 for all k:

ue Dt = M(Au,¥p) + (u,hp) =0 for all k.
Let u € DL. The relations

)\k‘(uﬂ ql)k) - (AUM/%) = <6U7¢k>a
(u,Pr) + M (Au, 9hg) = 0,

where the first identity comes from the definition of §,, and the second is the
orthogonality condition just mentioned, give

<6U37/)k> <5U7¢k>
A =— .
k1+)\%a (u,¢k) 1_"_)\%

We will now express the elements of Pp1 as a Fourier series related to the
orthonormal basis {y}. Recalling the maps hf : H3, — H_ ¢ defined in (3.2),
let 1/’2 = hgilzk. Since the inclusion map j, : Hf, < HY has dense image, the
dual map

(4.2) (u, ¥r) = A

g HY — Hy?
is injective with dense image. So 12 can be regarded as an element of HL? for
any s> 0. From the definition of the inner product, we get (¥/2,17)o = dye.
For w € H},, we have
(wvwk)s <h§¢k,w>s

0 _ (U — = =
(iR, w), = (Ui Jsw), = (w, ) = (14 [Xel)2 (14 |Ag)?e

so, using the inverse h’ of hf,

B (10R) = (14 1wl) ™ 0.
In particular,
53R ])”, = Gl lod) = (14 1Ael) ™0k
If ve Hy?, then
(v,9k)s

40N (b (st 0N 2b ) b (1,0 =_\DTRIS
(’Um]swk)_s = (hs (jswk),hsv)s = <v,hs (]swk)>s - (1+ ‘/\szs‘
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Thus the Fourier series representation of v is
v=Y (v, ) gl
k
The norm of an element v =", vxjlv) € H;? is given by
—2s
o2 => (14 Ael) " Jonl.
k

Suppose now u € D+ and §, € HZ?. Then

(Gurtr)e = (1+ ) (00, 35,08)

hence

(4.3) 5u25=2%.

Note that (J,,9k)s is just (d,,9y) since Yy, € Hy, for any 0 <s <1.

5. The bundle of kernels
The background spectrum of A, denoted bg-spec(A) is the set
{AeC: Ap

see [6]. Its complement is denoted bg-res(A). The background spectrum is of
interest in that it is a subset of the spectrum of every extension of A.

In the present case, since A is semibounded and admits an extension with
compact resolvent, the set bg-spec(A) is (if not empty) a discrete subset of
the real line with only 400 as a possible point of accumulation, equal to

— A is not injective or Ap_, — A is not surjective},

min max

bg-spec(A4) ={A € C: Ap,, — A is not injective}.

Indeed, if A € R then ker(Ap,_, — ) =1g(Ap,,, —N)*t.
For A € bg-res(A) define

Kx=ker(Ap, .. — ).

max

min max

Since Apin — A is injective if A € bg-res(A), formula (2.1) with D = Dy« gives
dim Ky =d. For these A\, Ky N Dy, = 0. It follows that Ky = mpmax/Cy also
has dimension d for each A € bg-res(A). (These spaces are the fibers of a
holomorphic vector bundle over bg-res(A) that extends across bg-spec(4) as
a holomorphic vector bundle. The latter fact, not obvious, will not be proved
here as it is not needed.)

The following lemma makes explicit the relevancy of these spaces.

LEMMA 5.1. Let D € Gry(£). The spectrum of A with domain D =D +
Dmin is
{Aebgres(A): KxN D #0} Ubg-spec(A).
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Indeed, if A € spec(Ap) and A € bg-res(A), then ker(Ap — ) =DNKy #0,
and u € ker(Ap — A) if and only if myaxu € Ky and mpaxu € D.
Because of the property expressed in the lemma it is of interest to have
a formula for the spaces K, when X\ ¢ bg-spec(A). We get one such formula
with the aid of the resolvent of an arbitrary selfadjoint extension Ap of (1.1).
Let then D € G, write mpL, Tp : Dmax — Dmax for the A-orthogonal
projections on D+ and D, respectively, and let 7p : Dmax — Dmax be the
orthogonal projection on D (so mp =1 —wp1). Let Bp(XA) be the resolvent
of Ap. Suppose X € res(Ap) and ¢ € K. The identity
b=mpid+ oo
gives
= (A — /\)7TD¢¢ + (A — )\)TFD(b.
Applying Bp(A) get
Tp¢=—Bp(A\)(A—N)mpré
since mp¢ € D. Thus,
¢p=mpr¢d— Bp(A\)(A=AN)mp.¢.
Conversely, it is easily verified that if v € D+, then
du(A)=u— Bp(A)(A—Nu
is an element of K, for each X € res(Ap). Evidently, the map Dt > u s

du(N) € Ky is bijective and depends holomorphically on A ¢ spec(Ap).
Using the orthonormal basis {t¢;} consisting of eigenfunctions of Ap, the

formula ()
A f = s Pk
)f ij T
and the formulas (4.2) give

(14 A\g)
SO s Burtid e, 2 g spec( o

the series converges absolutely and uniformly in H} on compact subsets of
res(Ap). Alternatively, again using (4.2) in the expansion of u in terms of the
Yk, we have

(5.2) du(N) = %Vﬁka A ¢ spec(Ap).

k

This series converges in HY since
3 {0 i) ”
T+ )2

converges (because §, € Hgfl).
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6. Negativity and regularity

We continue our discussion with the selfadjoint operator Ap of the previous
section; s0 D = D + Dpn with D € 6. Let S: D+ — D+ be selfadjoint with
respect to the A-inner product, let 7= AS : D+ — D, and let

graphT = {u +Tu:ue DJ‘},
which by Lemma 2.8 is an element of G2(. Let
Dr =graphT + Dpin-

By Lemma 5.1, A € bg-res(A) belongs to spec(Ap,.) if and only if graphT N
K #0. In particular, A € res(Ap) belongs to spec(Ap,.) if and only if there
is u € D+, u#0, such that

U — Tmax Bp(A) (A = Nu=u+Tu,
that is, if and only if —mTpmaxBp(A)(A — A)u = ASu. Setting
Fp(N) = — A Bo () (A~ V.
an operator D+ — D' we thus have
(6.1) Aespec(Ap,)Nres(Ap) <= Fp(A)+ S has nontrivial kernel.
LEMMA 6.2. The map Fp()\) satisfies

(6.3) Fp(\)*=Fp(N), Xeres(Ap).
In addition, for any X € res(Ap),
= 6uawk><5u’awk> 1+ )‘)‘k
4 F N =S "e D*.
(6.4) (D()\)u,u)A kgo 12 N u,u’ €
Proof. Let u, u' € D*. Then
(6.5) (Fp(Mu,u') , = (= Ammax Bp (M) (A = Nu,u') ,

= (TFmaxBD(A)(A - Au, Au/)A
= (Bp(A)(A = Nu, Au')

where the first equality is the definition of Fp(\), the second because A|g is
an isometry, and the third because £ L Dy, in the A-inner product. Using
the definition of the A inner product in the last term, we thus have

(Fp(Mu,u') , = (ABp(M)(A = Nu,—u") + (Bp(A)(A = Nu, Au')
= ((A=XNu+ABp(A)(A = Nu, —u') + (Bp(A)(A = Nu, Au')
=—((A=Nu,u') + (Bp(A\) (A= Nu, (A— ).

Likewise,

(u, Fo(N)u') , = —(u, (A= Nu') + ((A = Au, Bo(A) (A — A)u).



992 G. A. MENDOZA

Then (6.3) follows from noting that ((A — A)u,u) = (u, (A — X\)u’) because
D* 4Dy is a selfadjoint domain and Bp()\)* = Bp (). This proves the first
assertion of the lemma.

For the second, we have

(Fp(Mu,u') , = (Bp(M\)(A = Nu, Au') , = —(u— Bp(A\)(A — Nu, Au') ,
—(¢U(A)7Au’)A =A(¢u(N),u') — (du(N), Au)
using (6.5). Using (5.2) and (4.2), we get

N - )‘>\k<5uawk><5u’,wk>
>‘(¢u()‘)7u ) *Z (1_’_)\%)()% —\)

k=0
and
- <5u)wk>< u’a'(/)k>
—(pu(N), Au') = T
(¢u(V), Aw') = kZO(HA?)(A,FA)
The combination of these formulas gives (6.4). g

The following proposition is the key result.
PrROPOSITION 6.6. Let D= D + Dy with D € G, let
Df ={ueD*:6,c Hpy''”},
let D C D+ be complementary to Dy in D+, and let TpyL: D+ — D+ be the

orthogonal projection on Di. Then for every selfadjoint operator S: D+ —
D+ there is ¢ <0 such that Tt (Fp(A) +5)[ps is negative if A< (.

Proof. Suppose that the conclusion is false. Then there is a selfadjoint
operator S : D+ — D+ and a sequence {¢e}32, decreasing to —oo such that
Tp+ (Fp(Ce) +5)|ps has a nonnegative eigenvalue for each /. Let uy € Di be
an eigenvector of Fp((y) 4+ S for such an eigenvalue, with ||us||4 = 1. Thus

(Fp(Ceyue,ue) 4 + (Sug,ue)a >0

for all £. Passing to a subsequence, we may assume that {u,}3°, converges to
some u € Di-. Using (6.4), we have

upwk 14+ CeAk

K
S > —(F
a2~ =3 s L 0
for every £. If kg = min{k: A\ >0} and k > ko, then
1+ Gy
— <0
Ak — G

if (¢ < —1/Ap,, so bearing in mind that the A, increase monotonically with k&,

i  [(Oug, i) 1+ G
1+)\i A — (o

k=kq
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is a series of non-negative terms if £ > £y so that {, < —1/\, for such £. Hence

u17¢k>|2 1+ Cf)\k:

/(
(SU[,’U,[ A> Z 1+)\2 )\k—gé

for every N > kg and all ¢ > £. Taklng the limit as £ — oo gives

N
6u7¢k
(Su,u)a > Z)\ g /\2
for every NN, so
N
6uawk
NIEHOOZA ESYE < (Su,u)a-

Since only finitely many )\k can be negative, the estimate implies that
Z ‘/\ || uvwk |2
14+ A2

converges. This in turn implies that the norm of §,, as an element of H.
is finite, see (4.3). So u € Dy, a contradiction since |Ju[|4 =1 and v € Di N
Di. O

1/2

—1/2

In particular, if Pp. N Hp"" =0, then for every ¢ > 0 there is { <0 such
that Fp(A) + ¢l is negatlve 1f A < (. In particular, we have the following
corollary.

COROLLARY 6.7. If Pp1 N H;:/Q =0, then Fp()\) is invertible for every
sufficiently negative X, and ||Fp(X) | ¢(pr)y =0 as A — —oo.
The definition of Fp(\) gives
Ky={u—AFp(N)u:ue D*}.
Since Fp(A) is invertible for every sufficiently negative A, also
(6.8) Ky={v+Fp(\) 'Av:ve D}.
Thus, if Ppr N H;TI/Q =0, Corollary 6.7 and (6.8) give that Ky — D as

A — —oo. Applied to D = Dp and bearing in mind Proposition 4.1 and that
the Friedrichs extension of A is bounded below, we get:

THEOREM 6.9. Consider the curve
R_3A—K) € Grd(é').
Then Ky — Dr as A — —oc.

The limit limy_, _, K is of course unique. Since K is independent of its
representation, we have that if in (6.8) K\ — D then D = Dp. Consequently,
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THEOREM 6.10. The Friedrichs domain of A is the only selfadjoint domain
such that Pp. N H;Tlm =0.

PROPOSITION 6.11. Suppose {D,}72, C &2 is a sequence converging to D
and there is {¢;} CR with { — —o0 as ¢ — oo such that Dy N K¢, #0. Then
DNDg#0.

Proof. For each ¢ pick vy € Dy N K¢, with [lvg||a = 1. Passing to a subse-
quence, assume that vy — v as £ — oo. Using €& = Dp @ D gives for each ¢,
a unique wy € D such that vy = w; + Fp, ({;) 1 Aw,. The continuity of pro-
jections gives that w, converges. Now Corollary 6.7 applied to the Friedrichs
domain gives Fp, (¢)~tAwy — 0 as ( — —oo. Thus, wy — v. Since wy € Dp,
v € Dp. Now, Dy = graphT) for a unique 1, : D — D~ the statement that
Dy — D means that Tp — 0. Thus w, = v} + Tyv; for a unique vy, € D and
as before v, converges, so wy converges to an element of D which must be v.
Since ||v|la=1, DN Dp #0. O

7. Spectrally unstable domains

The following, a restatement of Theorem 1.4, is our main result.

THEOREM 7.1. Let Dp = Dp + Dpin be the domain of the Friedrichs ex-
tension of A. The element D € G has the property (1.3) if and only if
DcUp,.

We have written Up,. ={D € &2: DN Dp #0}. This is a real-algebraic
subvariety of G2l of codimension 1.

Proof of Theorem 7.1. If D € G2, then either WDI%|D : D — Dy is injec-
tive, or not. In the first case, D € UD#’ and in the second, D € Up,.. Thus

GA=(GANUp, ) UTp,

as a disjoint union.

Proposition 6.11 gives that every element of GANU Dk is spectrally stable,
so we only need to show that every element of Up,. is spectrally unstable.

Suppose D € Up,.. We will show the existence of curves A — Dy in G2
such that Dy — D as A = —oo and Dy N K # 0. With such a curve we have
that if U is a neighborhood of D and ¢ < 0, then there is ¢’ < ¢ such that
Dy €U for every A < (’'. Since K N Dy #0, X belongs to the spectrum of A
with domain Dy = Dy + Dpin, which shows that D is spectrally unstable.

By Corollary 6.7 and Proposition 4.1, the operator Fp, (\): Df — Df is
invertible for every sufficiently negative A, so

Ky={v+Fp,(\) 'Av:veDp},
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see (6.8). Let V be a subspace of DN Dp, V #0. As usual let 7p and wp.
be the orthogonal projections on D and D*. If v € V, then
v+ Fp,(\) " Av=np(v+ Fp,(\) " Av) + mp1 (v + Fp, (\) " Av)
= (’U +7pFp, ()\)71141}) +7mpLFp, (/\)71141}.
Let
Vi={v+npFp,(A\) "Av:veV},
a subspace of D. Let W be the orthogonal complement of V in D. The
mapping D — D given by
VeWws (vaew) r—>v+7rDFDF()\)*1Av+w€D
is invertible for every sufficiently negative A because ||Fp,(A) 7| — 0 as A —
—oo. Its inverse tends to the identity as A — —oco and maps V) to V. Let
Sy : Vy =V be the restriction to V) of this inverse and define T o : V) — D+
by
Tyo=7pLFp, ()\)71145)\.

Then

{v4+Thov:veVat={v+Fp,(\) "Av:iv eV} C K,
therefore
(7.2) (v+Thov, A(v + T/\,OU/))A =0 for every v,v’ € V)

(cf. the proof of Lemma 2.10). Let W), be the orthogonal complement of V) in
D. We now look for Ty 1 : Wy — D™ such that with Ty : D — D~ defined as
Ty on Vy and as T) ; on Wy we have that graphT) € G2. Because of (2.7)
this will be the case iff for arbitrary v,v’ € V) and w,w’ € W) the quantity

(v+w+Txov+ Thgw, A(v' +w' + Thov' + T,\,lw’))A

vanishes. Using (7.2) first and then several times that D and D+ are both in
G2 (so we can take advantage of (2.7)) while keeping in mind that the ranges
of Ty o and T} ; lie in D+, the above expression is equivalent to

(v,ATA’lw')A + (TAVOv,Aw')A + (’w,AT)\’OU/)A + (TA,lw,Av')A
+ (w,ATA,lw')A + (T)\71w,Aw’)A.
In order for this to vanish for all v,v’,w,w’ it is necessary and sufficient that
(U,ATA,lw')AJr (TA,()U,A’LU/)A =0 and (w,AT)\71w/)A + (T)\vlw,Aw/)A =0

for all v € V), and w,w’ € W,. Letting T:\k,o : D — V) be the adjoint of T) o,
the first condition is equivalent to the requirement that AT\ ; = —T} (A, that
is,

Ty, = AT5 A
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With this definition of Th; both (w, AT\ 1w’)a and (Thw,Aw’)s vanish
because W L V) and A is unitary. Thus AT\ : D — D is selfadjoint, and
since T\ — 0 as A — —oo,

Dy =graphT) € 6%, KxNDy#0 and Dy—D as\— —oo.

We have shown that Up, consists of spectrally unstable domains. O

We end with an alternate argument to Proposition 6.11 that all elements
of &AN UD# are spectrally stable. Let Dy € G2(N UDﬁ be arbitrary, let
Ty : D+ — Dp be such that Dy = graph Ty, let Sy = ATy, and let M > ||So||.
Then

U= {graphT:T € £ (D5, Dr),S = AT selfadjoint, ||S| < M}
is a neighborhood of Dy in G2. There is ¢ < 0 such that
(Fps ()\)u,u)A < —Mlul|}, YueDE A<,

Let D € U, so D = graph T with S = AT : D — D# selfadjoint and ||S|| < M.
Then

((Fpr(N) = S)uu) , < (=M +||S|)|[ullh Vue Dp, A<
hence ker(Fp,(A) —S) =0 if A <(. Therefore
spec(Ap;) C [¢,00)
by (6.1).
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