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SOME PROPERTIES OF HOLDER SURFACES IN THE
HEISENBERG GROUP

ENRICO LE DONNE AND ROGER ZUST

ABSTRACT. It is a folk conjecture that for o > 1/2 there is no a-
Holder surface in the subRiemannian Heisenberg group. Namely,
it is expected that there is no embedding from an open subset
of R? into the Heisenberg group that is Hélder continuous of
order strictly greater than 1/2. The Heisenberg group here is
equipped with its Carnot—Carathéodory distance. We show that,
in the case that such a surface exists, it cannot be of essential
bounded variation and it intersects some vertical line in at least
a topological Cantor set.

1. Introduction

As phrased by Gromov in [4, §0.5.C], the Hélder mapping problem between
Carnot—Carathéodory spaces (CC spaces, for short) is the following. Given
two CC spaces V and W and a real number « € (0,1), describe the spaces
of C* maps f: W — V. In [4, §2.1], Gromov showed that if V' is a contact
3-dimensional CC manifold and « > 2/3, then there is no f : R? — V that is a
C® embedding. Here and in what follows, R? is endowed with the Euclidean
distance. Gromov proved such a nonexistence result by showing the nontrivial
fact that any topological surface in V' has Hausdorff dimension at least 3.

Giving examples of C'/2 embeddings into contact 3-dimensional CC man-
ifolds is a triviality. Indeed, by the ball-box theorem, any smooth embedding
would give an example. Since the work of Gromov, it has been an open
problem whether there is any C* embedding f : R* — V with o € (1/2,2/3].

We focus on the example of a standard contact structure, namely the sub-
Riemannian Heisenberg group. Since all contact 3-manifolds are locally con-
tactomorphic, there is no loss for generality, being the problem local. Hence,
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we consider the contact structure on R?* with coordinates p = (p,, py,p.) where
the horizontal distribution is given by

span{81 — %83,82 + %63}

Since we are only interested in Holder continuity, instead of using a given CC
distance, we may use any other distance that is biLipschitz equivalent to it.
Our choice is the following: for p,p’ € R3,

2

d(p,p')" = (0 — pa)” + (), — py)*) + (p’z —p. — %(pxp; —pyp;)> :

We denote by H the metric space (R3,d), while R? will always be con-
sidered with the Euclidean distance. We refer to H as the (subRiemannian)
Heisenberg group.

In our discussion a very special role is played by the horizontal projection,
that is, the map

7: R3S R, w(x,y,2):=(z,y).

Notice that 7 : H — R? is 1-Lipschitz.

As a first result, we show that, if o > 1/2, there are no C* surfaces in
H with the extra property of having essentially bounded variation. For this
latter notion, we follow [7] and review it in Definition 1.3.

THEOREM 1.1. Let U C R? be an open set in the plane. Assume there exists
F: U —H that is a C* embedding for some a > % Then:

(i) the map mo F : U — R? is not of essentially bounded variation (cf. Defi-
nition 1.3);
(ii) in particular,

Az#{<woF>*1<q>}dq:m.

We remark that in the assumption that a map F': U — H is a C“ embed-
ding there is no requirement on Holder regularity of the inverse map. Namely,
the map F~!: F(U) — U is only assumed to be continuous.

Our second result gives some topological properties of such C* surfaces (if
a >1/2). Recall that a topological Cantor set is a metrizable space that is
compact, totally disconnected, and has no isolated points. In other words, it
is a homeomorphic image of the standard Cantor set.

THEOREM 1.2. Let U C R? be an open set in the plane. Assume there exists
F: U —H that is a C* embedding for some o > % Then:
(i) the projection w(F(U)) has nonempty interior;
(ii) there is a dense set of points ¢ € 7(F(U)) such that (7o F)~1(q) contains
a topological Cantor set.
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Notice that, since F' is an embedding, Theorem 1.2 is claiming that there
exists vertical lines (i.e., sets of the form 7=1(q)) that intersect the surface
F(U) in a Cantor set.

We recall now what it means for a map ¢ : V — R" defined on a bounded
open set V' CR" to be of essentially bounded variation. Since for us it will be
the case, we may assume that ¢ has a continuous extension to the compact
set V. Consider a point ¢ € R™. A set D is an indicator domain for (q,¢,V)
if:

(1) Di
(2) Dc
(3) a¢ w(aD) and

(4) deg(q,, D) #0.

Here we denote by deg the mapping degree, see the next section for some
basic facts. We define a multiplicity function at q by

K(g,¢,V):=sup Y _|deg(q, ¢, D)|,
S pes

isa connected open subset of R™,

where the supremum is taken over all collections S of pairwise disjoint indi-
cator domains for (q,¢,V), see [7, Subsection II.3.2].

DEFINITION 1.3 (Essentially bounded variation). Let V C R™ be an open
bounded set. A continuous map ¢ : V — R"™ is said to be of essentially bounded
variation if

/K(q,%V)dq< 00,
where K (-, p, V) denote the multiplicity function, which we just defined above.

Recall that by [7, Subsection I1.3.2, Theorem 3], the functions K(q,p,V)
is nonnegative and lower semi-continuous in ¢ and therefore also Lebesgue
measurable.

The paper is organized as follows. In Section 2, we review some notions and
some previous results. A part from setting the terminology, we recall some
properties of mapping degree, winding number, and currents. We remark
how, on the plane, a Holder curve of order strictly greater than 1/2 induces a
well-defined 1-current. In Section 3, we prove Theorem 1.2. Initially we recall
the observation that in the subRiemannian Heisenberg group a Hoélder curve
of order strictly greater than 1/2 is uniquely determined by its projection. In
other words, the projection can be uniquely lifted and such a lift is done via
the use of currents or via the use of winding numbers and areas of components
of the complement of the curve, see Lemma 3.2. Subsequently, we focus on
a-Holder surfaces, with o > 1/2. In Lemma 3.3 we show the first crucial fact:
on each surface there are closed curves that have positive winding number
with respect to some vertical line. From such a lemma, it will be easy to
show Theorem 1.2, see Theorem 3.6 for the construction of the Cantor set.
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In Section 4, we prove Theorem 1.1. Parts (i) and (ii) of the theorem are
discussed in Theorem 4.2 and Corollary 4.3, respectively. Actually, property
(ii) of Theorem 1.1 follows from property (i) by a general fact. Namely,
if a map has bounded variation, then it has essentially bounded variation.
We give a self-contained proof of this latter fact, for our specific case, in
Section 5.

2. Preliminaries: Euclidean Holder curves and induced currents

Let us first fix some notation. If (X,dx) is a metric space and A C X,
then B(A,r):={x e X : dx(A,y) <r} and UA,r):={ze X : dx(4,y) <r}
denote the closed and the open r-neighborhoods of A, respectively. If A
consists of a single point p these sets are the closed and the open balls of
radius 7 centered at p.

Next, we recall the definition of Hélder maps.

DEFINITION 2.1 (Hélder constant H(f)). For « € (0,1), amap f: X =Y
between metric spaces (X,dx) and (Y,dy ) is said to be Hélder of order « (or
simply, we say that f is C%) if there exists a constant K < oo such that, for
all z,2' € X,

dy (f(z), f(2")) < K(dx (x,w’))a.
In this case, the infimum over all such K is denoted by H*(f).

Let U C R™ be a bounded open set and ¢ : U — R™ a continuous map. For
every point ¢ € R™\ ¢(9U) the mapping degree of ¢ at g is an integer denoted
by deg(q, ¢, U). For the exact definition and the following properties, we refer
to [6].

e (Locality property) If K C U is closed and q ¢ ¢(K UdU), then

deg(q, ¢, U) =deg(q, ,U \ K).
e (Sum property) Let U be a disjoint union of open sets U;. Then

deg(q, 0, U) = _ deg(q,,Uy),

in case that all the degrees are defined.

e (Homotopy invariance) Let H : [0,1] x U — R™ be a continuous map and
let v:[0,1] = R™ be a continuous path such that ~(t) ¢ H:(0U) for 0 <
t <1. Then deg(y(t),H:,U) does not depend on t, see [6, Chapter IV,
Proposition 2.4]. An immediate consequence is that the degree deg(-,¢,U)
is constant on connected components W of R™ \ ¢(0U) and we use the
notation deg(W, ¢, U) to denote this value.

e (Multiplication formula) Let U,V C R™ be bounded open sets. Let o : U —
R™ and v : V — R" continuous maps such that ¢(U) C V. The open set



HOLDER SURFACES IN THE HEISENBERG GROUP 233

V' \ ¢(0U) decomposes into countably many connected components V;. If
g € R"\ ¥(V U p(0U)), then

deg(q, 1o, U) = deg(q,1, V1) deg(Vi,0.U),
l

see [6, Chapter IV, Proposition 6.1].

Let ¢,1 : U — R™ be two continuous extensions of a map v : OU — R™ and
q ¢7(0U), then

deg(q, ¢, U) =deg(q,,U),

see [6, Chapter IV, Proposition 2.6]. Such an extension of v always exists by
the Tietze extension theorem. The winding number of ¢ with respect to -y is
denoted by wind(g,7) and defined as the degree of such an extension. The
winding number is constant on connected subsets of R™ \ im(y). This allows
to define wind(W, ) for every W € co(y). Here and afterwards, we denote by
co(7y) the collection of all connected components of the set R™ \ im(~).

As an illustration of the winding number consider a map + : S* — R?\ {0}.
Then 7 induces a homomorphism on homology 7. : Hy(S') — Hy(R?\ {0}).
Since H;(S') ~ H;(R?\ {0}) ~ Z we have ~,(1) = k for some k € Z. In this
case, v is homotopic to s+ s* and k= wind(0,7).

In our approach, we will occasionally make use of the language of currents.
We refer to [1] and [5] for a systematic introduction to the subject in metric
spaces. Let us review some notation. For k € N and a locally compact metric
space X, we denote by Dy (X) the collection of k-dimensional currents in X
as defined in [5]. The currents we will consider live in Euclidean spaces, that
is, X =R" for some n € N, and have compact support. For this reason, the
standard reference by Federer also serves our purpose and one can replace
Dy (R™) by k-dimensional flat chains in R™ as defined in [2, Subsection 4.1.12]
without any complication. By M we denote the mass of a current. If f &
L*(R™) has compact support, then [f] € D,,(R") is the n-current that acts on
compactly supported differential n-forms w € Q2 (R") as

fw)= | fo.
Rr
This current has finite mass M([f]) = ||f|lz1. If A CR™ is measurable and
bounded, then [A] denotes the current induced by the characteristic function
of A. For k > 1 the space of k-currents is naturally equipped with a boundary
operator 0 : Di(R"™) = Di_1(R™) by the defining equation 0T (w) = T'(dw) for
w € QFL(R™). A current T € D,,(R") with finite mass can be restricted to a
measurable subset A C R", the resulting current T'| A € D,,(R™) has also finite
mass. If y: X =Y is a map, then vy : D.(X) — D.(Y) is the push forward
operator on currents (in the smooth setting one has (yx7T)(w) = T(y#w)).
A priori, the push forward is only defined when ~ is Lipschitz, however, the
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work of the second author extends this operator to a class of Hélder maps by
reducing its domain to normal currents, see [9] or [10] for more details.

The following proposition relates currents in R™ with maps and their de-
grees. It is a bit more general than what we will need in the process, but we
state it here for completeness.

PROPOSITION 2.2 (Proposition 4.6 of [9]). Let U C R™ be a bounded open
set with finite perimeter. Let v : OU — R™ be a map that is Holder continuous
of order a > "= Then 4 (0[U]) has a unique filling T in Dy, (R™) with
compact support T, has finite mass, and

T, [(R"\im(y)) = [wind(-,7)] = D wind(W,7)[W],
Weco(n)

M(Tﬂ(R”\im(*y))) = /Rn\im(w)|w1nd q,y |dq

= Y |wind(W,y)|£"(W
Weco(y)

If the (n — 1)-dimensional Hausdor(f measure of OU is finite, then the follow-
ing two equations hold

T, = [wind(-,7)] = ) wind(W,)[W],

Weco(y)
M(T) =/R7L‘Wind(q,7)|dq: Z |wind(W, )| £™(W
Weco(ny)

We will only apply the proposition above in dimension 2 and in the context
of curves. Assume now that ~: [0,1] — R? is a closed curve that is Holder
continuous of order o > % By Proposition 2.2, we obtain a unique filling
T, € D2(R?) of y4[[0,1]] given by

T, = Z wind (W, ~)[W].
Weco(y)

By abuse of notation, we may also write [y] for v4[[0, 1]].

LEMMA 2.3. Let v: [0,1] = R? be a closed Holder curve of order > 3.

Then
Z |wind(W,7)|£L*(W) < o0
Weco(v)
and

1/ ! :
(2.1) 3 (/ Yz dyy f/ Vy d’yz> = Z wind(W,~v)L2(W).
0 0 Weco(y)

The Riemann—Stieltjes integrals in the statement above exist for this class
of Hélder functions by a result of Young [8].



HOLDER SURFACES IN THE HEISENBERG GROUP 235

Proof of Lemma 2.3. Let T, be the filling of Proposition 2.2. The first
equation is just stating the fact that M(7,) is finite. To obtain (2.1), note
that

Z wind(W,v)L2(W) = Z wind(W,~)[W](dz A dy)
Weco(y) Weco(v)
=T, (dz A dy)

= 5 (T, (dz A dy) ~ T (dy A d))
_ %(an (ady) — OT, (y du))

= S (G 110,1)) () — (][0, 1)) (y o).

If v is smooth, the last term is another expression for the left-hand side of
(2.1). The general case then follows from [10, Theorem 3.2] or [8] by a suitable
approximation of ~. O

3. Holder surfaces and their intersection with vertical lines

Initially, we want to clarify to what extent a Holder curve in the Heisenberg
group is the lift of its horizontal projection. The following lemma has been
noticed as well by other authors, such as Z. Balogh, A. Kozhevnikov, P. Pansu,
J. Tyson, ....

LEMMA 3.1. Let v: [0,7] = H be a C* curve for some o> . Then

Y2(t) =7:(0) + %(/Ot%dvy —/Otvyd%).

Proof. Let L =H"(~) and define z, to be the right-hand side of the equa-
tion above. We want to show that 7, = z,. It is obvious that ~, and v, are
a-Holder continuous by the definition of d. Let 0 <s <t <T. We know that

72t = 72(5) - 5 (e ()7 (1) = ’Vy(sm(t))‘ <d(y(s),7(5)” < LIt - s,

2
We combine the last inequality with the following three, see, for example, [10,
Corollary 3.4] or [8],

Y (8) 1y () = Yy ()72 (£) =7 () (3 (£) — 1y (5)) — Yy () (V2 () — 72 (5)),
[ et =) 0t0) - ms))\ < O (1) ()t — 5

< CL|t — 5|,

[ =) 00 = 9| < OB G o

< OL|t — s**,
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for some constant C' > 0 depending only on a. We obtain
"VZ(t) —72(s) — (Zv(t) - Z“/(S))} <D|t - 5|2a

where D = L+ CL?. For t € [0,T] and n € N (observe that v,(0) = z,(0)), we
have

I (t) — 2, ()] < !vz(g)—zv(qﬂ | | ,
) () () = ()]

n
< Z Dn=2%® = ppt—2e,

i=1

Taking the limit n — oo, we get 7, (t) = 24(t), for all ¢. O

Lemma 3.1 is already the first result where the bound « > % is sharp. This
follows from the fact that for any bounded set B C H there is a constant C' > 0
such that

1 1
e (p.p') <d(p,p') < Cdg(p.p)?

for all p,p’ € B. Here, dg denotes the Euclidean distance on R3.

Hereafter we start the discussion on Holder surfaces in the Heisenberg
group. Let U be an open set in the Fuclidean plane and let F: U — H
be a Holder embedding of order a > % We set

Fp:=mokF,
and call Fj, the horizontal part of F. Recall that, since 7 is 1-Lipschitz, we
have H*(F},) <H*(F) for all a.

LEMMA 3.2. Let v: St = U (resp. v:[0,1] = U) be a closed Lipschitz
curve and 7y := Fyp o~. Then

> wind(W,9)L*(W) =0
Weco(7)

and v s not injective.

Proof. Lemma 3.1 in combination with Lemma 2.3 implies that
1 L T
O:FZ(V(l)) 7FZ(’Y(O)) = 5 </0 ’Ymd’}/y 7/0 Vyd’)/z)
= > wind(W,5)L*(W).

Weco(7)

Assume by contradiction that 4 is injective. By the Jordan—Schonflies theo-
rem, there is a homeomorphism ¢ of R? such that ¢|g1 = 4. The multiplication
formula of degree theory leads to

1=deg(¢ " (p),id, U(0,1)) = deg(¢ ' (p),~ ", V) deg(p, ¢, U(0,1))
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for a point p in the bounded component V € co(¥) and hence

|wind(p7'~y)| = |deg(p,<,0,U(07 1))} =1.
Because the unbounded component of co(¥) has vanishing winding number
with respect to ¥

D wind(W,7)L*(W) = wind(V,5)L3(V) # 0
Weco(7)

contradicting the first part of the lemma. O

As an immediate consequence, we get that m cannot be injective on F(U).
In other words, the surface F'(U) is not a graph with respect to the vertical
direction. In Theorem 3.6, we will see a much stronger statement.

We show now that our Hélder surfaces have a special property of twisting.
The following proof is based on the fact that a game of Hex always has a
winner.

LEMMA 3.3. Let F: U — H be a Hélder embedding of order o > % defined
on an open set U C R?. Then:

(%) for every open set V.C U there is a Lipschitz curve v : S' — V such that
the current Fy 4 [v] is not 0.

In particular, for such a 7, there exist a component W € co(Fy, o) with
nonzero winding number wind(W, Fj, o ~y).

Proof. Assume by contradiction that we have an open ball V' C U for which
all closed Lipschitz curves contained in it go to zero by applying Fj 4. Fix two
points p and ¢ in V with F}(p) # Fi(g) (this is possible because otherwise
F(V) would be contained in a vertical axis of H). By some rotation and
scaling of V', we can assume that p=(—1,0) and ¢ =(1,0). Our assumption
implies that there is a 1-current T' € D (R?) such that Fj,4[y] =T for every
Lipschitz curve v in V' connecting p with ¢ (otherwise we could build a loop not
going to the zero-current). The current T is not zero because its boundary is
[F1.(q)] — [Fn(p)], which is not zero. Let © € spt(T) \ {Fr(p), Fr(q)} and g9 >0
such that B(z,eq) does not contain Fy(p) and Fy(q) (this is possible because
a nonzero metric 1-current cannot be supported on finitely many points, see,
e.g., [5]). By continuity, there is a § > 0 such that

Fr({(=1,),(1,t) : t €[-6,0]}) NB(z,g0) = 0.
Again by some scaling we can assume that § =1 and that the whole square
[~1,1)2 is contained in V.
Let € € (0,e0) and n € N satisfying H*(F)22n~% <e. We want to play a
Hex game on @ = (n"1Z?)N[-1,1]2. Two points a,b € Q are connected if
they have the same color and are adjacent in the sense that

max{|b1 — a1, |be *CLQ‘} =n"1 and a; +as # by + bs.
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FIGURE 1. The square [—1,1]? with lattice to the value n = 4
and a feasible black path connecting the two horizontal faces.
In dotted lines are all the path segments allowed by this lat-
tice.

If every point of @ is colored with either white or black, then there exists
a white path connecting the two vertical faces of [—1,1]? or a black path
connecting the two horizontal faces, this is implied by the Brouwer Fixed
Point theorem, see, for example, [3]. The black points are those contained
in F, '(B(z,¢)), all others are white. See Figure 1 for an illustration of the
situation at hand.

We first show that there is no white path from the left to the right face.
Assume otherwise. Because both the left and the right faces contain only
white points (e < ep), we get a piecewise linear white path v connecting p
with ¢. Let r € im(y) and 7g be a white vertex of v with d(rg,r) <v/2n7L.
Then

d(Fi(rq), Fu(r)) <H(F)d(rq,r)* <H"(F)27n " <e
and hence Fj(r) # x since d(Fj(rg),z) >¢e. This implies that z ¢ im(vy)
and also x ¢ spt(F»[y]) (this is a subset of im(y)). But Fhu[y]|=1T, a
contradiction.

So there must be a black path 4" from top to bottom. Again if 7 is on this
path, we can find a black vertex rq with d(rg,r) < V2n~! leading to

d(m,Fh(r)) < d(x,Fh(rQ)) +d(Fh(rQ)7Fh(r)) <2

and therefore Fy(im(y)) C B(z,2¢).

Choose a sequence g, > 0 converging to 0. Based on the preparation above,
we can find sequences of points a,, on the top face, b,, on the bottom face and
a piecewise linear path -, inside [—1,1]? connecting a, with b, such that
Fp(im(7y)) C B(z,ep,). Going to a subsequence if necessary, we can assume
that a, — a and b, — b (also both on the top resp. bottom face). By the
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continuity of Fj, we must have Fj(a) = Fy(b) = . Let ¢ be a Lipschitz curve
connecting b with a (i.e., 9[c] = [a] — [b]). The curve Fj, oc is closed and
Hélder and Fj4[c] # 0 by Lemma 2.3 and Lemma 3.1 (F(a) and F(b) have
to be separated vertically inside H). By the formula in Lemma 2.3, there is a
point y € R?\ im(F}, o ¢) with wind(y, F}, o ¢) # 0. Let € < d(z,y) and choose
n big enough so that &,, <min{eg,e} and H*(F)max{d(a,a,),d(b,b,)}* <e.
Denote by 7, the straight line connecting a with a,, and ~; the straight line
connecting b, with b. The concatenation 7 :=c* 7y, * v, * 7, is a closed
Lipschitz curve such that y ¢ im(Fj, oy) since im(Fp, o (74 * vn * 7)) C B(z,€).
For the same reason, the linear homotopy contracting the closed curve Fj o
(Ya *Yn*7p) inside B(z, €) to x misses y. This shows that 0 # wind(y, Fpoc) =
wind(y, Fj, oy). But this contradicts Fj, 4[] =0 by Lemma 2.3. O

In the following lemma, we plan to strengthen the property (x) of Lem-
ma 3.3. We show that one can assume that the Lipschitz curve of property
(*) is actually the boundary of a triangle.

LEMMA 3.4. Let «>1/2. Fiz a C* embedding F : U — H. Then for any
open V. .C U we can find a simplex A CV such that

Fh40[A] #0.

Proof. Without loss of generality, V is some open convex set containing
some point pg. By the previous lemma, there is a closed Lipschitz curve
~v: 58! =V such that Fyy[y] #0. The curve v can be approximated by
piecewise linear maps v, such that Lip(y,) is bounded. This means that
there are points 0 =sg < $1 < -++ < sg,, = 27 such that, for s € [s;, s;41], we

have
— s

() = n(51) + ———— (Y (s41) = Y (s:)-

i+1— Si
The boundedness of the Lipschitz constants implies that Fj,.[v,] converges
weakly to FJ, 4[] because H*(F}, 0+, ) is also bounded in n and o > % There-
fore, we can find some n for which Fj, 4[v,] # 0. Fix thisn. Let A : B(0,1) =V
be the Lipschitz extension of ~,, defined by A(ts) =pg + ty,(s) for all s € S!
(V' is convex so this makes sense). We get

kn kn
[va] = A40[B(0,1)] = )\#GZ [c(si—1,8i)] = Zax# [e(si—1,8i)],
i=1 i=1

where ¢(s;-1,8;) ={ts: t €[0,1],s € [s;—1, 8;]}. By construction, the pushfor-
ward Axlc(si—1,s:)] is equal to [A;] for some simplex A; C V' and because
of

krn
Pyl = ZFh#a[Ai]
i=1

there is at least one i for which Fj,,0[A;] # 0. O
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DEFINITION 3.5 (Set Ir of irregular points). Let F': U — H be a map.
A point p € U is called regular if it is an isolated point in Fh_l(Fh(p)). Oth-
erwise p is called irregular and we denote by Ir C U the set of irreqular
points.

A regular point p has the property that there is an € > 0 such that

FyH(Fa(p)) NB(p,e) = {p}-

The next result indicates, in terms of the quantity of irregular points, that
the surface F'(U) has to be folded quite strongly.

THEOREM 3.6. For all open V C U there is a point q € Fp(V') for which
F,;l(q) NV contains a Cantor set. In particular, Ir is dense in U.

Proof. By Lemma 3.4 and Lemma 3.3 there is a simplex A C V' such that
Fp4[0A] #0. By Lemma 3.2 this means that there are components W and
WL of R*\ F,,(0A) that have positive resp. negative winding number with
respect to OA (OA is given the standard counterclockwise orientation). Now
consider the set AT := Fh_l(WZ) NA. Repeating the same procedure with
At in place of V, there is a simplex A’ C At and a component W, as before.
Define the two sets

Vo:=F,'(Wy)nAt\ A,
Vi=F (Wa)NA.
By the sum property for the degree
deg(q, Fy, AT) = deg(q, Fi, Vo) + deg(q, Fy,, V1)

for any point ¢ € W,. We have that deg(q, F},, V1) is negative and deg(q, Fp,
AT) is positive. Hence, deg(q, Fy,,Vp) is positive and ¢ has to be in the
image F}(Vp). In particular, V and Vj are two open sets with closures con-
tained inside V' and Fj(Vp) = Fp(V1) = W, =: Wi. By taking a smaller
simplex for A, we can ensure that diam(Vp) and diam(V;) are as small as
we want. Similarly by taking a smaller set for W, in the construction
of Vp and V; above, we can ensure that the closures of Vy and V; are dis-
joint.

Assume now that we have constructed the open sets W1,..., W, as well
as the open sets V,, for all words w in letters 0 and 1 with length |w| <n.
Further, assume these sets satisfy:

(1) V, C Vs if w'p=w for some nonempty word pu, i.e., w’ is a proper be-
ginning of w,

(2) V, NV, =0 if of the two words w and w’ none is a proper beginning of
the other,
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3) Fn(Vo) =Wy,
(4) diam(V,,) <271l

)
Note that (1) and (3) together imply that W; 1 C W;.

Let wy,...,wan be an enumeration of all words of length n. First, the
construction above is repeated for the set V,, in place of V to obtain open
sets V) o, V1 C V., and W, satisfying the 4 properties above (Wlth an
appropriate renaming of the sets). Next, apply this to V,,, N F '(W}l )
to obtain V .,V , and W 2., CWgi . We proceed 2" times until the
sets Viyno, Vign1 and w2" 1 are Constructed out of V,,. NF,~ I(Wfifl).
Wfi:_l is contained in all the W} ’s so we let W, := I/V,H_1 and V,, =
VN Fh_l(Wn_H) for all |w| <n+ 1. The 4 properties hold for these new
sets and recursively we can construct the sets V,, and W), for all finite
words w.

The equality

Nwi-N.

i>1 i>1
holds by (1) and (3). This set consists of a single point ¢ by (3) and (4) and
the completeness of R?. Further,

c=N U

i>1 |w|<i

is a Cantor set and F,(C) = {q}. In conclusion, F, '(¢) NV contains a Cantor
set. t

Although the set of points ¢ for which #{F, '(¢)} = oo is dense in Fj,(U),
it could be a set of measure zero. In the subsequent section, we will look
into the sets {q: #{F, '(¢)} > k} and their measures in more detail. We
finish this section by joining the previous results to prove Theorem 1.2 of the
Introduction.

Proof of Theorem 1.2. The first part is implied by Lemma 3.4. There is a
simplex A C U and a component W of R?\ F},(9A) such that deg(W, Fj,, A) #
0 and hence W C F},(U). The second part is just Theorem 3.6 above. O

4. Projection of essentially bounded variation

In this section, we want to investigate the possibility of Fj, having essen-
tially bounded variation in the sense of Definition 1.3. Let F': U — H be
a-Holder with o> 1/2. We assume that U is bounded. The next result is an
immediate consequence of Proposition 2.2 and the definition of the multiplic-
ity function K.
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LEMMA 4.1. If V is a connected open set such that V. C U and H'(OV) <
00, then the filling of Fj, 4, (0[V]), called Tyy, coincides with the current in-
duced by the integrable function deg(-, Fp, V). Moreover,

M(Tyy) = / |deg(q, Fn, V)| dg < oo,
RQ

Toy (dx AN dy) = / deg(q, Frn,V)dq=0
RQ

and | deg(q, Fy, V)| < K(q, F},,U) for almost all ¢ € R

Proof. From Proposition 2.2, we know that Tpy = [deg(-, F},, V)| and the
first two equations are immediate. It remains to prove the relation with K.
The set V' is a union of countable many pairwise disjoint connected open sets
Vi. By the sum property for the degree and the definition of K,

|deg (g, Fu, V)| = |>_ deg(q, Fu, Vi)| < _|deg(q, Fn, Vi)| < K(q, F, U)
k k

holds for every point ¢ ¢ F(0V) (note that 0Vy, C OV for all k). Further,
H2(F,(0V)) =0 because Fj, is C% for some a>1/2 and H1(dV) <oo. O

We can now present a proof of the first part of Theorem 1.1 stated in the
Introduction.

THEOREM 4.2. There is no embedding F : U — H of Hélder class o > %
such that Fy, is of essentially bounded variation.

Proof. Let us assume, by the way of contradiction, that such an embedding
F exists. From Lemma 3.4 and Lemma 3.3, we know that there exists a
simplex A C U and a component W of R? \ F},(0A) such that

deg(W, Fy,, A) #0.
Let V:=An Fh_l(W) By the locality property,
deg(W, Fy, V) = deg(W, Fy, A) #0.

We can approximate V from the inside by an increasing sequence of open
sets V,, such that dV,, can be covered by finitely many Lipschitz curves. For
example, one can take an exhaustion of V' by a union of dyadic squares and V,
is the interior of the union of all squares with diameter bigger than n=!. The
locality property for the degree implies that deg(-, Fy, V;,) converges pointwise
to deg(-,Fp,V) on W. Due to Lemma 4.1, |deg(q, Fh, V)| < K(q,Fp,U),
whereas [ K(q, Fj,,U)dq < oo because Fj, has essentially bounded variation.
The Lebesgue dominated convergence theorem implies that

/deg(q7Fh,Vn)dq—>/ deg(q, F, V) dg.
R2 R2
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But this leads to a contradiction because [ deg(-, F,V;,)dg =0 for all n and

/ deg(QaFfHV) dq:£2(W)deg(WFh7V)7éO
R2
by construction. O

A particular instance of F}, having essentially bounded variation is when

/R2#{Fh:q}dq<oo-

In this case, F}, is said to have bounded variation. With this implication taking
for granted at the moment, the following corollary is immediate.

COROLLARY 4.3. Let F': U — H be an embedding of Hélder class o > %
Then
Do LAA) = /]R2 #{Fh =q}dg=o0,

k>1

where Ay, = {qeR? : #{F, =q} > k}.

It is a general fact that a map ¢ : U — R? of bounded variation is also
of essentially bounded variation, see [7, Subsection VI.2.2, Theorem 4]. The
reason for this is that, for almost all ¢ € R?, the preimage ¢~ 1(q) consists of
regular points only. The harder part is then to show that, for all but countably
many regular points p € U, the degree satisfies

deg(Fh(p)7FhaU(p7r)) € {7170’ 1}

for all r small enough, that is, such that F}, ' (Fy(p)) N B(p,r) = {p}. Because
of the special topological setting of a surface projection, we will recover this
property for all regular points in the next section.

5. On the degree of surface projections

The results of this section are of purely topological nature and we do not
need the particular structure of the Heisenberg group or the fact that the
embedding F is Holder continuous. To emphasize this let G: U — R3 be
an embedding of an open set U C R2. We want to investigate the value of
deg(q,mo G, V), where 7 is the projection of R? to the zy-plane and V C U
is some open set. As before we abbreviate Gj, := 7o G. It is understood that
all the results that follow apply in particular to the Hélder embeddings F' of
the previous sections. The main result of this section is the following.

PROPOSITION 5.1. Let G : U — R? be an embedding of an open set U C R2.
Assume that V' is a bounded connected open set such that V C U, Gr(0V) C
St and R?\ V is connected. Then

deg(0,Gp, V) € {~1,0,1}.
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Before we turn to the proof, we need some technical preparations. We say
that a closed curve v: S' — R™ is in general position if v is injective outside
a finite subset of S and every point of R™ has at most 2 preimages. One can
show that any closed curve into R?, or into any other 2-dimensional manifold
for that matter, can be approximated by a curve in general position. This
approximation and the one that follow are always assumed with respect to
the C%-topology.

Let 5,5’ € S'. With [s,s] we denote the closed arc in S! starting from s
and connecting it with s’ in clockwise direction.

LEMMA 5.2. Let v: St —R? be a curve in general position. If |wind(0,
)| > 1, then there is an arc a = [s,s'] in S* such that v(s) = ~v(s') and
| wind(0,7|q)| = 1.

Proof. As in the proof of Lemma 3.2, we note that a simple closed curve
7 : 81— R? with 0 ¢ im(7) satisfies

(5.1) |wind(0,%)] < 1.

By our assumption, there are only finitely many (unordered) pairs {s1, s} },
ooy {8n, sl } in ST such that s; # s, but v(s;) =7(s}). Denote the set of these
pairs by P,. Each pair of points {s;,s;} cuts S' into two closed arcs. Let
A, be the sub-collection of such arcs b with wind(0,7|;) =0. We modify ~
recursively. Set yo = and 7;4+1 is obtained from ~y; by choosing some b € A,
and set ;41| = const and v;1|g1\p = Vi|s1\5- By a further reparametrization
in a neighborhood of b, in order that ;41 is not constant on b, we can achieve
that ~;41 is in general position. This neighborhood can be chosen small
enough such that A, is equal to A, minus the pairs {s,s'} € A, with
{s,s'}Nb#0. It follows that |P,,, | <|P,,| as well as |A,,, | <|A,,| and in
k <n steps we get that A,, is empty. Now,

Yit+1

wind(0,y) = wind (0, v%)

because in each step we removed loops with zero winding number w.r.t. 0.
By (5.1) we know that P,, # (). Take a pair {s,s'} € P,, such that one of the
two arcs [s, s'] or [s’,s] contains no other pair of P,, (this is possible because
P, is nonempty but finite). Call this arc a. Let 4" be the restriction of 7
to a. Then 4 is a closed Jordan curve and thus |wind(0,7")| <1 by (5.1).
But wind(0,v") = 0 is not possible because A, is empty. By the construction
of v, the pair {s,s’} is also a double point for v, i.e., {s,s'} € A,. Finally, we
note that | wind(0,vx|q)| = | wind(0,v|,)| because Vx|, is obtained from +|, by
removing some loops with zero winding number defined on sub-arcs of a (and
a slight reparametrization which does not matter for the winding number).
This proves that | wind(0,v|,)| = 1. O

This can readily be generalized to particular curves into R3.
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COROLLARY 5.3. Let v : S* — R3 be a curve in general position with image
contained in the cylinder St x R. If |wind(0,m o ~)| > 1, then there is an arc
a=[s,s'] in St such that v(s) =~(s') and |wind(0,mo~|,)| = 1.

Proof. By some scaling and translation of v in the z-direction we can as-
sume that im(y) C St x [0, 1] since these operations do not change 7 o~. Let
Z =81 x [0,1] be this closed cylinder. Consider the following deformation
H :[0,1] x Z—R3 of Z in R? given by

Hy(z,y,2):= ((sz+ 1)z, (sz + 1)y, 2).

Obviously, 0 is not in the image of mo H and Hy =id. By the homotopy
invariance of the winding number, we have

wind(0, 7 o y) = wind(0,7 0 Hy 0 7).

The result follows now by the lemma above by noting that 7o H; is injective:
If (24 1)(z,y,0) = (2 +1)(/,y/,0), then (z+1)? = (2’ +1)? hence z = 2’ and
consequently also (x,y) = (2/,y). O

Now we are ready to prove Proposition 5.1. In case 9V can be parametrized
by a simple closed curve, the statement is a direct consequence of Corol-
lary 5.3. The general case is reduced to this one by an approximation argu-
ment.

Proof of Proposition 5.1. By restricting G if necessary, we can assume that
U is bounded and that G has a continuous extension to U. This has the
advantage that G as well as G~! are uniformly continuous. The open set V'
can be approximated from the inside by connected open sets V’ such that
OV’ is parametrized by finitely many simple closed Lipschitz curves. This can
be achieved for example by representing V' as a union of dyadic squares and
considering a fixed point of V' and its connected component in the interior of
the union of all squares bigger than a certain size. Because V and R?\ V are
connected we can even assume that the boundary of V' is parametrized by
just one simple closed Lipschitz curve v : S' — V (this could be justified, for
example, by the Jordan curve theorem).

By the connectedness of V' and the fact that G, (0V) C S!, there is a
compact connected set K; C V (i stands for ‘inside’) such that

VNG, H(0) C K.

Similarly, because U is bounded, there is a compact set K, C R\ V (o stands
for ‘outside’) such that

(R*\V)NG, ' (0) C K.

Obviously,
G, (0) C KUK,
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since G1,(90V) does not contain 0. Let K/ be an unbounded closed connected
set such that K, C K/ C R?\ V. Take the union of B(K,,§) for some § > 0
with a piecewise linear ray connecting it to infinity for example (remember
R2\ V is path connected). We further assume that the approximation of V'
inside V' is good enough such that

(5.2) B(Ki,e)c V'
and
(5.3) B(K.,e) CR*\V

for some € > 0. To this end, note that K/ is closed and disjoint from the
compact set V. We can also assume that the approximation of V’ in V is
good enough such that d(Gp(p),S!) < i for all p € OV’. This is possible
because G, (0V) C S*. Consider a piecewise linear approximation o of G o~y
such that d(o,G o7) < 2. With these bounds

d(o(s),S" xR) < d(o(s),G(v(s))) +d(G(7(s)),S" x R)
11 1
<17172
for all s € S*. This allows us to define the closed curve & : S* — R? by post-
composing ¢ with the orthogonal projection onto the cylinder S* x R in R3.
By choosing o appropriately we can assume that & is in general position. The
following equalities hold:

(5.4)  deg(0,Gj,V) =deg(0,G, V') =wind(0,Gp, o) = wind(0,7 0 5).

The fist equation holds because V' N G}jl(O) C K; C V' and the locality prop-
erty for the degree, the second equation by the definition of the winding num-
ber and the third one is induced by a linear homotopy H : [0,1] x B(0,1) — R?
since, by the estimates

1 1
d(Go7,5) <d(Goy,0) +d(0,5) < 7+ 5 <1,

the point 0 is not contained in the image H([0,1] x S!). Assume by contra-
diction that |deg(0,G},, V)| > 1. Then (5.4) implies that |wind(0,7 0 &) > 1
as well. By Corollary 5.3, we can find an arc a = [sy, s2] in S* such that
G(s1) =0(s2) and |wind(0,m 0 &|,)| =1. The curve G o7y|, is in general not
a closed curve. But G(y(s1)) is close to G(v(s2)), the closeness depends on
how good the approximation of V' inside V is and how small d(G o+, 0) is.
Because G is uniformly continuous, we can make ~y(s1) as close to y(s3) as
we want. We construct now a closed curve out of G o+, by parameterizing
the straight line connecting 7(s3) with v(s1) on S\ a. We call this curve
~'. If the approximation is good enough and the fact that G is uniformly
continuous, a linear homotopy forces

+1 =wind(0,7 0 5|,) = wind (0, G 0 7').
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For the rest, we assume that d(y(s1),7(s2)) <e. Then the line connecting
~v(s2) with ~v(s1) can’t intersect K; resp. K! because otherwise v(s;) and
~(s2) would be contained in B(Kj,¢) resp. B(K,,¢€) contradicting (5.2) resp.
(5.3) because the image of v has distance bigger than e from K;j resp. K.
The sets K; and K/ are connected, hence there are components W; and W,
in co(y’) such that K; C W; and K. C W,. The locality property and the
multiplication formula for the degree together with the observation that W,
is the unique unbounded component of co(vy) (since K/ is unbounded) imply
that

+1=wind(0,Gp 07)
= wind(W;,7) deg(0, G, W;) + wind (W,,~") deg(0, G, W,)
= wind(W;,v") deg(0, Gy, W).
Therefore,
1= |deg(0,Gn, W;)| = |deg(0,G4, V)|,

by successively using the equation above and then the locality property for the
degree together with the inclusion V NG}, *(0) € K; C W;. But this contradicts
our assumption |deg(0,Gp, V)| > 1. O

Instead of taking S* in the projection, we can take any other simple closed
curve C C R2.

COROLLARY 5.4. Let G : U — R3 be an embedding of an open set U C R?,
C C R? a simple closed curve and q € R%\ C. Assume that Viisa bounded
connected open set such that V.C U, G,(0V) C C and R?>\ 'V is connected.
Then

deg(q,Gp,V) € {—1,0,1}.

Proof. If q is not in the bounded component of R?\ C| it is obvious that
deg(0,G,, V) vanishes. Otherwise there is a homeomorphism ¢ : R? — R?
such that p(C) = S* and (q) = 0 due to the Jordan—Schénflies theorem. If we
consider G’ := (¢ x idg) o G and apply Proposition 5.1, we get the result. O

As indicated at the end of the last section, the fact that G}, has bounded
variation, i.e., [, #{Gh = ¢} dg < oo, implies that G}, has essentially bounded
variation. With the help of Proposition 5.1 this is immediate.

Note that ¢ +— #{Gp = ¢} is a Lebesgue measurable function, see e.g. [7].
This follows in essence from the fact that G (B) is a Suslin set in case B is a
Borel set and Suslin sets are Lebesgue measurable.

COROLLARY 5.5. Let G : U — R? be an embedding of a bounded open set
U C R? such that Gy, is of bounded variation. Then Gy, is of essentially
bounded variation.
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Proof. For almost every point ¢ € R? it holds that G} '(g) is finite. Take
any such point and label the preimages by p1,...,p,. Let 7 > 0 such that the
balls B(p;,r), i =1,...,n, are pairwise disjoint and contained in U. By the
locality property for the degree, it is obvious that

ind(p;, Gp) := deg(q, G, D)

is independent of the choice of an open neighborhood D C B(p;,r) of p;.
Proposition 5.1 implies that

ind(pia Gh) € {_17 07 1}

by constructing an appropriate domain D. In order to construct D take s
small enough such that

G;* (B(g,s)) NOB(p;,r) =10.
Define
K :=G; " (B(g,s)) NB(p;,r)
and let K’ be the union of K with all the bounded components of R? \ K.

Then taking the interior of K’ for D works fine. If D is any indicator domain
for (¢,Gp,U), then again by the locality and sum property for the degree

deg(q,Gp, D)= Y _ ind(p;, Gp).
pi €D

For the supremum over all systems S of pairwise disjoint indicator domains
we obtain

K(Q7Gha U) = Sgp Z |deg(q7Gh7D)| < Z|1nd<pZaGh)| < #{Gh = Q}
DeS i=1

This estimate is true for almost all ¢ € R%. Hence, K(q,Gj,U) is integrable
because #{G = q} is. O
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