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FORMAL COMPLEX CURVES IN REAL SMOOTH
HYPERSURFACES

JOHN ERIK FORNASS, LINA LEE AND YUAN ZHANG

ABSTRACT. In this paper, we investigate germs of smooth real
hypersurfaces in C™. We show that if the hypersurface is of infi-
nite D’Angelo type at a point, then there exists a formal complex
curve in the hypersurface through that point.

1. Introduction

Let M be a germ at p € C™ of a smooth real hypersurface in C™ and r be
a smooth local defining function for M in some open neighborhood U C C"
of p. Hence M ={z € U : r(z) =0} with dr(p) # 0. An interesting question is
whether there exists a germ of a complex curve in M passing through p. This
question was first studied by D’Angelo in [4] and was later on shown to be
closely related to the regularity of O-Neumann problems over pseudoconvex
domains. See, for instance, a series of papers of Catlin [1], [2], [3] for references.
D’Angelo’s approach to this geometric question is by measuring the maximum
order of contact to M of all complex curves passing through p, called the
D’Angelo type.

Precisely speaking, given a germ of a nonconstant holomorphic curve
¢: (C,0) = (C™,p), denote by v(¢) the lowest order of vanishing at 0 of all
the components of ((¢) — {(0), and by v(r o () the order of vanishing of the
function r o ¢ at 0. The normalized order of contact of the curve ( with M at
pis
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The D’Angelo type of M at p is defined as follows.
v(rog)
v(¢)

where the supremum is taken over all germs ( of nonconstant holomorphic
curves passing through p. We say that p is a point of finite type if A(M,p) < oo
and of infinite type otherwise.

We note that the D’Angelo type of M at p defined as above is independent
of the choice of its defining function. Moreover, in spite of the algebraic
definition of the D’Angelo type, D’Angelo was able to relate the infinite type
to the geometric property about the existence of complex curves in M if M
is in addition real analytic:

A(M,p):= SlépA(M,p, ¢)= s%p

THEOREM 1 ([5]). If M is a germ at p of a real analytic real hypersurface in
C™, then A(M,p) = oo if and only if there exists a germ at p of a convergent
complex curve ((t) : (C,0) — (C™,p) lying in M.

In this paper, we prove the formal analogue of this result. Consider a
germ M of infinite D’Angelo type at p of a smooth real hypersurface in C™. In-
stead of expecting the existence of a convergent complex curve in M through p,
we consider formal complex curves through p. Namely, we focus on expres-
sions of the form (= (¢1,...,¢n) : (C,0) = (C™, p), where each component ;
is a formal power series in the complex variable ¢ € C and ¢(0) = p. Here for
a formal power series h, the equality h(0) = ¢ means that the constant term
of h is equal to ¢. Write h ~ 0 if all the coefficients of the power series of h
are 0. Moreover, for any two formal power series hy and ho, we say hy ~ hg if
h1 —ho ~ 0. As a generalization of D’Angelo’s theorem, we show the following
formal version for infinite D’Angelo type points.

THEOREM 2. Let M be a germ at p of a smooth real hypersurface in C™
with a smooth local defining function r. Then A(M,p) = oo if and only if
there exists a nonconstant formal complex curve ¢ : (C,0) — (C",p) such that

ro( ~Q0.

When ro( ~ 0, we also call ( a formal curve in M. The sufficient direction
of the theorem is trivial. For the necessary direction, the proof of the formal
analogue is slightly different from that of the convergent case. Indeed, in the
original proof of D’Angelo’s convergent case, the crucial tool is the Nullstellen-
satz theorem for holomorphic functions. However to the authors’ knowledge,
Nullstellensatz theorem is not available for the formal case in the literature.
Moreover, D’Angelo’s decomposition of the defining function does not fit well
in the formal case, either. In this paper, we will use a different decomposition
that works for the formal case and prove a formal Nullstellensatz stated as
follows. In detail, denote by ,Oq the ring of germs of formal complex power
series at 0 in C™. The key ingredient of our result is the following formal
Nullstellensatz:
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THEOREM 3. Let I be an ideal in ,Op. If dim(,Op/I) = 00, then there is
a formal complex curve ¢ : (C,0) — (C™,0) such that eo{ ~0 for alle€ I.

The outline of the paper is as follows. In Section 2, we introduce some
notations and background. In Section 3, we go over the theory of the formal
complex power series ring. Section 4 is devoted to the proof of Theorem 3. In
the last section, we complete the proof of our main Theorem 2.

2. Notations and background

From now on and throughout the rest of the paper, let M C C™ be a smooth
real hypersurface near p = 0 defined by a smooth function 7 in an open subset
UcCn", dr(0)#£0.

2.1. Decomposing the defining function of M. Given a multi-index
J= (1, Jn), let [J|:= 377 J;. For two multi-indices J = (J1,...,Jn),
K =(Ky,...,K,), we say J < K in terms of lexicographic order if either
|J| < |K]|, or |J| =|K| but the first nonequal component in J is less than that
in K.

Since 7(0) = 0, there exists a sequence (ajx )|+ x|>1 such that 7 can be
formally written as follows.

r(z) ~R Z ajoz’ + 4R Z Z asrz’zZX

7121 |J[>1K>J

~ ¥ Z aJOZJ+4§RZ zJZaJKEK

|J]>1 J]>1  K>J

~ ¥ Z aJ02J+ Z 27 + Z EJKZK

|7|>1 [7]>1 K>J

2

>

[71>1

2

27— E EJKZK

K>J

: — J S — K S
Write h := ZllelaJOZ , fri=z2" + ZKZJGJKZ and gy = 2z’ —

Dk a2 for |J| > 1. Hence, we have the following decomposing of 7:

(1) r~Rh+ > fP =0 gl

[7]=1 [7]=1

with v(fy) >1|J| and v(gs) > |J]|.

We remark that for the above decomposition, if we truncate r at any order
k, only finitely many f;’s and g;’s remain in the expression (1). For simplifica-
tion of notation, we write f := (fs)|7>1 to denote the formal infinite sequence
with f7 the Jth term in the sequence. We similarly write g:= (g7)|s>1-
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2.2. Infinite matrices. Denote by M the collection of all infinite square ma-
trices with complex numbers as entries. For any matrix A = {a;; }f)’}:l eEM,
let A* = {@j;}{_, denote the adjoint matrix of A. Let Id € M be the infinite
diagonal matrix with 1 for all diagonal entries and 0 otherwise. Consider the
two subsets of M:

My = {AEM: Z'aijF <1 for all i,Z|aij\2 <1 for allj};

j>1 i>1

My = {A eEMy: AA* :A*A:Id}

Here given two matrices A = {a;;}75_1, B = {bre}7=; € Mo, AB = {cie}$5-,
is defined in terms of formal matrix product. Namely, c;y =3, <, @irbre. Let
£2 be the infinite sequences of complex numbers ¢ = (¢;);>1 with norm ||¢[|? =
D1 lcj|? finite. Hence, M; C My is the set of unitary linear operators
between (2.

In the upcoming Lemma 5 of a later section, we will construct elements in
M of the following form:

A {Ak 0] ’

0 Id

where the first block Ay is some k by k& unitary matrix.
Here are some facts of M; from basic functional analysis:

o If Ae My, then ||Ac|| = ||c|| for any c € 2.

e For any sequence {Uy = (uf;)55_, }72; C My, after passing to a subsequence
if necessary, one can always assume that Uy converges weakly to some
U = (ui5)i5-1 € M. Equivalently, for each fixed 4,j € 7T, ufj — U;; as
k — co. Moreover,

e If U e M is a weak limit of some sequence in My, then U € M, and

|Ue|| < ||c|| for any ¢ € ¢2.

3. Ideals in the formal complex power series ring

Let e(z) = bs2z7 be a germ of a formal power series at 0. Then e is said
to be a germ of a convergent series if e is convergent as a power series in
some neighborhood of 0. The ring of germs of all convergent power series at
0 is called the ring of germs of holomorphic functions at 0, denoted by ,Oy.
Standard holomorphic function theory states that ,,Op is a local ring, hence
Noetherian. Equivalently, every ideal in ,,Oy has a finite basis. In ,,Oy, there
are two useful tools: the Weierstrass preparation theorem and the Weierstrass
division theorem. Associated with each ideal I C ,,Op, there is a complex
analytic variety consisting of the common zeroes of all elements in I. Those
varieties have a nice local parametrization by further constructing a regular
system of coordinates for I.
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Even though one does not expect the formal version of the geometric
parametrization to hold for the formal complex series ring, the formal com-
plex power series ring do inherit many parallel algebraic properties from its
convergent counterpart. For convenience of the reader, we outline in the fol-
lowing some properties of the formal complex power series ring ,,O¢ that will
be used in our paper.

Denote by ,,—10g[z,] (as a subring of ,,Op), the polynomial ring over ,,_1 Ogy
in the variable z,. An element e € ,,_1Og[z,] is called a Weierstrass polyno-
mial of degree £ in z, if it is of the form e(z) = 2% + Z?;é bjz) where the
coefficients b; € ,_10p are nonunits (i.e., b;(0) =0) for 0 < j <¢—1. Then
we have

e ,Op is a local ring. In particular, ,Og is Noetherian.

e Formal version of the Weierstrass preparation theorem: Let e € ,Oy be
regular of order ¢ in z,. Then there is a unique Weierstrass polynomial
€ € n—100[zy] of degree ¢ such that e = ué for some unit u € ,,Op.

e Formal version of the Weierstrass division theorem: Let € € ,,_1Og[z,] be a
Weierstrass polynomial in z, of degree £. Then any e € ,Oy can be written
uniquely as e = pé 4 ¢, where p € ,Og and q € ,,_1Og[z,] is a polynomial of
degree less than £ in z,.

The interested reader may refer to [7], [8] for more details about the properties
of nOO~

Given f1,..., fr € ,Op, denote by I(f1,..., f¢) the ideal in ,Oy generated
by fi,...,fe. Let Hy be the maximal ideal in ,,Oy consisting of those formal
complex power series whose constant term vanishes. For a proper ideal I C
nOo, we define the dimension of I by

D(I) := dime ,Op /1.

Since D(I) < oc if and only if H¥ C I for some k € Z*, we have the following
lemma:

LEMMA 1. Let Iy, Iy be two proper ideals in ,Oy. Then D(Iy N 1I3) = oo
implies either D(I1) = 0o or D(I3) = co.

Proof. Suppose that both D(I;) < co. Then for some positive integers
k1, ko we have that HY' C I;, j=1,2. Hence, HY*¥ %} c 1,11, and
D(I; NI3) < co. This is a contradiction. O

We also similarly define the formal radical of an ideal I as follows.
VT := {e: there exists k € Z* such that e* € I}.

LEMMA 2. Let I be a proper ideal in ,Oq. D(I) = oo if and only if D(v/T) =
0.



6 J. E. FORNASS, L. LEE AND Y. ZHANG

Proof. Suppose that D(v/T) < co. Then there exists some positive integer k
such that HY € V/I. Let ey,..., e, be generators of Hf. Then any e € Hf can
be written as e =) gje; for some g; € ,Op, and e € I for some positive
integer r;. Therefore, for any e € H(’f, et Frs € I or equivalently, HE c I
with K =r; 4+ --- + 7. This would imply D(I) < oo, This is a contradiction.
The other direction is trivial. (|

Given a proper ideal I of ,Oy, following the idea in Gunning [6], we con-
struct a regular system of coordinates zi,...,z, such that there exists an
integer k satisfying
(a) kOO avES {0},

(b) j—100[z;] NI contains a defining Weierstrass polynomial p; in z; for each
j=k+1,....n

If in addition [ is prime, the theorem of the primitive element guarantees
that, by making a linear change of coordinates in the 2zj41,...,2, plane if
necessary, the quotlent field Ho of ,Op/I is an algebraic extension of +Oo s0
that ,,Hy = 1O [Zk+1]. Here #Op is the image of 1Op in 2O/ and Zj4q is
the image of zx41 in ,Op/I. We call the above regular system of coordinates
a strictly reqular system of coordinates.

Assuming such a strictly regular system of coordinates as above, denote by
E € 1 Oq the discriminant of the unique irreducible defining polynomial py41
of z4+1. Then for each coordinate function z;,n > j > k + 2, we can construct
q;(2) = =FE-2; —Qj(2r4+1) € INxOp2+1, 2] for some Q; () € yOp[-]. The ideal
I(pk+1,qK+2,---,qn) generated by the elements pgy1,qrt2,-..,qn is called the
associated ideal for I.

Using exactly the same argument as in [6], the relationship between the
above constructed associated ideal I(pg+1,qg+2,---,¢n) and the original ideal
I in the formal case can be formulated as follows.

LEMMA 3 ([6]). There exists an integer v such that
EYT CI(pr+1,qk+2,---,qn) C 1.

Here E is the discriminant of pry1 in zkr1 and I(Dg+1,qk+2,s---,Gn) 18 the
associated ideal of I.

4. Formal Nullstellensatz

In the convergent case, the zero set of a Weierstrass polynomial contains
at least a complex curve. The next lemma generalizes this fact to the formal
case:

LEMMA 4. Let e be a formal Weierstrass polynomial in w. Denote by E°
the discriminant of e. Suppose that E€(z1,...,z) Z 0, then there exists a
formal curve ¢ such that e o ¢ ~ 0.
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Proof. Write e(z1,...,zp,w) = w’ + Zj<£ bj(z1,...,2k)wl, bj(0) =0. Af-
ter a linear change of coordinates in (z1,...,2;), we can assume that
E*(z1,0,...,0) #0. Restricting to the subspace defined by {29 = - - = 2z, = 0},
it suffices to find a formal curve passing through 0 in C? (3 (21, w)) on which
e vanishes. Hence, we assume we are in C2. Write E¢(2;) = Z;’;S ajz{ where
as # 0. For a fixed r > s, we consider a truncation e, of e up to order r and
the corresponding discriminant Ef. Then Ef is a symmetric function in the
roots of e,, and can still be written as E¢(21) = asz§ + o(27).

On the other hand, if we write e,(z1,w) = [[;<,(w — aj(z1)), then the
expression for £ leads to the estimate | (21) —j (21)] > ¢|21]* for some small
c independent of z1, [21| small, when i # j. For a fixed z1, let A(aj(21),¢|21]°)
be the disc in w plane centered at aj(21) with radius e[ |* for each j with e
small enough. Then those discs do not intersect with each other and outside
the union of these discs, |e,| > (g]z1]*)’. In the same manner for all higher
truncations with p > r > sf, we have as well that |e,| > (g]21|*)¢ and that
the zeroes of e, are contained in the union of these discs by shrinking z;
if necessary. This means that for all p>> sf, the zero curves for e, are all
trapped in the union of those discs with radius €|z1|®, which can be again
made arbitrarily small by shrinking z;. Thus by letting p go to infinity and
passing to a subsequence of those zero curves for e, if necessary, some formal
limit, say (, exists. By construction, e vanishes to infinite order on (. O

We generalize the above lemma and show that formal ideals of infinite
dimensions must vanish on some formal curve.

PROPOSITION 1. Let P C ,Og be a prime ideal with D(P) = co. Then there
exists a formal curve ¢ : (C,0) — (C™,0) such that eo( ~0 for all e € P.

Proof. We first choose coordinates z1, ..., z, such that P is strictly regular
under this system of coordinates in the spirit of Section 3. Note that since
D(P)=o00, k>1.

Consider the associated ideal I(pg+t1,qk+2,--.,qn) of P. Since the dis-
criminant E of ppy1 is not identically zero, apply Lemma 4 to pgy; and
we get a formal power curve ¢’ = (C1,Ca,...,Crr1) : (C,0) = (CF*+10) such
that pry1 o ¢’ ~0. We note that the curve can always be chosen so that
EO(<17"'7</€)7_§0'

Next, we add the remaining components (xy2,...,(, so that the ideal P
formally vanish on the formal curve given by ¢ := ((1,...,¢,). Recall that for
each j >k+1, ¢gj=E-z; — Qj(2x41) € P for some Q; € ,O[-]. We define
G(t) = (Q4/E)(zr,... zri)=c' ¢y for j=Fk+2,....,n. Hence, the associated
ideal I(pg+1,Qk+2,---qn) formally vanishes on ((t) = (¢1(¢),...,¢n(2)).

We will show that (Q;/E)|(,,....z.1)=0 = 0 and hence ¢(0) =0. It will
suffice to prove that z; = (;(¢) is one of the formal roots for the defining
Weierstrass polynomials p; € 1Oo[2;], j =k +2,...,n. Indeed, for each j >
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k+ 1, denote by n; the degree of p; € ,Op[z;] with respect to z; and consider
R;:=E"p;. Then R; € ,Oy[E - z;|. Substitute E - z; in the expression of
Rj by q; +Q;. We get R; = H(q;) + G(Q;) for some H(q;) =37, b - (4;)"
with b; € ;Op and G(-) € ,Oo[-]. Since R;,H(q;) € P, so G(Q;) € P and
hence G(Q;) € 1Oplzk+1] N P. Since moreover pyy1 € yOp-] is the defining
polynomial in P for zyi1, G(Q;) is divisible by px11. By the construction
of ¢/, we have thus G(Q;(¢")) ~0. On the other hand, H(¢;(¢)) ~ 0. Hence
R;jo(¢=H(gqj({))+G(Q,;(¢)) ~0. This further implies p; o ( ~ 0 since E o
(C1,...,Ck) £0. Therefore, z; = (;(t) is one of the formal roots for the defining
Weierstrass polynomials p;.

Finally, we show that for any e € P, e vanishes on the formal curve (.
Indeed, by Lemma 3, there exists some large positive number v, such that
E¥e € I(Pr+1,Qi+2, - - -, Gn)- Therefore, (E¥e) o ( ~0. Since E vanishes only
to finite order on the curve, we get eo ( ~ 0. O

Recall that an ideal I is primary if, whenever xy € I, either x € I or y™ € 1
for some m € Z*. We are now in a position to prove Theorem 3.

Proof of Theorem 3. By the Lasker—Noether decomposition theorem, we
can write I = Py N--- N P,, where P;’s are primary ideals. Since D(I) = oo,
applying an induction process by Lemma 1, we have D(P;) = oo for some
je€A{l,...,s}. On the other hand, Lemma 2 implies D(,/P;) = co. Notice
that \/Fj is also prime. Proposition 1 thus implies the existence of a formal
curve ¢ such that ¢(0) =0 and eo( ~0 for all e € /P;. Since I C P; C \/7,
eo( ~0 for all e € I. The proof of Theorem 3 is thus complete.

5. Existence of formal complex curves

Given a formal complex power series h and a positive integer k, we call
Jr(h), the k-jet of h, the truncation in h up to order k. A slight change of
D’Angelo’s theorem gives the following lemma.

LEMMA 5. Let h, f and g be defined by (1) as in Section 2.1 for the given
defining function r of M. Let ¢ : (C,0) — (C™,0) be a formal complex curve.
If jokw(ey(r o ¢) =0, then there is an infinite unitary matriz Uy € My such
that

() Jorw(e)(ho Q) = dkwe) (f = Ukg) 0 ¢) = jrwie) (Ui f — g) o ¢) =0.

P’I‘OOf. If ijV(C) (’I" o C) = O, then jgky(c)(h o C) =0 and j2kl’(()(||f e} <||2> =
Jokw(ey(lgoClI?). Thus ||k (f o ONI* = lliku(e) (92 ¢)||?. Note that for each k,
the above norms involve only summations of finite many terms since there are
only finitely many components in f and g with non-vanishing k-jets by our
construction. For these finitely many f;’s and g;’s, applying Theorem 3.5 [4],
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one can find an element U of the group of unitary matrices with a finite size
such that

G (F = Ug) o ¢) =0.

Extending U to an infinite unitary matrix U € M; by letting the rest of the
diagonal entries be 1 and the other terms 0, we obtain (2). This choice of U
also makes ji,(¢)(U*f —g)o () =0. O

From now on, we consider the ideal generated by all the components in
(h,f —Ug,U*f — g) for some U € M. The following proposition reveals the
connection between the null set of I(h, f —Ug,U*f — g) and that of I(r).

PROPOSITION 2. Let h, f and g be defined by (1) as in Section 2.1 for the
given defining function v of M. Let ¢ : (C,0) — (C™,0) be a formal complex
curve. If there exists an operator U € My as a weak limit of a sequence in
My such that eo{ ~0 for any e€ I(h, f —Ug,U*f —g), then ro{ ~0.

Proof. 1f a formal curve ¢ satisfies ho( ~ (f —Ug)o(~ (U*f—g)o(~0,
then for any positive integer k, ji(ho () =0 and

l56(f o Ol = lixWg o O =[|U(Gr(go )|

< k(g2 Q)

= (U fe QI = U™ (ir(f o )|

<|lgr(fo Q)|
Hence, ||jx(fo Q)| = |ljk(go )| for any k. Letting k go to infinity, we see that
ho(~|foC(|*>—llgoc||*>~0 and therefore we get ro( ~ 0. O

Theorem 2 follows directly by combining Proposition 2 and Proposition 3,
together with Theorem 3 in the previous section.

PROPOSITION 3. Let h, f and g be defined by (1) as in Section 2.1 for the
given defining function r of M. Assume M 1is of infinite D’Angelo type at 0,

then there exists U € My which is a weak limit of a sequence in My, such
that D(I(h,f —Ug,U*f — g)) = 0.

Proof. Since the hypersurface is of infinite type at 0, for any order k € Z™T,
there is a unitary matrix Uy € M; as in Lemma 5 such that (2) holds. Let
U € Mg be a weak limit of {Uy} by passing to a subsequence if necessary.
Suppose that I(h, f —Ug,U* f — g) has finite dimension. Then there exists an
integer ¢ such that H§ C I(h, f —Ug,U* f —g). By the upper semi-continuity
of D(I), this would then imply H§ C I(h, f — Ukg,U; f — g) that for all k
larger than some ko € Z™. This is a contradiction to Lemma 5. (|

Acknowledgments. The authors are grateful to Steven Krantz for suggest-
ing this problem.
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