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LINDELOF THEOREMS FOR MONOTONE SOBOLEV
FUNCTIONS IN ORLICZ SPACES

FAUSTO DI BIASE, TOSHIHIDE FUTAMURA AND TETSU SHIMOMURA

ABSTRACT. Our aim in this paper is to deal with Lindeldf type
theorems for monotone Sobolev functions in Orlicz spaces.

1. Introduction and statement of results

Let B be the unit ball of the n-dimensional Euclidean space R"™. We
denote by ép(z) the distance of z € B from the boundary 9B, that is, og(z) =
1 —|z|. We denote by B(z,r) the open ball centered at = with radius r and
set AB(x,r) = B(x, \r) for A > 0.

A continuous function u on a domain G is called monotone in the sense of
Lebesgue (see [6]) if the equalities

maxu=maxu and minu=minu
D oD D 7]
hold whenever D is a domain with compact closure D C G. If u is a monotone
function on G satisfying

/ ’Vu(z)‘pdz < oo for some p>n-—1,
G

then

1/p
0D ) u] < [ [vacpa:)

whenever y € B = B(x,r) with 2B C G, where C(n,p) is a positive constant
depending only on n and p (see [10, Chapter 8] and [14, Section 16]). Using
this inequality (1.1), Lindel6f theorems for monotone Sobolev functions on
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the half space of R™ were studied in [2]. For related results, see [1], [3]-[5]
and [7]-[12].

In order to give a general result, we consider a nondecreasing positive func-
tion ¢ on the interval [0,00) such that ¢ is of log-type, that is, there exists a
positive constant C satisfying

@(r?) £ Cyp(r) forall v =0.

Set ®,(r) =71Pp(r) for p> 1. In this note, we are concerned with boundary
limits of monotone Sobolev functions v on B satisfying

(1.2) / P, (|Vu(z)|)dB(2)* dz < <.
B
Let u be a function on B and let £ € 9B. For v >1 and ¢ > 0, set
Ty(&e)={zeB: [z - ¢ <cip(z)}.
We say u has a tangential limit of order v at ¢ if the limit

lim  u(x)
Ty (&c)d2—¢
exists for every ¢ > 0. In particular, a tangential limit of order 1 is called
nontangential limit.
Our aim in this paper is to give the following result concerning the Lindelof
type theorem, as an extension of [2], [7] and [12].

THEOREM 1.1. Let u be a monotone function on B satisfying (1.2). Sup-
posep>n—1and 0<n+a—p<1. Set

E, = {f €0B: 1imsuprp—a—n<¢(r_1))—1

r—0
x/ <I>p(|Vu(z)’)5B(z)"dz>O}.
B(¢,r)NB

If £ € OB\ Ey and there exists a rectifiable curve T' in B tending to & along
which u has a finite limit L, then u has a nontangential limit L at &.

REMARK 1.2. In [8, Theorem 2], Manfredi and Villamor treated the case
¢ =1 and a weight is a Muckenhoupt A, weight, where 1 < ¢ <p/(n —1).
We note that dg(x)® is in A, for some ¢ € [1,p/(n — 1)) when -1 < a <
(p—n+1)/(n—1), but dg(x)® is not in A, for all ¢ € [1,p/(n — 1)) when
(p—n+1)/(n—1)<a<p-—n+1. Hence, our result is a generalization of
[8, Theorem 2] in the case when a weight is og(x)®.

REMARK 1.3. We know that Fi is of C1 g, o-capacity zero. For the defi-
nition of (1, ®,,a)-capacity C1,¢,,o and this fact, we refer to [11, Lemma 7.2
and Corollary 7.2]. See also [10, Section 8.
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2. Preliminary lemmas

Throughout this paper, let C' denote various constants independent of the
variables in question, and C(e) a positive constant which depends on e.

For a proof of Theorem 1.1, we prepare some lemmas. We know the fol-
lowing result from a proof of [13, Theorem 3].

LEMMA 2.1. Let u be a monotone function on B satisfying (1.2). Suppose
p>n—1and 0<e<1. Then

(21)  Ju(z) —u(y)]

< C§B(5U)17n/p(@(5B(x)71))71/p (/2

+ C(SB(l‘)l_g,
whenever x € B andy € B(x), where B(x) = B(z,(z)/4) and C may depend

on g.

1/p
@p(}Vu(z)D dz)
B(z)

Fix £ € 9B. For z € B such that z is close to &, set
r(z)=|¢—z| and y(z)=(1-r(z))<
By (2.1), we give the following estimate |u(x) — u(y(x))P.

LEMMA 2.2. Let u be a monotone function on B satisfying (1.2). Suppose
p>n—1and 0<e<1.

(1) If p<n—9, then for each x € T,(&;c)
|u(z) —u(y(2))]"
< Cr(x)P=n+9) (go(r(x)_l))fl/ @, (|Vu(2)])dB(2)° dz
B(¢,2r(x))NB
+ Cr(z)P1=9),

(2) If p>n—4, then for each x € B with |x —&| <1/2

|u(z) —u(y(@))|”

SC’T(x)p_""’é(go(r(m)_l))fl/ @, (|Vu(2)])ds(z)°dz
B(¢,2r(x))NB

+ Cr(z)P1=2),
where C' may depend on €.

Proof. We can take a finite chain of balls By, B1,..., By such that
(i) Bj=B(z;), z; €9B(&,r(z))NB, o=z and y(x) € By;
(ii) {dB(x;)} increase and dg(z;) > c1]x — x;| for some constant ¢; > 0;
(iii) B; N By #0 if and only if |j — k| < 1;
(iv) for each ¢ > 0, the number of z; such that ¢t < dg(x;) <2t is less than c,,
where ¢y is a positive constant.
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See [3, Lemma 2.2]. Pick zj € Bj_iN By for 1<j<N; set 2o =2 and
zn+1 =y(x). By Lemma 2.1, we see that

Ju(2) — u(y(x))
< Z"U,(Zj-}-l) —u(z)|

<CZ(SB 1 n/p (6B(xj)—1))*1/17

X </QB <I>p(‘Vu(z)|)dz) 1/p+0i5]3(zj)175.

5 =0

Taking natural numbers ko and k; such that 27%—1 < r(z) < 27%0 and
2R~ < §p(x) <27, we see from (ii) that

N

SISl (N SR
j=0 k=ko “2-k—1<fp(z;)<2~F
27 ko 2r(x)
<co 22 Ki-e) < 2 C2/ t1*5ﬂ§C p-edt
k—Fo 10g2 9—k1—1 t 5 (x)/2 t

Hence, we have by Holder’s inequality

u(z) —u(y(z))|
1/p’
<C<Z6B p{l (n— 5)/p}(¢(5B(xj)1))p’/p>

1/p
(Z/ »(|Vu(z) )5B(z)—5dz> + Cr(x)t—

1/p
<C<IP—1 X/ @p(|Vu(z)|)5B(z)_5dz> -l-CT(:E)l_E,
B(¢,2r(z))NB
where 1/p+1/p’ =1 and
I= 253 P = 5)/p}(<p(5B(xj)71))fp’/p'

First, consider the case p<n—¢ and x € T, (& ¢). Then we have
2r(z) R _ 1 dt p—1
mrse( [0 e ey )
om(z)/2 t
< Cog(z)p~nte (go(r(x)*l))fl.
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Hence, we obtain
|u(e) —u(y(x))|”
< C’(SB(JJ)”_”J“S (go(r(a:)_l)) -1 / @p(’Vu(z) ‘)63(2)_‘5 dz
(¢,2r(z))NB
+ COr(z)P1=2)
< Cr(ac)'y(p_”"’é) (Lp(?“(x)_l)) -1 / ép(’Vu(z) ‘)53(7;)_5 dz
B(&,2r(z))NB
+ Cr(x)P=9),
Next, consider the case p >n — . Then we have
P~ < COr(x)P~nto ((p(r(x)_l))

Thus, we can show the second part in the same manner as the first part. O

-1

REMARK 2.3. In Lemma 2.2, we can replace

/ <I>p(|Vu(z)’)6B(z)_6 dz
B(§,2r(z))NB

by

’—5 a

/ ®, (|Vuu(2)[)0B(2)° |r(z) = |2 — |
B(&,2r(z))NB
when § + a > 0.

REMARK 2.4. The number of balls By, Bi,...,By satisfying (iv) in
Lemma 2.2 is less than c3log(4r(z)/ds(x)). In fact,

k1
N+1< > #{j: 2" <op(z;) <27F}
k=ko
il e /2"” dt  co /Mm) dt
< cg = — < —
h—Fo 10g2 o—ky—1 t 10g2 sm(z)/2 t

co
= Tog2 log(4r(z) /0B ().
The following lemma can be proved by (2.1).

LEMMA 2.5. Let u be a monotone function on B satisfying (1.2). If £ €
OB\ E1 and there exists a sequence {r;} such that 27971 <r; <277 and
uw((1—7;)&) has a finite limit L, then u has a nontangential lzmzt L até€.

Proof. Fix £ € 0B\ Ey. Take z € Ty (&;¢) with 27771 < |z — €] < 277, Then,
as in the proof of Lemma 2.2, we can take a finite chain of balls By, By, ...,
By such that
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(i) B; = B(x;), z; € Th(&c) n{y: 27971 < |y — €] <279}, 29 = 2 and
(1 - ’I"j)£ € Bn;
(ii) B; N By # 0 if and only if |i — k| < 1;
(iii) for each ¢ > 0, the number of x; such that t < dg(x;) <2t is less than ¢/,
where ¢’ is a positive constant.

By Remark 2.4, we note that N is less than C7, where C1 is a positive constant
depending only on c¢. Since

277 <oy — €] < edp(ay) < clwy — €] <27,
as in the proof of Lemma 2.2, we obtain by (2.1)
|u(z) —u((1—r5)¢)]

e |
i=0 2

1/p
<I>,,(|Vu(z)|) dz)

N
+ CZ (SB(J?i)l_E
=0

N 1
+Cy (513(%)”_“_" (p(0B(zi)™")) "
1=0

1/p
X /QB(mi) P, (|Vu(z)|)dB(2)" dz)

< Co—i(1—e)

e (2—j(p—a—n) (0(27)) " /

1/p
o, (‘Vu(z) |)oB(2)" dz) ,
B(¢.2-it1)

where 0 <e < 1. Since £ € OB\ E; and lim; o u((1 —7;)§) = L, u has a
nontangential limit L at &. (]
3. Proof of Theorem 1.1

Proof of Theorem 1.1. Take a number § such that n+a—p<d+a<1.
For r > 0 sufficiently small, take 2(r) € TNIB(E,r) and set y(z(r)) = (1 —r)&.
By Lemma 2.2(2) and Remark 2.3, we have

[u(e(r) ~ u(y (o)
<o ()

< @, (|Vu(2)|)dn(2)|r — = — || ° " dz + O,
B(¢,2r)NB



LINDELOF THEOREMS FOR MONOTONE SOBOLEV FUNCTIONS 1031

Moreover, since 0 < + a < 1, we see that
277 s
/ |r—|z—¢||° " dr < 027707079,
2-i-1

Hence, it follows that

inf_ Ju(@(r) = u(y(zm))["

2-i-1<r<2-J
Pt

S N G

2-j—1
5o d
/ 2y (| u(2)])om (2)*|r — |2 — €l d'z)l
B(&,2r)NB r
+ (27
< C2 T ()

97
Lot ([ oieer )
B(¢2-71)NB .

+ 0(2—]’)1)(1_5)
< 0gi{p—a—n} (<p(2j))—1

J @, (| V() ) (2)" d= + 0 (279) 7.
B(£,2-3+1)NB

Since £ ¢ Ey, we see that
lim inf lu(2(r)) —u(y(x(r)))|p:0.

J—002-i-1<r<2-7J
Hence, we find a sequence {r;} such that 27771 <r; <277 and
i [u((r,)) —uly(a(r)) [ =0
Since u has a finite limit L at £ along I', we have
Jlg{)lo u(y(r;)) :jli)rgou(a:(rj)) =L.
Thus » has a nontangential limit L at £ by Lemma 2.5. O

REMARK 3.1. Let u be a monotone function on B satisfying (1.2) and let
v >1. Suppose p>n—1and n+a—p >0 and set

E’Y = {f c 0B : limSuprV(P*oﬁn) ((p(’l‘il))_l

r—0

x /B(g,mB @, (|Vu(2)|)os (2)* dz > 0}.
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If £ € 0B\ E, and u has a radial limit at £, then u has a tangential limit of
order v at §. See [12, Theorem 4] and [10, Section 8].

In fact, since £ ¢ E.,, we have by Lemma 2.2(1) with § = —«

li - F=o,
e M) 1)

so that

0] =0

Since the radial limit lim,_,¢ u(y(z)) exists by our assumption, the limit
limy, (¢,0)50-5¢ u(z) exists.

REMARK 3.2. Let Hj denote the Hausdorff measure with the measure
function h. We know that Hj(E,) =0, where h(r) = r7("+e=P)p(r=1). For
this fact, we refer to [11, Lemma 7.2].

REMARK 3.3. Let u be a monotone function on B satisfying (1.2). Then u
has a nontangential limit at £ € 9B except in a set of C1 ¢, o-capacity zero.
For the case ¢ =1, see [8, Theorem 5.2].

In fact, to show this, we define

E= {5653 : /Blf—ylln\w(y)!dy=00}

and set F'= EUEl, where Fj is as in Theorem 1.1. Note that F is of Cra,,0-
capacity zero by the definition of C'1 ¢, o-capacity, and F'is of C1 ¢, o-capacity
zero by Remark 1.3. If £ ¢ E, then u has a finite radial limit L. In view of
Theorem 1.1, we see that if £ € 9B\ F, then u has a nontangential limit L
at £.
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